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I. The Resistivity and Conductivity of Dilute Amalgams 
at rarious Temperatures. By T. I. Epwarps, M.se., 
Research Sludent, University College of Swansea *. 


INTRODUCTION. 


HE work described in this paper is a continuation of 
that carried out by E. J. Williams f, who determined 
accurately the conductivities of mercury, and dilute amal- 
gams of cadmium, indium, and magnesium at temperatures 
ranging from 0° C. to 300? C. 

Although a large number of observations have been carried 
out by various workers on the conductivities of several 
amaigams the results are not always in agreement, and, in 
addition, there are still some amalgams whose conductivities 
at different temperatures have not been investigated. 

The present investigation deals with amalgams of thallium, 
germanium, antimony, yttrium, cerium, aluminium, and 
beryllium, and the results are examined in relation to a 
theory put forward by Skaupy 1. 

It is a well-known experimental fact that the conductivity 
of liquid mercury is, in general, increased by the addition of 
even small quantities of metals such as zinc, cadmium, and 
lead. The results are in marked contrast to those obtained 


* Communicated by Prof. E. J. Evans, D.Sc. 

t Phil. Mag. Sept. 1925, p. 589. | 

i Skaupy, Zeit. für Physik. Chemie, Ixviii. p. 560 (1907); FerAd. 
Deut. Phys, Ges, xvi. p. 156 (1014) ; Zbid, xviii. p. 252 (1910) ; Phys. 


Zeit. xxi. p. 597 (1920). 
Phil. Mag. S. T. Vol. 2. No. 7. July 1926. B 
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with homogeneous solid solutions where the conductivity is 
lowered, and cannot be attributed to the difference between 
liquid and solid as is shown by the fact that certain dilute 
alkali amalgams are poorer conductors than pure mercury. 

Skaupy bases his theory on an analogy between liquid 
metals and electrolytic solutions, and assumes that the 
electrical conductivity of a pure solvent must be expressed 
as a function of the concentration of electrons and of 
internal friction. 

He further assumes that dilute metallic solutions must 
show a higher electron concentration than the solvent, as 
splitting otf of electrons oceurs when the dissolved substance 
dissociates, and also that chemical relations of equilibrium 
must exist between solvent and matter dissolved, as both 
possess a common ion in the negative electron. 

The conductivity L of a metallic liquid is proportional to 
the electron concentration e, and inversely proportional 
to the internal friction (viscosity) 7, and this can be 
written 

e = constant. L.n.. . . . . (1) 


Taking logarithms of both sides of the equation and 
differentiating, we obtain : 
1 1 1 
QUAM Vien a " . è e ° (2) 
Let c = concentration of substance dissolved in mercury 
expressed in gram atoms per 100 gram atoms of mercury, 
i. e., approximately in atom atoms per cent. 
Dividing by c, equation (2) becomes 
le 1A 1 An 
aa ea ORE ws (3) 
A expresses that we are dealing with finite changes 
however small, corresponding to small but finite concen- 
trations, and we can substitute for L and s suitable 
corresponding values for the pure solvent. 


Putting 
Be aay l9 uud iet aly 
e c L c 
we ohtain from (3) 
H =l+r, 


which for infinite dilution can be expressed as 
H =l Hrs & > (4) 


Skaupy showed in his first paper that |, has approximately 
the same value for a number of metals dissolved in mercury. 


-———— aem 


~ m 


of Dilute Amalgams at various Temperatures. 3 


The rule that l, is approximately constant for different 
metals does not hold in the case of some alkali amalgams, 
and the difficulty was not removed until Feninger's * work 
showed the increased value of the viscosity for these 
amalgams. If this is taken into account, we obtain the 
more general rule that 

H, = i T Ts 
should have the same order of magnitude for different 
metals dissolved in mercury. 

Another point of interest discussed by Skaupy is the 
variation of H with concentration. It can be shown that 


H 


a must be constant; but, as the variation of internal 


friction with increase of concentration is not sufficiently 
—i 


wo 


known, one is often obliged to consider the values of 


in the ease of amalgams in which the change of internal 
friction is not so great as in the alkali metals. 


Ll 


In the present paper the values of J, and = K will 
be discussed for the amalgams examined. 

The metals used in these experiments were supplied by 
Messrs. Harrington Bros. and were the purest they could 
procure. In the case of both thallium and cerium, two 
specimens obtained from different sources were employed 
and the results were found to be identical. Tbe germanium 
was obtained from Dr. Schuchardt, Górlitz. It is, however, 
difficult to be certain about the state of purity of yttrium. 

Before the experiments on amalgam were commenced, the 
Work of Williams on the conductivity of mercury at various 
temperatures trom 0° C. to 300° C. was repeated in a quartz 
tube, so as to minimise as far as possible the corrections 
that un be applied due to the expansion of the containing 
vessel, 

EXPERIMENTAL ARRANGEMENT. i 


The resistance of a fine column of liquid contained in a 
capillary tube (as shown in fig. 1) was measured by means 
of a Callendar and Griffiths Bridge, and a high sensitivity 
galvanometer which gave a deflexion of 1 mm. on a scale 
l'netre away when a current of 2:5x 10-9? ampere was 
passed through it. With the bridge used the resistance 
could be estimated to *00005 ohm, this corresponding to a 
change of temperature of 05? C. 

The various resistances of the bridge were known in 
.* H. Feninger, ‘Die Electrische Leitfähigkeit und innere Reibung 
Verdünntner Ainalgame,’ Freiburg, 1914. 
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relation to one another, so as to be able to determine the 
relative changes of the resistances measured. A knowledge 
of the correct absolute values of the bridge resistances 1s not 
necessary for an accurate determination of the temperature 


Fig. 1. 


coefficient of resistivity of mercury or amalgam, as long as 
their relative values are known accurately. Even in the 
case of the absolute determinations of resistivity of mercury 
and amalgams the absolute value of the bridge resistances is 
not required as the resistivity of mercury at 0* C. is taken 
to be 94074 x 10°, and this corresponds to a known value of 
the resistance for a given tube. 

The liquid whose resistance was to be measured was placed 
in a capillary tube which opened out at both ends into wide 
limbs at right angles to the capillary. 


Fig. 2. 


Glass tubes or leads (a), fig. 2, into which platinum 
wires (b) were sealed, fitted into the limbs. The leads 
were held in position by ground-glass joints at (c), and 
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were about half-filled with mercury, into which were placed 
copper wires (d), the length ef wire immersed being always 
the same so that the resistances of the leads were always 
the same at the same temperature. The copper wires were 
connected to the bridge by flexible wires, and in order to 
eliminate any change in the resistance of the wires during 
an experiment, a pair of flexible compensating wires were 
also connected to the bridge. The resistances between the 
platinum points when the ‘leads were, firstly, in the same 
cup of mercury and, secondly, in the limbs of the capillary 
tube, were measured in every determination, and the dif- 
ference between these resistances was taken as the resistance 
of the mercury in the capillary tube. 

For metals which oxidize in amalgams a tube which 
could be evacuated (fig. 3) was used. 


Fig. 3. 


The side limbs “a” and **b" were fused on to the 


capillary, and to “a” was fused another side vessel ** c." 
The tube was open to the air at “e” and “f.” Platinum 
points were sealed on to the leads “m.” **n," and “p,” 
which were fixed in the tube. The tube was thoroughly 
cleaned and dried, mercury placed in “b?” and the metal 
was added at **e," so as to remain in the side vessel “ce” 
separate from the mercury. The tube was connected to a 
Topler pump and a bulb containing phosphorus pentoxide 
and then evacuated to a pressure of “Ol mm., the pressure 
being measured by means of a McLeod gauge. Dry 
hydrogen was then allowed to pass into the tube to a 
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pressure sufficient to give one atmosphere at the highest 
temperature at which the resistance was to be measured. 
The tube was then sealed off at “e” and “f,” and the 
mercury allowed to run into the vessel * c" on to the metal. 
When the metal had completely dissolved, the amalgam was 
poured back into the capillary and the measurements made. 
The resistance of the tube, containing pure mercury, was 
determined at different temperatures, and bv comparing the 
values of the temperature coefficient with the corrected 
values obtained with the quartz tube, the correction for tlie 
expansion of the glass was found. 

The resistance of the liquid in the capillary was tuken as 
the difference between the resistances wi.en the leads were 
firstly in “ n" and * p," and secondly in “m” and “n.” 


Thermoelectric Currents. 


When the galvanometer circuit was closed, a deflexion 
of the mirror was produced by thermoelectric currents. and 
the point of balance on the bridge could not be found 
by the usual method. To overcome this difficulty, the 
galvanometer arm was always kept closed and the bridge 
was adjusted so that there was no change of deflexion of 
the galvanometer mirror on completing the battery circuit. 
When this condition was obtained, the value of the resist- 
ance is the correct one in virtue of the properties of 
conjugate conductors. 


Method of Heating and of Measuring Temperature. 


. For measuring the resistance at 0° C. the tube and 
mercury cup were immersed in a bath of melting ice, 
and for measurements at room temperature a water-bath 
was used. For higher temperatures a bath of vigorously 
boiling liquid, of an appropriate boiling-point, was used. 
The following liquids, heer the specified boiling-points, 
were used :—Water (100? C.) ; aniline (184? C.) ; eugenol 
(256? C.) ; diphenvlamine (300? C.). 

It was found that the temperatures of the boiling liquids 
increased with continued heating, until a steady temperature 
was reached. Observations were not made until this con- 
stant temperature was reached ; a series of measurements of 
temperature, and of the resistance with the leads in the 
sume column of liquid (cup A, fig. 4) and in the tube, 
were taken to ensure constant results. The resistances were 
fonnd to be constant to within :0001 ohm. 

The possible error in each of these measurements was less 


of Dilute Amalgams at various Temperatures. 1 


than *0001 ohm, so that the possible error in the resistances 
of the liquid was less than -0002 ohm. 

The temperature was measured by means of a platinum 
resistance thermometer and a set of mercury thermometers. 
The platinum thermometer was calibrated in melting ice, 
steam, and the vapour of boiling mercury, and the constant 
ô in the equation 


t—t =Ò L5) -0 
di 100 00 
was found to be 1:51. 
The mercury thermometers, covering a range 0? C. to 


300° C., were calibrated against the platinum thermometer. 


Fig. 4 shows the arrangement of the thermometers and 
tube in the bath. 


Fig. 4. 


| 


DP 


‘| 
To Bridge |: To Bridge 
P i | l 
t 


T = Tube containing mercury or amalgam. 
A = Cup containing mercury or amalgam. 
P = Platinum thermometer. 

M = Mercury thermometers. 

L = Liquid to be boiled. 

C = Reflux condenser. 

F = Burner. 


The formation of bubbles in the capillary tube, especially 
at high temperature, was a source of much trouble. To avoid 
this, the bulis and mercurv were separately heated to the 
boiling-point of mercurv, and the hot mercury added to 
the tube. Both were then heated to a temperature above 
that at which the resistance was to be measured, and the 
tube was carefully examined for bubbles by means of a lens, 
and any bubbles left were removed. 

After each determination at a high temperature, the 
resistance of the mercury was measured after it had cooled 
to room temperature, and if this value was correct it was 
assumed that no bubbles had formed at the high tem- 
perature. 
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EXPERIMENTAL RESULTS. 


E. J. Williams * determined the temperature coefficient 
of the electrical resistance of mercury between 0° C. and 
300° C., using a glass tube, and applied corrections due to 
the expansion of the glass on heating. These corrections 
were of the order of 1 per cent., and involved the deter- 
mination of the average coefficient of linear expansion of 
the glass envelope over certain ranges of temperature. 
Owing to the difficulty of measuring the coefficient of 
expansion accurately, and its comparatively rapid rise with 
temperature, it was considered advisable to repeat the ex- 
periments with mercury under conditions which made the 
corrections for the expansio of the containing envelope of 
far less consequence. 

For this purpose. the mercury was contained in a tube 
(fig. 1) of fused quartz of diam. 1 mm. and length about 
37 em., giving a resistance at 0? C. of about 0°5 olim. 

The value of the coetficient of linear expansion of fused 
quartz was taken from Kaye and Labv's Tables of Physical 
and Chemical Constants f. The values given are :— 


"50 x 107° over the range 0? C. to 100° C., 
any ‘54 x 107°? over the range 0° C. to 1000? C. 


The results obtained for mercury in the quartz tube are’ 
given in Table I. 

The temperature coefficient of resistance of a column of 
mercury of constant dimensions is the same as tle tem- 
perature coefficient of the resistivity of mercury. The 
former is given in column 5, and the resistivities of mer- 
cury at various temperatures are given in column 6, the 
resistivity at 0? C. being assumed to be 94:074 x 107%, and 
the values at the different temperatures being calculated 
from the corrected values of the average temperature co- 
efficient given in column 5. The conductivity of mercury 
at the various temperatures is given in the last column. 
The percentage probable error in the resistivity and con- 
ductivity is estimated to be on the average about ‘02. 

The resistivity over tlie range of temperatures examined 
can be represented by the equation 

p = py(1- rat +b? eO), 
where py is the resistivity at 0° C. and a, b, and c are 
constants. 


* Loc. cit. 
t Kaye and Labv's ‘Tables of Physical and Chemical Constants,’ 


p. 53. 


of Dilute Amalgams at various Temperatures. 9 


TABLE I. 
" | rcd mei cdd —— cw 
| Average tem- Corrected 
| perature co- average 
: efficient of | Correcti m due tem pera- 
pg gio Resis tan j resistance for | to kei i ture co- Conduc- 
i a go | the range | of quartz = efficient Resistivity tivity 
at « hs 09C.to:!?C.| R of resist- at /? C. at t? C. 
grade ams. (uncorrected | +5-9X10%* — ance for 10°, x10. 
| ^ for expansion z therange 
uf quartz) | 09 C. to 
x 104. | ME AO 
| © 49500 | us D e (P ee 94074 | 106300 
| 143 -50160 | 9:009 | 005 9:014 95328 104901 
| 
| 100 54385 | 9'868 | 005 9-87 103361 96749 
1689 59330 | 10561 06 — . 10567 | 110863 | 90201 
255-5 -64080 11:528 '006 | 11:584 | 121797 821038 
300 67275 11:970 | ‘QUT 11:977 127876 78201 


* R is the observed resistance of mercury filling the capillary at a tem- 
ture ¿° C. ; R, is the resistance at 0° C., nnd “g” the average coefficient 
of linear expansion of the glass from 0° C, to ¿° C. 


The values of the constants a, b, and c, which represent 
with great accuracy the variation of resistivity with tem- 
perature, are : 


a = 0,8811, 
b = 7 
Cc = *0,19. 


| 
LJ 
o 
= 
— 


The variation of resistivity of mercury with temperature 
is therefore viven by the equation : 


pr pol 1-058877 (450,977 t +0,19 8], 


and the values of the resistivity calculated from the formula 
agree with those determined experimentally within about 
*02 per cent. on the average. 

It is not proposed here to compare the results obtained 
in the present experiments with those obtained by other 


Digitized by Google 


10 Mr. T. I. Edwards on the Resistivity and Conductivity 


investigators *, except to point out that the values of the 


resistivitv and conductivity are in good agreement with 
those obtained by Williams, who found 


p, 94074 (1 4- 0,8879 t + 0,975 t? +°0520 ts}. 


The Electrical Conductivities of Dilute Thallium Amalgams. 


The conductivity of thallium amalgams has been examined 
by Bornemann and Rauschenplattt, and by Pavlovitsch 1, 
whilst Feninger $ considered the electrical conductivity of 
dilute amalgams in relation to internal friction. Pavlovitsch 
examined the electrical conductivity of allovs containing 
from 0 to 40 per cent. of thallium, and the curve obtained 
shows a maximum for about 27 per cent. of thallium. 

Feninger determined the relative conductivity | with 
respect to mercury of thallium amalgams of the following 
atomic per cent. :—0°156, 0:308, 0-630 at temperatures 
0°, 20°, 40°, 60°, 10°, and 18° C. 

Bornemann and Rauschenplatt obtained the following 
results for the resistivity of dilute thallium amalgams :— 


Atomic Specitic Resistance X 10*. 


per cent. i- 


of TI. 


ES TD uma 


| | 
509 . 1009 1509 | 2009 ` 250° 300? 


| 
| — 
| 


O98 | 9638 10112 10622 11179 | 1:1820 | 12514 


2:85 :9320 9741 10210 10700 | 11208 | 1:1820 
| 


In the present experiments the specific resistances of thal- 
lium amalgams of concentrations varving from 0°063 gram 
of thallium in 100 grams of mercury, to 1 per cent. of 
thallium in mercury, were examined at room temperature 
and 100? C., and au amalgam of concentration 0°5 gram of 
thallium per 100 grams of mercury at higher temperatures 


up to about 300° C. 


* J. W. Mellor, ‘A Comprehensive Treatise on Inorganic and 
Theoretical Chemistry,’ vol. iv. pp. 729-732. Williams, loc. cif. 

t Bornemann & Rauschenplatt, Metallurgie, ix. p. 510 (1912). 

t Pavlovitsch, Russ. Phys. Chem. Soc. xlvii. p. 29 (1915). 

$ Feninger, loc. cit. 


— o. --— c 
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Owing to the rapid oxidation of the amalgams, the experi- 
ments were carried out in a vacuum or in an atmosphere of 
hydrogen (for high temperatures) in the apparatus previously 
described (fig. 3). The results are collected in Tables II., 
IIT, and IV. 

In Table II. the concentration “c” is expressed in gram 
atoms per 100 gram atoms of mercury, i.e. in atom atoms 
per cent. approximately. The tables are self-explanatory. 


9? 


TABLE II. 
Thallium Amalgams. 


Percentage Resistivity. Conduc- ACT Condue- 
| Tem- | wei e Concen- | of ee , tivity cede ed | tivity of 
' perature | thallium | tration | mercury at! of mercury amalgam 
| eC. ' in mer t C. at t9 C. ger m at tC. 
| mercury. x10*, x 10!. ' x 10! 
ete eae — —Ó — | —— i— i 
133? ‘0634 "0622 95200 105042 95083 105172 
| 1275 :1252 " T 94963 105305 
2250 2505 ^ " 94727 | 105566 
3826 ‘3758 T T 94402 105829 
‘5008 4014 ) js 94278 106070 
"(494 "(361 " " 93820 106587 
l -0000 9823 m ITI 93375 l 07095 

— MM | ee RR | ——X SS a — — — | — M —Ó 
1009 ‘0634 0622 103361 96749 ' 103216 , 96884 
"1275 1252 T T ! 103076 97016 
2550 2505 y » | 102800 | 97276 
3826 3798 - " |, 102517 |! 97544 
9003 4914 A | - | 102249 7800 
1194 "1361 " T ' 101698 98330 
1000 | 9823 , 4 | «| 101159 | 98954 
133° | -5008 4914 95200 | 105042 , 94273 | 100070 
100 /— | , »  . 108361 96749 | 102249 ^ 97800 
IR ^. €. 0 M284 88854 | 110910 | 901063 
2099 & 3 »  ; 121797 82104 | 119788 83481 
| 2918 4 4 a c 12008 78654 | 124448 80355 


Bornemann and Rauschenplatt’s results show that the tem- 
perature coefficient of resistivity of the amalgams decreases 
with increase of temperature. This is contrary to the results 
foand in the present experiments. The resistivity of an 
amalgam of concentration “c”? =°98 at 100° found in 
these experiments is very close to the value given by 
Bornemann and Rauschenplatt, the values differing by only 
4 per cent. l 
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Curve I. 
4 - 
2, 
3 
N 
9 
x ey 
Q2 / 
l Yy 
[e) 
O -025 -05 -075 
C -> 
TABLE III. 


Variation of the resistivity of an amalgam of Thallium 


| Avernge temper- | Average temper- 


Teom- Resistivity | ature coefficient 
perature of amalgam of resistivity 
(C. at LOU, 13:3 — t? C. for 


mercury X 10), 


1339 — 9478 , — an 
100 ^ 102249 — 9:888 
183 ^ 1109010 ` 10738 
2555 119788 11:535 


2918 12-4449 


{ a 
ature coetficient 


of cr 
or 


133 -° C. 


amalgam X 104. 


9:752 


11:172 


| 
| 
| 16:396 
| 
| 
| 11:368 


of concentration “cc” =°4914 with temperature. 
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In Table III. p is the increase of conductivity relative 


to that of mercury at the same temperature. For the same 
concentration it increases with temperature. 

Table IV. shows the average temperature coefficient of 
the various amalgams of different concentrations between 
13^3 C. and 100? C. The average temperature coefficient 
diminishes as the concentration increases. 


TABLE IV. 


Average temperature coefficient of resistivity of Thallium 
Amalgam between 13°3 and 100? C. 


Temperature coefficient 
Concentration | of resistivity of amalgam 


c. between 13°°3 and 100? C. 

x 10*. 

0622 9:866 
"1252 9:854 
"2505 9:829 
8198 9:796 
4914 9752 
1361 9:685 


eo à 
QD 
oS 
eo 
oO 
um 
On 


Curve II shows the variation of the relative increase of 
.. AL . : A 
conductivity -T with concentration “c” at 13%3. Since 


it is a straight line, the increase of conductivity relative to 
mercury is proportional to the concentration for dilute 
amalgams of thallium. Curve II also gives the variation 


ot ÔL with “c” at 100°. 

L ! AL 
This again is a straight line, showing that E is propor- 
tional to “ec” at 100? C. 
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Curve II. 
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Curve III gives the variation of d^ with “c”? at 
13°-3, i. e., the variation of the ratio of the increase of 
conductivity relative to mercury, to the concentration, with 
the concentration. It is practically a straight line for. 
dilate solutions. 

From this curve, the value of /,, the ratio of the relative 
increase of conductivity with respect to mercury to the 
concentration, at infinite dilution, is obtained. 


The Electrical Conductivity of Germanium Amalgams. 


As far as the author is aware, no previous determination 
of the conductivity of germanium amalgams has been made, 
and the measurements are rather difficult, on account of the 
low solubility of germanium in mercury. It was found 
necessary to heat the mercury to a temperature of about 
250° C. before any appreciable quantity of germanium 
would pass into solution, and all measurements, with one 
exception, were carried out at temperatures of about 300? C. 
The determinations of the resistance of the amalgams were 
made as in the previous experiments, the quartz tube being 
used. The amalgams were heated for several hours in the 
hath at about 300" C. in order to ensure that the metal had 
diffused through the capillary, and until a constant value of 
the resistance was obtained. 

The mercury in the cup was replaced by a germanium 
amalgam of the same concentration as that in the capillary 
tube, so that the leads were always in the same amalgam 
during the two measurements taken to obtain a value of the 
resistance. This precaution was taken in all experiments 
carried out on amalgams. The results are given in 
Tables V. and VI. 

Curve I shows the variation of the relative increase of 
conductivity, with respect to mercury, with concentration. 
It is seen that these quantities vary proportionately. 

From the results obtained at 250?:1 C. it is seen that the 
average temperature coefficient o£ resistivity of the amalgam 
_ is slightly less than that of mercury. 

Since the amalgams are so extremely dilute, the value 
of |_, the ratio of the increase of conductivity relative to 
mercury to the concentration, at infinite dilution, is taken 


as the mean of the values of : E obtained. The values 


of this quantity for dilute amalgams are not very accurate 
owing to the small changes in conductivity produced, and 
errors of from 4 to 10 per cent. are possible on the average. 


l Conductivity 


istivity anc 
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TABLE VI. 


Nat Temper- | Concen- | AL 1 AL 
a EUR tration EA 10?, | - T x 103, | la x 10? 
Amalgam. t C. | 
‘Thallium ...... 1339 — :1243 1-997  , 1:995 
ms | » :2497 1:994 
‘i 4991 1:992 
» ‘7488 1:993 | 
; ‘Y780 1:990 
" 14710 1998 | 
n 1-9543 1:990 ! 
~ 100° "1394 2241 | 2908 
: 9760 2305 | 
» :5450 2-176 
; 8220 2187 | 
1:0866 2311 | 
x 1:6340 2390 | 
| n 2-1761 9315  , 
o er rl Nas AM ae 
13:39 :0780 1:990 
100:0 1:0866 7:211 
183:0 1:4731 2:998 
2550 1:6774 3:414 
2918 2:1633 4:402 


47170 4°7 
4:679 
4'697 
4655 


$274 

6:639 6:6 
6:495 

67715 

6-713 

5:394 $4 
5:228 

5418 

5:556 

5:88 58 
5°79 

5°79 

5-01 5:0 
4°81 


The Electrical Conductivity of Antimony Amalgams. 


The experiments on antimony amalgams were carried out 
in the quartz tube, as the metal amalgam does not oxidize 
appreciably. Owing to the low solubility of antimony in 


Phil, Mag. S. 7. Vol. 2. No. 7. July 1926. C 
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mercury, only very dilute amalgams of concentration :018 
to ‘044 were used and their resistances found at about 300°, 
as the mercury had to be heated up to about this temperature 
before the metal would dissolve. 

The results for the four amalgams are given in Tables 


V.and VI. The relation between I and *c? at 301°°8 


is shown graphically in Curve I. It was found that the 
relative increase of conductivity with respect to mercury 
is proportional to the concentration “ c" 

As in the case for all other amalgams, the mercury was 
heated at about 300° C. for several hours in order to obtain 
reliable values of the resistances. The value of /, is taken 


as the mean of the value of I T since the amalgams 


approach infinite dilution. 


Yttrium Amalgams. 


The electrical resistances of the four yttrium amalgams 
were found at 302°, using the quartz tube. The same 
precautions as with the previous amalgams were taken. 
The amalgams were of concentrations ranging from ‘03 
to *09. 

The results are shown in Tables V. and VI., and grapbi- 
cally in Curve I. 

Since the curve is a straight line, the increase of 
conductivity relative to mercury is proportional to the 
concentration. 

The value of the ratio of the increase of conductivity 
relative to mercury, to the concentration for infinite dilution 


is taken as the mean of the values of l = since the 
amalgams are so dilute. z 


Cerium Amalgams. 


Owing to the oxidation of cerium, when in amalgam, the 

experiments were carried out in the tube previously described 
fig. 3). 

duum was evacuated and filled with pure dry hydrogen 
to a pressure which increased to one atmosphere at the tem- 
perature at which the determinations of resistance were 
made. Since the solubility of cerium in mercury is very 
low, three amalgams of concentration between ‘02 and :04 
were used at 300°. 

Tables V. and VI. show the results obtained, and Curve I 


aoni „AL .. 
gives the variation of +— with “ c." 
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The value of : ao at infinite dilution is taken as the 


m-an of the values obtained for the respective concentrations, 
as the amalgams were extremely dilute. 


Aluminium Amalgams. 


A few preliminary experiments were carried out on the 
conductivity of dilute aluminium amalgams. 

Owing to the rapid oxidation of the amalgam in air, the 
experiments were carried out in an atmosphere of hydrogen. 
Two amalgams of concentrations 0:0739 and 01444 were 
emploved, and the results are given in Tables V. and VI. 

[üe relative increase of conductivity with respect to 
mercury is approximately proportional to the concentration. 


Beryllium Amalgams. 
L. F. Nilson and O. Petterson * prepared a beryllium 


amalgam by the electrolysis of a concentrated solution of 
bervilium chloride with a mercury cathode. According to 
W. Ramsay f, the amalgam so prepared is very dilute, 
since more concentrated amalgams are readily attacked by 
the electrolyte, and it is readily oxidized in air. An attempt 
was made to prepare a dilute beryllium amalgam in an 
atmosphere of hydrogen, and measure its conductivity at 
about 300? C. About 0:004 gram of bervllium was added 
to 200 grams of mercury in the sealed apparatus containing 
hvdrogen described previously. The apparatus was kept 
at a temperature of about 300° C, for several hours, but no 
change of resistance due to solution of the beryllium in the 
mercury could be detected. As a change of resistance of 
one part in eight thousand could be detected by means 
of the apparatus employed, it was concluded that either 
beryllium did not enter into solution even at 3009 C., or 
that the amalgam produced was so dilute that its effect on 
the conductivity was negligible. 


DiscussioN OF RESULTS. 


For purposes of discussion the Table VI. has been con- 
structed for the results obtained for all the amalgams. The 
concentration “c” is expressed in gram atoms of the metal 
per 100 gram atoms of mercury, i. e., approximately in atom 


atoms per cent. 


* Ber. xi. p. 281 (1878). 
t Journ. Chem. Svc. lv. p. 630 (18%). 
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Ts the increase in conductivity relative to that of 
mercury at the same temperature. 


The fifth column gives the ratio of I to "e, i.e., the 
values of “l.” 

The sixth column gives the value of “l” for infinite 
dilution, t.e., the value of the ratio of the increase of con- 
ductivity relative to mercury at the same temperature to 
the concentration, when the latter is very small. 

According to Skaupy's theory, which was discussed in 
the introduction to this paper, the value of H =/, +r, 
should be of the same order of magnitude for the ditterent 
metals dissolved in mercury. Unfortunately, the author has 
not at his disposal values of r, for the different amalgams, 
whose conductivities have been measured, and is conse- 
quently obliged to consider the values of J, in relation to 
the different amalgams. From the values given in Table VI. 
the conclusion can be drawn that the value of J, is of the 
same order of magnitude for all the amalgams examined. 
The values for germanium, yttrium, cerium, and antimony 
vary from 4°7 x 107? te 6:6x107? but the value for 
thallium is decidedly low, 1:995 x 107? when taken at a 
temperature of about 13°3 C. 

It is of interest, however, to point out that the value of 
1 p for thallium amalgams increases rapidly with tem- 
perature, its value changing from 1:995 x 107? at 13%3 C. 
to 440x107? at 294°8 C. If the latter value is taken 
for /,, it compares reasonably well with the values obtained 
for the other amalgams at practically the same temperature. 

In the present investigation the conductivity of dilute 
amalgams of the various metals was examined, and there 
is very little change in the value of “2” with change of 
concentration. Consequently, there is not4much point in 


l — 
discussing the values of —* = 


SuMMARY. 


1. The resistivity and conductivity of mercury have been 
measured in a quartz tube at temperatures varying from 
09 to 300° C. The specific resistance at any temperature 
* t? within this range is given by the formula : 

Pe = po(l Eu 03 8877t + 0, 97113 + "Oy 19/9). 


2. The resistivity and conductivity of dilute amalgams 
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of thallium, germanium, antimony, yttrium, cerium, and 
aluminium have bəən measured. The conductivities of 
germanium, antimony, yttrium, and cerium amalgams were 
measured at about 300° C., and the conductivities of amal- 
gams of thallium of various concentrations were determined 
at 13°3 C. and 100" C. In the case of thallium amalgams 
of concentration °49, the measurements were extended to 
300° C. It was found impossible to prepare an amalgam 
of beryllium of sufficient strength to measure its conduc- 
tivity. 

3. Tt was found that the relative change of conductivity 
with respect to mercury at the same temperature is propor- 
tional to the concentration for the dilute amalgams employed 
in these experiments, and that the temperature coefficient 
of increase of resistance in the case of thallinm amalgams 
decreases with increase of concentration. 

4. The results were examined in relation to a theory put 
forward by Skaupy, and it was found that the value of l., 


i. e., the value of : 


L at infinite dilution, was of the 


same order of magnitude for the amalgams examined. The 
meaning of this result is that atom for atom the effect of 
the «iitferent metals on the conductivity of mercury is about 
the same. 


Tbe experiments described above were carried out in the 
Phvsical Laboratories of the University College of Swansea. 
In conclusion, I wish to thank Professor E. J. Evans for 
his valuable suggestions and guidance during the course of 
the research. 


December 1995. 


— m 


II. The Magnetic Susceptibilities of some Alkalis. By 
W. SccksaITH, B.Sc., Lecturer in Physics, University of 
Bristol *. 


T- experiments described in the present paper are an 

account of measurements on the susceptibilities of the 
alkalis over a range of temperatures in the solid and liquid 
states. The original intention was to try to extend these also 
to the gaseous state. It has been shown that sodium and 
potassium ł are monatomic in the gaseous state, and for this 


* Communicated by the Author. 
t Dewar & Scott, Proc. Roy. Soc. A, xxix. p, 190. 
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reason a knowledge of their susceptibilit 


ty is desirable as a 
basis to modern magn-ton theory. nfortunately, the 
difficulty of finding a suitable container above 500° C proved 


prohibitive. However, the results obtained in the solid and 
liquid states are not without interest, and the following is an 
account of measurements made up to the neighbourhvod of 
500° C. 

The method employed is essentially that of Faraday, in 


which the force exerted on a small quantity of the substance 
in a non-uniform magnetic field is measured. 


The force on 
an element of mass pe in the direction xz 


x is 


H 

dF = xim ŠE ; 
where X is the susceptibility per unit mass, H the magnetic 
field whose gradient in the direction of the force, i.e., per- 


oH 


pendicular to H, is 22^ If the volume is limited to one in 
£ 


; "Tu H 
which the variation of Ho over the volume occupied hy 


the total mass m is negligible, we can write 
H 
Pen: 
l 


The point at which the substance is placed is that at whicb 


KS 


S is A maximum, and consequently the error due to 
accidental displacement is a minimum. 


Asa non-uniform field is difficult to measure with accuracy, 
a comparison method was used, the standard adopted being 
water, whose susceptibility is known accurately. 


The force F is nentralized electro-magnetically, and the 
substance brought back to its original position 
all measurements are made in 


sensitivity and least error. 

Nhe general disposition of the apparatus is shown in fig. 1, 
(a) looking along the direction of, and (b) perpendicular, to 
the direction of "the magnetic field. The torsion arm ACB 
is of thin-walled »lass-tubing. supported at C bya suspension 
of phosphor-bronze strip. The upper er d of the strip is 
attached to a torsicn head which carries a three-dimensional 
adjustment. The length of the suspension is about 7 cm. 
as it was found that, other things being equal, a Natt 

suspension was less affected by extraneous disturbances than 


In this wav, 
the position of maximum 
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a larger one. An L-shaped piece of copper rod is fixed into 
A, by meansof which the arm ADEF carrying the specimen 
is attached. This suspension rod is also of thin glass tubing, 
external diameter 2:5 mm., and carriesa platinum fork which 
holds the phial containing the alkali. The point F is 
vertically under A, so that no sideways displacement of the 
system is possible when the phial is placed in the fork. 


Fig. 1. 


The rider R is used to preserve balance of the torsion arm 
when different masses are used. To prevent disturbances 
due to convection currents, a brass box can be placed over 
the apparatus, whilst on the under side of the table, the arm 
ADEF is enclosed in the brass case H. The furnace is 
placed in the position GG. 

The inner wall of the furnace consists of a copper tube, 
closed at one end with a copper plate. This ensures equi- 
librium of temperature over the specimen. On this copper 
tube is wound the heating coil of constantan, insulated from 
it by means of asbestos paper and embedded in a cement 
composed of water glass and china clay. The whole is 
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enclosed in a double-walled brass case, so as to allow water 
cooling. It was found further, that about an inch of water 
in the brass case H below EF greatly improved the steadiness 
of the zero at higher temperatures. 

The temperature of the furnace was measured by a platinum 
to platinum-rhodium thermocouple attached to its inner 
wall, the junction being as close as possible to the position 
ovcupied by the phial. 

At C is the neutralizing coil which is situated midway 
between two fixed Helmholtz coils (indicated by a dotted 
circle in fig. 15), the turns being at right angles to those 
of the moving coil. The current is passed through the coil 
by means of long spiral leads of 48 S. W.G. copper. These 
leads are not sufficient to affect the torsion constant appre- 
ciably, and, furthermore, any such effect merely alters the 
sensitivity slightly. To the lower end of the coil C is fixed 
a damping vane immersed in a mixture of lubrieating oil 
and paraffin of such consistency as to make the system 
dead-beat. 

The Helmholtz coils and the moving coil are in series with 
a mirror dynamometer of low impedance, through which 
alternating current can be passed to neutralize the displace- 
ment due to the magnetic forces. The deflexion of the 
dynamometer is noted and the mean direct current producing 
the same deflexion is measured on a standard milliammeter. 
. The square of this current is proportional to the magnetic 
force on the phial and its contents. 

Alternating current is necessary owing to the large stray 
field of the electromagnet in which the coil C moves. The 
source of this A.C. was a motor alternator run off a direct 
current battery. This is essential in order to keep the 
voltage quite steady. The frequency was about 40 cycles, 
whilst that of the A.C. used for heating the furnace was 93, 
so that no interaction can occur. The current is cut down 
to a suitable value by non-inductive resistances, which are 
sufficient to swamp the inductive lag in the dynamometer 
and coils. 

The substances dealt with must as far as possible be free 
from ferromagnetic impurity. Further, special precautions 
must be taken to prevent oxidation cf the metal before it is 
sealed into its container. Various materials were tried for 
use as container, and, finally, “ Pyrex ” glass was found most 
suitable. The alkalis, even Cs, have Tittle action on this 
material over the range of temperature employed, and the 
evacuated thin-walled phials used only begin to soften at 


about 550° C. 
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The metal was originally contained in evacuated glass 
tubes, which were broken under water-free naphtha. About 
1 gm. of the substance was cut off and quickly dried on filter 
paper and introduced into a “ Pyrex” tube of the shape 
shown in fig. 2. (The diameter of the tube and phial was 
about 1:2 cm.) This was immediately conneeted with 
pressure tubing to an evacuated reservoir and high vacuum 
pump, which reduced the pressure immediately to 1 or 2cm. 
The pump lowered this to 0*1 mm. ina few minutes, so that 
oxidation was kept small. Assoon asthe minimum pressure 
was reached, the metal at A (fig. 2) was gently heated until 


Fig. 2. 


melted, and kept at 200? to 300? C. for about half an hour 
until the absorbed gas was released and pumped off. During 
this procedure, the small quantity of naphtha which had 
adhered to the metal was deposited on the walls of the tube 
as a black scale, or left behind on the corrugations of the 
tube when it was tilted to run the metal into space B above 
the phial. Successive heating and cooling resulted in drawing 
the required quantity into the phial. After a final heating, 
the phial was sealed and melted off at the constriction, the 
resulting projection being heated to redness and then de- 
pressed with a carbon rod, so as to make the phial as near 
spherical as possible. 

The electromagnet used was of the Du Bois type. In 
order to obtain a large enouph space for the introduction of 
the furnace, the pole pieces, 8 cm. diameter, were fixed at 
about 5 cm. apart. The faces of the pole pieces, NS in 
fig. 1b, are inclined at 10° to each other, so that the position 


at which gy 2H is a maximum is about 5 em. outside the line 


Our 


joining their centres. The centre of the phial was placed at 
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this point in all determinations, adjustments being made by 
means of a travelling microscope. The position midway 
between the two pole faces was adjusted by viewing the 
phial directly, and the position perpendicular to the lines of 
force by means of reflexion at a plane mirror M attached to 
the pole piece S inclined at about 45° to the line of sight. 
Let «4 be the mean neutralization current for the substance 
and phial, 

t be that for the phial alone, 

ts be that for the phial and water occupying the same 
volume as the substance originally occupied, and Xas Xx and 
x the specific susceptibilities of air, water, and substance, 
respectively. If the phial be placed in the same position 
for each determination, then 


K(«?—??) = (xM — Xama )H ME , 


K(u! — è) = (y«m,— xmi) He. 


In these equations K is a numerical constant, m, the mass of 
air occupying the internal volume of the phial, M the mass 
of substance in the phial, and m, the mass of air occupying 
the same volume as the water. From this it is seen that 


l 


-ul Ma + («mm — Xama) sh. 
XN Uae XE AU ge 


The specific susceptibilities of water and air are taken as 
—0:72x 1078 and +23°8 x 10-8, respectively, at 20° C. 

At ordinary temperatures measurements were taken at 
fields corresponding to 4, 6, 8, 10, and 12 amperes, whilst 
with varying temperatures the field used was that due to 
10 amperes. The constancy of susceptibility with different 
fields shows the absence of ferromagnetic impurity. The 
Na and K contained no detectable trace of iron. In the 
case of Rb and Cs, slight quantities were present, presumably 
due to the method of preparation, which is usually that of 
electrolysis using an iron electrode. The lithium used 
(Kahlbaum) contained so much iron as to make measurements 
impossible. In the ease of Cs and Rb measurements at 
different fields were taken at various temperatures throughout 
the range in order to eliminate the effect of ferromagnetic 
impurity by the method due to Owen”. This takes 
advantage of the fact that for high values of the magnetizing 


* Owen, Ann. der Phys. xxxvii. p. 657 (1912). 
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held, whilst the susceptibility of para- and dia-magnetic 
substances is independent of the field, that of ferromagnetic 
substances varies inversely as the field. 

In taking measurements at ditterent temperatures, the 
intervals in the neighbourhood were about 5°C. around 
the melting-point and 20°-50° over the liquid state. 
Sufficient time was allowed to elapse between measurem: nts 
to allow the substance and phial to come to temperature 
equilibrium. 

After a series of measurements had been made, the 
substance had to be removed from the phial to allow 
the susceptibility of the latter to be measured over the same 
range, To do this, two narrow cuts were filed through the 
neck of the phial, after which it was placed in methylated 
spirit (containing 5 to 10 per cent. water) to remove tlie 
alkali, This method was successful for Na and K, but 
fur too vigorous for removing Cs and Rb, owing to their 
great affinity for water. For these substances, the phial was 
cut as before and placed inan evacuated tube. The majority 
of the metal was distilled off, and the small residue removed 
with alcohol. The amount of glass filed off was less than 
l per cent. of the total weight of the phial, which has a small 
diamagnetic susceptibility, so that the error involved is 
negligible. 

The results for Na, K, Rb, and Cs are shown in fig. 3, 
the curves representing the means of 6, 4, 2, and 2 
results respectively, the mass susceptibility decreasing with 
increasing atomic number. Honda * and Owen f have experi- 
mentedon these substances and found that theirsusceptibilities 
remain constant over a range of temperature from —170° to 
+10°C. There is no satisfactory theory explaining the 
fact that a large number of elements exhibit a paramagnetic 
susceptibility independent of temperature. Tt seems probable 
that with these elements the decrease with increasing atomic 
number is due to the increasing diamagnetic contribution of 
the L, M,and N rings, on which is superposed a paramagnet c 
effect presumably due to the additional electron. 

There is gradual change in susceptibility up to the melting- 
point for each of the substances, followed hy a sudden change 
when fusion takes place. These changes may be explained 
in the light of the following evidence. 

Oxley 1 has shown that the ususl order of change of 
susceptibility (about 5 per cent.) on crystallization demands 

* Honda, Ann. d. Phys. xxxii. p. 1027 (1910). 


Owen, loc, cit, 
} Oxley, Phil. Trans. Ror. Soe. A, ecxiv. p. 109 (1914). 
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the existence of a local molecular field of 10’ gauss. This 
leads to an estimate of the potential energy, associated with 
the crystalline state as a result of the molecular grouping 
equal to 3 H.I ergs per unit volume, where H, is the molecular 


Fig. 3. 
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field, and I the local intensity of magnetization per unit 
volume. The thermal equivalent of this will in general 
represent the latent heat of fusion, but a small fraction of 
the energy may he dissipated before fusion is reached. This 
would add to the normal variation of specific heat with 
temperature an additional positive term. It appears that 
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this is actually the case with sodium. Griffiths * has shown 
that this metal shows an abnormal rise of specific heat up to 
the melting-point, followed by a subsequent decrease after 
fusion has taken place. Further evidence to support this 
view lies in the fact that sodium f and potassium 1 both give 
well-defined X-ray diffraction patterns at the temperature 
of liquid air, whilst at ordinary temperatures they give no 
effect. Increase of temperature has evidently broken up the 
crystal lattice before fusion takes place. These facts seem 
to support the view that the shape of the susceptibility 
curves around the melting-point is due to the breaking up of 
molecular aggregates. 

The gradual inorease after fusion leads one to look for the 
cause as being due to the presence of alkali vapour in 
the space above the liquid. This was negatived by 
measurements on a phial of 2 c.c. capacity containing 
about one-tenth that volume of sodium, whereas the 
vacuous space was usually about 0:3 c.c. in a phial of 
1*5 c.c. capacity. 

The specific susceptibilities are +0°62, +0°53, +0°11 x 
107* for Na, K, and Rb respectively at 500? C. and —0:02x 
10-* at 3009.for Cs. It is interesting to compare these 
values with those which would be given by allotting one 
Bohr magneton to each of these substances in the vapour 
state. At the boiling-points these would be 14:2, 9:2, 4:2, 
and 3:0x 10795 respectively. If this is to hold, very great 
increases of susceptibility in the range between 500* C. and 
the boiling-points must take place. 


In conclusion, the writer wishes to express his indebtedness 
to the Colston Research Society of the University of Bristol 
for a grant towards expenses, and to Prof. A. M. Tvndall for 
his interest during the progress of the work. 


* E. Griffiths, Proc. Roy. Soc. A, Ixxxix. p. 561 (1914). 
t Hull, Phys. Rev. (2) x. p. 661 (1917). 
t McKeehan, Proc. Nat. Acad. Sci. viii. p. 204 (1922). 


III. Determination of the Size and Weight of Single Sub- 
microscopic Spheres of the Order of Magnitude r 4.1075 cm. 
to 9.1075 cm., as well as the Production of Real Images 
of Submicroscopic Particles by means of Ultraviolet Light. 
By Feuix EnnENHarT, Dr.Phil, Acting Professor of 
Physics and Head of Physics Institute LII. of the University 
of Vienna, and ExANUEL Wasser, Dr.Phil., of Vienna *. 


[Plate I.] 


$1. Introduction. 


S is well known, it is possible to hold single electrically 
charged colloidal test bodies between tlie plates of a 
horizontal condenser, to illuminate the space between the 
plates with a microscope objective, and to make observations 
with a microscope adjusted perpendicular to the direction of 
illumination against a dark background. This procedure 
was devised by Ehrenhaft f, and has recently been described 
anew in the Philosophical Magazinef. The smaller the 
diameter of the condenser plates (9 mm. to 2 mm.), the 
greater may be the aperture of the microscope objective 
applied in this procedure. 


$2. Method of Weight Determination. 


The problem of the determination of the magnitude of 
submicroscopie bodies appears to have become of great 
importance for many problems of modern physics. The 
methods of the determination of magnitude can be free 
from objection only under the condition that they be carried 
out independently of other important physical effects of the 
same order of magnitude§. They must, for example, be 
independent of the assumption of the existence or non- 
existence of an elementary quantum of electricity, as well 
as of the question as to divisibility or indivisibility and 
equality of charge on the various test bodies. In this way 


* Communicated by the Authors. 

+ F. Ehrenhaft, Anz. d. Wien. Akad. d. Wiss, no. vii. March 4, 1909 ; 
no. x. April 21, 1910; no. xiii. May 12, 1910. 

t F. Ehrenhaft, Phil. Mag. vol. xlix. April 1925, p. 633. 

$ F. Ehrenhaft, Phys. Zeits. xii. p. 102 (1911); Discussion at the 
“ Deutscher Naturforschertag in Jena," R. Bär, Phys. Zeits. xxii. p. 617 
(1921). 
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there arose the idea * of determining in a purely mechanical 
way a law of resistance for smali spheres moving in a gas 
bv means of velocity measurements carried out on the sume 
test bodies at different gas pressures. Up to the present 
time this was successful oniy for test bodies of magnitudes 
down to 2:5.107? em. ‘The critical and interesting 
colloidal order of magnitudes begins just at this point. 

Two circumstances have prevented the setting up empiri- 
cally of a law of resistance for this order of magnitude. 
First may be mentioned the difficulty in the selection of a 
suitable material for experiment. A fluid would appear to 
cone at first into consideration. All fluids however, with 
the exception of mercury, are exceptionally transparent, so 
that it would be difficult to render them visible against a 
dark background when in this state of fine division. In the 
second place, fluids evaporate. Further, the uniform velocity 
of fall of these fluid droplets in a resisting medium (gas) is, 
on account of their small density, so small that the experi- 
ments would seem to have little hope of success, for the 
vertical eomponent of the Brownian movement would in 
this ease be a disturbing factor. We are hence limited for 
the first to mercury. The mercury droplets produced by 
evaporation, pulverization, etc. have a very great reflecting 
power and a sufficiently great velocity of fall. The second 


* It was M. Reinganum who first pointed out that it would be 
pos-ib'e to reach a decision concerning the law of resistance by making 
observations on the same test body at different pressures (M. Rein- 
zanum, Verh. d. Deutsch. phys. Ges. xii. p. 1025, 1910). E. Meyer and 
W. Gerlach then observed the same test body at different yas pressures 
in a condenser of the same dimensions as Millikan's (E. Mever and 
W. Gerlach, Ann. d. Phys. xlvii. p. 244, 1915). Following this, 
I. Parankiewicz observed the same selenium sphere at several pressures 
in an Ehrenhaft condenser and demonstrated the validity in these test 
bodies of Cunningham's correction to Stokes’s law (I. Parankiewicz, 
Phys. Zeits. xix. p. 230, 1918). In the discussion at the Physikertag in 
Jena about the hvpothesis of small densities (Bar), F. Ehrenhaft 
referred anew to the experimental determination of the law of resistance, 
demanded by him in 1911, and suggested gold in inert gases ns suitable 
material for experiment (loc. cit.). Th. Sex] recently computed the 
Cunningham correction factor from the observations of Millikan and 
Derieux on a non-evaporating mercury drop and found it to be 0-86 (Th. 
Sexl, Z. f. Phys. xxvi. p. 9/1, 1924). Finally J. Mattauch, experimenting 
in our institute with sprayed oil, proved in a purely mechanical wav the 
validity of the law of resistance, which agrees with that of Millikan. 
He did it by varying the pressure around differently sized oil-drops of 
microscopic order of magnitude and did not make use of the assumption, 
u-ed by Millikan, of the equality of the charges on different drops 
(existence of an elementary quantum) (J. Mattauch, Z. f. Phys. xxxii. 
p. 439, 1925). 
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condition, the constancy of mass, has however not yet been 
clarified for these test bodies. 

This difficulty may be removed by a clever artifice. It 
was found out that in the case of one of the heaviest fluids 
of low vapour pressure, the so-called Thoulet’s solution *, all 
droplets at first somewhat evaporated on reduction of the 
pressure around them to 200 mm. mercury. From this 
state of saturation, which was reached in about 40 minutes, 
the droplets remained constant for the duration of the 
observation (2 to 3 hours). The test bodies retained the 
mass assumed at the first reduction of pressure, also when 
the pressure about them was increased to atmospheric 
pressure. The following figure illustrates the evaporation 
and shows clearly the behaviour of the bodies described 
above. The time of observation is recorded as abscissa, a 
magnitude directly proportional to the mass as ordinate f. 
The extreme points refer to the corresponding second 
atmospheric pr.ssure. 

Fig. 1. 
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If we now measure the velocity of fall of the same test 
body at different pressures, returning the body after each 
measurement to its original position by means of the 
electrical field, we obtain an empirical relation between the 
velocities of fall and the corresponding gas pressures. In 
fig. 2 the mean free path of the molecules, l, which is 
inversely proportional to the pressure, is plotted as abscissa, 
the velocity of fall as ordinate. The figure shows that the 
velocity of fall increases with decreasing pressure. It 
moreover proves that the droplets are of various sizes, but 

* The potassium-mercury-iodide (K,Hg.I,) was sprayed in dry air. 
A nearly saturated solution of the density 3:012 was produced. 

T This magnitude, the so-called balancing potential E*, is equal to 


79 i.e. weight divided by the charge of the test body. 
e 
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of the same density. If this were not the case, the curves 
(straight lines) would intersect. The straight lines, how- 
ever, which represent the dependence of the velocity of fall 
upon the pressure, form a family of curves with parameter 


Fig. 2. 
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equal to the radius a. If we now form the function 
= =s(;) (vo intercept in fig. 2), all points of this diagram 
Uo 

fall upon a single curve, which is shown in fig. 3. In this 
way we have completed the proof that all test bodies have a 


Phil. Mag. S. 7. Vol. 2. No. 7. July 1926. D 
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uniform density and that the measurements can be repre- 
sented by a unitary law of resistance *. 


$3. Method of Computation. 


I. Linear law of resistance.—It has frequently been 
proved f that the velocity of small spheres in a resisting 
medium is proportional to the force acting : 


v=B.P........ (D) 


For the determination of the proportionality constant B 
we may resort to the theory of hydrodynamics. By means 
of Stokes’s law we may substitute for B the expression 


1 l 
B= [rm sC). e ° . ° ° (2) t 
with the condition that the function f (5) should become 


equal to 1 for infinitely small values of 2 and thus gives 


the Stokes's law valid for fluids. It may be observed 
from fig. 2, that the dependence upon pressure is approxi- 


mately a linear one. According to this we may next 
assume the function to be linear of the form : 


Dp 2 we oO 


a’ 
From this together with (1) and (2), there results the 


corrected Stokes’s law theoretically computed by Cunning- 
ham §. We then obtain: 


v=mg.B, . . . . . . (la) 


* The calculation procedure is here necessarily the same as that of 
J. Mattauch’s cited paper on oil-drops of the magnitudes 3:5 to 11 . 10-° 


cm. 
t F. Ehrenhaft, Ann. d. Phys. lxiii. p. 782 (1920). Yu chen Yang, 
Ann. d. Phys. \xxvi. p. 333 (1925). 

1 The symbols used in the following formule mean respectively : 
B the mobility, i. e. the speed attained by the body under unit force ; 
“ a” the radius of the body; p the coefficient of friction of the medium ; 
ø the density of the test body; mg the weight, t. e. the product of the 
mass of the test body “ m" and of the gravitational constant “ g.” 

$ E. Cunningham, Proc. Roy. Soc. (À), Ixxxiii. p. 357 (1910). 
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or acrording to (2) : 


1 


67 Au 


v= 


i $ muog JIE) . « « (2a) 


and finally, taking account o£ (3) : 


2 og , ( l 
— e — * " 1 + A xm e . e . e 4 
v a :) (4) 


This can also be written in the form 

= Vo + AI, n " . . e . (5) 
2 
9 


e| bo 


where — yea. 2 a? anl B= Z! Aq *. 
m m 

From this we determine for each separate drop the 
intercept v and the slope 8 by means of the method of least 
squares. For each drop there are as many equations as 
points which lie upon the line. The density assumed 
known, the expression for w gives us the radius of the test 
body, the expression for 8 the constant A of the law of 
resistance, 


TABLE I. 
. | 
oc v. 109 emu v, . 10° ent B. la. 10^ em. A. | nt, 
. Bec. sec. 

EM 2032 , 1338 6872 | 1924 | 09 | 4 
vos 3012 | 2108 9480 | 2418 | 108 | 6 
$ | 3277 | 1665 R83 | 2149 | r4 | 4 
Bo! ATB | 4560 | 12598 | 3557 | 098 | 3 
Hon. 5972 | 4870 | 13436 | 3676 | l0] — 5 
39...' 6308 | 5533 | 12295 | 3918 | 087 6 
25e. T777 | 6180 | 13648 4141 | O9] 8 


t nis the number of points for each line in the graph 2. 


Table I. gives the corresponding values. The constants A, 
which we separately determined for each test body, lie all 
in the interval 0°9 to 1:1, and hence, with comparatively 
small deviations, within the theoretical limits. The 
assumption seems, therefore, plausible that a common law 
of resistance exists for all test bodies. This is shown by 


* Cf. R. Bar and F, Luchsinger, Phys. Zeits, xxii. p. 235 (192i). 
D2 
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fig. 3. In this figure all points of the graph 2 have been 
brought upon a common curve by means of the relation 


?-/(;). one ds owl ox XO) 


or according to (3): 


=I1+A-. . . .. . . (T) 


The slope of the line (7) gives the common constant A, 
which was likewise at first determined by taking the linear 
mean and which gave the value 1:04. The largest of the 
test bodies measured was of radius about 4.107? cm., the 
smallest about 1:9.107* em. The law of resistance, which 
until now had been proved valid only for larger spheres, 
hence retains its validity also for this order of magnitude. 
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$4. II. Exponential law of resistance. 


In a well-known paper, M. Knudsen and S. Weber * 
determined empirically the mobility of large spheres in 
gas by means of vibration experiments. They obtained the 
following formula : 

1 l -c3 
B= mal! + (A+ De 9. 2. . (8) 
to which F. Ehrenhaft has referred in his publication f. 
The question is, whether this formula is also valid for our 
fluid spheres, which lie at the extreme limit of visibility. 
For this purpose we write B in the form (8). We thus 
l 


obtain a relation between - and "L 
0 


7 =1+4 (A De^*1). Sow dw 149) 
to a 

From the circumstance that the slight curvature is concave 
upwards, as can be seen from fig. 3, it follows that this 
three-constant formula agrees better with the results of 
observation. The computation was here carried out in the 
following manner. Approximate values were at first_substi- 
tuted for the constants A, D, C in formula (9). By this 
means the problem was reduced according to Gauss’ method 
to the solution of linear equations. As many linear equations 
result as there are points in fig. 3. The corrected constants 
obtained in this manner are again substituted in equation (9), 
and the radii of the test bodies are computed according to 
Newton’s method of approximation. The results are listed 
in Table II. 


TABLE II. 
| Test body No. 7 27. | 32. 46. | 45. 44. 29. i 22. | 
D 10° cm. [.... 1962|2470| 2176| 3574, 3:650| 3:789 dr 
E 18cm. eia 1:924 2418 2149| 5557, 3676| 3918| 4141, 
i f ME EESE EE E Poet eta en ts | 
A —0:943. D-— 0:169. C=1:54. 


| | 
l| a, marks the radius computed according to the exponential law of 
resistance, while a, is the radius determined by taking the linear mean. 


We hence obtain: 
Bee = [1+ (094301699 79D) J . (10) 
bm ya a 
* M. Knudsen and S. Weber, Ann. d. Phys. xxxvi. p. 981 (1911). 
t F. Ehrenhaft, loc. cit. 
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If we now compare the results given in Table II. with the 
values obtained by taking the linear mean, we observe that 
the difference in value of the radii computed according to 
the two methods can be as great as 3 per cent. and in the 
mean does not exceed 1 per cent. According to this it is 
possible to compute with sufficiently good approximation the 
sizes of such small test bodies according to the Stokes- 
Cunningham's law, as has always been done. 


$5. The possibility of a Direct Determination of Magnitude. 


The observations were carried out with the illumination 
aperture 0:3 and the observation aperture 0:3 in an Ehren- 
haft condenser with plates of diameter about 9 mm. These 
fluid droplets were perhaps the smallest which can be 
observed for the purpose of measurement with this optical 
apparatus. Mercury droplets might be rendered visible and 
observable in still smaller sizes, for they have a much 
greater coefficient of reflexion and, due to their greater 
density, fall much more rapidly. The problem of the 
validity of the law ef resistance for colloidal mercury spheres 
is a matter for future experiment. 

It would be particularly satisfying to be able to take out 
such a drop of fluid after observations, to place it upon u 
microscope slide, and to look at it with a microscope of the 
highest aperture by direct illumination. Essential difficulties 
stand, however, in the way. Such a precipitated droplet 
does not assume a spherical form, but a form computed by 
F. Neumann *. If we knew the capillarity constants of the 
fluid and of the glass, we might deduce the weight of the 
non-moistening drops from the measurements given by 
F. Neumann. But this procedure would also be hardly 
applicable to fluids. It, however, affords a means for tle 
determination of magnitude and weight of solid bodies, and 
might permit of an extension of magnitude determinations 
by means of the law of resistance below the limits already 
approached. 


§ 6. Colloidal Gold in a Gas. 


It will then be found necessary to undertake the deter- 
mination of the magnitude of smaller test bodies of radius 
less than 2.10 cm.75. A very large field of modern physics 
is concerned with such particles. They are single, colloidal 
test dodies of a magnitude which runs from 2.1075 em. to 
9.107? cm. and below. Up to the present time Ehrenhaft 


* F. Neumann, Vorl. über d. Theorie d. Kapillaritát, Leipzig, 1894. 


Size and Weight of Single Submicroscopic Spheres. 39 


has used purely optical methods for these test bodies *. 
These methods permitted of the computation of magnitude 
from the colour of the light scattered by the test bodies, 
assuming the optical constants of the test bodies as known. 
The choice of such test bodies is limited by several con- 
ditions. For the sake of an easier managing of the test 
bodies and of the shorter duration of the experiments, it is 
necessary to choose test bodies of great reflecting power and 
large density. Finally, we must choose test bodies which 
remain chemically invariable. Gold in nitrogen would 
offer a suitable material, as an occlusion or adsorption of 
the gas would in this case not be expected. F. Ehrenbatt 
has long ago referred to this selection of experimental 
material f. 

The production of such test bodies can be undertaken in 
several ways. They can be produced either in an electrical 
arc between two gold electrodes of a thickness of 0:5 cm., 
or by heating finely divided gold powder in a quartz retort 1. 
For the first we applied the later procedure. If, after 
heating, we pass the stream of gas through the condenser, 
we see the small gold test bodies as luminous points against a 
dark background. If many such particles are produced, it 
is observed that after a time several particles now and then 
meet and form a coagulum similar to that which is well- 
known in the case of fluids. We can, however, easily 
differentiate between the single and the complex particles. 
For whereas the single particles give rise to a normal 
diffraction disk $, the coagula are exceptionally brilliant, 
exhibit at first sight an irregular form and orient themselves 
in the electrical field so that the largest dimension falls in 
the direction of the electrical force. Every experienced 
microscopist would be able to distinguish the irregular test 
bodies, which now and then appear only after a considerable 
lapse of time. This he is able to do the more easily. if, 
under the same conditions of observation, he applies a 
larger aperture. In order to get the object plane in the 
centre of the condenser plates in this case, it is necessary to 
make use of a condenser of smaller dimensions, with con- 
denser plates of diameter of but 3 mm.  F. Ehrenhaft 
employed such a condenser in his first work. The test 


e F. Ehrenhaft, Phys. Zeits. xv. p. 952 (1914); xvi. p. 227 (1915), etc. 

t F. Ehrenhaft, Phys. Zeits. xii. p. 263 (1911). 

1 After a longer heating the retort gets covered within with a reddish 
sediment of the colloidal gold. 

$ Discussion to the report of F. Ehrenhaft, Phys. Zeits. xi. p. 12 
(1910) (Siedentopf). 


40 Prof. F. Ehrenhaft and Dr. E. Wasser on the 


bodies are clearly to be recognized as single particles also 
with this greater aperture. "We of course wish to carry on 
our experiments only on these single test bodies, as the 
determination of the Jaw of resistance has only in this case 
any meaning. 


7. Comparison of the Gold Test Bodies with K,Hg,I, 
p g 


droplets, especially with reference to the Brownian Movement. 


We now wish to consider those smaller test bodies of radii 
below 2.107? cm. Let us compare the K,Hg,I, test body 
no. 32, which, as is known, obeys the law of resistance, with 
a gold sphere such asreferred to. It follows from Einstein's 
theory of the Brownian movement that the spheres which 
show the greater Brownian fluctuation have the greater 
mobility and hence the smaller radius *. 


TABLE III. 
K,Hg,I, test body no. 32. Times of fall in sec. 


1128 1212 10°68 11:46 1066 1390 10°76 11:552 10°60 1034 
11°34 10°32 12:34 11:60 13:46 13:30 13:12 10°14 1250 10°88 
Distance of fall: 35:0. 1073 em. À*: 0978.1078. 


Au test body no. 10. Times of fall in sec. 


1206 10:88 10:00 17:04 1518 944 1222 1518 1898 1380 
12:08 1372 G78 11:90 766 9270 682 1460 6810 902 
Distance of fall: 14:5. 10-8 um. X3: 1:963.10-*. 


If we now compare the figures given in Table III. for the 
two test bodies, we notice that the percent. fluctuation of 
the times of fall is 16:2 per cent. for K,Hg,;I, and 51:0 per 
cent. for gold. The distance of fall of the gold test body is 
moreover more than half as small as that of the K,Hg.l, 
drop, from which it would appear that the Brownian fluctu- 
ation of the former should be yet smaller. lf we determine 
the mean square displacement per second for the two test 
bodies, we find for gold the value 1:963. 1075, for K,HgiI, 
the value 0:978. 1075, i. e. a value nearly twice as small] as 
for gold. The result of computation that the Brownian 
fluctuation is in general much greater for gold particles 
than for K,Hg,], droplets hence agrees with direct obser- 


N “2 
mT” 


* According to Einstein’s Theory: B= 


—— 0 €— — á———€ DU 


i oon ee 
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vations. Therefore the radius of the gold particle can at 
any rate be only as half as great as 2:4. 1075 cm. * 

We may see, however, from the following circumstances 
that the Brownian movement can give no decision as to the 
question of the size of the test bodies. In the first place, 
let us assume that the possible number of single measure- 
ments is sufficient according to the statistical standpoint. 
Üne would then conclude chat the Brownian movement 
leads to such important contradictions, that it would not 
be applicable for our computations. Let us then determine 
the mean square displacement per second, A?, of the same 
test body at different gas pressures. and let us compute 
the product of the Loschmidt-Avogadro constant by the 
weight of the test body, N . mg, separately for each pressure. 
We make use of the relation : 


N .mg= =. 2RT, Jw wap i) 


Where v is to be computed from the times of fall and X? 
from the deviations among them. For one and the same 
test body the values of N . mg would remain constant. In 
this connexion it was proved that the weight of the test 
body had not changed during the measurement T. The 
values for N.mg, however, show rather large fluctuations. 
For gold test body no. 12 we obtain for N . my the following 
values : 

Pressure in inm. Hg. ...... 751:0 2423 1590 7510 

Nng JOSU niarainn 2:01 2:52 3:38 2:58 


We notice that the value for N . ng at low pressure deviates 
about 245 per cent. from that at atmospheric pressure. At 
lower pressures these deviations are still much greater f. 

In the second place, let us compute the mobility B in the 
well-known manner without assuming the density known 
according to Einstein's relation. If we then set this equal 


* [t may be noticed that the K,Hg.I, drops, as well as other particles 
of the same order of magnitude, which appear in their regular plane of 
virion ay sbarp luminous points against a dark background, are also well 
visible as spherical disks in the neighbouring planes of vision, which 
according to the size of the particles are more or Jess remote from each 
other. [n the case of the observed gold test bodies this does not occur. 
l'hese particles can be made visible only in the plane of distinct vision. 
This fact may also furnish the evidence that the observed gold test 


` bodies are all smaller than the smallest of the K,He.I, drops. 


t For this text body the balancing potentials E* (see note +, p. 32) 
are the following : 0:033, 0:030, 0:033, 0-035. 
| S, Landwan, Z. f. Phys. xxvii. p. 237 (1924). 
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to the mobility resulting from the law of resistance, we 
obtain : 
NES 1 l 
B= sap Mm gallt A) . . . (Il) 


In this manner we can determine the radius a. On the 
other hand, we can compute N . mg according to (I). If we 
now assume that the test body is of spherical form (this can 
be proved by independent experiments, as will be discussed 
below), and set therefore 


N.mg=N. E Tra?c03, 


we can compute the density o by eliminating the radius 
trom this expression by means of relation (II). If we 
compute the density of gold in this manner, we obtain for 
example for test body no. 10 the value L:2. This result, 
when considered in conjunction with the proofs for the 
regular structure and form of the test body carried out 
further on in this paper, remains entirely inexplicable. 

Itf we assume, however, that the possible number of single 
measurements is not statistically sufficient, we shall be able 
to draw no conclusions at all from the Brownian movement, 
and mnst leave it out of our computations. 


$8. The Law of Resistance for Colloidal Gold. 


We now wish to determine the law of resistance for tliese 
colloidal gold particles, and by this means their magnitude. 
The procedure of measurement and computation is here the 
same as that applied for K,Hg;I, and described in $3 of 
this paper. The problem is indeed more difficult for gold, 
and because of the smallness of the test bodies cannot lay 
claim to the same exactness. In Table IV. we see that the 
radii correspond to the velocities of fall. We also notice 
the similarity between the diagram of fig. 4, where the 
velocities of fall ure plotted as a function of the pressure 
(of the mean free path of the molecules, l), and the corre- 
sponding diagram for K,Hg,I,. Hence we have also here 
to do with test bodies of the same density. If we now 
separately determine for each test body the constant A of 
the law of resistance according to the method given in the 
first part of this paper, we find the values given in Table IV. 
We notice, however, that these constants are much 
smaller than those for K,Hg;I,. Thereby we have made 
use of the normal density of gold. 
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| j | 
| a | v.13 em. | Uo. 1o 22. B. . a . 10% cm. A. n 
e. Rec. sec, | ! 

I3 | 0057 | 0:711 20:35 054 (23 3 
JO ...... 1-167 WS] 3518 Uig 0:25 3 
ea: | 1 30x | 0:810 46 38 U'60 0:52 5 
rh 1-404 0881 32:40 U6! 0 22 | 4 
| 2 


The radii of the gold test bodies are of the colloidal order 
of magnitude, as has been made plausible by consideration 
of the Brownian movement. The matter hence takes on an 
appearance, as if the law of resistance were different for 
small metallic colloidal test bodies from that for large drops 
of fluid. We reserve, however, our definite opinion about 
this matter until we are able to make use o£ sufficiently 
great statistical data of other metallic colloidal particles. 

Some writers have tried to argue in the reverse wav. 
For, if we consider the density o as unknown, there are 
three unknown qualities a, A, ø, present in the two equations 
(4) and (5). If we then assume the density o as known, 
we may compute the radius a and the constant A *. This 
has been carried out in Table IV. One can, on the other 
band, take the value of A from the results obtained from 
other test bodies, e. g. K,Hg,I;, and thus determine c. The 
result of this method of computation is, however, very 
improbable. We find in this manner, viz. for gold densities 
up to 1, e. g. for the gold test body no. 10, mentioned above, 
a density c — 1:7 and a radius 1:95.107* cm. The question 


* F. Ehrenhaft, Ann. d. Phys. lxii. p. 784 (1920). Th. Sexl, Ber. d. 
Akad. d. Wiss. (II a), cxxxii. p. 139 (1923). 
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remains unanswerable, why the single particles of colloidal 
gold should have a density deviating from that of gold in 
the bulk. 


$9. Capture and Microscopical Observation of the 
Single Gold Test Body. 


For the purpose of the direct determination of magnitude 
we now wish to apply the above-described method, which is 
invalid for fluids, to gold. The applicability is dependent 
upon tle success of making observations of such a single test 
body of gold, of the isolating it and of examining its form 
and structure by means of the direct microscopic image. 
This has for the first time been successfully accomplished. 
A single test body of the size 5.1075 cm. and of weight 
approximately 1.107! was observed in the condenser, taken 
out und measured directly. The following means were 
employed for this purpose. 

A brass cylinder is jointed to an Ehrenhaft condenser 
with plates of diameter 9mm. By means of a micrometer- 
screw a pin can be thrust within. The entire apparatus is 
made vacuum proof. On the front of the pin there is a 
small silver leaf of the thickness 0:06 mm., which has in 
the centre a finely bored hole. A thin piece of glass or 
rola of the thickness about 0:1 mm. is fastened below this 

ole. 

At first the test body is put through the usual measure- 
ments. the silver leaf is then with the greatest care thrust 
horizontally within the condenser by means of the micro- 
meter-screw. In order to make the experiments possible 
we must earth the leaf. The test body is now drawn into 
the space above the hole of the silver leaf by means of the 
divided upper condenser plate, which can be brought to 
another potential at the centre. The particle is then exactly 
centred and allowed to fall through the hole of the silver 
leaf upon the piece of glass*. It was frequently impossible 
to find the single test body on the glass. We often succeeded, 
however, in throwing a single test body npon the centre of 
the leaf. When we then took out the leaf and examined it 
with the dry aperture 0:95, we found the test body sought, 
but also a second or a third. These other particles are from 
other planes of vision and fall upon the leaf without being 
observed during the fall. All these test bodies were nearly 
of the same size. After they had been located with the dry 
aperture 0:95, they were examined in direct light and against 
a dark background with oil-immersion aperture 1:3. They 


* The cleaned cover-glass& was of course microscopically examined 
with aperture 0:95 before the experiments and found free from particles. 
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then exhibited an isodiumetrical form, which appeared dark 
against a light background and light against a dark back- 
ground. ‘As is well known, the action of a microscope for 
such single particles of any kind may be compared with that 
of the telescope by the observation of fixed stars. These sorts 
of objects are always made visible, even if the diameters are 
less than one-tenth of the wave-length. Their visibility 
depends among other things upon the light contrast, and for 
weak shadow effects particularly upon the sensitiveness of 
the retina of the observer’seye. When the size of the object 
is appreciably less than a multiple of the wave-length, the 
diameter and the form of the image are no longer completely 
determined by the diameter and the form of the object, but 
depend upon the numerical aperture and upon the wave- 
length” *. For the distance between two points which may 


still be resolved in the extreme case is LS where X is the 
effective wave-length, and A tle aperture. We could in 
fact observe this. For when we microscopically examined 
one of these test bodies with the aperture 0:95 and attempted 
to determine the apparent radius, we found e. g. a value 
about 1:5.107* cm. When we now examined the same test 
body in oil-immersion, we found for the radius a value of 
0:9 to 1.107* cm. However, even with this aperture the 
test body did not appear to be fully resolved, but it seemed 
as if it would be found to be smaller, if we made use of a 
greater aperture. We could, namely, not yet obtain a sharp 
image with this aperture T. “For such isodiametric or 
nearly isodiametric particles always appear as nearly circular 


: A ; 
disks of diameter ZA? 25 soon as the actual diameter in alı 


directions is appreciably smaller than this quantity. This 
behaviour occurs without exception, whether the objects in 
question appear as light particles against a dark or a less 
transparent background, or as dark particles against a light 
field.” We could attain both effects by the adjustment of 
the iris diaphragm. 

The findings would therefore indicate, as we worked with 
visible light, that the test bodies were in any case of radius 
less than 1.107? cm. If there were a greater aperture 
for visible light we could actually measure the diameter of 
the test body. We notice that the microscopic examination 

* L. Dippel, Handb. d. allg. Mikroskopie, ed. ii. p. 817 (1882). 


+ We worked also with the aperture 1'3 with fixed dark field 
diaphragm. 
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of the test body at least furnishes an upper limit for the 
radius. If we new assign a density 1 to 1:5 to such test 
bodies, the radius would come out twice as large as the limit 
indicated by the optical findings. 


$10. Ultraviolet Photographs of Colloidal Gold. 


We must, however, admit that this question can only then 
be fully cleared up, when we obtain shotographically a real 
image of the test bodies. This has also been successfully 
accomplished. 

Prot. A. Kohler with C. Zeiss in Jena has, as is known, 
constructed, according to the computations of v. Rohr, quartz 
monochromatic microscope objectives of the aperture 1:25, 
which permit of microscopic photographs of the finest struc- 
tures. Asthe resolving power of the microscope increases in 
proportion as the effective wave-length decreases, we may b 
applying the greatest aperture 1°25 and ultraviolet light of 
the wave-length 275 up still resolve two points at a distance 
1:1.1075 cm. On account of the short wave-length of the 
ultraviolet light the resolving power becomes as great as the 
relative resolving power of an aperture 2:50 by daylight. 
Such an aperture it is impossible to produce with our present 
means to-day. 

One of the writers had such ultraviolet photographs made 
in our institute. Photographs were at first taken of the 
alge “ Surirella gemma” and * Pleurosigma angulatum ” 
with the magnesium line (J. & II., Pl. L). We will call 
attention to the comparison of these photographs with that 
by visible light *. 

Prof. A. Kohler in Jena had the kindness to take ultra- 
violet photographs of small selenium spheres, which Mr. H. 
Kaiser had produced in Jena according to the Ehrenhaft 
method. The spheres were let fall upon a quartz plate and 
immersed in glycerine ; the photographs were made with a 
inonochromatic objective of focal length 1:7 mm. and the 
numerical aperture 1:25 (magnification 1500). From the 
photographs we see at once that these test bodies retain the 
spherical form also in submicroscopic sizes f. 

* F. Ehrenhaft, Wien. Akad. Ber. cxxiii. (II d: January 1914. 

+ We wish to express the warmest thanks to Prof. A. Köhler for his 
production of these photographs. He applied an arc of length 3:5 cm., 
an alterrating current transformer of from 200 volts to 10,000 volts and a 
condenser of 2. 10,000 cm. capacity, The potentia! across the primary 
of the transformer was 100 volts, the primary current 2:0 A , the source 
potential 200 volts, and the frequency 50. Current and potential were 
measured with hot-wire instruments. "The ultraviolet light was con- 
centrated by means of a quartz condenser of four lenses with duplex 


front lens. 
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Mr. E. Sax * was then induced to produce similar photo- 
graphs in our institute in Vienna. These photographs also 
show an exact spherical form. We reproduce the photographic 
here (IV., Pl. I.), because definite experiments on radioactive 
Se test bodies were described in Phil. Mag. f, and reference 
made to the prospective proof of the spherical form. 

The photographs of colloidal gold particles (V., Pl. I.), 
which had been let fall upon a quartz plate and resolved, 
demand particular interest. For the sake of comparison the 
Zeiss scale 107? em. per division was photographed on the 
same plate. We notice that all these test bodies are of a col- 
loidal order of magnitude of radii from 5.1075em. to 1.10-5 
cm. and possess the spherical form. A single colloidal test 
body was also photographed. The radius found by these means 
was 7.1075 cm., which is in a good agreement with the 
results from the law of resistance and from the direct optical 
findings 1. We may indeed consider the opinion so often 
expressed that such test bodies do not possess a spherical form 
as refuted. 

Mr. E. Sax has recently succeeded in taking photographs 
of mercury spheres by means of the ultraviolet light with 
the wave-length A=275 up. The same spot of the pre- 
paration with large and small spheres was resolved by 
varying the planes of vision, the distance between them 
being removed to 5.1075 cm. from each other. We would 
like to draw attention to the different sharpness of the 
images of the differently sized spheres of radii from 5.10-° 
em. to 5.1075 em., as shown in photograph VI. (Pl. I.). 
The group (1) on the left corresponds to the lowest plane of 
vision. Each following group corresponds to about 5.1075 
em. higher plane of vision, being attained by turning the 
micrometer-screw of the microscope. It should be interest- 
ing to compare these series of spherical mercury dorps with 
the photograph VII. (Pl. L), which shows non-spherical 
particles of sulphide of antimony, taken up with the same 
optical means as the mercury drops. 

* Our thanks are due to Mr. H. Kaiser, teacher of the “ Graphische 
Versuchsanstalt” in Vienna, and to Mr. E. Sax, cand. phil., for the 
productiou of these photographs. The apparatus used in do production 
of these ultraviolet photographs was similar to that of Prof. A. Koller. 
They used the same length of arc, an alternating current transformer of 
from 110 volts to 10,000 volts, and a condenser of the same capacity as 


that of Killer. The potential across the primary was 43 volts, the pri- 
mary current 5'6 amperes, the;source potential 110 volts, the frequency 45. 
* Loc. cit. 
t In the original photographs the test bodies are shown so small that 
& reproduction in & journal would hardly be possible. Mr. H. Kaiser 
had the kindness to enlarge the photographs about. three times, so that 
the enlargement of the test body is 4300 times. 
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In the former paragraph we have deduced the funda- 
mental facts concerning the resolving power ot the micro- 
scope nt the limit of the visibility of light, and have made 
reference to the quoted passages of Dippel's Handbook. It 
should be emphasized beyond this that the argumentation, 
concerning the limiting power of the microscope, is carried 
out in this book under the assumption that, besides the chief 
maximum, only one neighbouring maximum of the light 
diffracted by the small body co-operates in the production of 
the images *. By these means is attained only the so-called 
* lowest degree of similarity." The microphotographs 
produced by means of ultraviolet light, however, show that 
the difference of the form between the spheres (selenium, 
gold, mercury) and the non-spherical particles (sulphide of 
antimony) is given very well also to this order of magnitude. 

In order to make the state of affairs perfectly clear, we 
wish to call attention to the following circumstances. All 
single particles of colloidal gold, for which the law of 
resistance was determined by evacuation, give for the 
constant A a value 0:2-0:3. All the test bodies removed 
from the condenser were isodiametrical and of order of 
magnitude below the limit which can still be measured by 
means of the aperture 1:3 in visible light. Finally all test 
bodies when photographed with ultraviolet light showed an 
exact spherical form. The measurements made on the 
ultraviolet photographs, which represented the real images. 
of the test bodies, give the same colloidal magnitude, which, 
as mentioned above, follows from the law of resistance. It 
is a matter for the future to carry out these somewhat 
difficult and extremely tedious experiments on the same test 
body. 

'e may therefore be sure that our assumption of the 
spherical form is the correct one, and that we must draw 
the conclusions following from this assumption and from 
the normal density of the test bodies. 


The University of Vienna, 
November 14, 1925. 


APPENDIX. 


The fact that a regular law of resistance is found on drops 
of the “ Thoulet "-solution is not isolated, as has been shown 
by the further experiments in our institute. The law of 
resistance has since been empiricaily determined on drops of 

* Cf. E. Abbe, i/ Die Lehre von der Bildentstehung im Mikroskop,” 
p. 95, Braunschweig, 1910. 

Phil. Mag. 8. 7. Vol. 2. No. 7. July 1926. E 
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a saturated solution of BaHglI,, by means of the same pro- 
cedure as that on K,Hg,;I,-drops. By concentrating the 
solution of BaHgI, to the state of complete saturation, it 
could be reached that the test bodies retained the constancy 
of the mass also at the lowest gas-pressures. Mr. M. Reiss 
has established the law of resistance for this fluid of the 
density 3:5 by means of a sufficiently great number of points 
(130 points, according to diagram 3 of this paper) *. 

Not only the sprayed fluid-drops, however, furnish a 
unitary law of resistance, but also selenium spheres produced 
by evaporation, the ultraviolet photographs of which we 
have previously shown. This law for selenium has been set 
up by Mr. H. Trebitsch in our institute by calculating tle 
results of the observations taken by J. Mattauch. On solid 
selenium spheres about the same law results, as on the drops 
of fluids. The twice-repeated computation according to the 
method of least squares gives for constants of the exponential 
law of resistance the following values: A = 1:034, D— 0:172, 
C=2:77 (conf. equation 10). All these substances of various 
densities, i. e.. oil (0:93), K,Hg;I, (3:01), BaHgI, (3:50), 
Se (4:26), therefore give approximately the same relation for 
the mobility as was obtained quite independently of any 
assumption concerning the charges of the test bodies. 

The problem of the validity of the law of resistance on 
these test bodies of the order of magnitude to 1.107? em. is 
hence solved. It requires, however, some further examina- 
tion on metallic test bodies of radii below 1.1075 em. to 
5.10-* em. For the methods which are to be undertaken 
in this case we refer to the communication, ** Sur l'observation 
et la mesure des plus petits aimants isolés," which has 
appeared in the Comp. Rend. vol. 182, p. 1138. Paris, 1926. 

The electrostatic charges of these test-bodies, computed 
with the law of resistance that has been determined in a 
purely mechanical way, are especially remarkable. The 
results obtained on the drops of the BaHgl,-solution of 
radii from 1:2 to 3:2.1075 cm., as well as on selenium 
spheres of radii from 1:2 to 3:5. 1075 cm., are still more 
conspicuous than that on the drops of the K,Hg;l,-solution 
(the charges of the K,Hg,;lL,drops treated in this paper 
are the following: 4°34, 3°82, 3°75, 512, 4°88, 22-82, 
10:26.10-!» E.S.U.). Among 20 charges measured directly 
on the BaHgl,-drops, 13 were found to be smaller than 
4:0.10719 E.S.U. ; among 26 charges on selenium spheres 
8 are deviating from the electron by more than 20 per cent., 
the smallest charge being measured to 2:80.10-?9 E.S.U. 


* The constants of the law of resistance are in this case: A —0:879, 
D-03229, C =2-61, 
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The extensive tables and proofs regarding this communication 
will be published in the Zeitschr. f. Physik in a short time. 
The objection so often expressed against these charges, that 
the carriers of them were non-spherical particles of irregular 
density, can evidently not be made in this case. 

By this the problem of the determination of the charges of 
single small spheres, which has been discussed in the liter- 
ature of the last 17 years, has been brought to a conclusion. 


Vienna, May 18th, 1920. 
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IV. The Loud-Speaker as a Source of Sound for Reverberation 
Work. By A. H. Davis, D.Sc., and N. FLEMING, B.A., 
Physics Department, The National Physical Laboratory*. 


ABSTRACT. 


In reverberation work it is important to have a source of 
sound of which the activity can be varied in a large known 
ratio. The suitability of a leud-speaker for this purpose has 
been studied. A loud-speaker actuated by audio-frequency 
current of pure sine wave form was set up in a room, and 
measurement was made of the manner in which the intensity 
of sound at any point in the room varied with the exciting 
current. The measurements of relative sound intensity 
were made by means of a condenser microphone with 
suitable accessory apparatus for measuring the small electro- 
motive forces involved. An electrodynamic type of loud- 
speaker was found to be satisfactorily constant and free 
from lag, and over a wide range to have an activity approxi 
mately proportional to the square of the exciting current. 
An electromagnetic instrument tested was, on the whole, 
less satisfactory. As a further test, measurements were 
also made of the rate of decay of residual reverberant sound 
in each of two large rooms, using the loud-speaker as 
source. The instrument proved convenient in operation, and 
satisfactory results were obtained. The logarithmic law for 
the decay of reverberant sound in rooms was established over 
an intensity range which appears to be about 3000 times as 
great as that used by W. C. Sabine in directly testing its 
validity. 

N reverberation work, where the rate of decay of sound 
I in a room is estimated from measurements of the 
duration of audibility after the source has ceased, it is 
fundamentally necessary to conduct experiments with 


* Communicated by the Authors. 
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different values of the initial average intensity in the 
room. In determining the initial reverberant condition 
of a room—whether auditorium or test-chamber—this 
measurement is unavoidable. In cases where the acoustic 
condition of the room is altered in any way—say by the 
introduction of absorbing materials for test—the changed 
interference system in the room may alter the output of 
the source. Consequently, it is not sufficient merely to 
observe the altered duration of audibility for a single 
condition of the source, but strictly a repetition of the 
multiple intensity work is necessary. It is thus important 
to have a source of sound of which the activity can 
easily be varied in a known ratio, and it is desirable, in 
order to obtain accurate measurements, that this ratio 
should be large. Sabine* used a number of similar organ 
pipes, but obviously no great range of intensity is attain- 
able by such means unless the number of pipes is 
inconveniently large. Moreover, Sabine f found that, 
unless his pipes were placed at a considerable distance 
apart, they reacted upon one another, and the total 
activity of n pipes was by no means n times the activity 
of one sounded alone. 

Experiments have been carried out to determine the 
suitability of a loud-speaker as a source of sound in 
reverberation work, for with a single instrument of this 
type a great range of activity is readily obtained by 
varying the current through its coils. For a given 
position in the room and for a given wave-length the 
acoustic impedance of the space into which the loud- 
speaker operates is fixed. Under these conditions, with 
a satisfactory instrument, the activity will remain con- 
stant for a constant current input, and for simplicity it 
is desirable that the activity be proportional to the square 
of the current. 


I. STUDY or THE Lovp-SPEAKER AS A SOURCE. 
Method of Experiment. 


If a source of sound of constant frequency is placed 
in a closed room, a stationary system of waves is set up 
which remains fixed so long as the wave-length remains 
constant. The sound intensity varies from point to point 
in the room, but at any one point it remains constant 


* Sabine, ‘Collected Papers,’ Paper No. 1, Harvard Univ. Press, 1922. 
t Sabine, loc. cit. See also p. 83. 
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for a source of constant activity. If, as is usually assumed, 
the energy absorbed on reflexion by the walls is always 
directly proportional to the intensity of the incident 
sound wave, and unless any degradation of sound energy 
into heat in the air itself is more pronounced for loud 
sounds than for feeble ones", the intensity at any point 
in the room will he directly proportional to the activity 
of the source. 

In the present experiment a loud-speaker was used us 
the source of sound, and a microphone, placed at some 
other point in the room, served to measure the relative 
values of the intensity set up at that point. Measurements 
were made both with an electromagnetic loud-speaker and 
with one of electrodynamic type. Three types of micro- 
phone were used, working respectively on electrostatic, 
electromagnetic, and electrodynamic principles. The e.m.f. 
generated by the electrostatic microphone is, for small 
amplitudes, directlv proportional to the amplitude; the 
sensitivity varies little with time and, in particular, the 
variation with temperature is quite negligible t. With 
the other two types for small amplitudes the e.m.f. is 
directly proportional to the velocity of the diaphragm and 
therefore, in general, to the pressure in a harmonic sound 
wave. Thus, in all cases the e.m.f. gives a measure of 
the sound amplitude at the position of the microphone. 


Apparatus. 


A diagram of the apparatus used is given in fig. 1. The 
oscillatory current to actuate the loud-speaker S was 
generated by a valve oscillator P, and amplified and 
purified by the tuned amplifier Q, which consisted of 
four valves of the L.S. type, connected in parallel. The 
loud-speaker circuit, lich contained a thermal milli- 
ammeter A, and a rheostat R, was inductively coupled 
to this oscillator unit. A low-resistance (120 ohm) 
loud-speaker was used, and it was possible to obtain 
currents of more than 100 m.a. r.m.s. at all frequencies 
fron 125 to 2000 vibrations per second. The wave form 
of the current was investigated by means of a cathode 
ray oscillograph, and in all cases a pure sine wave was 


* It is generally believed that very loud sounds such as those from 
fog-horns, etc., suffer very pronounced degradation. Hart (Roy. Soc. 
Proc. ev. p. 80 (1924)) in the case of sound of very low frequency (100) 
claims to have measured appreciable degradation of this type at much 
feebler intensities. This conclusion has not vet been confirmed. 

t Wente, Phys. Rev. x. p. 39 (1917); Phys. Rev. xix. p. 408 (1922). 
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obtained at each frequeney throughout the range of 
currents employed. 

The microphone T was connected—via a connexion 
unit C inthe case of the electrostatic type—through a 
two-way switch K to the input of the amplifier system 
U.V. The output of the amplifier system was connected 
through an iron core transformer to a vacuo junction and 
galvanometer G. A galvanometer deflexion was thus 
obtained, the magnitude of which was a measure of the 
small e.m.f. generated by the microphone. 


Fig. 1. 
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Diagram of arrangements for measuring intensity of sound 
from loud-speaker. 


To determine the actual value of this e.m.f. a substitution 
method was adopted. By means of the key K a known 
variable e.m.f. from the mutual inductometer M could be 
substituted for that from the microphone, and its magnitude 
could be adjusted until an equal galvanometer deflexion 
was obtained. The current through the primary circuit 
of the inductometer was measured by the milliameter Ag, 
and was obtained by inductive coupling to the main 
loud-speaker circuit: in consequence of this arrangement, 
the two equal e.m.fs. from microphone and inductometer 
respectively were identical in frequency, and the charac- 
teristics of the amplifier system UV were thus eliminated. 
The amplifier system was nevertheless carefully constructed, 
and was composed of resistance capacity units designed 
to deal faithfully with the inputs obtained. 


Digitized by Google 
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Precautions were taken to avoid leaks, and to suppress 
electromagnetic and electrostatic interference from outside 
sources. The oscillator was situated as far as possible 
from the rest of the apparatus, and its coils were so 
oriented that their electromagnetic fields were without 
effect upon the measuring system. The sharply tuned 
circuit D in the amplifier system helped to filter out 
leaks arising from extraneous sources. This amplifier 
system and its input switch etc. were screened in metal 
boxes, and leads to the amplifiers from the microphone 
and inductometer were shielded. Indeed, the whole of 
the amplifier and all leads to the grid of the first valve 
could be regarded as enclosed in the leads to the earthed 
filaments of the valves. The leads to the loud-speaker 
were shielded and, with the case of the loud-speaker, were 
suitably earthed. With these precautions leaks were re- 
duced enormously : the slight residual leak, equivalent 
in general to an input of the order of 10 micro volts, 
was usually quite negligible. 


Experimental Procedure. 


Very early in the work it was found to be vitally 
necessary to keep the frequency constant in order to avoid 
any shift of the interference system in the room, and the 
consequent change in the intensity at the position of the 
microphone. Great care was therefore taken of this point, 
and the frequency was tested and adjusted, if necessary, 
before each reading. But, even though the frequency 
remain constant, the interference system will change if the 
temperature of the room varies, since the velocity of sound, 
aud therefore its wave-length, varies with the temperature. 
In testing the constancy of a loud-speaker over a con- 
siderable period the temperature of the room should 
therefore be kept constant. It was not possible, however, 
to control this temperature, but some idea of the magnitude 
of the change to be expected from change of temperature 
was obtained by altering the frequency by an appropriate 
small amount. To aminte the effect of any such 
temperature drift when measuring the proportionality of 
loud-speaker output to exciting current, readings for a 
standard current were taken alternately with the readings 
for other currents. 


Results. 


Let i and i’ be respectively the current through the 
loud-speaker and that through the primary of the standard 
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mutual inductance. Since the coupling between these 
two circuits is fixed, at any given frequency 2’ is pro- 
portional to 1, and we may write 


ri = ht. 


Corresponding to the loud-speaker current i, let a be 
the sound amplitude at the position of the microphone, 
E the e.m.f. generated hy the microphone, and M the 
reading of the mutual inductance when a balance is 
obtained. 

Further, let a), Ey, M, be values corresponding to a 
standard current ip. Since the e.m.f. generated by the 
microphone is equal to that applied to the amplifier from 
the secondary of the standard mutual inductance, we 
have for a frequency n (=o/27), 

E= Moi'= Mohi, 
whence > Nei. 
.I£ the e.m.f. ana by the microphone is proportional 


to the amplitude of the sound which excites it, we may then 
write 


za Mok 
oF 2 =k. TT 
For the standard value of the current this becomes 

TEM E OD) 


Choosing arbitrary units so that the sound amplitude per 


unit current is unity for the standard current, t. e. putting 
T 


we have 
a M 
i — M, e e . . . " . (3) 


If the acoustical activity (energy units) of the loud- 
speaker is proportional to the square of the exciting 
current, the sound amplitude at the microphone should 
be proportional to the Joud-speaker current. Consequently, 


as a Source of Sound for Reverberation Work. 57 
in this case, provided the microphone e.m.f. is proportional 
to the sound amplitude, $r- should remain constant and equal. 


te unity as the loud-speaker current is varied. 


Preliminary tests.—If the condition of simple proportion- 
ality is satisfied by the microphone, it is to be expected 
that the form of relation between M/M, and : will be the 
same whether it is obtained with the microphone close to 
the loud-speaker, in a position of relatively high intensity, 
or at a distance in a position of relatively low intensity. 
Experiments were therefore conducted at a frequency of 
500 vibrations per sec. with the microphone in different 
parts of the room in positions of widely differing intensity. 

When an ordinary electromagnetic telephone receiver: 
was used as a microphone it was found that in positions 


of high intensity the value of Jr fell off considerably for 
. 0 


high currents, whereas in positions of low intensity the 
fall was not nearly so pronounced. An electrodynamic 
tvpe—actually part of a commercial loud-speaker move- 
ment—also gave different curves in different parts of 


the room, but in this case the value of =o fell off for low values 


0 
of the loud-speaker current. The magnitude of this effect 
could be decreased by more a centreing the coil 
between the magnetic pole pieces and, though the com- 
mercial instrument used could not be made quite satisfactory, 
it is possible that a precision instrument of this type 
would be. 

The condenser microphone, however, showed no such 
changes. The curves obtained in five ditferent positions 
in the room, varying from 1 inch in front of the mouth of 
the loud-speaker horn to over 8 feet uway, did not vary 
from the mean by more than the experimental error. 

This result is also of interest in its bearing upon the 
len of degradation of sound of the type studied by 

art*. If, at this loudness and frequency, such degradation 


were appreciable, the values ot yr should fall off for the 
0 

higher currents more when the microphone is at a distance 

from the loud-speaker than when it is close to the mouth 

of the horn. Since no such behaviour was shown, although 

the range of intensities used was much greater than that 


* Hart, Proc. Rov. Soc. cv. p. 80 (1924). 
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used by Hart, it must be assumed that at this frequency, at 
any rate, there is no appreciable degradation. 

In obtaining the results given below the condenser 
microphone was always used. Since it is less sensitive 
than the other types, it was placed close to the mouth of 
the loud-speaker horn to increase the accuracy of the 
readings for the low values of the loud-speaker currents. 

Electromagnetic type of loud-speaker.—When the loud- 
end current was first switched on tle amplitude of 
the sound emitted from the electromagnetic instrument 
did not immediately assume a steady value, but continued 
to increase for some time. This effect was more marked 
with high currents, as long as twenty minutes being 
necessary before the increase became imperceptible. When 
this state had been reached stopping the current for a 
few seconds did not result in a return to the original 
condition. The phenomenon appears to be due to the 
local heating effect of the current in the coils of the 
loud-speaker, which may result in the pole pieces being 
brought closer to the diaphragm and so give an increase 
of efficiency. 

This heating effect was again apparent when the effect 
of altering the loud-speaker current was studied. On 
changing to a high current from a low one the efficiency 
was at first unchanged, but rose gradually for some 
time ; the opposite effect occurred when the current was 
again reduced. 

Usually throughout any period of several hours, during 
which the current remained constant, the temperature of 
the room rose and the sound amplitude at the microphone 
drifted continuously, the sign of the drift being dependent 
upon the position in the room. The effect was almost 
competely explained in sign and magnitude by the shitt 
of the interference system in the room, due to the effect 
of temperature upon wave-length. After allowance was 
made for this, there was a very slight residual effect repre- 
senting a decrease of efficiency of the loud-speaker when 
its general temperature was raised. 

The curve finally obtained for the relation between 
the loud-speaker current and the sound amplitude per 
unit current, for a frequency of 500 vibrations per second, 
is given in fig. 2. It shows that the efficiency increases 
with the current. The very pronounced fall indicated 
for very low currents is in a region where measurement 
was difficult, and where small leaks to the amplifier may have 
become appreciable. Nevertheless, it is thought to be real. 


M. 
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Owing to the long time taken by this loud-speaker in 
settling down to a steady output, it does not seem very 
suitable for reverberation work. Further, the increased 
efficiency at high current strengths, while not of any 
importance in the normal working of a loud-speaker, is 
too great for the instrument to be completely sutisfactory 
for the special purpose in view. 


Acoustic Amplilude per unit current (M / M oJ 


(Arbitory unib token as tofo 50 mA current) 


$0 75 
Loud? Speaker Current (i) 


Relation between loud-speaker current and acoustic amplitude 
per unit current. (Electromagnetic loud-speaker.) 


Electrodynamic type of loud-speaker.—The electrodynamic 
loud-speaker was of the type in which a coil of wire 
attached to a diaphragm moves in the field of an electro- 
magnet. For constancy it was naturally necessary to 
maintain the current through the field coils of the magnet 
at a constant value. A ten per cent. change in current 
strength resulted in a five per cent. change in the estimated 
sound amplitude. 

As a loud-speaker the instrument assumed its final 
steady output immediately the audio frequency input was 
supplied. In any long series of readings for a constant 
valne of this input, the sound amplitude at the microphone 
drifted continuously since the temperature of the room 
did not remain constant. With this instrnment the drift 
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appeared to be due almost entirely to shift in the inter- 
ference system in the room arising from the changed 
temperature. Certain irregular variations from the general 
drift, of the order of 1 to 2 per cent., were due most 
probably to very slight errors in tuning. 


The curves given in fig. 3 show the relation between 
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the current and the sound amplitude per unit current 
(M/M,) for four different values of the frequency. Again 
there is evidence of falling off in the efficiency for very 
low currents though, as above stated above, the measure- 
ments in this region are least reliable. Throughout the 
wide range of currents employed, however, the maximum 


variation of x is only 24 per cent. in the best case 
0 


(n=500) and 6 per cent. in the worst (n=250). It may 
be shown that the error introduced in reverberation 


* From a static calibration of the condenser microphone it is estimated 
that, at the mouth of the loud-speaker horn, the sound amplitude per 
milliamp. loud-speaker current had the values 1/30, 4, 1/8, 4 dynes per 
aq. cm. tor frequencies of 250, 500, 1000, 2000 v.p.s. respectively. 
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measurements by assuming constant efficiency is quite 
small *. 

The electrodynamic loud-speaker thus appears to be 
generally satisfactory for reverberation work. In precision 
measurements in very reverberant rooms it would be 
necessary to allow for the variations indicated by the 
curves: the allowance has not been made in this paper. 


If. Use iN REVERBERATION WORE. 


The loud-speakers tested were used in reverberation work 
to determine the rate of decay of sound in a room. Briefly 
the method is to determine the duration of audibility in the 
room after the source is stopped, and then to repeat the experi- 
ment with a source of n times the activity. The difference 
observed is the time in which the sound in the room decavs 
nfold. By conducting a whole series of tests it is possible 
to determine whether the decay factor for the room is the 
same for sounds of different initial intensity. This was done 
by Sabine f over a restricted range, up to about 4-fold, in 
his multiple organ pipe work. He found that the decay of 
ms of a given pitch in a room obeyed the logarithmie 
aw, 


I 

log y; — Ab Roch. Ee uL. ue Ue AUD) 
where [ is the average intensity at the moment when the 
source is stopped and J, the average intensity at time ¢ later, 
and A is a constant independent of the intensity of sound. 
Taking I, to be the minimum intensity necessary for audi- 
bility, and remembering that in the present case the original 
value of the average intensity is proportional to the square 
of the current through the loud-speaker, we may write 


2 
log " = At, 


or logi=$At+const., . . . . . (5) 
where t is now the time required for the average intensity 


* An error of 10 per cent. in an intensity ratio of 1007: 1 corresponds 
to a 1 per cent, change in the time taken for the reverberant sound in a 
room to decay in this ratio. For any but rooms of very long period this 
is of the order of the experimental error in the determination of 
audibility duration. i 
wt Sabine, ‘Collected Papers,’ Paper No. 1, Harvard Univ. Press, 1922. 
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to fall to the minimum necessary for audibility or briefly 
the duration of audibility. There should thus be a linear 
relation between the loud-speaker current, plotted logarith- 
mically, and the duration of audibility. From this the decay 
factor A for the room may be obtained. 


Apparatus. 


The arrangement of the loud-speaker and its source of 
alternating current was identical with that shown in fig. 1. 
A key was arranged which, when depressed, stopped the 
loud-speaker by breaking the high-tension circuit of the 
oscillator, and simultaneously started a time recorder. A 
second key was used in recording the instant at which the 
audibility was judged to cease in the chamber. 

The loud-speaker was placed in the room under investiga- 
tion, whilst the recording apparatus was situated outside. 
A position was chosen for the loud-speaker well away from 
all the walls and not directly facing any one, in order to 
minimise as far as possible any reaction effects. In one 
particular case the room appeared to have a resonance 
frequency very near—within, say, 1 vibration in about 2 
seconds—to the frequency with which it was desired to 
work, and, owing to reaction upon the loud-speaker, con- 
siderable difficulty was experienced in tuning. Beats 
occurred which persisted for some time and then suddenly 
ceased. By slightly moving the loud-speaker the effect 
was suppressed, and the phenomenon did not recur at other 
frequencies tested. 

The current was adjusted to a suitable high value, and ten 
readings were made of the duration of audibility. The 
sets of measurements were then repeated several times, 
using successively smaller values of the current. Finally 
the whole series was repeated in tle reverse order, thus 
finishing up with the high current series with which the 
experiment was started. By this procedure the effect of 
any regular change in the efficiency of tlie loud-speaker due 
to change of temperature is eliminated. Several series of 
such readings were taken by two observers and in various 
positions in the room. 


Results. 


Measurements have been made in two different rooms. 
The first room had a volume of about 48,000 c.ft., a concrete 
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floor and ceiling, and brick walls with a large area of 
windows. It contained several pieces of machinery and 
some heaps of loose sand which made the exposed surfaces 
irregular in shape and miscellaneous in character. The 
electrodynamic loud-speaker was used in this building. 

The work in the second room* was done much earlier 
with an electromagnetic type of loud-speaker, but the 
results are included here because of the greater simplicity 
of the structure of this room. It was quite empty and had 
a volume of about 9620 c.ft., a concrete floor, plaster 
ceiling, and brick walls with no windows. In neither case 
were the conditions very favourable for accurate reverberation 
work, since silence could not be obtained. 


Duration of Audiloility 
* 


Aree 


Loud- a Current 


Relation between duration of audibility and loud-speaker 
current in room 1. 


Fig. 4 shows the relation in room 1 between the logarithm 
ofjthe loud-speaker current, and the duration of audibility 


§ * We are indebted to the Director of the Building Research Board 
for permission to use this room. 
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for different values of the frequency. In most cases the 
current has been varied over & range of 120 fold, corre- 
sponding to a variation of the initial average intensity of 
over 14,000 fold. Over this wide intensity ratio the 
logarithmic relation, established by Sabine over a very 
restricted range, is still found to hold good. 


Decay Factor (A) of Room 


Frequency 


Relation between decay factor of room and frequency. 


The values of the constant A obtained from the curves 
of fig. 4 are shown plotted against the D in fig. 5, 
together with those obtained in room 2. hile there 


appears to be no simple relation in the case of the first room, 
in the case of the second room, whose absorbing surfaces 
were not of such a miscellaneous character, a regular variation 
with the frequency was obtained. 
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V. On the Calculation and Application of High Resist- 
ances of small Self-Inductance for all Frequencies. By 
Raymonp M. WirMorrE, B.A. (of the National Physical 
Laboratory) *. 


ABSTRACT. 


Ix many accurate measurements it is necessary to know the 
exact phase-angle of high resistances of the order of several 
thousand ohms. In this case the capacity effects are often 
very large. In the paper, formule are given for the self- 
inductance of high resistances formed by long parallel wires of 
circular cross-sections and screened from earth by a cylindrical 
metal shield. 

The formule for the use of such a standard as a ratio arm and 
potential divider are also given, together with its application 
in bridges. 

I. Inrropuction. 


qu use of high resistances in alternating-current 
measurements often leads to difficulties, owing to 
the residual self-inductance and the effect of capacity on 
the circuit. These effects become more pronounced as the 
frequency increases, and the effect of capacity, which is 
quite negligible for low resistances, usually becomes pre- 
dominant when the resistance reaches values of several 
thousand ohms. 

It has been usual to take as a standard of comparison 
of residual inductance a single long loop of wire with 
arallel sides, the formula for which was given by S. L. 
Bou T. It will be shown, however, that this formula 
only holds in practice if the middle point of the loop is at 
earth GAER E condition which does not usually obtain. 

For high resistances a single loop of wire means a 
very cumbersome standard, and in this paper formule 
are obtained for a standard made of a large number of 
long parallel wires connected as shown in fig. 1, where 
the wires are not necessarily in the same plane. It is 
necessary, especially for high resistances, to screen the 
wires from the earth by means of a cylindrical metal 
shield. 

The adaptation to high voltages is complicated, since 
a very considerable length of wire is required from the 


* Communicated by the Author. 
t Phys. Rev. vol. xxix. p. 369 (1909). 
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necessity of keeping down the temperature rise. For these 
purposes voltages of the order of 2 to 10 per metre length 
of wire are commonly used, the current being 0:1 ampere 
orless. There is also the limitation imposed by the effect 
of the production of corona around the wire, due to the 
electric field between it and the shield. These considerations 
would require a number of systems of the type suggested 
to be put in series for high voltages. A phase displacement 


Fig. 1. 


Pm m 
m 
mrs Me, 
m*z2 m*2 
m*4 mos mas 


would result, depending upon the capacity and voltage of the 
different shields to earth. This effect can, however, be calcu- 
lated if the capacities of the shields to earth are known (either 
by measurement or by surrounding the whole with a large 
concentric screen connected to earth and calculating the 
capacities). In this connexion, when dealing with com- 
mercial frequencies, non-inductive resistances for high 
voltages can be constructed more satisfactorily by ihe 
method described by E. Orlich and H. Schultze *, which 
is more compact and allows of easier computation but is 
not suitable for higher frequencies. 

Formule are also given for the use of the standard as 
ratio arms and as potential divider, and it is hoped that 
they may be found useful at audio frequencies and in 
developing bridge methods suitable for radio frequencies. 


* Archiv. f. Elek. vol. i. p. 1 (1912), 
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II. CAPACITY COEFFICIENTS OF n THIN PARALLEL WIRES 
WITHIN A CYLINDER. 


The problem of the capacity between infinite parallel 
cylinders has not been completely solved, but an approximate 
solution can be found if the radii of the cylinders are small 
compared with their distances apart. 

Consider n parallel thin conductors of radii 7, 79, ..., Tn 
having polar coordinates (a, 01), (as, 0), ..., (a4, On) referred 
to the centre of the cylindrical metal sereen of radius R as 
origin. The image of the wire A, in the screen will be B,, 
where OB = R?/a,. 

Let qi, qs, ..., qn be the charges on the wires, the potentials 
of which are v4, te, ..., t, respectively. We shall assume the 
dielectric constant to be unity. 

Then, the potential of the screen will be given by 


e, = C—2 q, log (a/R), x diui i 


and the potential at the surface of the wire of radius rp, 
surrounding Am is, if r„ is small, approximately given by 


= C+29,, log (A E o) ZZ. log ( dere) . (2) 


in which the term having r= m is left out in the last sum. 
If the screen is connected to earth, we have 


=n A AB, 
Fen 


tn = Bas log (gi) 33 log ( "AF 


The potential coefficients are, therefore, given by 
Pm.m = 2 log {(R?—an?)/Rim } à — ws x F (4) 
and pmr = 2 log (ar AnB,)/R.AnA-}. . . (5) 


. If R is large compared with a, so that a? can be neglected 
compared with R?, these become 


Pum = 2lg(H/r,)) . . . . . . (6) 
and Par = 2log(B/A4À.. . . . . (7) 


Since r is small compared with a, pa.» will usually be greater 
than pa.r unless R is infinite, when in the limit Pm.m — pmr. 


F 2 
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The capacity coefficients are given bv 
* m v 


Koi = DHS; 


where 
A = Pras PP e e o ay Pray 
mer P2.25 -e tt ]n.2- | 


Duo» Pans a. o o [ning | 


and Dnr is the minor of pm in this determinant. 
Now these coefficients can be exactly represented by 


capacities Kom between any wire m aud earth and Kner 
between any two wires n and r, where 


and KĪ ur =— kmr s e... e. e e e (10) 


Where there are a number of wires, the determinant 
of equation (8) becomes unmanageable except in special 
Cases. 


If pmr is small compared with pz. we have, neglecting 
small quantities of the second order, 


k, = Pir #24 Pam Por \ 


Pm.m * Prr q=1 


ras dbi 
[4.4 Pm pr.r f ' ( ) 


in which q3&m or r and par becomes negative, if r=m. 
Now suppose all the wires to be distributed along the 
surface of a cylinder of radius a concentric with the shield 


and parallel to its axis. Let Rja=1+p, where p is small. 
Equations (4) and (5) become 


nm = 21 p(2+p)a 
p». aT "ECCE 


and (9 -- p) 2 
m. = ] g 1 Em Sue mum p —| } 
i : 1 "iod ep unig d^ V9 


where 
Oisy = 0.— 0n. ` 
Table I. gives the values of pmr for various values of p 
and msr, from which we can see when p». can be neglected 


compared with pinm, since the value of pam will usually be 
between 9 and 15 :— 
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TABLE I. 
Values of pire 


@ = 59. 109. 159. 9209. 30°, 459. 609. 909. 1209. 1809. 


e — O05 | 814 0:267 0134 U078 0°35 O'016 0010 0:006 0:004 0:002 
010, 176 0791 0429 0248 0128 0:062 0:035 0:019 0012 0:010 
015| 244 127; 073761 0497; 0:260 0:126 0:076 0:039 0:029 0:021 
020, 293 167 1:09 0746 0409 0:208 0:128 0:064 0:045 0:035 
0-30 | 3:68 2:33 164 121 0718 0:396 0254 0136 0091 0:070 
040,415 281 207 139 101 0592 0388 0:216 0147 0-114 
050 | 453 317 241 191 128 03784 0531 0298 0:211 0:163 


If p is small we can expand equation (13) and obtain 
T S TOUT A HERE TE 
rio EE sin? (30, ,) l Proh 3 (5 sin? aag) t fo 
Hence, neglecting small terms of the second order, 
k =} I PUp 
me, P» prr | 5) n? (Onr) 


gan 1 
AN | 
—p d] | (40,.. 4) sin? 1* (10.4) Do. ] T... } , (14) 
in which qzEmzEr. 


If all the wires are of the same radius r, so that 


pum = a =... = p, 


1f d—p)'s* 1l , 
K "m = 1 Be sea M mnt e e 15 
= P p P m sin? (40, 7) ( ) 


i »" 2l p*(1 -p) 
and Kas = sin* (Onr) 


pia 1 
(P us Fraccasrcacum) hh . (16) 


in which as before q3E wir. 

If pur is sufficiently small, the last term in equation (16) 
can be neglected. It should also be noticed that for this 
Ko, has the same value for all the wires. 


we have 


III. Staxparp RESISTANCE. 


(a) General Theorem sor n Impedances in Series. 


^onsider n impedances An Za, ..., Zn connecting the 
points l and 2, 2 and 3, ..., n and (n+1) respectively. 
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The point 0 will be assumed to be at earth potential. Suppose 
the ends of these impedances be interconnected by capacities, 
the capacity connecting the points m and r being o. It 
is required to find the m edancs of the whole, when the 
capacities are sufficiently small that their products can be 
neglected. 

There will be two definitions of this impedance: one Z, 
will be the ratio of the potential difference across the whole 
network and the crrrent entering at the point 1 excluding 
the earth-current to the network, and Z, will be the same 
but including the earth-current. In other words, the 
impedance will be Z, if the current is measured between 
the points 0 and 1, and Z, if the points 0 and 1 are on the 
same side of the point where the current is measured. 

Let ii, i2, ..., in be the currents and V,, Va, ..., V, be 
potentials across Z,, Z4, ..., Z, respectively. For shortness, 
we shall express the sum of these potential differences and 
impedances between the points m and r by Vmr and Z,. 
respectively, so that 


Linr+) =I (Zp) and Vrai -'X(V, 


pn p=m 


where Zm. and V,,, are positive if r» m, and vice versa. 


Now NS Did Dei 
: p=m q-n4l f 
and io = int © È (VpgCpo)a . . (18) 
p-1 q=0 
f l p=m q=n+1 
and 2 = Int > > (Vag Coy) a, . œ (19) 
p=9 Q=0 


where ig and i are the currents entering the network, 
excluding and including respectively the earth-current, 
and a=w/ — 1, the frequency being w/27. 

From these three equations, neglecting small quantities 
of the second order, we have 


p=m g=nt+) 
VgivaZe2Z.5 US (Wo « « (20) 
p-l 4-0 
p=m q=nt+)1 
and Vaji 2 Z,—Z,€3 E (LNpqCpa)% . . (21) 
p=0 q=0 


in which Z,, is negative if p» 4, and rice versa. 
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Since 


a=, pe ipi 
X [ETE 0na) 
pnl v 9 
= I (C Zhq) : = "(Cam Zom Zm.n+1)@, 
p-l @ LE 


the impedance of the network is given a 
Zo = È (Valio) 


pan q=n+ 
d -a-[ 2, p> ES (Cra =" X (CopZoy E 
und 5. (22) 
zn TS =n+l1 
Zi = Zinn- [E E 0444 +E (Cop Zop) |a, 
p=1 g=pt p-i 


(23) 
where Z,i, is the potential of the point 1 below earth, and 


q=n+ 
T [1-2 oH (Zoo Uo) al: uox XU 
Also, if 1’ be the current leaving the network, 
Prale P (Lo C o4) a. e > o o oœ (25) 


(b) Formule for Residual Inductance. 


Besides intercapacities, the wires have a small self- 
inductance L per unit length, given by Rosa * 


L = 2(log (2l/r) -l+p/4], . . . . (26) 


where l is the length of the wire, r its radius, uw the 
permeability of the wire, that of the dielectric being 
unity. 
Also there are small mutual inductances M between the 
wires, given by * 
M = r2[log (2l/d)—1l+d/l],. . . . (27) 
where d is the distance apart of the wires. The mutual 


inductance between the wires p and q, connected in the 
same sequence as in fig. 1, will be negative if (9 —p) is odd 


* “Self and Mutual Inductances of Linear Conductors,” by E. 
B. Rosa, Bull. Bureau of Standards, vol. iv. p. 301 (1907). 
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and positive if (g—p) is even. In general, the last term of 
equation (27) can be neglected. 

It should be noticed that formule (4) aud (5), (26) and 
(27) only hold for wires of circular cross-section. 

Let us first assume that there are no capacities (which 
might be produced by terminals etc.) at the ends of the 
wires. Consider a point P, on the wire m (fig. 1) distant z 
from m. Let Zn, Mmr, Kmr, Kom be the constants per 
unit length of this wire. Then 


dis iz £s 
Wu m — uU. 
da E Sae V arara a, ( ) 
where 2,4; is the current at P, and Vm+z.r+z is the potential 
difference between P, and P, on the same level as P,, on 
the rth wire. Also 
ON mss == lmr lm + X (Mm. İp+r) a. e (29) 
dx r=] 
Integrating equation (28) between the limits 0 and J, 
we have 


ron 
in tings m È Kul Zne + (Le Zn) |^ \, 
r=0 
where Zm. is negative if r<m, and vice versa, tm and tm41 
being the currents at the points m and (m+ 1) respectively. 
By taking the sum of,this between 1 and (m—1), we 
shall have an equation connecting im and i, by which 
i, can be eliminated in the expression obtained on inte- 
grating equation (29). On rearranging, we finally have 
the impedances Yo, Y, of the whole given by the general 
expressions :— 


Y, =F (Vn/io) 
= Za n "u$ T (Mnl) Sis T" (Ks cl Aa.) 


=] r=1 m=] r=m+) 
- zl Kon! [ Zom Zmoine) + Lnl (4 Zong — 22ml) | + | a, 
and (30 A) 


i El Í Koml[ZomZa.m41— Lnl(s Loa — 87,4) | JJ- 
(30 B) 
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x 


p 1 Wor 


» 


arn [2u pe-z 25] * eziz 


E un 
> (1. - Ly" df (r— m) is even, 


0 COUR NM PEE TUEEAY 
go 4A a 
oe Jats aZe if (r—m) is odd. 


1 e TO will be considered : — 
: ) Uf all the wires are equal and have a resistance R 


Pu. [Lant E Moje S. SRE 


=1 r=m+l m-—lr-m-l 


c Y {Kon L [ZR — 0 4) 


| iei m1) - 275) ]] AL b ux ocu OL) 
BEEN. oseua if (r—m) is odd 
oad Ane = (r—m)? iť (r—m) is even. 
Th the equation for Y, the last term is 
SE {Koal [Zor R(n eee m+} )] f a 


(ii.) If the wires are all equally spaced, equation (31) can 
_ be written i in the form : 


gem: log J i | 


HS". 


di HI i 
+4 x dC lj"(n— m+ 1) (lox dete T ‘) 
E 2 js - j — "S 1 (n m c 1)R? KA; 

^ m=) 


Lim s $) pepi Mr eea) j | 3 
» eo « (88) 


n is even (which is the usual case) and y=1 


Digitized by Google 
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if n is odd; Aim has the same value as in equation (31) ; 
di, is the distance between the lst and the rth wire. The 
last term in the equation for Y, is the same as in case (i.). 
(iii.) If Kom has the same value (Ko, say) for all the wires, 
equation (32) can be further simplitied. This will occur if 
all the wires are evenly spaced round the circumference 
of a cylinder concentric with the shield, or, again, if p 
in equation (15) is sufficiently small—that is, the distance 
between the wires and the shield is small compared with its 
radius. In the latter case, however, there must be no 
bodies within the shield other than the wires used. Thus 
it would not necessarily hold if only a few of the wires were 
used and the rest connected to the shield or left floating. 
With these conditions, equation (32) becomes 


P 9 
Y, nR+l)2log} £} 


" 1s ( E 1)"(n — m+ 1 ) (log ea | ! 


701-2 


ef) E Lee enia] 


n? n? 
+K (Za R SHR e)a .... (33) 
The last term in the equation for Y, is 
2 3 
-Kul (ZR 5 R5 a. 


To allow for the capacities C,,, between the terminals at the 
points m and rand the earth-capacities Com, Co, between the 
terminals and earth, we can use equations (22) and (23), for 
the whole resistance can be considered to be made up of 
impedances of value (V,,/t) in series interconnected with 
capacities. 

Hence. the total impedance is given bv 


p=n g=n+l A p n 
Z-Ye[* E (C Zo- (CopZopZpasi) ja . (34) 


n 
p=] 9=p+1 p= 


and 
AS q="+1 á pznal 
T 7 = 1 Pr 
Z = Y,- e 2 (oho) + = (CopZopZip) | A. €. (35) 
p=! qg=p+! p-2 


(c) Application to Bridaes. 


When a high impedance is put in a bridge a difficulty is 
met at oncein defining the meaning of impedauce, for, owing 
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to capacity currents, the current entering any specific part of 

the bridge may not equal the current leaving it. We shall 

consider as a typical case the simple four-arm bridge (fig. 2). 
The condition for balance is 


Vas/Vac = Vpa/Voo. 
This can be written 
(Van -ip)/(Vac.ig) = (Voa iv) /(Vcp iD) 
or ZaB| Zac = Zpa]|Zcp- 
Fig. 2. 


We see, therefore, that the impedance of any arm is 
defined as the ratio of the potential difference and the 
current at the end of the arm connected to the telephone. 

Suppose the point c is earthed. The impedance will not 
include the earth capacity currents, so that we can use 
equation (22), in which Zo1-Zpc and B is taken as the 
point of the network to which the equation belongs. On 
the other hand, the impedance Zgc will include the earth 
capacity currents, so that we must use equation (23) for it, 
putting Zo1= — Zsc, where B is taken as the point 1. 

If the telephone is earthed, we can consider that the 
earthing-wire is split in two on either side of B, so that 
the earth capacity current flows through B. The impedance 
of AB and BC is, therefore, given by equation (23), in 
which Zo. —0 and B is taken as the point 1. 

The last case of importance occurs when the telephone is 
kept at earth potential by means of a Wagner earth. In 
this case the earth capacity current does not flow through B 
and the impedance of AB and BC is given by equation (22), 
in which Zy,;=0 and B is taken as the point 1. 

The same reasoning applies, of course, to the other two 


arms of the bridge CD and DA. 


(d) Case of a Single Loop. 
A special case of interest is that of two equal long parallel 
wires symmetrically situated with respect to the screen, with 


16 Mr. R. M. Wilmotte on High Resistances of 


terminals at the end having capacities C,,, between them and 
Cy, to the screen. If H, is the total resistance of the two 
wires together, we have from equation (34) 


Zo R$ 4- { 41 [log (2a/r)+}]— Ros Ki; 
+ Ral Ko. ( Zo. + zu + Coi( Ro Zo — C1 Ry) } a, (36) 


where r is the radius of the wires and 2a their distance 
apart. When the radius R of the screen is infinite, 
Koa 2 Cy, =0 and the equation becomes 
hy 

— 9 pes Oe 
Z,— Ro + f allog (2a/r) +4]— igo; 7j - e Os], (31) 
which is the formula given by S. L. Brown *. 

Let us consider how large the radius of the screen must be 
for this equation to hold. 

If Z;1 2 0—that is, one terminal is at earth potential—the 
last two terms in equation (35) become 


Rl log ((4A? + 1/A/(4X4 (433 —1)] } 
6 ` log i4 (3230 — 1)/(4ÀA? + 1) ] log (4(10X* — 1)/16r7} 
= RFC . . . (38 
where A= jd and p=d/r. dus d 
Also, if Z4; — 1 H,—that is, the mid-point of the resistance 
is at earth potential—this becomes 


Re 1 2/(* 1 " 
— 3 bogaan- Dariy Re rat 40o). (39) 


When X is large, expression (39) is very nearly identical 
with the expression tor an infinitely distant screen for the 
measured capacity between the terminals is (C,2-r 1C,,). 
The same is not true for expression (38). 


TABLE II. 
Coefficient of H,?/ in expression (36), Zo1=0. 


A= 10 100 1000 10,000 
MCN RP 
p= 10 0 —0:0144 — —U020  — —0021  —0036 
= 100 00015 0 —00046 = —0:0072  —0'018 
—1000 0:0096 00034 U —0 0022 —0012 


In Table II. the value of the coefficient of R$?4 of the 
first term of that expression is given for various values 
* L.c. ante, 
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of A and p. It will be seen that, as u will usually lie 
between 100 and 1000, this coefficient will require an 
enormous value of A to approach its limiting value. Thus, . 
if 42100 and d=1 cm., this coefficient only reaches half 
its limiting value when all objects connected to earth are 
removed to a distance of one kilometre. 

À similar result is obtained when Z, of equation (33) is 
taken instead of Z,. Hence S. L. Brown's formula only 
applies when the mid-point of the resistance is at earth 
potential; but we saw in section III C. that in bridges Zo; was 
either zero or positive, so that the conditions necessary 
for S. L. Brown’s formula do not obtain. Experimental 
agreement was obtained because only differences were 
being measured, and the effect of the closeness of the 
earth would be substantially the same in both cases. 


IV. STANDARD Ratio ARMS. 
(a) General Theorem for Two Impedances in parallel. 


Consider n impedances in parallel with »' impedances 
(^ does not necessarily equal n’) interconnected by capacities 
at all points between the impedances. Let Zoa be the 
impedance between the point a and a’ and 0, which is 
connected to earth. This impedance can be split up into 
two impedances in parallel, Zoa(éo + t'o) /io and Zo.A (to + 1 )/Uo, 
carrying the currents ig and z'o respectively. (Fig. 3. 


Fig. 3. 


$ A a xus 
PPE O 0000 eg oR ae, 


Using the same notation as previously, we have 
Ma = Zn: 


and 
i , Pam gantl pam gzn.l — 
bint DL (CQaVyat > 2 (Up, Vp) (40) 
pra q=0 pra qa 
and 
: , pan gont+l ] p-n q-n'rl : A 
t=tnt¢ È (Cpe Vp.) 2+ 2 (Cp. Y p.q) a, (41) 
p=0 9=0 p-a q=a' 


and similarly for i’, and ¢’. 
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Now, 


S (Vee s v 
m=O m=0 


Writing P, and P', for the expressions of the impedances 
as given in section III. fer each of the two networks in 
parallel (these experiments will, of course, not contain the 
terms involving the capacities or mutual inductances between 
one network and the other), we have 


jede P pas P; 
0 


to Z Zana Za. 


p=n+)] g=n'+l d Z , 7, 
+ > > C Vj n Tki : a'.Q T a.p ) }, 
oe Ee pa Lp.ngi t Lon'4.) (Zo, langi * 
(42) 


where o-Z,.,1/Z«5,1 and Zo, Z'o are the effective im- 
pedances of each of the two networks in parallel. P, and 


P,' are given by equation (22), where Zoa = Zoa(1 TX. ) and 
Zo. = Zo.a(1 + c). 


Also 


TIED EP sp 


ian lanaa 
p=n+1 gx Le. La 
TEX Cpg(Zpngit Zeny) (z au. )5 |j 


p-a q= a'.n' +1 Lone) 
, ; l ; (43) 
where P, and P,’ are given by equation (23). 

Po, Po, Zo, Zo' of equation (42) are the same as P,, P,’, 
Zi, Z, of equation (43), except that the former refer the 
impedances to the current entering the network including 
the earth capacity current, while the latter refer to the 


current entering the network excluding the earth capacity 
current. 


(b) Formule for Ratio. 

We shall now apply the last result to the calculation 
of the true ratio of the standard used as ratio arms. 

As before, we shall assume at first that there are no 
capacities at the ends of the wires. Consider a point P, 
on the wire m (fig. 1) distant z from m. With the same 
notation as before, we have 


end = > (Kr Vngrrg ree E Co aezesi)d . (44) 
r=0 r=a' 


and 


AV mtz 
d 


= Inir Die + 2 (Msirsz)e T x (Mas ries ja, (45) 
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where Ma.» is given by equation (27). It should be noticed 
that, if the current enters the two arms at the same end, the 
mutual inductance between one wire m in one arm and one 
wire r in the other is negative if (r—m) is odd and positive 
if (r— m) is even. 

o make the conditions more general, we shall assume the 
arms to be connected in series with external impedances 
Zia and Z,,, the standard containing n and n’ wires re- 
spectively numbered from a to n and a’ to n'. 

These external impedances will be assumed to have zero 
` mutual inductance with the standard, and there will, of 
course, be no capacity between them and the standard, 
since the latter is completely screened. 

From equations (44) and (15), by integrating between 
the limits 0 and / and neglecting small terms of the second 
order, we obtain a general expression for (Zan'41/Zan+1) 
The complete expression is lengthy, and, as the only case 
ef importance is that when all the wires are equal and 
of resistance R, the simplified results in these conditions 
are given by 
Lan 41 = Zaa + Q' B T — ( B, Bog ) 
Zany LaotQ E pc E [Erat Za tQ Zi. Q s 


4(_1 1 yF E eo. (46) 


Zaag La.c+Q p=a q=a' 


where Q and Q' are the expressions of the impedances as 
given in equations (31), (32), and (33) for each of the two 
radio arms of the standard, an 


B'pg= (n'—3)(9—3)* 9—$ if q — p is odd, 

= (n'—g)(q—$)tq4—8 if g—p is even, 

and Bog = (n—p)(p—4) tp—i if g—p is odd, 
= (n—p)(p—}$)+p—3 if q—pis even. 

To allow for the capacities between the terminals at the 
ends of the wires, we can now use equations (42) and (43), 
in;which we substitute (Zan41/Zan41) as given in equation 
(46) for c. 

(c) Application to Bridges. 


The same arguments can be applied regarding the appli- 
cation of ratio arms in bridges as was used when a non- 
inductive resistance was considered. Let AB and AD 
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(fig. 2) be the ratio arms. Four cases arise : 


(1) When C is earthed, the impedances Zag and Zap will 
not include the earth capacity currents, so that 
equation (42) will apply. The points B and D 
(which are electrically the same when balance is 
obtained) will correspond to the point a of the 
ratio arms and Zoa = Zpc and Zor = Zope. 


(2) When A is earthed, the earth capacity currents will 
be included in the impedances Zag and Zap, so that 
equation (43) will now hold. The points Band D 
will, as before, correspond to the point a of the 
ratio arms, and we must put Zo,— —Z,p and 
Zoa — Zap: 

(3) When the telephone is earthed at B or D, the earth 
capacity currents will be included and equation (43) 
must be used. The points B and D will corre- 
spond to the point a of the ratio arms and 
Zo. = Loa! =0. 

(4) When the telephone is kept at earth potential by 
a Wagner earth, equation (42) will hold. The 
points D and D will correspond to the point a 
of the ratio arms and Z,,22,, —0. 


V. STANDARD POTENTIAL DIVIDER. 


(a) General Formule. 


In this case we require to find the ratio of the voltage 
between any two points r and s and the total voltage across 
the resistance, It will be supposed that no current is taken 
at the points r and s, but the capacity of the leads etc. 
connected to those two points must be taken into account 
in the usual way. 

From equation (20) we have 


P=r g=nrt+l p-s-l q—n4l : 
= Zal 25 x (CpaZp4) + > X (Co La | a, 
p-rzl  q=0 
(17) 


giving the potential difference between the points rand s 
when the potential divider is assumed to be made up of 
n impedances in series. 
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By putting r=1 and s=n+1, we obtain the potenti: 
difference across the whole. From this, we have 


Vs E =r g=n+41 
v Bicis fı- Z X (Cpq+ Zp) 
l.» 4-1 1.341 =2 g=0 
p-s-] g=n4l 
SS (Cp.gZp.gZp.s) 


Fira p-rtl q=0 


1 P=n q=n+1 


Z (CpaZpaZp.n+) | «} " (48) 
l"t1p-3 g=0 


Now suppose the tapping points are at points distant z and y 
from r and s respectively. Let us call these points (r+ 2) 


and (s+y). 
From equations (28) and (29) it can be shown that 


V, T. p—n g=s—] 
— mE esa eyt[ X | Mapy Mn pe+ » (Mo!) 
P= gaudes q= 
— 2 > Koa lA no) 
p=r—l g=pt+ 


p=r—1 l 
- XR, Vener (5 2on—Zy 3 
xs x (4K,,2 B, ,) 
p=0 
$ K Hz Z, is tL (172 3T 
^| P 0.p^4p - 1.5 9 47 Sp g 


+ Lay » 9 Gr Ba) 
where . (49) 


pa | Zpa + (Zo —2p)3 1 Ly +1.9+1 + $25 4 (Z5 — Zo) 


-5 Oe) if (g—p) is even, 
and 


Ay g=| Zpqt (Zy— AHE p41441 + $254 (Z, — Z,)! 


A ZZ? if (q—p) is odd. 
Phil. Mag. 8.7. Vol. 2. No. 7. July 1926. G 
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Also x A 
B, p= Z,pt (Zp— » 3 if (p-— r) is even, 


and 


So. : 
B, p= Zr p+ (Zp* Z) 3 if (p— r) is odd. 
(For B,, put y instead of x and s instead of r.) 


The general expression for (Vinsi/iiy) is given by 
equation (30B) By dividing equation (49) by this, we 
obtain the ratio (Veazaey/ V 12:1) 

To allow for the capacities of the terminals, this ratio 
must be substituted for (Z,../Zin+1) in equation (48). 

This muy appear very laborious, but at the worst when 
there are many wires it only involves very simple arithmetic. 
The expression (Vr4zs+y/41) is usually simplified by the fact 
that all the wires will in general be of tlie same resistance R, 
and very often the earth capacity terms will be large com- 
pared with the other capacity terms. Besides this, in the 
usual case, r1 and c=y=0. 

When all the wires are of resistance R, the values of 
A 5, and Bg, simplify to 


Apg = [(g—p)* - 1]R* if (p—q) is odd, 


and Apg = (g—p)'R? if (p—9) is even. 
Also T 

B,p = (p—r+5)R if (p—) is odd, 

and Ba, = (p—r)R if (p— r) is even. 


(b) Application. 


Apart from the general use of the potential divider 
at audio and radio frequencies, the standard may be of 
special use for obtaining small known voltages at radio 
frequencies, the voltage across the whole resistance being 
measured by an electrostatic voltmeter. When very low 
voltages are required, it would be easier to connect a 
low variable resistance in series with the standard and 
take off the desired voltage across that resistance. It is, 
of course, assumed that the frequency is never so high 
that terms containing squares of the capacities cannot be 
neglected. 

We have seen that, to obtain a calculable solution, it was 
necessary to have the shield fairly close to the wires. When 
dealing with very high voltages, this may bring a difficulty 
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of corona effects and sparking directly to the screen. If a 
number of standards are used in series this might largely be 
obviated by connecting the screen to one of its terminals, 
so that the potential difference in any one of them is only a 
fraction of the total. It will then become necessary to 
measure or calculate the capacity of the various screens 
to earth. For calculation, the simplest case would be to 
place all the standards in a line and surround the whole 
with a concentric metal shield (which can be a simple wire 
mesh), when capacity of each standard to earth will be 


! 
2 log (ins j? 


where r, and rg, are the radii of the external screen and 
of the standard respectively, / being the length. 


VI. GENERAL CoNsTRUCTION. 
(a) Design. 

The case of a 10,000 ohm standard will be considered. 
If No. 47 manganin wire, radius 0:0025 cın., is used, 
it may consist of 40 wires about 106 cm. long. The angle 
subtended at the centre by two consecutive wires will thus 
be 99. From Table I. it must therefore be of the order of 
0:1 or less. Suitable values are: 


Internal radius of screen . . = 2 inches. 
Distance of wires from centre = l'8 ,, 


Hence p = OT: 


If there are no lumped capacities at the terminals, the 
total impedances of the 40 wires in series will be, from 
equation (33), 

Y, = 10,000 4-:00935a 


in Y, = 10,000—:0201a. 


To allow this standard to be used for a number of values 
of resistance, the wires must be connected to terminals at 
one end ; at the other end they would simply be held taut 
by springs, to which they would not be electrically con- 
nected. In order to keep the wires in position along their 
whole length, they could be supported at intervals by 
ebonite bridges. 

G 2 
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A suitable arrangement of the terminals is shown in 
ig. 4. The large dots represent the terminals (which may 
take the form of a split wire) to which the wires are fixed. 
The resistance wires 1 and £, 3 and 4, etc., are connected at 
the further end, and the wires 2 and 3, 4 and 5, etc., can be 
connected by thin copper wires at the terminals. The other 
circle of terminals are all connected together by a thin 
copper wire and serves as a connecting-link between the 
last wire and terminal A. 


Thus, if terminal 10 is connected to e, the resistance will 
be 2500 ohms. All the other wires will be connected to- 
gether and to earth. In such a case the values of the 
capacities to earth will be slightly altered, because of the 
other earthed wires and terminals. The capacity to earth of 
any wire will beits usual value plus the sum of the capacities 
between the wire under consideration and all the earthed 
wires. 

The correction due to the return path a, ^, c, d, e, ... can be 
allowed for, if the capacities are known and the mutual 
inductance is negligible. 

Three terminals ABC are shown to allow for the standard 
to be used as ratio arms, one arm starting at wire 1 and the 
other at wire 40. In this case it would be advisable to cut 
the return wire a, b,c ... at some point in between the two 
arms. 

The measurement of the terminal capacities will be some- 
what lengthy, owing to their large number. Fortunately, 
the work is considerably shortened owing to the symmetry 
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of the arrangement. It is necessary to know the capacity of 
any terminal to the screen, to any other terminal, and to the 
return wire. 

Connect all the wires except tle mth and rth together. 
Call this À and the screen S. By connecting my Ty S, and A 
in various ways we can find their capacity thus. 

Connecting A and r to S and finding the capacity to m, 
we have ; 

Cant Cart Cs = Cı. 
Connecting r to S and À to m and finding the capacity 
between them, we have 


Car T Cas + Cs + Car = C}. 


Connecting m and r to S and finding the capacity to A, we 


have l , l À 
Cas + Cam + Car = Cs. 


Connecting A to S and m to r and finding the capacity 
between them, we have 


Cs T C, s + Camt Ca, = Cy. 
Eherefore, since m anl r are svmmertrieal, | 
Cae = Can = $(C, 7 0 — C4), 
Cas = € —UC 
C.s == Cis = C+C -C C3), 
Cmar Mm 
The value of C, must be found for all values of r. From 


this, s nee C, is from symmetry independent of r, we can 
tind the values o£ C,, Lor all values o£ r, and, since 


L^" 
(gessi: S oes 
pl 
where Com is the capacity to the sereen alone, we can 
tind i us me 

The intereapacities and capacities to earth of the terminals 
A. D, and € vill have to be found in a similar way. 

Ir will be seen that the capacities of the wires can be 
measured instead of calculated. when the wires are not 
permanently connected together. When this is done, the 
limitation of having to screen close to the wire Pansies: 


(b) Aeruracy. 
The intereapacities of the terminal can be measured by the 
method of L. Hartshorn *, by which these small capacities 
* Proc. Phys. Soc. vol. xxxvi. p. 399 (1924). 
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can be measured to within O'02uuF. The error in the 
residual inductance due to this will, in a 10,000. olim 
standard, be of the order of 005x. 

The main term of the residual inductance is due to the 
earth cap:.cities Ko,,, the other terms being but a few per 
cent. of this one. If errors of 10 per cent. occur in mea- 
suring the radius of the wires and the distance of the wires 
from the shield, the error in Kom will be, for the case under 
consideration, of tie order of 10 percent. for the worst case, 
when all the errors are cumulative. Hence the maximum 
possible error in calculating the residual inductance of the 
stundard, taking the error due to assumption of the wire 
being infinitely long into account, is about 11 per cent. 

The accuracy of calculation depends largely onthe accuracy 
of the measurement of the radius of the wire and of the 
distance between the wire and the shield. each representing 
a possible error of about 5 per cent. in the rezidnal in- 
ductance for the case considered. To reduce the quadrature 
component, it would be necessary to use a larger shield and 
obtain Kom, Kmr by measurement. 


January 13, 1926. 
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VI. Atomic Structure and the Magnetic. Properties of Coor- 


dination Compounds. By L. C. Jackson, UJ. Se., Ph.D., 
A .]nst.P., “1851 Exhibition ” Senior Student *. 


Tq magnetic properties of the coordination compounds 
of the elementis between chromium and copper and 
their possible interpretation in terms of atomic structure 
have been discussed by a number of writers recently. 
Most of the authors take as their basis the scheme for the 
distribution of the electrons among the sub-groups of the 
various atomic levels put forward independently by Stoner T 
and Main-Smith 1 for the case of normal atoms and the ions 
of simple salts. The proposed distributions of the electrons 
in and around the coordinating atoms differ, however, 
considerably iu detail, and it is proposed here to discuss 
the various schemes put forward and to endeavour to show 
which is the most probable. 
Our knowledge of the magnetic properties of coordination 
compounds is derived from the determinations of Oxley $, 
* Communicated by the Author. 
t Phil. Mag. xlviii. p. 714 (1924). 


t ‘Chemistry and Atomic Structure, London, 1924. 
$ Proc. Camb. Phil. Soc. xvi. p. 102 (1910-12). 
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Rosenbohm *, and Welo f. Oxley has shown that potassium 
ferrocyanide is diamagnetic but that potassium ferricyani.e 
is paramagnetic, the terric atom possessing approximately 
ien Weiss magnetons. In these cases the properties of the 
metallic atom are very different from those possessed by 
that particular atom in simple salts. 

Rosenbohm f has determined the properties of a large 
number of complex ammines of chromium, cobalt, nickel 
and copper, together with those of platinum, iridium, 
ruthenium, and rhodium. We will confine ourselves here 
to the first group of compounds.  Rosenbohm found that the 
sixfold compounds of chromium (Ur* * *) and nickel (Ni**) 
were paramagnetic and possessed the same number of 
magnetons as these elements do in their simpie salts, i. e., 
approximately 19 and 16 respectively. A fourtold compound 
of nickel was also found to be paramagnetic, but to contain 
approximately 13 magnetons. The fourfold compounds of 
copper (Cutt) were shown to be paramagnetic, with a 
magneton number somewhat smaller than that of the cupric 
ion in simple salts. The compounds of cobalt were found 
to be diamagnetic. 

Rosenbohm’s data, as Cabrera§ has observed, require 
correction, firstly, because he made use of the value —0:7^ 
x 10-6 for the susceptibility of water instead of the now 
accepted value —0:719 x 1075, and secondly, because he did 
not apply any correction for the diamagnetic properties of 
the atoms or groups surrounding the central coordinating 
atom. These corrections are both relatively small and are 
of opposite sign, so that the corrected values do not differ 
greatly from Rosenbohm’s original figures. Any of his 
data quoted in this paper have been corrected as mentioned 
above. 

Welo || has revently determined the magnetic properties 
of a number of complex ferro- and ferricyanides. He found 
that, with one doubtful exception], all the ferrocyanides 


* Zeit. für Phys. Chem. xciii. p. 693 (1919). 

t ‘Nature,’ cxvi. p. 359 (1925). 

t The magnetic properties of a few of the coordination compounds 
have also been measured bv Mlle. Fevtis (C. R. clii. p. 708 (1911)). 
In some cases the resulte agree with those of Rosenbs hm, but in others 
there are considerable discrepancies. Rosenbohm believes, in all 
probability correctly, that his data are the more trustworthy on account 
of the very special care he took to obtain absolutely pure compounds 
and to ensure the reproducibility of the results. 

$ J. de Phys. et le Radium, iii. p. 443 (1922). 

Loc. cit. 
q See Welo and B .udisch, ‘ Nature,’ cxvi. p. 606 (1925). 
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were diamagnetic. The ferricyanides were, however, para- 
magnetic and all contained approximately 10 magnetons. 

These experimental results have been discussed recently 
by Welo and Baudisch *, Bose t, and Cabrera]. 

Starting from Sidgwick's $ ideas as to the number of elec- 
trons transferred to or shared with the central coordinating 
atom, Welo and Baudisch calculate the total number of 
electrons associated with the central atom||. They thus 
obtain the following numbers for the elements mentioned 
(= atomic number + net number of electrons trans- 
ferred or uud Cr***—32, EFe***—35, Fett=36, 
Co* ** 236, Nitt (sixfold) —35, (fourfold) = = 34, Cutt =35. 

The value 36 corresponds to the atomic number of argon, 
the next higher rare gas. The structure of the central 
atom when the “effective atomic number” is equal to 36 
is then taken to be similar of that of argon. It would thus 


be expected that these compounds would be diamagnetic, as 
is actually the case. 


Those compounds for which the 


effective atomic 
number” is not equal to 36 are paramagnetic. Welo and 
Baudiseh, in these cases, distribute the electrons among 


the various possible atomic levels in such a way as to lead 
to the observed magneton numbers. For the case of Fe***, 
in which 9 additional electrons are to be disposed of, they 
assign 5 of the 9 to the N level making it complete with 8 
(actually only the Nj). Net, and Na sub-groups have then 
been completed), and assign the remaining 4 to the M level. 
There are then 17 electrons in this lev el, as there are in this 
level for the divalent copper ion. Since this ion possesses 
about 10 Weiss magnetous, the authors say that it is 
therefore to be expected that the ferricvanides would possess 
the same number. This is actually the case. 


Bv ass 


signing 5 of the available electrons to the N level 
of the chromium atom in the complex salts and 4 to the 
M level. this atom is made to simulate the structure of 
the divalent cobalt ion in its simple saits. Experimentally 
divalent cobalt gives a magneton number of about 24-25, 
which does not agree with the value 19 found in the complex 
elromium compounds. Welo and Baudisch, however, state 
that cobalt is anomalous and quote Sommerted’s 1923 
* Loc. cif. 


t Zeit. für Phys, xxxv. p. 219 (1925); * Nature, exvii, p. 84 (1926). 
t J. de Phys. et le Radium, vi. p. 276 (1925. 


§ ‘Trans. Chem. Sc. exxiii. p. T25 (1923). 


| We shali confine the sen qun here to those compounds with. 


onlv one central metallie atom. 


Magnetic Properties of Coordination Compounds. 89 


paper * as showing that a value 19:2 is expected for this ion. 
This argument does not seem very convincing, especially as 
the paper quoted has been superseded by later work T, and 
the divalent cobalt ion can hardly be considered as being in 
an ' s! state. | 

For the sixfold nickel compounds, for which there are 
10 disposable electrons, the central nucleus is supposed to 
be similar to the strontium atom with atomic number 38. 
This is presumed to contain 2 Bohr magnetons or 14:1 
Weiss magnetons. Again the agreement is not striking. 

With the fourfold copper compounds, 6 electrons are to 
be added. These are supposed to complete the N level 
(actually the first three sub-groups) leaving the M level as 
in the simple divalent copper ion, and hence the Weiss 
magneton number also the same. Actually the magneton 
number for the coordination compounds of Cu** is some- 
what less than that of the Cu* * ion in simple salts, 9 instead 
of about 9:7. 

Welo and Baudisch’s treatment of the paramagnetic 
coordination compounds is tbus not particularly successful, 
and it may be noted that a satisfactory account of the 
magnetic properties of atoms cannot be given without 
considering the distribution of the electrons among the 
sub-groups of the various levels. Atoms or ions containing 
the same total number of electrons in the various levels may 
have different magnetic properties if the distributions among 
the sub groups of the levels are ditlerent. 

The objection may be raised to the scheme proposed by 
Welo and Baudisch that it does not bring out the character 
of the combination. The electron distribution does not show 
anv evidence of the coordination numbers 6 or 4. The 
same objection may be made to the scheme proposed by 
Bose now to be discussed. An arrangement. of the outer 
electrons corresponding to the known facts of the structure 
of these compounds has been proposed and discussed bv 
Fowler f. It will be shown later how the magnetic 
properties can be interpreted in terms of these ideas. 

Bose in his treatment of the problem also defines the 
* effective atomic number? ina way which, though different 
in principle, arrives at the same results as that of Sidgwick. 
He then distributes the electrons among the various possible 
atomic levels ina way rather similar to that of Welo and 
Baudise). He then states that the magneton number of 

€ Zeit. f. Phys. xix. p. 226 (1923). 
T Atombau u Spektrallinien, Ate Auflage, p. 020. 
t Trans. Farad. Soc. xix. p. 102 (1923). 
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any of these coordination compounds, expressed in Bohr 
magnetons, can be calculated from the following formula :— 
Z— - 7! zen, in which Z-atomie number of next rare gas, 
in this «ase A=36, Z' =“ effective atomic number” of 
central coordinating atom, n=number ot Bohr magnetons. 
The numbers so obtained are as follows :—Cr* * * 23, 
Fe*t*t*t21, Fett=æ0, Co*t**z0, Ni** (sixfold) 2:2, Ni** 
(fourfold) 22, Cu** c1. 

The electron distributions proposed by Bose are given 
in Table I. 


TABLE I. 


Total no. of | 


! ! MT -— 3 
No. of electrons. | | 
| 


| = electrons. | 
| Kind of | —— 
zon compound. M | N | 0 | Beni ges oe 
| E — ———-, imple|Coord. 
| 2/ss n1|er|22 |n zn | or [tone 
| ME nu AES MADE SEU NUR EE. v s puc 
+++ | 
| complex a 4| € 14 33 
—— —— —— — eaa EE 
+++) simple ... E UTI | | 23 
i EE | bWEEN TIE 
complex 4 6) 1 | 2 | 4 | 35 | 
i IS QUAE. LS URGE as QN 
++ i a 2 7 NN 
| Fe simple | 4 | | WEE" à 
| complex.. | 4 6| 2| 2| 4 36 | 
| Lanta sisse Lione eene esas Cees ea ee cum nonum | amans | otn 
| | | 
|o tbt simple ...| 9, 4 | AM. x (à " 
| complex... 4 | 6 | 2i € 4 36 | | 
at simple ...| 2| 6 | 26, 
complex... | 9| 6| 2! 2| 4 “se g| 4 
| N 
complex... | 2) 6| 2 | 2] 4 | 2| 2 38 12 6 
TUR on ea ae TOME, TORIS TENE: rS eee, SS ER 
| Cutt simple ... | 2 | 6| 1 | | | ZR " N 
! | complex... | 4$! ^&l| l| 2| € | 35 
| | | | 
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Such a rule us Z— Z' -:n does not seem likely to possess 
any detinite physical meaning, containing as it does a number 
Z, which the coordinating atom may be said to strive to 
attain. [n another paper * dealing with the distribution of 
the electrons among the Mj, and Mj, sub-groups for the 
normal atoms, and the ions of the simple salts of the elements 
of the first transition group, Bose has proposed the rule 
My +N,,—Mg=n, in which Mz; ete. represent the number 
of eectrons in the sub-group and n=number of Bohr 
magnetons. When, however, the sub-zroup is completed, 
the number of electrons in it count ss zero, since it is 
generally accepted that the magnetic moment of a completed 
sub-group is zero. lt would seem that an extension of this 
rule to the case of the coordination compounds would be 
physically more probable than the rule, Z— Z’ — n, actually 
proposed. 

It is easily seen that the obvious extension of the rule 


Ma + Nyy + Nas + O11 — Maz — Noi — On, =n, 


together with the same proviso when the sub-groups are 
completed, reproduces [3ose’s numbers just as well as his 
own rale. Even the new rule, however, can have no very 
profound meaning, since on inspecting the table, it is seen 
tbat either all the sub-groups are completed and so the total 
magnetic moment is zero, or all but one are completed and 
the moment of this one only comes into consideration. 

The agreement between the calculated Bohr magneton 
numbers and the experimentally obtained Weiss magneton 
numbers is not satisfactory, but this is due rather to the 
present position of the quantum theory than to the particular 
ideas here discussed. To obtain the Weiss magneton 
numbers from the calculated Bohr values, Bose, similarly to 
Weio and Baudisch, makes use of the formula given by 
Sommerfeld in his 1923 paper. It would have been more 
in accord with the present state of the theory to have 


employed the later formula, mg a/ J T from which the 
magnetic moment for an atom in any particular state can 
be calculated. The old formula is equivalent to assuming 
that the utom in question is in an ‘s state. With regard 
to the present position of the theory and in view of our 
complete ignorance of the spectra of the doubly and trebly 
lonized atoms of the elements from Cr to Cu, it is probably 


© Zeit. f. Phys. xxxv. p. 215 (1925). 
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better not to attempt to calculate the magneton numbers 
corresponding to any particular distribution of electrons. 
One must at present rather be satisfied with showing that 
those atoms which have the same magnetic properties have 
the sume structure and that this stracture is in general 
agreement with known facts, in particular that the atoms 
of diamagnetic compounds have the various sub-groups 
completed. 
In his discussion of the magnetic properties of the 
coordination compounds, Cabrera has made use of the 
scheme put forward by Fowler. In this latter the electrons 
outside the K and L levels of a sixfold coordinating atom 
are supposed to tend to be distributed in the following 
groups :—8+4+6+12. The first 8 electrons are those 
occupying the Mu, Ma, and Ms, sub-groups of the atom, the 
next 6 tend to collect into the M33 sub-group, and remaining 
12 ^lectrons are shared hv the central atom and the groups 
surrounding it. These electrons are made up of those 
contributed. by the various groups (their number can be 
calculated from Sidgwick’s rules) together with the valency 
electrons of the central atom, e. g. in “Fett 1042, in Cr*** 
94-3. These electrons are probably arranged in 6 pairs of 
orbits and associated with the corners of a regular octaliedron 
in agreement with the symmetry of the compounds according 
to Werner. This group of 12 electrons as a whole pos-esses 
no magnetic moment. 
We thus have a very definite picture of the molecule, of 
the nature of the coordination number 6, and of the chemical 
bounds involved. The scheme thus possesses obvious ad- 


vantages over schemes which involve 


distributing the 
t extra” 


electrons among the various atomic levels so as to 


make the central atom simulate the structure of 


some 
higher atom. 


As Fowler has pointed out, althouch the 
additional electrons might in certain compounds possibly 
be arranged in shells about the central atom somewhat as 
in a normal atom of higher atomic number, the orbits 
oscnupied by these electrons cannot be considered in the 
coor nation compounds as in reality the same as the Nip 
Na ete. orbits of a normal atom. Hence for this reason 
and beeause the schemes proposed by Welo and Baudiseh 
anl by Bose give no idea of the valenev of the central 
coordinating atom nor of the coordination number of the 
compound, ‘the scheme just discussed must be regarded as 
the most probable one. 

We will now turn our attention to the pleas: put for ward 
bv Cabrera to explain the magnetic properties of the 
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coordination compounds. The distribution of the electrons 
in the ions of the simple salts of the elements from Cr to Cu 
as proposed by Cabrera in accordance with the ideas of 
Stoner and Main-Smith is as follows :— 


TABLE II. 
| No. of electrons. 

| Ton. RUNE: ———. 

| Mi M, M,,. M, M,, 
| UR (cr: 
+++ | 

lo Gee tec dace: 2 2 4 - 3 
| | uU To sank 9 9 4 1 4 | 
| Co*** Pet tus 2 2 4 2 4 
| Co* *...... | 2 9 4 9 5 | 
| | 
N uu 2 2 4 2 6 | 
Catt. | 2 2 4 4 5 | 
| 


This scheme is in agreement with tle known magnetic 
properties of the simple salts of these elements, but the 
distributions must not be regarded as fixed with certainty. 

For the distribution of the electrons in the ions of the 
sixfold coordination compounds Cabrera proposes the 
following scheme :— 


TaBLE III. 
| No. of electrons. 
Ton i Binding 
` | electrons. 
| Mo Ma Ma My Ms. 
| o rt P 2 9 4 z 3 12 
Cott pa^ t | 2 92 4 - 6 12 
Nitt 02 2 4 9 6 12 


We see here the tendency of the M,; sub-group to fill 
to completion at the expense of M34. In the case of Cr*** 
there are no electrons in the Ms, sub-group, so that M; 
remains incomplete and the ion has the same structure as 
the ion in simple salts. In Co*** and Fe**, however, two 
electrons pass from the Mss to the M;; sub-group, making it 
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Comp io with 6 electrons. Since M, is alreidy complete 
in Ni** no change tak»s place in this ion. On examining 
Table ITI. we see that it is to ba expectel that the sixfold 
coordination compounds of Cr*** and Ni** should have 
the same magneton numbers as the corresponding simple 
salts. This is actually the case. Again, the coordination 
compounds of Co*** and Fe** should be diamagnetic 
since M; contains no electrons and Mg is complete. This 
also agrees with the facts. 

Welo's determinations of the magnetic properties of the 
complex ferro- and ferricyanides had not been published 
when Cabrera’s paper was written. It can, however. easily 
be seen that the scheme accounts for the properties of these 
compounds also. We may suppose that the M;; sub-group 
in the ferricyanides also tends to complete itself with 
6 electrons. It can. however, only obtain 5, so that the 
distribution is as follows :— 


ios mT ne 


| No. of electrons. 


Binding : 
Ion. electrons. 
Mi, M, Maz M, M,, | 
ee | 
Fe*** suu. | 2 9 4 : 5 12 | 


We should therefore expect these substances to be para- 
magnetic and to possess a magneton number equal to that 
of the simple cuprie salts, since the structures of the ions 
are the same except for the M, sub-group. Since the 
latter is unoccupied in the ferricyanides and complete in the 
cupric salts, the net result is the same for both. Actually 
both groups of compounds contain approximately 10 Weiss 
magnetons. 

Cabrera has also diseussed the magnetic properties of the 
fourfold coordination compounds of Ni** and Cu**, and 
proposes the following scheme for the electron distribution. 


No. of electrons. 


Binding | 

Nucleus. Dm t tomo ——7 eleetrons. | 

Ma Ma M,, My M,. | 

N;** (dead cccoQUEE 9 9 4 4 4 | 8 | 
Cutt Cen cccvercecces 9 9 4 4 5 8 | 


i 
D 


In the case of the fourfold coordination compounds there 
are 8 binding electrons or four pairs, which, following 
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Werner and Sidgwick, are to be considered as associated 
with points lying, not at the corners of a tetrahedron, but 
in a Wen and occupying, in the case of compounds in which 
the dena groups are all the same, the corners of a square. 
Cabrera, arguing from analogy with the sixfold compounds, 
supposes that the Ms, sub-group, which when complete 
possesses 4 electrons, will for this reason and because of the 
fourfold arrangement of the outer binding electrons tend to 
be completed at the expense of Mg. He therefore supposes 
that Ni** has 4 electrons in both M, and M; in place of 
2 in M, and 6 in Mss as in the simple nickel salts. Since 
Cutt already possesses 4 electrons in the M;, sub-group, 
the structure of this ion is the same in the fourfold co- 
ordination compounds and the simple cupric salts. 

While this scheme may be said to give a fair account 
of the properties of the copper compounds, the complex 
compounds having a magneton number of about 9 and the 
simple salts of about 9°7, it does not seem so success{ul in 
the case of the nickel compounds. It would seem reasonable 
to expect that the 4.4 arrangement of the electrons would 
give a greater magneton number than the 2 6 arrangement 
of the simple salts. Actually the magneton number of the 
fourfold nickel compounds is about 13, while that of the 
simple nickel salts is 16. Cabrera admits that there are 
difficulties in the way of any scheme such as that which 
he proposes but considers that any different one, which would 
be successful for Ni**, would probably encounter equal 
difficulties with Cutt. 

It would seem to the writer that a possible method of 
explaining the properties of the fourfold compounds is as 
follows. It may be quite possible that there is not the 
tendency of the M3, sub-group to be completed, as suggested 
bv Cabrera, for the following reasons. Any tendency 
which the outer binding electrons will huve in causing, the 
Ms electrons to assume the symmetry of the former will 
be less than is the case for the M;; in the sixfold compounds, 
because the M;, electrons are to a certain extent shielded 
by the outer Msz electrons. Furthermore, it is quite possible 
that the symmetry of the 4 M3, electron orbits, when the 
sub-group is complete, is different from that of the outer 
binding electrons which are in one plane, the former possibly 
possessing tetrahedral symmetry. IE it is allowed that these 
factors will reduce any tendency for the M; sub-group to 
complete itself in the fourfold compounds, it will be seen 
then that the distributions of the electrons in the M4, and 
M, sub-groups will be the same in the coordination 
compounds and the simple salts. 
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Since, however, these groups are surrounded in some way 
by the 8 binding electrons arranged in one plane, there is 
likely to bea strain or partial distortion of the symmetry 
of the M4 and M; electron orbits, with a corresponding 
decrease in the magneton numbers compared with those of 
the simple salts. Actually there is a small decrease in the 
magneton numbers in both the nickel and the copper 
compounds, 13 in place of 16 and 9 iu place of about 
10 respectively. The strain postulated may be similar to 
that supposed to exist in unsaturated organic compounds, 
since the fourfold coordination compounds may be looked 
upon as unsaturated, for of the 6 corners of the octahedron 
of the sixfold compounds, 4 lying in one plane are occupied, 
but the axial positions are vacant. 

Many more experimental data will be required before the 
properties of the fourfold compounds can be explained with 
any certainty. Rosenbohm only gives measurements for 
five such compounds of definitely known structure, two 
for nickel and three for copper. A further investigation 
of the magnetic properties of the coordination compounds, 
preferably over as extended a range of temperature as 
possible, would he of great value. 

A point of great importance must be mentioned here. It 
will be noticed that in the three schemes considered above 
a distinction has been made between simple and complex 
salts and that this distinction has been retained so far in 
the discussion. Such a distinction cannot, however, be 
maintained. Thus, for example, the typical * simple" salt, 
NiCl;. 6H,0, is according to Werner to be regarded as a 
sixfold coordination compound, and the formula is to be 
written [Ni(OH;),].Cl,. The other “simple” salts also 
require to be interprete! in the light of such views. It will 
then be seen that the distinction made by Cabrera between 
the simple and complex salts, that in the latter there is a 
preferential completion of the M3; sub-group in the sixfold 
compounds, cannot be maintained. The hypothesis must be 
revised or altogether rejected. It is hoped to discuss the 
question from the point of view that the “simple ” salts are 
in reality also coordination compounds in a further paper. 
The standpoint may be taken that the distributions of 
electrons proposed by Cabrera for the * simple? and the 
complex salts, with the suggested modification in the case 
of the fourfold compounds, are probably correct but that. 
the reasons put forward in support of them require revision. 
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VII. X-Ray Term Values, Absorption Limits, and Critical 
Potentials. By EpxUND C. Stoner, Ph.D. (Cambridge), 
Lecturer in Physics at the University of Leeds *. 


$1. INT8ODUCTION. 
[EE the last few years a large number of investi- 
g 


ations have been made on the critical potentials for 
the excitation of soft X-rays in solid elements subjected 
to electronic bombardment. In the usual arrangement, 
electrons from a hot filament are accelerated towards a 
target under a variable applied voltage, and the photo- 
electric effect of the emitted radiation on a subsidiary 
electrode is measured. Precautions are taken to ensure 
the absence of effects due to electron scattering and 
secondary electron emission. The photo-electric current, 
expressed as a fraction of the primary current, is plotted 
against the accelerating voltage. The curves obtained 
usually show a number of more or less definite bends, 
and the corrected voltages at which these occur are taken 
to correspond to critical potentials for the excitation of 
X-rays. With a particular apparatus, the critical points 
are generally reproducible to one or two volts, and there 
can be little doubt as to their reality. The character of 
the bends, however, even for the same critical point, shows 
considerable variability, depending in some obscure manner 
on the precise conditions. Although ditferent investigators’ 
results may be in rough agreement as to some of the points, 
in general the agreement is far from complete, particularly 
as to the number of points observed. 

Some of the critical points have ben interpreted us corre- 
sponding to definite X-ray levels in the atoms, and it is the 
purpose of this paper to discuss how far this correlation is 
possible. As the number of critical points usually exceeds 
the number of energy levels, and as different investigations 
yield different values, the identification tends to become very 
arbitrarv when applied to levels for which X-ray data are 
not available. In the interests of brevity, the discussion 
here will be mainly confined to the elements Cr (24) to 
Zn (30). The whole series have recently been investigated 
by Andrews, Davies and Horton !, and particular members 


* Communicated by Prof. Whiddington, F.R.S. 
! Andrews, Davies and Horton, Proc. Roy. Soc. cx. p. 64 (1926). 
H 
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by Thomas? (Fe, Co, Ni, Cu) and by Richardson and 
Chalklin ? (Fe, Ni). 

The measurements of the wave-lengths of some of the 
L series lines of these elements by Thoræus enable fairly 
complete energy level schemes to be drawn up. Some of 
the difficulties which emerge in making computations of this 
kind, based on the combination principle, are discussed (§ 2). 

The problem of the fine structure of X-ray absorption 
edges is next considered, partly for its own interest and 
partly because some attempts have been made to correlate the 
multiplicity of critical points with this fine structure’ ($ 3). 

The experimental critical potential results are briefly 
summarized (§ 4). Various interpretations which have been 
given are then discussed and some further suggestions are 
put forward ($ 9). The paper closes with a summary (§ 6). 


$2. COMPUTATION oF TERM VALUES From X-Ray Dara. 


The term values for the energy levels expressed in Rydberg 
units which may be derived from the X-ray data are set out 
in Table I. for the elements Ti to Zn. The observed values 
for the K absorption limit are those of Lindh®, Chamberlain’, 
and Walter’, which are believed to be the most accurate 
available. The values for the Ky line are those of Siegbahn. 

Under [K] are given the values for the K edge which 
have been taken as the basis of the subsequent calculations. 
In arriving at these values it has been assumed that they 
inerease regularly in passing through the sequence of 


V . 
elements (actually R values were considered); con- 


sistent with this, values as close as possible to those observed 
have been taken. The procedure is slightly arbitrary, but 
seems justified by the fact that the [K] values do not differ 
from those observed by more than these differ from each 
other. (The precise significance of [K] will be considered 
in the next section.) 

The values derived for the other levels depend essentially 
on those assumed for [K], and small relative errors in the 


determination of the K edge will result in large relative 
errors for the levels of smaller energy. It is probably for 
Thomas, Phys. Rev. xxv. p. 319, and xxvi. p. 739 (1926). 
Richardson and Chalklin, Proc. Roy. Soc. ex. p. 247 (1926). 
Thoreus, Phil. Mag. i. p. 312 (1926). 

Lindh, Zeit. f. Phys, xxxi. p. 210 (1925). 

Chamberlain, Phys. Rev. xxvi. p. 525 (1926). 

7 Walter, Zeit. f. Phys. xxx. p. 350 (1924). 
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TABLE I.—5 Term Values. 
Element. | K observed. Ky. (K]. L, | Lir Line 
NK | EM Sen PEDES ee | 

| 365:8 (D) ! uae. " E 
22 Ti... | 366-0 0] 365°6 365-8 (41:0) 340 36 
4027 (L) | 493. ; | ETT 

93V ..| oso, | 4024 40 (450) |. 385 

‘ 441-0 (L) : e. 5l D 42- 
24 Cr. | fasc) | $09 441-3 (51-0) 43 | 5 
25 Mn.|| 48L6(L) | 4813 48177 (56-3) (48:1) 47-2 
26 Fe... || 523:5 (L) | 5935 593:8 (61:9) 53:2 52-2 
27 Co h6T6 | 5678 (677) | 586 574 
28 Ni... || 6138(W) | 6135 6138 (73:8) 643 63:0 
29 Cu.. 661:3 661:7 (80:3) 10:4 68:0 
40 Zn... | 7114(W) | 711-8 7115 (87-2) (769) , 52 


— 
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this reason that the Mir, rrr values for these elements in the 
original Bohr and Coster tables show such marked irre- 
gularities. 

Walter? has drawn up a fairly complete energy-level 
scheme for the elements Ti (22) to Te (52) from the wave- 
length data then available. Recognizing the lack of 
precision in some of the K edge wave-length measurements, 
he computed [K] by assuming that it exceeded Ky by a 
fractional amount p : 


v - (s nr) 
(5. kK Be, 100 ° 

On the basis of measurements for Ni, Rh, and W, Walter 

assumed that p varied linearly with atomic number : 
p = 010 (Z— 22). 

The Ky line corresponds to the transition N 1,1 >K, so 
that it is virtually assumed that the level (which may be the 
boundary of the atom) to which the electron is removed in 
the K-edge transition differs from Nyy, i1 by an amount 
which increases regularly from zero for Ti. This assumption 
seems difficult to justify for elements such as those here in 
question, in which Nyy, ir is a virtual level, though a linear 
relation of the kind employed may hold roughly for 
elements of higher atomic number than those in which the 
Nu, levels are first fully occupied. It is true that 
the [K] values obtained in this way will differ relatively 
little from those in the [K] column of Table I. (as may 
be seen from the values there given for the Ky lines) ; but 
the procedure is somewhat unsatisfactory, and it seems 
better to take [K] values based on those actually observed 
for elements tor which precise measurements have been 
made——particularly as the Ky line, as has been pointed out 
bv Coster ?, is very weak and ditficult to measure accurately 
for elements of low atomic number. 

In the computation of the other levels, the following 
combination equations have been used :— 


Dou dei 
be = Keka. 
Mini K—K 8, 
Mi = Lg-L! = Lm-—L», 


Miur v= Lin—Le= Ly—LA,. 


5 Walter, Zett. f. Phys. xxx. p. 357 (1924). 
? Coster, Zeit. f. Phys. xxxi. p. 898 (1925). 
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The u values of the K lines have been taken from the 


tables in Sommerfeld's Atombau (4th ed. 1925, p. 260}.— 
For these elements the measurements are mainly those 
of Siegbahn. The L-line values are taken from Thorzus *, 
who has measured Læ and L£ for Cr to Zn, and Ly and Li 
for Fe to Zn. The bracketed values for M; for Cr and Mn 
are extrapolated. For the calculation of Ly, the L8; and LA, 
lines are required (L8;= Ly— Mir, L8,-- L — Myr), and these 
have not yet been measured. In order to obtain an estimate 
of Ly, it has been assumed that Ly and Ly form a normal 
screening doublet, the separation being given by 
V Li- V Li = 0°57 

(cf. Sommerfeld, p. 458). 

The numbers so obtained show a fairly regular pro- 
gression with atomic number, except in the case of Miz, im 
for Cr. Slight irregularities may be real—though little can 
be said with certainty on this point at present,——but the 
divergence in this case is so large that it is probably to be 
attributed to some error in the measurements. There can 
be little doubt as to the substantial accuracy of the general 
order of magnitude of the term values deduced and as to 
their sequence. The Mr and Mir, values are coherent 
with those ot elements of higher atomic number, as is shown 


by plotting / H (see fig. 1). (Walter's values are taken 


for elements of higher atomic number.) There is no indi- 
cation of unexpected peculiarities in the curves in this 
region such as are suggested by some of the values which 
have been attributed to the levels on the basis of critical 
potential measurements. (See, for example, the curves 
given by Sommerfeld, p. 572.) 

The most definite value for the Myyz jj; level in this region 
is probably that deduced by Millikan and Bowen??? from 
lines in the ultra-violet spectrum of Ca (20). They give 

y y 


for Mu, = 18387, 4/ p —1:3560 ; for Mm, p= 18104, 


A - 1°3455. These values fall in line with those of 
Table I. 


10 Millikan and Bowen, Phys. Rev. xxiii. p. 1 (1924). 
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Fig. 1.— / a Values for Terms. 


Atomic NUMBER 


In Table II. the term values required in the critical 


potential discussion are given in volts (V7 18541). An 
interpolated value has been used for Cr My, iri corresponding 
to 3°4 in Table I. in place of 377. 


TABLE II.— Term Values. Volts. 


Element. L,. 
24 Cr ... 
25 Mn... 
26 Fe... (838) 
27 Co... (917) 
28 Ni... (999) 
29 Cu.. (1124) 
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$ 3. Tae Fixe Structure oF X-RAY ABSORPTION EpGEs. 


_ It was at first believed that X-ray absorption edges were 
simple in stracture, there being a sudden increase in ab- 
sorption, followed by a gradual falling off, as the frequency 
of the incident radiation increased, passing through the 
critical frequency corresponding to the energy required to 
remove an electron from a level completely out of the atom 
(that is, to give it a total energy greater than zero). Photo- 
graphic investigations of Fricke, Lindh, and others showed 
that in many cases the long wave-length edge was marked 
by an absorption line followed by one or more regions of 
weaker and stronger absorption before the uniform con- 
tinuous absorption region was reached. Kossel had predicted 
that a fine structure should be found, corresponding to the 
removal of the electron to various possible virtual (optical) 
orbits at frequencies lower than that at which continuous 
absorption began. This interpretation has been generally 
accepted, but it does not seem to have been brought into any 
close relation with the fine structures actually observed, and 
it seems desirable to consider the observations and theory 
somewhat more closely, particularly in regard to the order 
of magnitude of the separations of the “ remarkable points ” 
of the fine structure. 

When pure elements are examined, at least when these 
are metallic, in general no fine structure is observed. — This 
statement is supported by the work of Fricke" (Mg, Al), 
Lindh? (Ti, V, Cr, Mn, Fe), and Chamberlain $ (Ti, V, Cr). 

For elements such as P, S", and CIE, however, whose 
molecules are polvatomic, fine structure is found. The fact 
that a fine structure is not observed for metallic elements— 
whose molecules in general may be regarded as monatomic, 
and as not being markedly distorted from their * free state ” 
form as regards level energies—does not necessarily mean 
that it is non-existent, but that it is confined within a range 
of wave-lengths which is so small that it is unresolved, owing 
to slit widths, slight non-homogeneity of the radiation com- 
ponents, and scattering. On Fri:ke’s photographs the 
distance of the point at which increased absorption begins 
to the point at which it is a maximum corresponds to 2:7 
and 4:9 volts for Mg and Al respectively. Richtmyer P has 
recently considered in great detail the correction* necessary 

n Fricke, Phys. Rev. xvi. p. 202 (1920). 

'2 The case of S and Cl is discussed in detail by Siegbahn: Spectro- 
ecnpy of X-Rays, Env. trausl, p. 143 (Oxford, 1924). 

+*+ Richtmyer, Phys. Rev. xxvi. p. 724 (1925). 
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for finite slit width ; he concludes from his measurements 
(by the ionization method) of absorption near the AgK limit 
that the jump occurs within 0002 A.U. This, though small 
(about *04 per cent. Ax), corresponds to a voltage range of 
about 10, which is of tlie order of magnitude of the optical 
energy level differences. 

With compounds, the continuous absorption edge is shifted 
to a shorter wave-length, but on the long wave-length side 
of this a white absorption line is generally found (Coster, 
Lindh 5, Chamberlain 9). Within the limits of experimental 
error the long wave-length edge of the absorption line co- 
incides with the wave-length of the absorption edge of the 
free element. It has been supposed that the white line is 
actually due to the free element which may be present owing 
to oxidation or reduction processes brought about by the 
X-rays themselves, and Chamberlain brings forward some 
evidence in support of this view. The persistence of the 
white line and its intensity, however, in many cases where 
the amount of free element present must be very small, 
s ggests that it may be an essential characteristic of the 
absorption of the compound, though its intensity may be 
increased if some of the free element is present ns well. 
Thus Nishina finds an intense white line characterizing 
the Lir absorption edge of compounds of the trivalent 
elements in the group Pr (59) to Ho (67) ; there is a second 
white line on the short wave-length side; and some- 
times a third more diffuse line of still shorter wave-length is 
measurable. 

The order of magnitude of the separation between tle 
long wave-length edge of the white absorption line (Kj, 
corresponding to the edge for the free element, and the 
continuous absorption edge (K,) on the short wave-length 
side may be illustrated by some values (in volts) given by 
Lindh. 

Table III. shows clearly the dependence of the separation 
K,—K, (or the shift of K,) on the valency of the element 
concerned. The higher the valency the greater the separation. 
This correlation has been recognized for some time (Lindh, 
Siegbahn), but its significance in providing a possible clue 
to the fine structure problem does not seem to have been 
fully realized. 

There can be little doubt as to the theoretical soundness of 


Coster, Zeit. f. Phys. xxv. p. 83 (1924). 
"7 Nishina, Phil. Mag. xiix. p. 521 (1025). 
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Kessel’s view, and this must form the basis of any ex- 
planation. For the normal atom the lowest frequency 
radiation which can remove an electron from a K level 
will be that with the quantum energy corresponding to the 
transition from the K level to the lowermost unoccupied 
virtual orbit to which a transition can occur—that is, in 
general, to the np optical orbit with the smallest n. Such 
an orbit may conveniently be referred to as “ peripheral," 
and the energy of an electron in it will not differ widely 
from that of the most loosely bound electrons in the atom. 


Taste III. 
K, - K,. Volts. (Lindh.) 


13:9 


| Fe,(S0,),.. 
| 


Transitions should then be possible to np orbits of higher n; 
there should bea series of absorption lines crowding together 
to a head wliere continuous absorption begins, corresponding 
to the removal of the K electron to the “ boundary ” of the 
atom. By analogy with optical spectra, however, it may be 
supposed that the probability of absorption of the first line is 
much greater than that of higher members. The structure 
anticipated for a K edge would tlien be, proceeding trom 
longer to shorter wave-lengths, an absorption line followed by 
aregion of smaller absorption which increases to the head where 
continuous absorption eae and then falls off gradually. 
The line absorption, however, has not been definitely observed 
for pure elements. If the above view is correct, this is due 
to the fine structure region being so small that resolution is 
not obtained. The “fine structure range,” as it may be 
called, will depend on the energy of the lowermost np term to 
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which a transition is possible. The order of magnitude of 
this may be readily calculated from the optical data. Thus 
for Mg the singlet and triplet 3p terms have energies corre- 
sponding to 3°3 and 4-9 volts. A fine structure within this 
range would hardly be observed. For ionized atoms, how- 
ever, the fine structure range would be much increased. "his 
may ‘be illustrated by considering the energies of the lower- 
most optical p terms in a series of atoms :— 
Approximate Energies of Lowermost Optical p terms. 


(n=3.) Volts. 
Na3 Mg*1ll Al**21 Sittt 34 


Ionization would result in an increase in the fine structure 
range, with an increased possibility of resolution. 

The above numbers can only be regarded as giving a rough 
idea of the order of magnitude to be expected, for although 
the field round an ion ina solid compound (e. g. round Mn**** 
in MnQ,) will approximate to that round a free ion, it will be 
modified by the influence of tlie neighbouring ions of opposite 
charge. 

That the “ white line” should occupy approximately the 
same position for compounds in which the element has 
different valencies, and that this coincides with the edge 
for the free element. is readily intelligible.—The work 
required to remove a K electron to the boundary of an atom 
may be regarded as made up of that required to remove it to 
the peripheral orbit together with that to remove it from the 
** periphery " to the “ boundary ” ; the first part will be little 
changed, as outer electrons, normally moving in peripheral 
orbits, are removed in different stages of ionization (or with 
increasing valency), but the second part will increase (with 
increase in the field beyond the periphery). In particular, 
the first part will be more nearly constant the larger the 
number of electrons moving in peripheral orbits of approxi- 
mately equal energy. 

The view that the K edge, as ordinarily measured, does not 
correspond to complete ionization is supported by the fact 
that when the energy of the Myy.y level for the first series of 
transition elements is calculated from the X-ray data (see 
Table I.). it comes out to be considerably smaller than would 
be anticipated from the optical spectra data. Thus the 
energies of the levels calculated will all be sinaller than those 
corresponding to complete removal of an electron from them 


Absorption Limits, and Critical Potentials. 107 


to the boundary by a quantity of the order of a few volts. 
The exact quantity could only be calculated if the precise 
nk level to which the K electron is removed were known, 
and if the energy of this could be calculated from the optical 
spectra. 

The question arises as to what is the lowest peripheral 
level to which a K electron may be removed in the neutral 
atom. Normally it would be expected that it would be a level 
for whichk=2: for the elements here considered, the Nyy, rr 
level. The absorption line would not then necessarily be ot 
the same wave-length as Ky, for the Kyline is usually supposed 
to be due to a transition in an atom which has completely 
lost a K electron, so that Ky would be of slightly longer 
wave-length than the absorption line. The problem, how- 
ever, is complicated by the fact that the usual classification 
of X-ray levels (e.g. with five M levels, with k=1 for Mı, 
k=2 for Mir, III, k=3 for Mr, v) only holds when these 
levels have their full complement of electrons. For the 
transition elements the Mry.y levels are being built up, and 
the N levels contain only a few electrons (usually one 
or two). The appropriate & values are in the nature of, 
resultants (denoted by / in the recent work of Heisenberg 
and Hund), so that a number of electrons each characterized 
by k=3 may give rise to a configuration corresponding not 
only to D terms, but also to S, P, F, etc. This has a close 
connexion with the fact that changes of configuration 
involving double electron jumps may occur. The deter- 
mination of the precise nature of the lowermost level to 
which a K electron can be transferred by the absorption 
of radiation must therefore await further developments in 
the analysis and interpretation of the optical spectra of the 
elements concerned. 

As already mentioned, Nishina's observations on the 
structure of the Lin edge for Ho (Ho,(SO,), - aq. was 
used as the absorbing substance), three components were 
found; the separations being 34 and 89 volts. "This would 
seem to require a more complicated explanation than that 
given above for the K edges of the elements of lower atomic 
number, and is left as an unsolved problem. The structure 
is possibly to be correlated with the fact that in the rare 
earth elements there are a number of levels (in the N, O, P 
groups) in an incomplete state, so that there are a greater 
number of possibilities of transition to levels which, in the 
ionized atom, may differ considerably in energy. 
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§ 4. CRITICAL POTENTIALS. EXPERIMENTAL RESULTS. 


The critical potentials found in recent investigations by a 
number of workers for the elements here considered are 
set out in the following tables. 


TABLE IV a. 
Critical Potentials for Cr to Zn. 


Andrews, Davies, and Horton ! (below 230 volts). 


g. S e. d. Gi b. a. 
21 OE. ons 60 10 143 160 173 
20. Ma odes tens 68 83 100 152 174 184 
20 Ro soc scsi es 47 73 99 106 166 181 
27 Co...... Ds 94 113 171 191 
29 Nido: 104 178 196 
20 Cü. iunc 112 193 206 
30 Zn............ 119 200 214 
TABLE IV 5. 
Critical Potentials for Fe to Cu. 
Thomas * (above 350 volts). 
Rolletson '* (600—700 volts). 
Fe (T)... eene 639 704 2818 
SR eer 618 637 697 
Co (T) ...... eec 705 764 873 950 
Ni (T-) cernere: 714 833 943 1017 
QuilJ. bestes 820 929 1017 


Tase IV c. 


Critical Potentials for Iron. 


Tables IV c and IV p :— 


Richardson and Chalklin* (40—600 volts). 
Rollefson '* (30-1365 volts). 
Chu !* (0-120 volts). 


R. and C....... 40 5l 64 76 é 95 108 #1215 138 
Rollefson ...... 47 &2 95 130 
Chu octets 52 08 80 
R. and C....... 190 221 241 270 288 498 
Rollefson ...... 141 147 153 160 
TABLE IV p. 

Critical Potentials for Nickel. 
K. and C....... 39? .  s0? 89 99 140 245 316 2335? 
—— —— — ——— ——— — —— 393? 433? 532? 
Chica ate 49 75 98 


© Rollefson, Phys. Rev. xxiii. p. 35 (1924). 
" Chu, Journ. Franklin Inst. 200. p. 629 (1925). 
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The above tables summarize only a few of the investi- 
gations which have been made, but they will be sufficient 
to serve as a basis for the consideration of the general 
character and coherence of the results. (For a compre- 
hensive survey of the values obtained: by different markers 
for Fe and Ni, Richardson and Chalklin’s paper may be 
consulted, and that of Andrews, Davies, and Horton for the 
elements of Table IV a, below 230 volts.) 

It should first be noted that the number of critical points 
found varies very greatly. Thomas, working with large 
thermionic currents (‘5 to 4 milliampere), taking great 

recautions to ensure steadiness, and varying the voltage 
by small intervals, obtained over forty breaks in the curves 
tor Fe, Co, and Ni below 350 volts, and over twenty for Cu 
below 90 volts. These breaks were interpreted as ionization 
or resonance breaks according as the portion of the curve 
above showed an upward or downward concavity. In view 
of Richardson’s observations that the character of a break 
may vary considerably in different experiments, It seems 
doubtful whether the classification has any significance, 
though Thomas found that the curves were closely repro- 
ducible. In distinction to Thomas, Chu, working with small 
thermionic currents (of the order of 10 microamperes), found 
well-defined breaks, few in number, as indicated in the above 
tables. (Only three were found for Fe and Ni, and five for 
Cu—at 30, 49, 62, 79, and 90 volts.) 

Owing to the large number of breaks found by Thomas, 
some of his values may usually be found fairly close to those 
of other observers; but when experiments in which the 
number of critical points is more limited are compared with 
each other, there is so little general agreement that it almost 
seems as if agreement is fortuitous even when it does occur. 
This is seen at once by inspection of Tables IV A, C, and D. 
For iron there is some agreement as to a critical point in the 
neighbourhood of 50 volts, but otherwise it is only by con- 
siderable forcing that the results can be regarded as mutually 
supporting. This cannot be attributed to errors in correcting 
the measured voltage for initial velocity, and for the work 
function, for there is disagreement as to the sequence of 
values as well as their absolute magnitude. It is clear that 
the critical potentials, at least in the low voltage region, do 
not yield direct and simpie information as to the soft X-ray 
energy levels in atoms. They must, however, have some 
connexion with them, and some of the suggestions which 
have been made will now be considered. . 
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§ 5. CRITICAL POTENTIALS. SUGGESTED INTERPRETATIONS. 


As Andrews, Davies, and Horton have examined the 
longest sequence of elements, their interpretations of their 
results will be considered first. They suggest that the points 
g, f, and e (Table IV A) are associated with transitions from 
the Mi, rr, and the points d, e, b, au trom the My level; 
g and d corresponding to transitions to the periphery, and 
the other points to virtual orbits beyond the periphery. The 
consideration of the magnitudes of the differences of energy 
associated with such transitions in $3, however, casts doubt 
on this interpretation. The range of voltage for one set of 
iransitions should not be greater than tlie fine structure range 
(depending on the energy of the lowermost unoccupied optical 
level), and this for the neutral atom is of the order of a few 
volts. On the interpretation given, moreover, the work 
required to remove an Mrz, rr electron to the boundary 
would correspond in the case of iron, for example, to the 
limit of the series 47, 73, 90—it would be greater than 
90 volts: similarly, the Mr-* boundary transition would 
correspond to an energy greater than 150 volts. (The limit 
of the series 106, 166, 181.) Both of these values are far in 
excess of those calculated from the X-ray data (Table II.). 
There are thus two reasons indicating that the view requires 
considerable modification. 

Other workers have also attempted to account for the 
critical points in a general way as associated with ionization 
and resonance transitions. Richardson and Chalklin have 
made the additional suggestion that transitions may be 
possible to orbits within the atom which are normally un- 
occupied. It must be remembered, however, that the last 
bound electrons enter orbits in which they are most firmly 
bound, so that the postulate of unoccupied orbits having greater 
(negative) energy—which is necessary if the hypothesis is 
to explain a wider range of facts than the usual one—raises 
many difficulties. A further suggestion of Richardson and 
Chalklin’s—that there may be discontinuities in the general 
radiation—is so far without independent experimental 
support. 

Multiple impact, as has been mentioned by Thomas and 
others, will account for critical potentials which are the sum 
of those corresponding to single impact critical potentials— 
an electron having sufficient energy, after a “resonance ” 
encounter, to produce ionization or resonance in another 


atom. 
The suggestions so far considered would lead to the 
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anticipation of critical potentials crowded together near qun 
energy level values (corresponding to the narrow Mus 
orbit and fine structure range), and of potentials which E 
the sum of these, They do not, however, seem capable i 
explaining many of the relatively widely spaced points whic 
are observed, 7 

A comparison of Tables IV. and II. shows that critical 
potentials are sometimes observed which can be fairly 
definitely associated with X-ray levels. In Thomas's 
results it ig particularly striking that although he found 
a large number of breaks at lower potentials, above 


ew breaks in the intermediate region for Fe and Ni, 
though he regards those for Ni as doubtful.) Ot these 
the series, for Fe Co, Ni, and Cu, of 704, 164, 833, and 929 
agree reasonably well with the values 706, 777, 853, and 933 
computed for Litr from the X-ray data. The next group of 
values are considerably above those computed for Ly, and 
rather smaller than those for Li; while the largest critical 
potentials observed (950 for Co, and 1017 for Ni) are larger 
than the Li values (approximately 917 and 999). As to 
the M levels, Horton’s g value for iron of 47, with those ot 
other observers (Table IV C) of 46, 47, 9l, and 52, agree 
airly weil with the computed value of 54 for the Mrr ri 
; 9ut in the absence or disagreement of the corre- 
sponding point for Ni this is not very satisfying. Horton’s 
e values are fairly close to those computed for My, but are 
Consistently lower by an average value of about 5 volts. . 
'ritical potentials are undoubtedly to be associated with 
transitions of electrons from particular levels ; and some 
of the igher values found (such as Horton’s a, b, ¢ groups) 
must be due to multiple impact. The problem which remains 
I5 to account for some of the higher values found where 
multiple impact seems inadequate to explain the values even 
qualitatively, and to account for values much lower (such as 
Some of those of Thomas in the L region) than the computed 
erm values. 
© Suggestion is made that an explanation of many of 
the apparently anomalous results is to be sought in the 
consideration "or the excitation potentials of atoms which 
ave already lost one or more electrons, either from loosely 
ound groups, or from groups more “ deeply seated " in the 
atom. Under the experimental conditions there must gene- 
Tally be Present atoms which have lost a number of outer 
electrons. As discussed in § 3, the amount of work then 
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required to remove an electron from, say, the K level com- 
pletely to the boundary of the atom will increase in passing 
from the neutral to the singly, doubly, ... charged atom bv 
an umount approximately equal to that required to remove 
the series electron from the atom in its different stages 
of ionization ; these differences being of the same order of 
magnitude as those observed in the experiments. A simple 
correlation of the results is, however, hardly feasibleowing to 
the many different possibilities, the inadequacy of the optical 
spectra data, and the indefinite experimental conditions. If 
electrons have been removed fiom say an M level, then the 
possibility arises of there being a critical potential corre- 
sponding to the removal of an L electron to the vacant space 
created. This potential will be lower than the L critical 
potential by an amount approximately equal to that of the 
M level concerned. Some of Thomas's L values arein rough 
agreement with this view. The critical potentials will not 
necessarily agree with X-ray line values owing to the com- 
plicated reorganization processes which may occur. 

The ionization of a particular atom may be brought about 
not only by direct impact, but by absorption of radiation 
from other atoms. This makes an additional complication, 
for it means that it will be almost impossible from critical 
potential experiments alone, even if multiple impact effects 
could be excluded, to obtain any precise idea of the energy 
levels, unless there 1s some information available as to their 
order of magnitude from spectroscopic data—particularly in 
the case of the levels of smaller energy. It would seem that 
experiments in which the primarv current density is as small 
as possible would lead to fewer breaks being observed, which 
might be more easily interpreted ; but the technical difficulties 
would then become greater. The whole question of the relative 
probability of single and multiple impact and multiple exci- 
tation effects is involved. 

The recent development of the technique for the investi- 
gation of long X-rays and short ultra-violet rays means that 
data will soon be available from which more complete and 
accurate energy level schemes may be drawn up. Apart 
from this, the most direct way of investigating the energv 
level values is probably that of measuring the lines in the 
magnetic spectrum of the electrons emitted photo-electrically 
under the influence of monochromatic incident radiation as 
used so successfully by Robinson, Whiddington, de Broglie, 
and others. (If the precision and resolving power could be 
sufficiently increased, such investigations should also be able 
to shed further light on the fine structure problem, for it is 
the energy required to remove an electron completely from 
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the atom which can be determined.) Critical potential investi- 
gations, carried out under well defined conditions, will then 
become of great interest and value in connexion with many 
problems, though they do not seem adapted for the direct 
precise determination of energy level values. 


$ 6. Summary. 


The paper deals with term values, absorption limits, and 
critical potentials, with particular reference to the elements 
titanium (22) to zine (30). 

The term values are computed from the X-ray data, and 
are shown to fit in coherently with those of elements of 
higher and lower atomic number. The limitations of the 
method are considered. 

The fine structure of absorption edges is discussed, and it 
is concluded that the term values correspond to the energy 
required to remove an electron to the lowermost possible 
unoccupied optical level in the atom. Fora neutral atom 
this will differ by only a few volts from that corresponding 
to removal to the boundary, but the difference increases with 
successive stages of ionization of the atom. 'l'hisis correlated 
with the range of fine structure observed for compounds. The 
general character of the edges, and the order of magnitude 
of the separations between the fine structure components are 
accounted for. 

The critical potential results of à number of investigators 
are compared, and some of their interpretations criticised. 
In addition to the usual explanations, it is suggested that 
some of the points correspond to critical potentials for atoms 
which have been ionized by the loss of outer or inner 
electrons. These potentials may be higher or lower than 
those for the neutral atoms. It is shown that critical 
po:ential experiments are unsuitable for the direct precise 
determination of atomic level energy values, particularly 
when these are small. 


Department of Physics, 
University of Leeds. 
March, 1926. 


Note added to proof.— Using high resolving power, Coster 
and van der Tuuk (‘ Nature,’ exvii. p. 586, April 24, 1926) 
have recently found fine structure in the K absorption edge 
of argon. They consider that thisis probably to be explained 
as due to transitions to different p levels, the separation of 
the two edges observed (about 1°7 volts) being of the right 
order of magnitude. The interpretation is in agreement 
with that of $3. 

Phil. Mag. 8. 7. Vol. 2. No. 7. July 1926. I 
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VIII. The Crystalline Structure of Anhydrite. By E. C.N. 
Dickson, B.A., Ph.D., Senior Lecturer in Physics, 
Manchester University, and W. Binks, B.Sc. Manchester *. 


1. NHYDRITE, the stable form of anhydrous calcium 

sulphate CaSO,, crystallizes in the bipyramidal 
class of the rhombic system. Its axial ratios are given by 
von Groth as 


a:b:c = 08932:1:1:0008. 


Natural crystals generally show only the three pinacoid 
faces : cleavage parallel to the (010) and (001) faces being 
perfect, and parallel to the (100) face less perfect. The 
specific gravity is 2:96. 

The pseudo-tetragonal axial ratio b : c distinguishes anhy- 
drite from the chemically analogous substances barytes, 
celestine, and anglesite, the structures of which have ien 
determined by Face and Wood f. Its structure might 
therefore be expected to be relatively simple, and to throw 
further light on the dimensions of the SO, group, which has 
been shown by Bradley { to approximate to a tetrahedron, 
the centres of the oxygen atoms lying at the corners and the 
sulphur atom at the centre, the distance S to O being about 


1:5 to 1:6 Å. 


2. Experimental Kesults. 


Natural crystals from various sources were examined by 
the usual ionization spectrometer method. Cleavage faces 
were lightly ground before use, the other faces being ground 
on the crystals with carborundum. It was found convenient 
to embed the crystal entirely in a mass of dental wax before 
grinding, to prevent shattering of the face. 

All intensities were compared ultimately with that of a 
standard (400) rock-salt reflexion (actual second order 
reflexion), but substandards were employed for some of the 
weaker spectra. Owing to the small size of some of the 
faces available the accuracy of the intensity measurements, 
especially at low angles of incidence, is questionable. Ka 
radiation from a molybdenum Coolidge bulb was employed 
throughout. 

* Communicated by Prof. W. L. Bragg, M.A., F.R.S. 


+ Proc. Roy. Soc. cix. p. 598 (1925). 
t Phil. Mag. xlix. p. 1225 (1925). 
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The following is a list of the faces examined :— 
(100) (110) (210) (031), 
(010) (101) (201) (111), 
(001) (011) (301) (121). 


Fig. 1 shows graphically the distribution and intensity of 
the observed reflexions. 


O sing O? 02 03 04. 0'5 06 


3. Unit Cell and Space-Group. 

During the course of the present work a determination of 
the unit cell and space-group of anhydrite was published by 
Rinne, Hentschel, and Schiebold *. Their values for the 
dimensions of the unit cell are 

a = 6'21 Å. b= 695 Å. c= 6:96 A, 
The corresponding values from measurements made by fus 
during a preliminary survey of the crystal are : 

a = 6'19 Å. bz 694 Å. c= 694 À. 


* Zeitschr. f. Krist. lxi, p. 104 (1925). 
I2 
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We do not regard our figures however as very reliable, and 
in our determination of ‘the crystal structure we have used 
the former values. 


The specific gravity shows that the cell contains four 
molecules. 
Using the rotating crystal method, Rinne, Hentschel, and 


Schiebold identified the space- group of anhy drite as V,!4 in 
Schinflies’s notation. The spectrometer measurements made 


by us are not sufficient for a unique determination of the 
group but they agree, as far as they go, with the exception 
of the (101) face. We were unable to » detect the odd Spectra 
from this face with our apparatus, so that only even 
spectra appeared to be present. Rinne, Hentschel, and 
Schiebold record the presence of a (303) reflexion, but qualify 
it as not quite certain. 

Further corroboration of the space-group was obtained by 
means of a Debye powder-photograph, kindly taken for us 
by Dr. A. J. Bradley. It happens by chance that although 
the pseudo-tetragonal ratio of the b and e axes causes 
reflexions from certain faces to coincide on the powder- 
photograph, yet the presence or absence of certain lines 
provides useful criteria which confirm the space-group as V4". 

It must be remembered that, in the case of a Duc 
photograph of a single crystal, the pseudo-tetragonal ratio 
of the axes will be masked entirely by the true rhombic 
nature of the crystal, as can be seen by inspection of such 
photographs of anhydrite already published by Haga and 
Jaeger *, and by Rinnef. The Laue diagrams show only 
two planes of svmmetry at right angles. 

Astbury and Yardley f give the Following criteria for the 
abnormal spacing of planes in the group Va” (their Q,” :, 
when their axes are suitably transformed to fit the erystallo- 
graphic axes of anhydrite. 


All spacings of the general type (A & D) are halved if ^ 4! 
is odd. 


All (o kl) spacings are halved. 
4, Symmetry Elements of the Group Vr. 


The symmetry elements of the group are given in full in 
Rinne, Hentschel, and Schiebold’s paper § and in the tables 
of Nigeli or Astbury and’ Yardley. 

* Akad. v. Wetensch, Amst. xxiv. p. 460 (1915). 

t II. Mitteil. Ber. d. Sachs. Akad. P Hor lxviii. p. 11 (1915). 

į Phil. Trans. Roy. Soc. A, cexxiv. p. 225 (1024). 


$ Loc. cit. The reflexion planes given as (010), (010) should read 


(001), (001)3, and the sy mmetry centres printed as [[} 4 $]] » (15 i) 
should not have the minus signs. 
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The most important feature is the presence of two sets 
of intersecting reflexion planes, (001), (001); and (010), 
(010)3. Three sets of glide planes also occur: (100), (100), ; 
(100)? (100)a ; (001)4 (001) with glides of 5/2 ; (b4- c)/2 ; 
a/2 respectively. The positions of most of the symmetry 
centres, which are of three types, and of the digonal rotation 
and screw axes are shown in figs. 2 and 3, in Astbury and 


Yardley's notation. 


9. Possible Crystal Structures. 

The only attempt yet made to assign a structure to 
auhydrite, so far as we know, is an admittedly conjectural 
one used in a diagram by Rinne * merely to illustrate the 
transformation into the unstable -imodification. In this 
diagram the SO, group appears to be represented as having 
all its atoms in one plane parallel to one of the pinacoids, 
while the calciums and SO, groups are arranged on two 
interpenetrating face-centred lattices. 

Such a strueture would require the spectra from one 
pinacoid face to be normal in intensity, since all the atoms 
are concentrated in the planes, while the normal character 
of the reflexions from the two other pinacoids would be 
relatively weakened by oxygen atoms lying off the planes. 
Reference to fig. 1 shows that the outstanding feature of the 
observed intensities is the presence of identical reflexions from 
two of tlie pinacoids, approximating to normal type, while 
the third pinacoid yields spectra so tar from normal that the 
sixth order (third actual spectrum) is larger than the second 


(first actual spectrum ). 
This arrangement would therefore not correspond to the 


facts. 

[f now we start with the assumption of a tetrahedral 
SO, group, as already found in the structure of lithium- 
potassium sulphate and in barytes, celestine, and anglesite, 
we can make certain deductions as to permissible positions 
: atoms in the unit cell from symmetry considerations 
alone. 

The peculiar symmetry of a tetrahedron precludes placing 
the sulphur atom which occupies its centre at a centre of 
symmetry of the space-group. The only other possible 
arrangement of four atoms in the unit cell of this space- 
group, is to place them so that each atom lies on both sets of 
reflexion planes, i.e. on their line of intersection, with one 


degree of freedom only. 
* N. Jahrb. f. Min. ii. p. 98 (1916). 


118 Dr. E. C. S. Dickson and Mr. W. Binks on the 


As regards the position of the sixteen oxygen atoms, we 
might try to place them at the sixteen centres of symmetry. 
These centres, however, are situated on parallel planes (010), 
and (010),, while the intersections of the reflexion planes, 
on which the S atoms are located, lie a quarter and three 
quarters along the b axis of the cell. On plotting the 
position of the centres, it is seen that no arrangement of 
four independent tetrahedra is possible, and this arrangement 
is also incompatible with the observed intensities from the 
(010) face. | 

It might still be possible for either eight or four oxygen 
atoms to be disposed in four separate manners at the three 
types of symmetry centre available (one eight-fold, two 
four-fold). 

Now the eight-fold symmetry centres common to the 
unit lie at the corners of two contiguous parallelepipeds, and 
could only be regarded as forming pairs of interpenetrating 
tetrahedra, which would require the two sulphur atoms in 
each pair to occupy the same portion of space. These eight 
oxvgen atoms would also be out of phase with the sulphurs 
for the (020) and (002) reflexions. 

The positions of both sets of four-fold centres are such 
that they could not be grouped in tetrahedra round the S 
atoms. They would also be in phase with the S atoms for 
the (002) and out of phase for the (020) reflexions, rendering 
these spectra unlike. It appears then that none of the oxygen 
atoms can be at a symmetry centre. 

Àn oxygen atom placed in a general position in the cell 
with coordinates [[m, n, p]] introduces sixteen bv the 
operations of symmetry. But if the position of these points 
is plotted, it is found that they cannot be arranged in 
tetrahedra with centres on the intersection of the reflexion 
planes. 

The oxvgens must therefore have either one or two degrees 
of freedom only. 

Points with one degree of freedom may occupy two sets 
of positions. A four-fold one with coordinates [[n, 1, 0] ] ; 
or an eight-fold one on the rotation axes parallel to the 
[001] axis. The four-fold set is represented bv positions on 
the intersections of the reflexion planes, on which the S atoms 
are already placed. This is the only four-fold set of points 
in the cell except symmetry centres. Allthe oxygens would 
therefore have to lie on these intersections, which is impossible 
with tetrahedral groups. 

The eight-fold set lies on the rotation axes parallel to the 
[001] axis, in groups of four points about the intersections 
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of the reflexion planes. Oxygens in these positions could 
only form interpenetrating tetrahedra and would also be ont 
of phase with the sulphur for the (020) and (002) reflexions. 

Points with two degrees of freedom are confined to the 
reflexion planes, and each independent point forms a set of 
eight in the cell. If now we place a regular tetrahedron 
with two of its oxygens in one reflexion plane, equidistant 
from the other, and the two other oxygens similarly in the 
intersectin * reflexion plane, the conditions of symmetry are 
fultilled and the sixteen oxygens may be regarded as made 
by the operations of symmetry on two atoms, involving only 
two independent parameters. 

This at once introduces an enormous simplification in the 
determination of the crystal structure. The SO, group asa 
whole has only one degree of treedom, namely movement 
along the axis of intersection of the reflexion planes. Its 
position is therefore dependent on a single parameter. ‘The 
uncertainty of size of the SO, group introduces a second 
parameter, so far as intensity measurements are concerned, 
which may be regarded as the distance between oxygen 
centres in the tetrahedron. 

The four calcium atoms still require to have places assigned 
to them in the unit cell. Two possible arrangements would 
be to situate them all at either of the two sets of four-fold 
symmetry centres. Intensity considerations show that they 
would then be in phase with the sulphurs in the (002) and 
out of phase in the (0205 reflexion, so that these spectra 
would be of unequal intensities. 

The only other possible distribution of four atoms in the 
cell is to place them similarly to the sulphurs on the axis of 
intersection of the reflexion planes. Their position will 
therefore also be determined by a single parameter, the 
possible variation of which is limited by the freedom of 
movement of the calcium atom between consecutive SO, 
groups. If we take the known distance between calcium 
and oxygen centres in other crystals and assume it to have 
approximately the same value in anhydrite, it is clear that 
any displacement of the calcium from a position midway 
between the SO, groups must be small unless serious 
distortion of the SO, tetrahedron be postulated. 

Once we assume the dimensions of the SO, group to be 
fixed, and the calciums limited to positions nearly midway 
between two SO, groups, the problem of determining the 
approximate structure reduces to that of finding a single 
parameter, This may be thought of as defining the dis- 
placement of two contiguous (010) sheets of atoms which 
slide in opposite directions along the [100] axis. 
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When the operations of the various glide planes are 
considered, we see that each sheet consists of similarly 
oriented tetrahedral SO, groups arranged on a tuce-centred 
pattern, the calcium atoms lving in a similar pattern between 
consecutive SO, groups on the same axes. This is shown by 
fig. 2. The orientation of SO, groups is reversed in alternate 
sheets, as can be seen in fig. 3, where the sheets are shown 


The large circles represent oxygen atoms, the small ones calcium 
atoms. Both are shown two-thirds their relative size compared 
with the unit cell. Thick circles indicate groups lying 6/2 
above those shown by thin circles. 


edge-on, and the manner in which they can slide in opposite 
directions about the symmetry centres, parallel to the [100] 
axis, becomes clear. A rough model, and diagrams made 
with the approximately known dimensions of the calcium 


atom and SO, group, showed the packing of such an arrange- 
ment in the unit cell to be feasible. 


6. Determination of Parameters. 


Figs. 2 and 3 show that for the (010) and (001) planes, 
all atoms except two oxygens in each CaSO, complex lie on 
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the X-ray reflexion planes, thus explaining the high value of 
the second order spectra (first observed spectra) and, since 
the effect of the oxygen atoms is known to fall off rapidly at 
higher angles, the pseudo-normal appearance of the higher 
orders. The interest of the reflexions from these planes lies 
further in the fact that the only parameter involved is the 
distance between oxygen centres in the SO, group. At first 
it was hoped that this would enable a comparatively accurate 
estimate to be made of the dimensions of the group. Owing, 
however, to the small percentage of the total effect contributed 
by the oxygens, even in the low order spectra, the calculated 
intensities are comparatively insensitive to variation of the 


parameter. 


Fig. 3, 


All faces in the [100] zone have intensities which depend 
solely on this oxygen-centre parameter, and the measured 
intensities from the (011) face pet the additional advantage 
over the pinacoid reflexions that all four oxygen atoms are 
outBof phase with the calcium and sulphur. Here also it 
wis found that reasonable variation of the parameter vave 
no clear indication of its optimum value. The (022) reflexion 
is fairly sensitive to variation of the parameter, but again 


values between 2*4 and 2:5 A seem equally satisfactory. 
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Table I. gives the variation in the calculated normal intensity 
of reflexion (p/S?), for ditferent oxygen parameters, of the 
various spectra from the two faces. 


TABLE I. 
Spectra. 
Parameter 
A 020 010 060 080 0.10.0 022 044 066 
2S uses 698 200 510 18 7 375 38:4 12:3 
2d visus 752 187 043. 13 T 504 947 12:2 
Ag 1; MM 168 171 54°6 13 7 575 943 122 
2:0" unana 792 162 55:0 13 7 669 31:6 12:2 
20 eese 835 147 56:5 13 7 908 286 122 


The distance between oxygen centres was finally taken as 
2:45 Å, this giving the best concordance for all spectra 
considered. 

The scattering power of the oxygensis so reduced in other 
faces of the zone by the increasing glancing angle that no 
conclusion can be drawn from their intensities. 

Taking into aecount the low accuracy of the intensity 
measurements, it was not possible therefore to determine the 
distance between oxygen centres from measurements on 
this zone alone, without additional evidence derived from 
reflexions involving the two other parameters of the svstem. 

All these parameters are most conveniently expressed, for 
the purpose of intensity calculations, as angular differences 
in phase, the dimensions of the unit cell representing phase 
differences of 360? in the directions of the crystal axes. 

It seemed reasonable to assume as a first approximation 
that the calcium atoms lie half-way between two SO, groups, 
so that the two unknown parameters conld not differ widely 
from the values n° and (n+180)°. An important clue as to 
the approximate value of n is given by the strength of the 
(210) reflexion. This shows that the atoms must be grouped 
very close to these planes, and from fig. 3 this can be seen 
to occur when n is in the neighbourhood of —35° for calcium, 
giving +145° for sulphur, the coordinates being referred to 
a centre of svmmetry for simplicitv in calculation. 

A systematic test of the assumed structure was then 
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carried out, and the effects of variation ot both parameters 
investigated. The method of carrying out such tests has 
already been described by James and Wood (loc. cit.) and 
need only be summarized here. 

All observed spectra are tabulated in order of increasing 
glancing angle, and the observed intensities divided by the 
calculated intensity ratios to give the ‘normal’ intensity 
p» of reflexion that would be given by all the atoms in phase 
at that particular angle. If the structure is correct, p, 
diminishes rapidly and steadily with increasing angle. Any 
violent anomaly indicates that the structure is incorrect, but 
the test must be regarded at present as principally of 
qualitative significance. 

In assigning scattering powers at different angles to the 
atoms, numerical values were first taken from Hartree’s 
tables of F values *. Oxygen and sulphur were assumed to 
be ionized with the charges O~? and S**. We experienced 
difficulty, as already noted by James and Wood, in obtaining 
agreement with observation for the higher order spectra 
unless the scattering power of O^? is made to die away more 
rapidly than given by Hartree’s figures. We finally used 
both for oxygen and sulphur the values given by James and 
Wood (loc. cit., Hartree’s values being taken for calcium 
only. 
À few trial intensity calculations showed that the ratio 
pip. was more nearly proportional to the square of the 
amplitude ratio S, which was calculated in the usual way, 
than to S itself, indicating that anhydrite is not to he 
regarded as forming perfect crystals, but a mosaic. This 
was checked by direct calculation from the formula for the 


integrated reflexion 


NA? ef 1+ 08727 og -Beinta LV pms 
p= 1 5139 ^ "NS x(XP»,. (1) 


using for the linear absorption coefficient u the value 25:7 
derived from Wingárdh's mass absorption coefficients for 
molvbdenum radiation f, with no allowance for extinction 
effect or Debye factor. Thus for the (020) spectrum (XF) 
as caleulated was 41:4, while the value from Hartree’s curves 
is 594. If extinction and the Debye factor were taken into 
account the calculated value would be raised. A normal 
reflexion curve for various values of sin @ was also calculated 
from formula (1). The calculated values, shown in the last 


* Phil. Mag. 1. p. 289 (1925). 
t Zeitschr. f. Phys. viii. p. 262 (1922). 
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column of Table II., agree more closely with the observed 
intensities than would be the case on tive assumption that p 
is proportional to S. 


TABLE II. 
| | 
Spectrum. (0— glancing | /E lue | ET! . p. S?, | pu 'S* value of On. 
angle), | (= x ). H | | Ee | 
| | 
| | 
101 00706 | ? | P? | 000806 ? 2450 
111 00920 | 48 | 49 | 000296 1650 1850 
Le 0:1021 280-0 5600 | 0365 1380 | 1080 
200 0:1143 | 200 | 820 | 00207 1550 -© 1310 
210 012501 | 1700 2790 | 0133 2100 | 1080 
121 0:1277 96 9:9 000232 4270 1050 
022 01445 324 56:5 | 0-0563 647 | 785 
202 01532 11:0 113 00352 | 327 685 
220 0:1533 102-0 141-4 | 0339 418 | 685 
2292 0:184] 134 141 | 0:0405 348 420 
E 02042 | 900 121-0 | 0:526 | 230 310 
400 0:2286 74 76 | 0034 224 220 
303 0:2298 ? ? 00271 ? 215 
420 02502 160 16:9 0-274 617 160 
402 0:2503 304 340 | 0152 294 158 
242 0:2554 9-0 93 | 00414 224 145 
333 02760 ? ? | 00298 ? 100 
044 0:2890 1T8 190 | 0:594 36:3 83 
A 0:3063 540 652 | 0990 65:9 63 
404 03064 74 riri (345 29:3 62:5 
440 0:3066 21:0 29-8 0400 51:0 62-0 
062 0-3229 275 304 0-833 36:5 50:6 
600 0-3429 31:5 352 0-713 493 | 40°) 
620 0:3676 26:0 286 | 0723 39:5 31:6 
444 3680 93 9:6 0-582 16:4 31:5 
630 0:3753 ? ? 0:250 ? 31:0 
505 0:3830 ? ? | | 000203 ? | 98:0 
363 03831 ? ? 000012 | ? 28:0 
080 | 0-4084 130 | 136 |10 056 | 997 
066 0:4335 122 | 124 |10 127 | 206 
800 0:4572 02 Oz | 0:0298 67 | 184 
606 4596 8+] 8'4 | 0750 11-2 182 
660 04599 120 125 | 0752 166 | 182 
555 04600 ? ? | 0:00007 | ? | 182 
840 05004 ? | ? 00302 ? | 16:1 
804 0:5006 ? EE 0 031 ? | 14:9 
0.0.10 0:5105 70 T9 | 1-0 7-2 14:0 
0.10.0 } | ze. a 
484 0:5108 56 5" | (590 9:5 14:0 
666 0:5520 r4 9-4 | 0745 | 3:2 114 
10.0.0 0-5715 ("3 | 03 0:97 | 0:3 10:4 
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The intensities p of all observed spectra were expressed in 
absolute measure, taking the absolute intensity of reflexion 
from (400) rock-salt as 1074. p/S? gave then the value of 
p. Allowance for the unequal effect of extinction, which 
cuts down the more intense reflexions to a disproportionately 
large extent, was made by putting IxS*/(u--e), where tlie 
extinction factor e is proportional to the intensity of re- 
flexion I and can be written e =al*. The value of a for 
anhydrite was deduced from the ratio of the calculated 
normal intensity (derived from the measured (020. intensity) 
to the normal intensity calculated theoretically from 
formula (1). All observed intensities were then multiplied 
by the factor («+ e)/u to correct for extinction. These 
corrected values, divided by 5S?, should form a steadily 
diminishing series corresponding to the theoretical intensity 
values, but still affected by neglect of the Debye factor. 

Table II. shows our results in this form. 

The parameters which gave the best agreement were 
calcium —35° and sulphur +145°. These values represent 
displacements along the a-axis of — 0:60 and +250 A 
respectively. The degree of accuracy with which the 
parameters could be fixed is of the order of + 0-05 A. The 
calcium atoms appear then to be half-way between con- 
secutive SU, groups on the a-axis, and adjacent sheets of 
atoms paraliel to the (010) face are displaced 1:21 A with 
respect to each other. 


7. Discussion of Results. 


Five of the forty-five spectra examined show considerable 
discrepancies in the series. These are the (101), (210), 
(121), (420), (630) reflexions. 

From the calculated amplitude factor we should expect 
the (101) reflexion to have an intensity of about 20 per cent. 
that of (400) rock-salt, whereas its presence could not be 
detected at all. Moreover, this discrepancy cannot be satis- 
factorily overcome by any reasonable alteration in the 
parameters. Now the amplitude factor is quite sensitive to 
change in the F value for sulphur. The glancing angle is 
the lowest observed, and it is precisely in this region that 
the F value is most uncertain. and changing at its greatest 
rate. It would seem, at first sight, logically correct to adopt 
Hartree’s curve for St* throughout the series. Thus, for the 
(101) reflexion, F would have the value 10, instead of 
the value 142 taken by us from James and Wood, an! 


Cf. W. L. Bragg, Phil. Mag. l. p. 309 (1925). 
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the resulting amplitude factor would be reduced trom 0:0087 
to 00024. But' this change adversely affects the four or 
five spectra occurring at angles where the divergence of the 
F curves for S^? and S**is still appreciable. The(111) and 
(121) spectra are especially sensitive to the change, the 
calculated normal reflexion for the latter assuming such a 
value ax to render the change questionable. 

Some polarization of the oxygen atoms of the SQ, group 
seems likely, and it is possible that the intensity at low 
glancing angles is affected by the asymmetry of the oxygen 
electron shells. 

However, we have been unable to reach a satisfactory 
compromise, and have preferred to retain the F values that 
give concordant results in other structures. 

The (121) reflexion gives too high a value for pa, but the 
low observed intensity and the sensitivity of the very small 
amplitude factor could easily account for this. 

The three remaining discrepancies occur in reflexions of 
different orders from the (210) planes. As already noted, 
the calcium and sulphur atoms are closely concentrated near 
these planes, and the combined scattering power of all 
oxygen atoms is only one-fifth of the total effect, even in the 
first order. The contribution of the oxygens is, however, 
quite susceptible to variation in the sulphur parameter. It 
is in faces of this character also that small distortions of the 
SO, tetrahedra might be expected to produce considerable 
effect. 

The coordinates already chosen appear to give the best 
general agreement when all spectra are considered. 

Fig. 4 shows the structure to scale, the black spheres 
representing calcium ions, and the white spheres oxygen 
ions grouped in tetrahedra; the sulphur ions not being 
visible. The positions of two contiguous unit cells are 
indicated by dotted lines. 

The b face of the model reveals the face-centred arrange- 
ment of the calcium atoms and SQ, groups, whereas the 
c face shows the displacement of alternate sheets of atoms 
in the a direction. 

Each calcium atom is immediately surrounded by eight 
oxygen atoms belonging to six tetrahedra, four of these 


being at a distance of 2:55 À ; two at 2:43 À, and two at 
2:41 A. The nearest distance of approach o. calcium to 


oxygen has been found in other crystals to be 2-4 À. Itis 
clear, therefore, that the calcium atoms are surrounded as 
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uniformly as possible by oxygen atoms, the arrangement of 
the oxygens in tetrahedra preventing perfect uniformity. 


Fig. 4. 


The smallest distance between calcium atom centres is 
3°68 A ; the distance between sulphur and oxygen centres 
Ó 
81:504." 
SUMMARY. 


Thefstructure of anhydrite bas been determined by the 
lonization spectrometer. It is based on a simple ortho- 
rhombic lattice, the unit cell containing four molecules. 
The space-group V,” previously determined by Rinne, was 
corroborated by the Debye powder method. 

Assuming a regular tetrahedral arrangement of the SO, 
group, two parameters suftice to fix the positions of all its 
atoms in the unit cell. The positions of the calcium atoms 
involve only a single parameter. 

In calculating amplitude factors, some deviations from 
Hartree’s F values for scattering power have had to be made, 
as already noted by other workers. | 

We wish to express our thanks to Professor W. L. Bragg, 
F.R.S., for his help and interest in the progress of the work. 
We are also indebted to Mr. R. W. James for much helpful 


advice and criticism. 


NOTE. 


. Since writing this paper we have seen a copy of a most 
interesting determination of the structure of anhydrite and 
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the configuration of the SO, group by J. A. Wasastjerna ", 
communicated to the Societas Scientiarum  Fennica on 
Sept. 23rd, 1925. 

The author shows from symmetry and intensity considera- 
tions that a tetrahedral arrangement of the SO, group is the 
only possible one, and deduces a structure from which ours 
differs only in the values of the parameters. 

But in the theoretical calculation of reflexion intensities he 
states that, on empirical grounds, he considers it impossible to 
obtain agreement between observed and calculated intensities 
for anhvdrite if the intensity is taken as proportional to the 
square of the amplitude factor (S?), whereas he was able to 
get a fairly good agreement by taking the intensity as 
proportional to S ; that is to say, treating anhydrite as an 
approximately perfect crystal. Asshown in our paper, this 
does not seem to be justifiable either on a theoreticl or 
empirical grounds. 

In calculating reflexion intensities Wasastjerna uses the 
formula 

k= xg Ee» cos 2arn (htm + kym + lzm), 


and treats the scattering power pm of an atom at various 
glancing angles as approximately constant. 

With the exception of the pinacoid reflexions, which were 
measured spectrometrically, his observed intensities are taken 
from powder photographs using copper radiation, and are 


merely classified into five degrees from “ very strong” to 
* very weak." 


It is interesting to note that he obtains a weak (101) 
reflexion. 


In terms of our notation hiscoordinates become Ca = —54°°0 
S = + 126%0, in place of our Ca = — 35° S= + 145°. 
The mean distance between oxygen centres in the SO, 
j re) oO 
tetrahedron is 2'7 A as against our value 2:45 A. 


Manchester University, 
19th March, 1926. 


* Soc. Scient. Fenn. Comm, Phys.-Math. ii. p. 26. 
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IX. A New Method of obtaining a Luminous Discharge in 
Gases at very Low Pressures. By E. W. B. Gi, M.A., 
B.Sc., Fellow of Merton College, Oxford, and R. H. 
DonaLpson, M.A., University College, Oxford *. 


(1) Th discharges in gases at low pressures obtained 

with alternating potentials or with high-frequency 
potentials, such as are obtained in ordinary oscillatory 
circuits, have been the subject of many investigations, but 
no measurements appear to have been made of the potentials 
required to maintain currents in gases when the frequency 
of the oscillatory potential is of the order of 40 million 
oscillations per second, which is the frequency corresponding 
to a wave-length of about 8 metres. 

We have recently made some investigations of the currents 
in gases with potentials differing in frequency over a very 
wide range, and we find that the absolute value of the 
potential required to maintain a current in a gas is greatly 
reduced when oscillations of very short wave-lengths are 
used. It is difficult to measure these potentials accurately, 
but the effect of increasing the frequency is so marked that 
it is sufficient in this preliminary account of the experiments 
to give the values of the potentials to an accuracy of about 
ten per cent. 

To illustrate this effect we give the results ot experiments 
made with hydrogen, where the potentials required to main- 
tain a small current at different pressures were determined, 
(a) with direct voltage, (5) with voltages alternating about 
200,000 times a second, and (c) with voltages alternating about 
40,000,000 times a second. The last investigation revealed 
a simple method of obtaining a luminous discharge through 
a gas at a pressure of a thousandth of a millimetre of mercury, 
that is at a pressure considerably lower than that in an 
ordinary X-ray tube. 

(2) The discharge-tube used was a glass cylinder about 
25 cm. long and 4:5 cm. diameter. The electrodes were 
two brass rods of diameter 1 mm.; they were sealed into two 
side tubes through copper glass seals, and these side tubes 
were sealed into the main tube not quite opposite to each 
other in such a way that the brass rods were parallel and 
about 3 em. apart. The actual shape of the tube is shown 


* Communicated by Prof. J. S. Townsend, M.A., F.R.S, 
Phil. Mag. S. 7. Vol. 2. No. 7. July 1926. K 
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in fig. 1, where D and F are the two rods projecting into 
the main tube T. 

The tube was joined up to a mercury pump. A McLeod 
gauge and drying tubes and a palladium tube were also 
inserted. 

The whole apparatus was pumped out and washed out 
ed times with hydrogen admitted through the palladium 
tube. 


Fig. 1. 


=~ 400vt 


(3) The experiments to find the potentials required to 
maintain a small direct current through the hydrogen at 
various low pressures need not be described in much detail. 
The tube was connected to a battery of small accumulators, 
the current being kept as small as desired by inserting in 
one of the leads a small rectifying valve which would only 
pass a small current dependent on the temperature of the 
filament. The potential across the tube was read by an 
electrostatic voltmeter. 

The results obtained are given in curve (a) fig. 2. The 
usual type of curve for maintenance potentials is one in 
which for high pressures the potential is very high ; as the 
pressure is reduced, the potential also falls and reaches a 
minimum, and a further reduction in pressure causes the 
potential to rise very rapidly. It will be seen that the range 
of pressures worked over in curve (a) are below the pressure 
which gives the minimum potential. 

(4) The next set of experiments, curve (5) fig. 2, were done 
with an alternating E.M.F. An oscillatory circuit consisting 
of an inductance and capacity was maintained in oscillation 
by a valve using the ordinary reaction circuit. The wave- 
length of the circuit was 1430 metres, corresponding to a 
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frequency of 210,000 alternations per second. The discharge- 
tube and the electrostatic voltmeter were botl connected 
across the condenser. When the valve (a Mullard 0 30 A) 
was taking its rated filament current and 400 volts in the 
plate circuit, there was enough potential across the condenser 
to light the discharge-tube brightly at pressures of a few 
millimetres of mercury. The strength of the oscillations 
was then reduced by gradually reducing the filament current 
of ‘the valve till the discharge was only just maintained. 


Fig. 9. 


(a) 
300 (b) 


Imm. emm. 3mm. 


P 


Minimum potential V required to maintain a discharge at different 
pressures p. 
(a) Direct current. (0) Current periodicity 200,000. 
(c) Current periodicity 40,000,000. 


The potentials indicated by the electrostatic voltmeter as 
being necessary to maintain the discharge are shown in 
curve (b). It should be noted that these potentials are not 
the maximum potentials aeross the tube as the voltmeter 
gives the mean square of the potential. The maximum, or 
“peak” value, would be obtained by multiplying the 
readings by 4/2, though this would not be quite accurate as 
the wave-form was not exactly that of a sine curve. The 
general shapes of the two curves (a) and (b) are much the 
same. 

(5) The last set of en given by curve (c) fig. 2 

2 
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was made with a much higher frequency, a wave-length of 
8:25 metres being used corresponding to about 3:6 x 107 
alternations a second. 

The short-wave generator was a slight modification of the 
type devised by Townsend and Morrell*, and is shown in fig. 1. 

AA and BB are two brass strips 13 mm. by 3 mm., each 
161 cm. long, placed flat and parallel to each other, the 
distance between their centres being 6:5 cm. One end of 
AA is joined to the plate of a Mullard 0 30 A valve and one 
end of BB to the grid. The other ends of the strips are 
joined to the condenser C, which is of the order of a milli- 
microfarad. 'The plateis charged to about 400 volts positively 
to the filament by a lead brought into AA at the condenser 
end, and the grid is put at the same potential as the negative 
end of the filament by a similar lead to BB. It was con- 
venient to have a milliammeter M in the plate lead. 

When the valve filament is heated bv a six-volt battery this 
set produces powerful oscillations with a wave-length of 
8:25 metres, The presence of these oscillations is shown 
by the milliammeter M reading from 40 to 60 milliumps, 
whereas if the oscillations are damped by touching BB at 
the grid end the plate current drops to a few milliamps. 

The amplitude of the oscillating current is not the same 
everywhere along the strips, being largest at the condenser 
end and smailest at the grid end. 

This arrangement is so simple and convenient for short 
waves that a few more remarks may be of assistance. AA 
and BB need not be strips, ordinary wire or rod will do, and 
their distance apart is not important except that it should 
not be less than 3 or 4 em. The size of the condenser C is 
not important either, provided it is not too small it will be 
situated at a potential node and have no effect on the wave- 
length. It should be noticed that it has a potential of 
400 volts across it. 

Any small transmitting valve dissipating about 30 watts 
at the plate will be suitable, but the wave-length will vary 
slizhtiy with different valves. The leads from the H.T. 
battery and filament to the condenser ends of AA and BB 
should not lie too close to the strips. . 

As mentioned above, with strips 161 cm. long the wave- 
length was 825 metres. A rough rule is that a reduction .t 
in the length of the strips reduces the wave-length bv 4», so 


that the length of strip for any desired wave-length X is 
X —181 


—j em. X being measured in cms. The oscillations are 
not very powerful for wave-lengths less than 3 metres. 


* Phil. Mag. August 1921. 
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[t is not possible to put the discharge-tube directly across 
the oscillating system as the potential differences are scarcely 
large enough, and in addition the 400 volts steady potential 
would be superimposed upon the alternating potential. 
A further objection is that the capacity of the discharge- 
tube and the current through it would disturb the wave- 
length. 

The tube therefore was put across a circuit DEF electro- 
magnetically coupled to the oscillator. This circuit has a 
natural wave-length of about 4 times the length DE, and 
when it oscillates E is a potential node and the maximum 
potential occurs between the free ends, i.e. across the 
discharge-tube. It is not necessary to tune this circuit 
accurately to the wave-length of the transmitter, as sharp 
resonance effects are not obtained when a discharge occurs 
in the tube T, but it is desirable to make the length DE 
somewhere about A/4. In our experiments this length was 
about 2 metres, and a convenient coupling was obtained when 
the two circuits overlapped by 60 cm., the plane of the 
circuit DEF being about 3 em. above the plane AABB. 
If the coupling is too tight the wave-length of the trans- 
mitter will be altered, or in extreme cases tlie valve may not 
be able to produce oscillations. 


Fig. 8. 


The measurements of the oscillating potential across the 
discharge-tube presents very considerable difficulties, and 
the method to be described does not claim to be more than a 
rough one though sufficient for our purposes, as we only 
desired to know the general shape of the curve. 

It is not possible to attach to the ends D, F any measuring 
device which has a capacity of more than a few electro- 
static units, as the potential would be too much reduced 
thereby, and the method therefore finally adopted is shown 
infig. 3, R, R are two small rectifying valves whose plates 
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are Joined to the secondary circuit at the same points as 
the discharge-tube. The negative ends of the filament 
batteries of these valves are joined back to the point E 
through a variable source of potential V and a delicate 
galvanometer G. 

The point E is a node of potential, and if its potential is 
taken as zero the potential of D will be V,sinpt when 
that of Fis — V, sin pt. If V is greater than V, the plates 
of the rectifying valves must always be at a negative 
potential relative to their filaments, and no current can flow 
through the valves. If V is less than V, the plates are 
positive to the filaments once in each alternation, and currents 
will flow through the valves and be registered bv G. 

V is therefore adjusted till G just reads no current, and 
the value of V, thus found. The “peak” value of the 
alternating E.M.F. is 2V,. 

Were it not for the valve capacity one valve would be 
sufficient, two similar valves keeps the set symmetrical. 

This arrangement as already stated is not ideal. The 
potential measured is that just outside the discharge-tube, 
which is not quite the same as that between the electrodes 
where the discharge is occurring. There may be a small 
potential distribution down the leads from the filaments to E, 
and for tlie high frequency used the time tlie electrons take 
to eross the valves is for small voltages comparable to the 
time of oscillation, which will introduce an error not yet 
estimated but not more than a few volts. The method of 
experiment was to have the transmitter and secondary 
circuit coupled together, the secondary circuit having its two 
rectifying valve circuits attached, and the transmitting valve 
was then turned full on. If the tube did not light up it 
could generally be started by a spark from a small induction 
coil, one of the secondary terminals of which was joined to 
the node E and the other of which was placed about 1 cm. 
from the wire at F. The discharge was then reduced either 
by loosening the coupling, or reducing the filament current 
of the transmitting valve, or both, till the discharge was only 
just passing, when the peak voltage 2V, was determined as 
above. The results for various low pressures are shown in 
curve (c) fig. 2. 

For very low pressures the only way to get the discharge 
going was to raise the pressure slightly, start the discharge, 
and then, keeping the discharge running, pump down again 
to the lower pressure. When the discharge was going it 
was not possible to stop it by reducing the pressure as far as 


it could possibly be reduced by a Toepler pump. 
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(6) Carve (c) shows that there is a very striking differ- 
ence between the conditions for the maintenance of a 
discharge when the applied E. M.F. alternates 36 million times 
a second and when it alternates 200 thousand times or is 
unidirectional. In the latter cases, the minimum potential 
for maintenance with the tube used occurs at about 3 mm. 
pressure, but in the former case, even when the pressure had 
been reduced to 1/50 mm., the minimum potential had not 
been reached. The difference in the magnitude of the 
potentials required is also remarkable; the R.M.S. of the 
minimum potential for the 200 thousand oscillation is about 
300 volts, but with the 36 million oscillation a peak valve 
of 100 volts will maintain the current with pressures much 
smaller than that at which the ordinary minimum sparking 
potential is obtained. 

The large effect obtained with the short-waved oscillations 
mav be seen from the consideration that the pressure of 
1/100 mm. of mercury is of the order of pressure of an 
X-ray bulb, and at about this pressure a discharge from 
an induction coil passed more easilv through air at atmo- 
spheric pressure between electrodes 10 centimetres apart, in 
parallel with the bulb. Yet on the short wave at this 
pressure the tube was brightly illuminated, when the poten- 
tial difference between the terminals was about 150 volts. 

(7) The discharge in the bulb was obtained with pressure 
much less than 1/100 mm. It was found that if the discharge 
was left running with the gas at about 1/100 mm. pressure, 
the hydrogen gradually disappeared and the pressure fell 
till it was less than 1/1000 mm. At this very low pressure 
the spectrum of the discharge showed very bright mercury 
lines and scarcely any trace of the hydrogen spectrum. For 
this reason too much stress should not be laid on the actual 
values of the potential for current maintenance at the lowest 
pressures, as at these the mercury vapour appears to have 
more effect than the hydrogen. ! 

It is worthy of note that at the very lowest pressure 
attained the potential required to maintain the discharge was 
only a few volts. | 

It was also found that the discharge was obtained at very 
low pressures in hydrogen from which the mercury vapour 
was removed hy charcoal cooled with liquid air. 

(8) From the spectroscopic point of view, the short-wave 
transmitter appears to offer the means of working at 
pressures considerablv lower than those which hitherto liave 
been found practicable. It is an advantage for spectroscopy 
to eliminate the electrodes, and some experiments were made 
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to see if the short wave would produce an electrodeless 
discharge. For this purpose the same transmitter and 
coupled circuits were used, except that the open ends of the 
secondary circuit, instead of being joined to the electrodes of 
the discharge-tube, were laid along the outside of the tubeon 
opposite sides of it, or better still looped round it a few cms. 
apart. On starting the valve transmitter, it was found that 
the tube, if at a fairly low pressure, lit up at once. For the 
very low pressures it was necessary to help the discharge to 
start with an induction coil applied just as before described 
(one terminal joined to the potential node on the secondary 
circuit and the other a centimetre or two from one of the 
free ends). In this way the discharge could be started with 
the pressure as low as 1/500 mm. Generally speaking, it 
wus easier to get the electrodeless discharge to pass than the 
discharge between electrodes. It need scarcely be added 
that if the luminous discharge alone is required it is un- 
necessary to have the two rectifying valves attached to the 
secondary circuit. 

(9) The ditficulty of obtaining the supply of electrons to 
Maintain a direct current at very low pressures is that the 
majority of the electrons have very few collisions with gas 
molecules, and the general explanation of the ability of very 
rapidly alternating E.M.F.s to maintain a discharge at very 
low pressures is that in moving between the electrodes a 
large number of the electrons cover a distance many times 
greater than the distance between the electrodes, and thus 
the chance of a collision is very much larger than if the 
electrons passed straight across. 

The general motion of the electrons up to the time they 
have a collision is a movement through a distance d in one 
direction followed by a movement d’ in the reverse direction, 
this process being repeated indefinitely till an electrode is 
reached. 

If the E.M.F. is V sin pt it is easy to see that in the cases 
where the velocity of the electrons happens to be zero at 


T is 
time ¢ = Zp the electrons oscillate about a mean position ; 
and in cases where the velocity is zero at time t=0 the 
electrons move across the tube with alternate accelerations 
and retardations without any reversal in the direction of 
motion. (These are the extreme cases.) The electrons whose 


velocity happens to be zero at times near to B have d' very 


nearly equal to d. These in one alternation cover a total 
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distance d 4- d', but actually only approach the electrode by 
the small distance d — d’. 

It is, of course, essential that in its excursion d the electron 
does not encounter the electrode, which agrees with the fact 
that the low pressure phenomena only come into prominence 
for the extremely high frequencies where the distances d and 
d' can be proved iv bà mucl less than the distance between 
the electrodes for the particular electric forces which 
produce the discharges. 

(10) It would appear from the preceding argument that 
the discharge might prefer a low voltage to a high one as 
the excursions would be smaller, and it was found possible 
to show this experimentally. A tube was taken 95 cm. long 
(in this case containing air) and the pressure brought very 
low by the use of charcoal and liquid air. The wires of the 
secondary circuit were laid alongside the tube and the whole 
tube lit up; but by reducing the strength of the valve 
oscillator 1t was possible to light up only a portion of the 
tube; not near the ends of the wires where the potential 
was biggest, but at points where the potential was less. 


These experiments were conducted in the laboratory of 
Prof. Townsend, who has given us very much help and advice. 


—— OS — N 


X. Shape of Waves from Large Explosions, 
By T. Cartron Scurton, M.Se., F.Inst. P.* 


Foreword. 


The following consists of :— 
(1) Some deductions as to the nature of waves emitted from 
large explosions, bused on the accepted theory of Rankins, 
Hugoniot, and others. 


(2) The application of these deductions to registrations of the 
recent explosion at La Courtine, especially to a photo- 
graph taken by M. Dufour f. 


In the argument that follows, the deductions (1) and their 
application (2) have, for the sake of interest, been developed 
together. The former hold good as deductions from general 
theory; on the other hand, although it seems appropriate 
and reasonable to apply them to M. Dufour’s observations in 


* Communicated by the Author. 
t Dufour, C. R., 1924. 
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the way that is here done, a full justification of any such 
step must necessarily await the collection of further evidence ot a 


kind that can only be obtained by experiments on a very large 
scale. 


M. Dufour’s Photographs. 


OME interesting photographs have been taken bv 
M. Dufour at the École Normale Supérieure, and give 
some indication of the nature of * heavy " sound waves 


transmitted over a long distance. The source of these 
waves was the explosion of a charge of 10,000 kilogramme: 


at La Courtine in Central France. The waves travelled 
about 180 miles, and were recorded at Paris by a number of 
Dufour microphones. These microphones consist of a large 
circular disk about 1 foot in diameter, carrying at the centre 
a small coil ; when the sound impulse is received, the disks 
vibrate and move this coil in an intense magnetic field. 
In these particular measurements four microphones were 
used, connected with the strings of an Einthoven galvano- 
meter in such a way that the currents passed in one 
direction through strings 1 and 2, and in the reverse 
direction through strings 3 and 4. M. Dufour's photograph 


Fig. 1. 
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is reproduced in fig. 1. The natural period of the micro- 
phone disks is of the order of 0°07 second, and is seen iu the 
smaller fluctuations recorded ; the larger fluctuations of 


approximately 1:0 second period are attributable to the 
explosion at La Courtine. 


Deductions from General Theory. 


M. Dufour’s photograph was taken at Paris. On account 
of the distance (180 miles) from La Courtine, where the 
explosion took place, and since the nature of the ground, 
the cloud distribution etc., is not regular, the fluctuations 
registered may be due to irregular reflexion and refraction, 


and may represent the “drawing out” of a single wave- 
front. 
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Without considerably more evidence and measurement 
it is not possible to speak with any certainty ; nevertheless, 
it is of interest to examine what shape of wave-front would 
be expected from a large explosion, and examination may 
well be made in accordance with current theory ". 

This theory may be developed to show that, when 
explosions are sufficiently large, (1) the disturbance is of 
a fluctuating nature, (2) its component pulses occur in 
groups, separated by intervals in which no pulses occur, and 
(3) the number and duration of these groups increase with 
the size of the explosion. 

That portion of the theory which affects the present issue 
has been summarized t :— 

* When in a fluid medium, a discontinuity exists of such 
a nature that the pressure and density are much greater 
on one side of it than they are on the other side, a pulse ora 
series of pulses is set up which tends to decrease this 
difference. These pulses are pressure pulses passing from 
the region of high pressure into the region of low pressure, 
through which they will continue to travel until some other 
surface of discontinuity is reached or their energy becomes 
absorbed in the medium. They travel with a velocity 
greater than the velocity of the particles in the medium by 
an amount which is commensurate with the velocity 
of sound in the medium, and so of course approach and 
reach the boundary of the medium. 

** No pulses of rarefaction originate at the discontinuity.” 


Consider now some phenomena of the expansion in free 
air of a relatively large gaseous mass produced by an 
explosion, taking for simplicity the hypothetical case in 
which the explosion is imagined instantaneous throughout 
the mass. 

The diagrams I. to IX. (fig. 2) indicate the density distri- 
bution within the explosion gases at successive instants. 

a, b, c, d, e, f, g, ...... o represent a row of actual particles 
extending from the outermost laver of explosion products to 
the centre of the explosion. Of these, a at the outer edge 
moves outward rapidly ; 6, c, d, etc., move less rapidly ; and 
o at the centre remains stationary. Consequently, the 
position in space of a, b, c, ete., varies from diagram to 
diagram, but the ordinate at a, compared with the ordinates at 

* Earnsbaw, Phil. Trans. 1860. Rankin, Phil. Trans. 1870. Hugoniot, 
J. de L'École Polytechnique, 1887, 1239. Jouguet, J. de Math. Pures et 
Appliqués, 1906. Rayleigh, P. R. S. 1910. Crussard, ‘Za Technique 


Moderne,’ 1914, 1920, et sqq. Becker, Z. f. Elec. Chem. 1917. 
T Jouguet, ibid. 
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b, c, d, etc., represents in each diagram the instantaneous 
density of the medium in the immediate neighbourhood 
of particle a, as compared with that in the immediate 
neighbourhood of particles 5, c, d, etc. 

Diagram I. represents the condition at, or immediately 
after, the explosion. In the case under consideration, 
conditions are then uniform for an instant, i. e., pressure, 
temperature, density, etc., are the same bitoaahont the 
exploded mass ; the gradient in the interior is zero, that at 
the bounding surface infinite. 


When conditions are as in diagram I., particles in the 
outer layers immediately begin to travel outwards from 
the centre, driving back surrounding air and mixing with it. 
These outer layers are the first to expand and mix, and are 
therefore the first to decrease in density and pressure. 
Towards the centre, on the other hand, the decrease is much 
less rapid, because (a) the pressure gradient, and so the 
outward driving force, is less in the earlier stages of the 
expansion, (b) mixing with outside air does not occur, and 
(c) loss of energy by radiation is less. That is to say, 
a large and increasing drop in density takes place within the 
medium but in its outer layers ; the density of the inner 
layers remains high in comparison. This is indicated in 
diagrams II. and III. 

Consequently, in addition to the discontinuity at the outer 
surface, steep densitv-gradients tend to form within the 
medium, and increase in steepness until something approach- 
ing a second discontinuity is attained. 

Such gradients (continuous although steep) have not, 
as yet, yielded to mathematical analysis. The steeper the 
gradient, however, the more nearly it resembles the fully 
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analysed case of a “discontinuous bounding surface of 
infinite gradient." If (and when) the gadoni in this 
critical steep region becomes sufficient, a pressure pulse * is 
formed and passes outward through the explosion gases 
towards the bounuing surfaces and the regions of lower 
pressure (diagram IV.). 

The gradient is thus relieved, so that the neighbouring 
region towards the centre becomes the region of maximum 
gradient. 

As the expansion continues, the gradients further increase, 
aud a second pulse originates a finite distance withiu the 
bounding layer (diagram V.). 

Similarly, subsequent pulses originate further and 
further from the boundary, the position of the successive 
surfaces at which they form passing towards the centre. 
Diagrams IV. to VI. indicate these phases of the pressure- 
distribution. 

In general, this formation of pulses continues until the 
converging spherical surfaces of formation extend to the 
original centre of explosion, where they contract to a point. 
In this respect the pressure distribution has become that 
shown in diagram VI. "The energy of the central region of 
higher pressure has now been expended, and the production 
of pulses ceases. As the last pulses pass outwards the dis- 
tribution in diagram VII. is attained. 

When relatively small masses of explosives are detonated, 
substantially the whole of the energy of detonation has been 
dissipated by the time this stage is reached. 

If, however, sufficient energy remains, the conditions in 
diagram VII. are similar to those in diagram I., and are 
favourable to the production of a further series of pressure- 
pulses in the medium. If the size of the explosion is 
sufficiently large, phases II. to VI. may therefore be repeated 
time after time and series after series of pulses be formed. 

Within the mass of explosion products, therefore, there 
may originate a number of series of pressure-pulses passing 
outwards, separated by periods during which no such pulses 
pass.T 

Whenever a new series of pulses reaches the expanding 
boundary between products and air, the fall of pressure 
at the bounding surface is momentarily checked (may even 


* Such pulses are additional to any which are formed at that “ outer " 
discontinuity which necessarily exists where the outermost layer of the 
explosion gases is pressing against the external air. : 

i In explosions of small or of moderate size, only one such series 
forms. In larger explosions, several series may form. 
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be converted momentarily into a rise). The pressure 
between products and air therefore fluctuates in period with 
the arrival of each series of pulses. 

In a sufficiently large explosion, therefore, tle wave 
impressed upon the outside air is also fluctuating. It con- 
sists of a main pressure-pulse and a number of smaller 
superimposed pulses which themselves occur in groups 
and are related to the several series of pulses discussed 
above. 

The size, period, and general nature of each such series 
depend on the conditions of the explosion products at the 
time of origin of the series. Such relation as may exist 
between the periods of the various series will nut be a 
simple one, and it would be better to use observations of 
these periods to determine the condition of the explosion 
products, rather than to argue in the reverse order. 


Application to M. Dufour's Photograph. 


The e.m.f. induced in a magnetic coil attached to a drum 
diaphragm, such as was used by M. Dufour, records directly 
the rate of increase or decrease in pressure of the super- 
incumbent air. A fluctuating series of groups of pulses 
causes, therefore, a record in which the trace passes alternately 
above and below the zero position, according as the pressure 
is momentarily increasing or decreasing. 

M. Dufour's photograph is of this nature. 

The simple theory developed above cannot rightly be 
applied unless the explosion occurs (1) in free air, and (2) 
at the same instant throughout the whole mass. Neither of 
these conditions applies to the explosion at La Courtine. 
The full theory will necessarily be more complex. This 
theory will, however, involve the production of series 
of pulses as in the case of the simple theory, and the chief 
features of M. Dufour's photograph may perhaps be inter- 
preted on these lines rather than as the result of a mere 
** drawing out" of a single wave-front by refraction and by 
reflexions from earth and clouds. If this can be done, it 
would follow that :— 


(i.) The groups of pulses received at Paris were of 
recordable magnitude for at least five seconds and 
were of a composite nature. 

(i4) During this time the disturbance travelled at least 
one mile ; the wave-front, therefore, was at least 
one mile in thickness. 
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(ii.) The gradients within the expanding explosion gases, 
and between them and the surrounding air, were 
appreciable for five seconds. 


(iv.) At least five series of pressure-pulses were formed 
in the explosiou gases during this time. 


(v.) The time between the passage of the first and that of 
the second series of pulses (1°5 secs.) was con- 
siderably greater than the time between the 
passages of subsequent series (less than 1'0 sec.). 


(vi. The rate of change of pressure on the microphones 
(i.e. the suddenness with which pulses were produced 
in the explosion gases) was greatest for the second 
and third series. 


Variation with Size of Explosion. 


The time occupied in the formation of a series of pulses in 
the way described above, depends upon the time taken by 
the converging spherical surfaces (of steep gradient) to 
pass to the centre of explosion. In general, the greater 
the volume of explosive detonated the longer the path to 
be traversed by these surfaces, and consequently the longer 
the recorded pulses. 

M. Villard * and M. Dufour have noted this from the 
experimental side. By examining a large number of sound- 
ranging records they have traced this relation between “ size 
of gun and duration of the wave emitted "' (measured by the 
time during which the strings of an Einthoven galvanometer 
remain deflected), and found that the duration of the wave 
increased with the mass of explosive fired. The prolonged 
deflexions in the case of the explosion of 10,000 kilogrammes 
at La Courtine confirms this relation. 

A more detailed analysis of this matter is scarcely 
warranted at present; those remarks are confined, therefore, 
to indicating how this interesting and remarkable record 
may be interpreted in accordance with the demands of 
current theory. 


My thanks are due to the Director of Artillery for 
authority to publish. 


Research Department, 
Woolwich. 


. * Villard, Comptes Rendus, 1924. 
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I. INTRODUCTION. 


1. HE transmission of sound from one ear to the other 

through the head has long been a matter of interest 
to scientists. Not only is it important from the point of 
view of the general theory of hearing, but also many 
investigators have suggested that transmission, by way of 
the bones of the head, is a factor which assists in the 
localization of sounds. 

2. In spite of its importance very little experimental 
work appears to have been done on the problem, neither, 
so far as I know, has it ever been clearly formulated. 

3. A similar problem has confronted architects and 
builders, who have been called upon to construct sound- 
proof rooms; and it is only recently, chiefly within the 

* Communicated by the Author. This research was carried out in 
the Psychological Laboratory, Cambridge, with the aid of a grant from 
the Medical Research Council. 
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last ten years, according to Watson * that the question of 
the transmission of sounds through buildings has been 
scientifically investigated. : 

4. In. his monograph on “Sound Proof Partitions” 
Watson points out that two types of transmission must be 
discriminated. In the first type the sounding body is 
directly in contact with the framework of the building: 
in the second it is not. With the former the buildmg itself 
is put into vibration, and the sounds are conducted to great 
distances; with the latter the sounding body sets up 
vibration in the air of the room in which it is situated. 
These aerial vibrations travel to the boundaries of the room, 
and may be transmitted to the other side through the 
partitions. 

9. Transmission of the second type (aerial sound- waves) 
may take place, Watson maintains, in three ways :— 
(a) Firstly, through narrow cracks or holes, which form 
continuous air channels, along which the waves can per- 
colate to the other side. This is the most common form of 
transmission. Sound-waves can, in this way, pass through 
considerable thicknesses of hair, felt, and flannel. (b) 
Secondly, the aerial waves may set the partition, or some 
part of it, into vibration. The partition then transmits the 
vibrations to the other side, setting up sound-waves on the 
further side as a telephone diaphragm might. With ordinary 
rigid walls such transmission is very slight. (c) Thirdly, 
the aerial waves may arouse elastic waves in the solid 
structures of the partition—waves of the same nature as 
these set up in the framework of the building when the 
vibrating body is itself in contaet with the tramework. 
The amount of this transmission is practically infinitesimal, 
not because the walls will not transmit such sound-waves, 
but because of the great difficulty in initiating them. - 
Aerial sound-waves, even of great loudness, have compara- 
‘tively little energy. The amplitude of the aerial vibration 
of a loud sound is, according to Shaw f, of the order of 
*:004 in. So that it would be surprising if the light air 
particles, vibrating with so small an amplitude, had any 
Ee effect on the heavy, rigidly held, particles of a 
wall. | a 

6. As with buildings, so also when considerjng the trans- 
mission of sound energy through the head, we must clearly 


* Univ. of Illinois; Eng. Expt. Station Bull. No. 127, pp. 1-78 
(1922); Engineering, 114, pp. 196-197 (1922). 
1 Proc.. Roy. Soc. A, lxxvi. pp. 360-366 (1905). : 


Phil. Mag. S. 1. Vol. 2. No. 7. July 1926. L 
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discriminate between (a) vibrations set up in the frame- 
work, the bones, etc., by direct contact with the sounding 
body, and transmitted to the ears by what may properly be 
termed “ Bone-conduction " ; and (b) vibrations due to 
the arrival of aerial sound-waves at the ears. It is with the 
latter type of transmission that we have to deal. With 
the former we have little concern in ordinary life, since 
‘sounds usually reach our ears as aerial waves. 

7. Aerial sound-waves, falling on one ear in the usual 
manner through the meatus, may conceivably be transmitted 
through the head so as to affect the other ear in three 
ways:— 


(a) The vibrating tympanum may set the air in the 
middle ear at the near side into vibration, and 
these aerial waves may pass through the sinuses 
or air passages to the far ear. 

(b) The head may be made to vibrate as though it were 
a diaphragm, cf. para. 5 (b), when the far tym- 
panum, in contact with the relatively stationary 
air on that side, would be set into motion. 

(c) Elastic waves may be set up in the framework of 
the head and thus transmitted to the far ear. 


It seems probable, however, that any transmission which 
may occur, with sounds of ordinary intensity, is due either 
to (a) air transmission through the sinuses. or (c) elastic 
avaves of some nature in the head itself. 


II. PURPOSE or THE PAPER. 


8. The purpose of this paper is to make a preliminary 
survey of the evidence for the assumption that air-borne 
sounds communicated to one ear in the normal manner can 
be transmitted through the head to the other ear ; and if so, 
to consider the further question of ihe details of such 
transmission, e. g., the magnitude and the manner of the 
transmission. 


III. Previous Work. 


9. I am unable to find who first observed the fact that, if 
sound-waves are set up in the bony framework of the 
skull—e. g., by pressing the butt of a vibrating tuning-fork 
against the teeth or the mastoid process—such vibrations 
can be heard ; but Cappivaccius is stated to have ascribed 
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great diagnostic value to  bone-conduction as early 
as 1509 *, while it is over fifty years since Mach t (1874), 
suggested that the phenomenon of binaural beats might be 
explained by assuming that the sound was conducted from 
one ear to the other through the bones of the head. 

10. Thompson ł considered the possibility of such an 
hypothesis in 1877, three years after Mach's suggestion, of 
which he does not appear to have been aware; but he 
dismissed it because, he argued, if the amount of bone- 
conduction were sufficient to account for the phenomenon 
of binaural beats, “There would be no reason why combin- 
ational tones should not be equally audible in binaural as in 
monaural audition," 

ll. Hermann $,: 1891, also invoked the aid of bone-con- 
duction; while Foster |, in the same year, after quoting 
an experiment which proved that sound vibrations set up 
in the skull are transmitted to the stapes, proceeds as 


follows :— 

“Not only may vibrations be transmitted from the 
skull to the tympanic membrane, but also conversely 
the vibrations of the membrane brought about in the 
usual way through the meatus, may be transmitted 
to the bones of the skull. If a long tube introduced 
into one meatus be spoken or sung into, the sounds may 
be heard by help of a stethoscope placed over various 
parts of the head. They are heard best perhaps at 
the opposite meatus ; the vibrations of the bones of the 
skull set going by one tympanic membrane throw 
the other tympanic membrane also into vibration.” 


The experimental fact, that a sound introduced into one 
ear was heard through a stethoscope placed over various 
parts of the head, is of great interest. It is the first piece 
of experimental evidence, of which I am aware, to show 
that air-borne sounds can be transmitted through the head. 
Weare not concerned with the speciousness of the argument 
which extracts from the fact the deduction, that the 
vibrations of the tympanic membrane are transmitted to 


the bones of the skull. 
12. Then Cross and Goodwin'f, in 1891, published the 


* ‘Die Krankheitendes Gehororgans,’ 1827. 
T Quoted by Cross & Godwin, Amer. Acad. Arts & Science, (N.S.) 


xt pp. 1-12 (1891) 
t Phil, Mag. [5] iv. p. 27 (1877). 
§ Pfluger’s Archiv, hie pp. 499-518 (1891). 

| Text Book of Physiology, 1891, p.. 1382. 

€ Amer. Acad. Arts & Sci., S pp. 1-12 (1891). 
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results of a very careful investigation they had completed, 
on the lines indicated by Thompson. They argued that 
difference tones should be heard when suitable sounds were 
led to the ears separatelv and simultaneously, if sound 
energy is conducted through the head to any appreciable 
extent. Tones were produced and conducted to the ears in 
various ways, viz., telephones on both ears ; a telephone at 
one ear and a fork at the other ; through tubes ; and by 
metal rods, the tones being generated by pressing the stems 
of forks against the rods. In none of these experiments, 
when the ears were stimulated separately by tones of 
different pitch, could difference tones be heard, whether 
the sounds were quiet or deafening ; but if the sound-waves 
were allowed to mix before reaching the ear, or if vibrations 
were set up in the bones of the head by putting the tuning- 
fork (in their second method) or one of the metal rods (in 
the last method) “against the head or, better, against the 
teeth, a loud differential tone was heard at once in the ear,” 


which was being stimulated by aerial sound-waves. 
Their conclusion was (p. 11) : 


“ If there were any material bone-conduction, it 
certainly seems as if the very loud sounds used by us 
would have given evidence of it at least by the 


occasional production of differential tones when the 
sounds actuated separate ears." 


13. Mader *, in 1900, carried out à long series of experi- 
ments on human heads, one of which had the top of the 
skull and the brain removed, while another was whole. The 
heads were preserved in formalin. In some of his experi- 
ments sounds were led sometimes to one ear only, and 
sometimes to both ears simultaneously, through rubber 
tubes, the ends of which were either inserted into, or fixed 
very close to, the meatus. A specially constructed micro- 
phone, with a needle attached to one plate, was used for 
detecting vibrations in selected parts of the bones of the 
heads. The needle was placed against the bone under 
examination, the fleshy covering of the bone being removed 
to ensure good contact. The microphone was connected to 
a telephone in an adjoining room, where the observer sat. 

14. Mader states (p. 47) that he tested the microphone 
in each experiment, and that, though it was very sensitive, 
in none of the observations he publishes was there any trace 
of the sound-waves acting directly on the microphone. 


* Sitzungsber d. Kais. Akad, d. Wissens. Wien, cix. pp. 77 -35 (1900). 
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15. He found unmistakable evidence of vibrations in the 
microphone when sounds were led into or close to the ears, 
and concluded that air-borne waves could induce vibrations 
in the bones of the skull. His view was (p. 67) that 
the waves of compression and rarefaction in the air in 
the meatus and in the middle .ear “ produce sound-waves 
in the surrounding masses of bone." 

16. Rostosky *, 1902, seven years later, put forward 
an hypothesis, to explain the phenomena of binaural beats, 
which was almost identical with that suggested, apparently 
quite independently, by Myers and Wilson in 1908 as 
a possible explanation of the “phase effect". Rostosky 
showed how, by assuming “bone conduction ", the pheno- 
mena of binaural beats could be explained. But, as Stewart 
pointed out in 1917 f, Rostosky made a mistake of a 
sign, so that, according to his theory, the sound would 
be localized on the right when it was actually on the 
left, an error. which Myers and Wilson avoided. 

17. When Myers and Wilsont, 1908, proposed their 
‘hypothesis of the localization of tones by binaural differ- 
ences of phase, they justified the assumption that sound 
entering one ear is transmitted through the bone of the 
head to the internal ear on the opposite side on these 
grounds $ : 

* [t is impossible to stimulate the end organs of 
one ear without at the same time stimulating those 
of the other ear. When a sound is led to one ear, 
not only does it pass to the cochlea of that ear but, 
traversing the bony vault and base of the skull, it 
also travels to the opposite internal ear........ One 
is apt to neglect this bone conduction of sound from 
ear to ear, under conditions when two tones are 
led by tubes from separate rooms, one tone to each 
ear of the observer who sits in an intermediate 
room......... Yet there cannot be the slightest 
deubt, even under these circumstances, as to the 
transference of each tone by bone conduction of the 
opposite ear.” | 


18. In support of this statement they quote Mader's 
experiments and an experiment they themselves performed, 


* Philos. Stud. xix. PP 557-598 (1902). 
t Phys. Rev. ix. p. 517 (1917). 
t Proc. Roy. Soc. lxxx. A, pp. 260-266 (1908); Brit. Journ. Psych. 
ii. pp. 363-385 (1908). 
(brit. Journ. Psych. ii. p. 380 (1908). 
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which is similar to the one described bv Foster. Myers and 
Wilson give this account of their experiment * :— 


* It was found that an appreciable amount of sound 
could be sent through a person’s head from one ear 
to the other. Ear caps with tubes attached were 
fitted to each ear, and a vibrating tuning-fork was 
held near the end of one tube. An observer listened 
at the end of the other tube, and with a fork of 
frequency 512 a distinct sound was heard, which seemed 
to come along the tube, [My italics.) The amount 
of sound getting through the head must, of course, be 
much smaller than the amount entering one ear and 
getting to the opposite internal ear.” 


In another paper T what is apparently the same experi- 
ment is thus described :— 


* We ourselves, by leading the tone of a tuning-fork 
to one ear of an individual, proved that an appreciable 
amount of sound could be transmitted through his head 
to the other ear and could thence be conducted by a tube 
so as to be audible to tlie ears of a second observer." 


19. In 1912, Nikiforowsky 1 endeavoured to obtain 
experimental evidence of the transmission of sound through 
the head. He employed a specially constructed microphone, 


isolated in lead, to detect sound vibrations under three 
different conditions. 


(a) When the sound was produced by the subject 
speaking or singing ; 

(b) When the sounding body, e.g. a tuning-fork, was 
outside the subject's body, but was in direct 
contact with the head ; 


(c) When aerial sound-waves impinged on the head. 


His results showed that, with (a), the flow of energy 
is greatest through the nose and mouth and that “the 
quantity of energy flowing from the ears is relatively 


large" (p. 196), while cemparativelv little energy flows 
from the hard parts of the head ; 


With (b), “the hard parts of the head propagate 
the sound better than the soft, and the sound energy 
flowing from the ears exceeds, under the same con- 
ditions, that from the other parts of the head" (p. 197). 


* Proc. Roy. Soc. lxxx. A, p 266 (1908). 
+ Brit. Journ. Psych. ii. p. 381 (1908). 


t Zeit. f. Sinnes Physiol. xlvi. pp. 179-192 (1912). 
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With (c), in spite of ** very numerous and diverse experi- 
ments" with sounds “as strong as possible" he could 
obtain nothing positive, and concluded that the amount of 
die which cauli penetrate inside the head was exceedingly 
small. 

20. Peterson *, carried out an inquiry into “The 
Nature and Probable Origin of Binaural Beats ” in 1916, 
and also included in his investigation an extensive series of 
experiments on an observer who was deaf in one ear. By 
no method could he obtain any evidence that aerial sound- 
waves, impinging on one ear, could excite the other ear also. 
He states his conclusions thus (p. 349):— 


* Binaural beats and the perception of phase differ- 
ences [cannot| be explained on the basis of conduction 
of the sound wave from ear to ear through the 
skoll. a Both of these phenomena seem to be 
cortical in origin, while monaural beats probably 
originate in the basilar membrane. Combination 
tones, both subjective and objective, are in all proba- 
bility objective in origin to the basilar membrane." 


21. Stewart (1917, 1920, and 1922), while maintaining 
that bone- conduction cannot be a possible explanation of the 
general phenomena of binaural beats or lie at the basis of 
our perception of phase t, nevertheless falls back on such 
transmission as an explanation of the maxima and minima of 
intensities he perceived in binaural beats 1. 


IV. REMARKS ON THIS WORE. 


22. The only direct evidence I have been able to discover, 
which is adduced as proof of the transmission of aerial-bone 
sound-waves through the head, is contained in the experi- 
ments described by (a) Foster (para. 11); (b) Mader 
(parns. 13-15); and (c) Myers and Wilson (paras. 17, 18). 

23. Mader's evidence is very direct and emphatic. The 
account he gives of his experiments leaves little room to 
doubt his observations. He was, admittedly, working with 
dead heads; but, if sound-waves can be set up in the bones 
of a dead head by aerial vibrations led into the ears, there 
is every possibility that they can similarly be produced in 
the bones of the living Bad. Against this evidence, 
however, we must set that of Nikiforowsky, whose results 

* Psych. Rev. xxiii. pp. 333-351 (1916). 

t Phys. Rev. xv. pp. 426-445 (1920). 

1 Psycb. Monog. xxv. pp. 31-46 (1917-18) ; Phys. Rev. ix. pp. 502- 
528 (1917). 
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were negative. Nikiforowsky worked with the living head, 
and with a microphone which was carefully shielded from 
air-borne sound-waves, which Mader’s was not. The experi- 
ment should be repeated, preferably by a psychologist. 
With the powerful means of attack which are now available, 
it should be possible to obtain data which will either prove 
or refute Mader's results. I hope to carry out such an 
investigation in the near future. 

24. As regards Mvers and Wilson's experiment, the lack 
of details of the measures taken to prevent the sound from 
reaching their observer by ordinary air paths makes one 
hesitate to accept the observations as proof that “an 
appreciable amount of sound could be transmitted through ” 
‘an individual's head. Their observations, and the similar 
ones by Foster, require confirmation ; especially in view of 
the evidence produced by Peterson that he could not make 
his monaural subject hear a note led to his deaf ear when 
the normal ear was plugged. If the deductions drawn by 
Foster and bv Myers and Wilson from their observations 
are correct, that is if the sounds heard by them had actually 
travelled through the head of their subject, it is difficult to 
understand why Peterson's monaural subject could not hear 
a sound introduced into his deaf ear. 


V. My EXPERIMENTS. 


25. I have accordingly repeated the observations of 
Foster and of Myers and Wilson, with the modifications I 
indicate later. I have also repeated the experiment of Cross 
and Godwin, to see if I could find any evidence for the 
transmission of sounds through the head by the detection of 
difference tones when the primary tones were led separately 
and simultaneously to the ears. 


(A) Direct observation of Sound transmitted through 
the Head. 


(a) Experiment and Results. 


26. I at first attempted to repeat Foster's experiment, 
ihe subject and observer being together in the sound-proof 
room. 

The sound was produced bv a telephone at the subject’s 
ear. I endeavoured to isolate the sound, so that it could 
not be heard by another person in the sound-proof room. 
In this I was quite unsuccessful with the means at my 
disposal, unless I made the sound very quiet. This would 
obviously make it very difficult to detect the sound, after 
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transmission through the head. I therefore turned my 
attention to the observer. He was provided with an ordinar 
stethoscope, as in the experiment described by Foster, wit 
which he explored the subject's head. Preliminary experi- 
ments showed that the observer was by no means isolated 
from sound. Even when he pressed the mouth of the 
stethoscope firmly against the fleshy part of his thumb, he 
could still hear the subject speak, and he could still hear 
a vibrating tuning-fork or telephone held in the subject's 
hand, though the loudness was considerably decreased. 
It the subject held the vibrating tuning-fork or telephone 
Near one ear, the observer could clearly hear the note 
when he held the stethoscope near to, or touching, the 
aubject's head. If the observer now placed the stethoscope 
receiver against the subject’s head the loudness of the sound 
decreased, and at times could not be heard at all, if the rim 
of the receiver made good contact all round its circumference 
with the head. This decrease in loudness was observed 
whatever the part of the head to which the stethoscope 
receiver was applied, provided the contact between the 
receiver and the head was sufficiently good. 

27. The experiment was now repeated under conditions 
which, without any doubt, gave rise to bone-conduction. 
Bone-conduction was obtained by the subject holding a 
gently vibrating tuning-fork between his teeth. With the 
receiver of the stethoscope near the head, the observer either 
could not hear the fork at all or else he heard it but faintly ; 
with the stethoscope receiver in contact with the head the 
sound became much louder, while, if the receiver were 
pressed on a bone, the fork was heard very distinctly and 
could be lieard sometimes even after the subject had ceased 
to hear it. This depended, apparently, on the relative 
auditory acuity of the subject and of the observer. 

28. lt might be argued that these experimental results 
can be explained as follows. The pressure of the mouth of 
the stethoscope in the first experiment prevents the bone 
from vibrating, and so the sound grows quieter as the 
pressure increases: in the second experiment the osseous 
vibrations are so great that they are not damped by the 
AG a This explanation is not, I think, very probable 

n the first experiment the loudness of the sound heard by 
the observer decreased very perceptibly whenever there was 
good contact between the stethoscope receiver and the head. 
Pressure was only necessary when good contact was otherwise 
impossible owing to the unevenness of the surface. In the 
second experiment the sound of the tuning-fork held 
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between the teeth could be heard, when the stethoscope 


. was pressed against the mastoid process. 
P g p 


Sometimes the 
soun 


could be heard by the observer for a longer time thau 
the subject himself could hear it, that is when the amplitude 
of the osseous vibrations was too small for the subject to 
appreciate the sound. 


(b) Conclusion. 


| 29. These experiments would seem therefore to support 

| Nikiforowsky’s finding, and to throw doubt on the validity 
of Foster's and of Myers and Wilson's deductions, (a) that 
aerial sound-waves of ordinary intensity can be transmitted 
through the head so as to be heard on the other side,l'and 
(b) that the transmission is due to bone-conduction. No 
matter how the sounds reached their observers it would seem 
clear that they were not transmitted by bone-conduction. 


(B) Difference Tone Experiment. 


j 30. My Difference Tone Experiment is a repetition [of 


that performed by Cross and Godwin. The only variation 
is in the apparatus used. 


(a) Apparatus. 


31. The tones were produced by telephones in oscillating 
circuits *, as shown diagrammatically in fig. 1. 


Fig. 1.—Diagram of Apparatus. 
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B, High Potential Battery (54 volts). B, Accumulator (6 volts) 
C. Variable Condenser. I. Inductances. R. Valve. S. Switch 
sh. Shunt. T. Telephone. V. Voltmeter. V.R. Variable Resist- 


ance. Sw. 4-way Switch, by means of which the telephones can be 
connected to either circuit. 


* A full description of the apparatus will be found in the British 
Journ. Psychology, xv. pp. 280-307 (1925). I am indebted to Prof. E. 


V. Appleton for the suggestion to use this apparatus in experiments on 


sound. 
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32. The two circuits were screened from one another by 
placing the one circuit into a galvanized iron cylinder. The 
cylinder, which is about 85 cm. long and 48 em. in diameter 
(external measurements), has a double wall of galvanized 
iron about 2 mm. in thickness, with one thickness of iron at 
its base. It has no top *. 

33. The sounds from the telephones were led, through 
metal composition tubing, into the sound-proof room, fig. 2. 


Fig. 2.—Diagram of A pparatus. 
B 


0048 UL — 


B. Binaurals. E. Ebonite. J. Rubber joints strengthened by insu- 
lation x M. Mixing Chamber. S. Stop-cock. P. Movable 
Piston. T. Telephone. R. Rubber tubing. W. Walls of Sound- 
proof Room. 


* (1) From the observations of Smith-Rose, Proc. Phys. Soc. xxxiv. 
pp. 127-138 (1922), I anticipated that there would be difficulty in 
screening the circuits. I found no trace of interaction between the 
circuits which were in separate rooms on either side of the sound-proof 
room, at a distance of about 4'5 metres apart. The inductances were in 
approximately the same plane, and the axis of the cylinder, in which 
one oscillating set was enclosed, was at right angles to this plane. I 
made no investigation of the amount of screening elected. 

(2) I found that the circuit in the iron cylinder gave a note of the 

uency of the oscillations, even if no telephone was in the circuit. 
This effect may be similar to that pointed out by Kohler, that if an 
oscillating current of sufficient strength is transmitted through an 
ordinary telephone circuit a note of the frequency of the oscillating 
current may be heard even if the telephone diaphragm is removed. 
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The tubing was joined to short brass tubes, which fitted 
tightly into the holes in the ebonite telephone ear-pieces, by 
stout rubber tubing, strengthened by a wrapping of insulation 
tape. The metal parts were put into as close contact as 
was possible. All joints were made in this manner. Stop- 
cocks were fixed at the ends of the tubing, so that the 
sounds could be cut off before reaching the mixing chamber; 
the sounds could also be cut off from both or either of the 
tubes leading to the specially constructed stethoscope 
binaurals, by closing the stop-cocks on the further side. 
The mixing chamber, fig. 3, consisted of a brass cylinder 


Fig. 3.—The Mixing Chamber. 
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about Ll em. long and 11 em. in diameter. The one end 
was permanently closed with an ebonite plate through which 
two brass tubes, embedded in rubber, projected ; the other 
end was fitted with an ebonite piston, which also carried two 
tabes, embedded in rubber. The whole was very accurately 
made and the piston had a guiding groove, to ensure that 
the brass tubes it carried fitted exactly over the tubes in the 
base. The ends of these brass tubes were bevelled and the 
inner ones were covered with rubber so that the joints, when 
the pistons were pushed home, were air-tight. 
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(b) Method oj Experiment. 


34. When experimenting, the observer sat in the sound- 
proof room with his back to the table on to which the 
* mixing chamber " was screwed. The experimenter stood 
at the other side of the table and, by moving the piston, and 
opening or closing one or other of the taps he could iun: 
(1) either sound to one or to both ears; or (2) the two 
sounds separately, one to each ear; or (3) the two sounds, 
mixed together, to both ears, or to one ear only (tide fig. 4). 


Fig. 4. 
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Diagram showing the possible ways in which the sounds (A, B) 
could be presented to the observer's ears (C, D). 


The tones used had frequencies of 879 and 763 d.v./sec. so 
the first difference tone was a low note of 116 d.v./sec. 
Observers were first given the two notes separately, and 
were then told that they would be given the two notes 
together, and that they must listen particularly for the 
difference tone, the pitch of which was sung. When this 
had been recognized the experiment began. The tones 
were either presented separately to each ear, or were mixed 
in the mixer before reaching the ears, and the observer 
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simply reported whether the difference tone was discerned 
or not. 


(c) Experimental Results. 


35. Five subjects were experimented on, and various other 
observers were tried to see if anyone could be found who 
could hear the difference tone when the tones were led 
separately to the ears. No such individual was discovered, 
even though the sounds were made so loud as to be 
uncomfortable. But if one of the binaurals was removed, 
and, instead, a feebly vibrating tuning-fork was held with 
its stem between the teeth or pressed against the bony 
framework of the head while an appropriate tone was led 
to the ear through the remaining binaural, a difference 
tone was clearly discriminated at the ear in which the 
binaural was. 

36. Later I substituted a brass stop-cock, fig. 5, for the 


Fig. 5. 
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From telephones. 


Diagram showing the brass Stop-cock (B) which was substituted 
for the Mixing Chamber, vide fig. 2. 


mixing chamber, so that, when the cock was closed, the two 
trains of waves were separated by the brass of the stop-cock 
and two very thin layers of vaseline, used for lubrication 
purposes, on each side of the brass. If aerial sound- waves 
are to be assumed capable of exciting vibrations in the bony 
framework of the skull and of thus being communicated to 
the other ear—which appears to be the view of Mader— 
“a fortiori” must they be conducted through the brass *. 


* Recent experiments by Hahnemann, Hecht, and Lichte (Zeit. Techn. 
Physik, iv. pp. 93-99, 1928, have demonstrated the enormous difficulty 
with which sound-waves in the air can set up vibrations in a contiguous 
solid, and vice versa. Even with such an ideal substance as water, these 
experimenters found that only one-thousandth of the energy could, under 
the most favourable conditions, be transmitted from water to air or from 
air to water. 
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But no difference tone could be heard if the stop-cock in the 
connecting tube were closed. If, however, the cock were 
opened, ever so little, the difference tone immediately 
sprang into evidence. No quantitative measurements of the 
intensities were made, but, subjectively judged, a weak 
sound mixed with a much louder sound gave an easily 
discernible difference tone. 


(d) Conclusions. 


37. These experiments bear out fully the observations of 
Thompson, Cross and Godwin, and Peterson. Difference 
tones could not be heard when notes of suitable frequencies 
were led to the ears separately and simultaneously. 

38. The conclusions to be drawn will depend on the 
theory of hearing to which one subscribes. 

39. Difference tones will be produced when an asym- 
metrical system is subjected to two impressed harmonic 
forces. Such an asymmetrical system exists in the tympanum, 
which, according to one school, creates the difference tones 
normally heard when two notes of suitable frequencies and 
intensities are sounded. Adherents of this school would 
probably agree (a) that the experiment shows that the far 
tympanum was not set into vibration by sounds which had 
been transmitted through the head; (6) but that it by no 
means rules out the possibility of sounds being transmitted 
through the head from one ear to the cochlea on the other 
side. Another school, which might postulate the cochlea as 
a possible seat for the production of difference tones, would 
consider the evidence of this experiment as being more 
antagonistic still to any hypothesis of the transmission of 
sound through the head. 

40. Adopting the point of view of the former school, it 
might be argued that Myers and Wilson, cf. paras. 17, 18, 
stated the necessity for bone-conduction over strongly; that 
it would be more correct to say that some sound is conducted 
through the head, but that the amount is relatively small, 
and that in consequence the difference tone produced at the 
tympanum is so weak that it cannot be appreciated. 


(C) Remarks. 


41. Wegel and Lane", in an account of experiments 
published in 1924, give data which are of interest to us 


* Phys. Rev. xxiii, pp. 266-285 (1924). 
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from the point of view of the transmission of sound through 
the head. They found that, if two tones were introduced 
into the same ear, and if the “ pressure? * of the one tone 
was increased, a certain ** pressure? would prevent the second 
tone from being heard. If now the tones were led separately, 
one to each ear, the “ pressure” of the first tone had to be 
increased iu the ratio of 1:10? to 1:10? before masking 
occurred. From this they infer, without sufficient justi- 
fication in my opinion, that the masking is peripheral, that 
it is “caused bv the conduction of the masking tone through 
the head" by bone-conduction. They also report *'that 

eople very deaf in one ear have been noted for which 
10? or 10? times the current is required for audition with 
the receiver on the deaf ear over that for the receiver on the 
good ear”; and that “when the sound for the receiver on 
the deaf ear is audible, it may be greatly enhanced by 
placing the finger in the good ear, indicating that the 
sound is not only heard first in the good ear, but that it 
arrives there by bone-conduction.” It may be that, as 
Wegel and Lane suggest, there is transmission of sound 
of this order of magnitude through the head from one ear 
to the other and that the masking is in some way due to this 
transmission ; but that the masking is due to the transmission 
is pure assumption, and Minton f very properly objects to 
such assumptions being made in the present state of our 
knowledge. The further inference, that there is bone- 
conduction, is altogether unwarranted. ^ Assuming the 
transmission there is nothing, in these experiments, to show 
that it is due to bone-conduction rather than to other possible 
means of transmission. 

42. In this connexion an interesting little experiment was 
described by Thompson in 1878 1$. Thompson states that if a 
small vibrating tuning-fork 


“be pressed against the parietal or occipital regions 
of the head on the right of the median line, its sound 
appears to be heard in the left ear.... If, however, 
the fork be pressed against the region immediately 
above either temporal bone, its sound is heurd in the 
ear of the same side." 


* Wegel and Lane define the magnitude of a tone as “ the ratio of its 
pressure of that of its minimum audible value." 
t Phys. Rev. xxii. pp. 506-509 (1923). 
f Phil. Mag. [5] vi. p. 390 (1878). 
[| ` : = 
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43. T have tried this experiment with forks of frequencies 
50, 256, 435, 800, and 1000 d.v./sec. I find it very difficult 
to judge the position of the sound heard when the fork is 
pressed against the region immediately above eitlier temporal 
bone; but if any of the above forks, sounding so faintly as 
to be inaudible when held over the head in the sound-proof 
room, is pressed on the lateral bones immediately above the 
right ear, (the fork being so held that the vibrations of the 
prongs are at right angles to the line joining the ears and 
the whole of the fork being on the right of the sagittal plane 
so that the right ear has any advantage which may accrue 
from the aerial sound-waves leading in phase), the sound is 
immediately heard and is located on the left, i.e., on the 
further side. If the fork is pressed against the mastoid 
process behind the right ear, the tone is located on the right. 
Thompson simply notes the experimental fact, without giving 
any explanation; and I am equally at a loss for an ex- 

lanation in conformity with the generally accepted physio- 
locical assumption that a sensation can be aroused by the 
appropriate stimulus only if it acts on the end organ. 


V. SUMMARY. 


44. This preliminary survey shows that little or no 
reliable experimental evidence has so far been obtained to 
support the hypothesis that aerial borne sound-waves of 
normal intensitv, which reach one ear through the auditory 
meatus, are transmitted through the head to the other ear. 
I hope to attack the problem in the near future and, with 
the assistance of the recently perfected means of amplifying 
electrical currents, it may perhaps be possible to obtain 
positive results. 

45. Till transmission has been proved, it is rather previous 
to consider how the vibrations are initiated and whether 
transmission takes place through the bones, the sinuses, 
the soft parts of the head, or through any combination of 


these. 
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XIJ. Minimization of Magnetic Leakage and of its Efect in 
the Magnetic Testing of Bars and Rods. By EDWARD 
HvucnBes, B.&., Ph.D., A. M.I.E.E.* 


ABSTRACT. 


A MODIFIED form of the Iliovici permeameter is described in 
which the balance of magnetic potential is determined by a movable 
yoke. Experimental results are given showing that the magnetic 
leakage in the specimen under test varies considerably with the 
flux density and is dependent upon the dispositjon of the 
magnetizing coils. Tests performed on mild-steel and cobalt- 
chrome specimens indicate that the leakage is greatly affected by 
the permeability of the sample. The influence of the width of the 
search-coil upon the accuracy of magnetic testing is discussed 
mathematically. It is shown that a very large error in the 
determination of the magnetizing force for a given flux density 
may be involved if the search-coil is narrow; whereas, with a 
searcb-coil extending over the length of bar under test, the error is 
reduced to a small value. Curves are given showing the percentage 
errors involved with the extended search-coil for different leakages 
and different flux densities, the flux density being expressed as a 
fraction of the saturation density. 


N the double bar and yoke method of magnetic testing it 
is impossible to eliminate magnetic leakage, though 
it may be reduced by the addition of compensating coils as 
in the Burrows permeameter. The latter, however, pre- 
supposes tle four joints to be of equal reluctance—a 
condition that is often difficult to fulfil. Burrows f has 
pointed out that, with two soft-iron bars tested by the 
double-bar method, the magnetic leakage between the centres 
of the bar and of the voke may amount to 5 per cent. ; and 
it is surprising that so little attention appears to have been 
devoted to the influence of magnetic leakage unon the 
accuracy of magnetic testing and to the dependence of 
the error upon the length of the search-coil. 

The tests to he described were performed on bars of mild 
steel and of cobalt-chrome steel by means of a modified form 
(fig. 1) of the permeameter described in the * Proceedings’ 
of the Physical Society of London?f. The apparatus is shown 
diagrammatically in fig. 2, where TT represents the bar to 
be tested and A is a magnetizing coil situated between the 
two prongs of a movable yoke Y. Another magnetizing 

* Communicated by the Author. 

t “Determination of Magnetic Induction in Straight Bars," Bull. 
Bureau of Standards, vi. p. 31. 


t “A Magnetic Bridge for testing Straight Specimens,” Physical Soc. 
Proc. xxxvii. p. 233. 
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coil BB is wound in two sections, one on each side of .4 
with sufficient clearance fo allow of Y being moved backwards 
and forwards. The magnetic circuit of TT is completed 
through iron yokes PP and an iron core QQ having 
windings DD and C respectively. The coils are connected 
so that their m.m.f.’s are all acting in the same direction. 
Five search-coils, each of ten turns, 36 S.W.G., were wound 
on TT in positions indicated in fig. 3. The movable yoke Y 


Fig. 3. 
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consists of a strip of Stalloy, 0:5 mm. thick, held by brass 
plates (fig. 1) which are carried by two rods passing through 
guide plates FF with light springs SS to draw lY away 
from TT. 

The operation of the apparatus is as follows:—With a 
given current through coils 4 and B, the current through 
C and D is adjusted until no deflexion is obtained on a 
galvanometer connected to search-coil 1 when the auxiliary 
yoke Y is moved up to TT. When a balance has been thus 
obtained, the points of contact of } with TT are at the same 
magnetic potential, and the m.m.f. of coil A is absorbed in 
sending the flux through that portion of T'T that lies between 
these points of contact. 

The leakage flux is then measured by reversing the 
magnetizing currents and noting the deflexions with coils 
2, 3, 4, and 5 respectively connected in opposition to coil 1. 
This leakage flux has been expressed as a percentage of the 
flux through coil 1; and the results for the mild-steel bar 
are given in fig. 4. The above test was repeated with 
different magnetizing currents. It will be observed that 
both the magnitude and the distribution of the leakage flux 
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vary with different currents and are dependent upon the 
permeabilities of the specimen and of the yoke. 
Fig. 4. 


Fig. 5. 
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Fig. 5 has been included to show how the flux density 


and the permeability of this mild steel bar varied with the 
magnetizing force. 
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The influence of coils B, C, and D upon the leakage was 
next investigated. The current through A (and through B 
when the latter was in circuit) was kept constant at a value 
corresponding to H — 83, and that through C or D, or both, 
was varied until search-coil 1 indicated a balance as already 
described. The curves in fig. 6 show the percentage leakages 


Fig. 6. 
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with different combinations of coils, and indicate clearly that 
the leakage is practically the same whether both C and D or 
only one of them be in circuit—in other words, that only one 
of these coils need be employed. The curves also indicate 
the important contribution of coil B towards the reduction 
of the magnetic Jeakage—particularly in that portion of the 
bar that lies inside coil A. 

Similar tests were carried out on a bar of cobalt-chrome 
steel, the latter being chosen owing to its low permeability. 
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The results are plotted in figs. 7 and 8, and fig. 9 shows the 

variation of B and u with A for this particular specimen. 

These figures confirm the conclusions derived from the tests 

on mild steel, and at the same time emphasize the influence 
Fig. 7. 
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of permeability on the magnetic leakage. It will now be 
obvious that in order to minimize the magnetic leakage in 
this type of magnetic tester, it is necessary to wind the 
magnetizing coil over as great a length as possible of the 
specimen. Windings placed on the yokes, however, contri- 
bute practically nothing towards the reduction of leakage. 
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It is now essential to consider the extent to which the 
width of the search-coil affects the error introduced by 
the existence of magnetic leakage. If the coil be narrow 
and wound midway along the specimen, it will obviously be 
measuring the maximum flux density, whereas the mag- 
netizing force calculated from the ampere-turns on the coil 
is less than that corresponding to the maximum flux density. 


Fig. 9. 
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On the other hand, if the search-coil is wound over the 
length of bar under test, the mean flux density is obtained. 
Neither of these alternatives is quite correct ; and we shall 
now proceed to compare their results with that obtained by 
Integrating the magnetizing force over the length under 
test. 

From figs. 4 and 7 it is evident that over the distance 
spanned by the prongs of Y (fig. 3) the leakage curves are 
intermediate between linear and parabolic curves. We shall 
therefore consider two cases :— 


(a) When the leakage flux varies directly as the distance 
from the centre of the specimen. 


(6) When the leakage flux varies as the square of the 
distance from the centre of the specimen. 
Case (a). d 


Let 2l be the length of bar under test, i. e. the distance 
between the prongs of yoke Y (fig. 2). Let B, be the 
maximum flux density and D, the flux density at distance z 
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from the centre (fig. 10). Let s be the magnetic leakage— 
expressed as a fraction of B,—at distance l from centre. 


Then 
B, = B,(1— sz/1). 


If T be the number of turns on a search-coil occupying 
length 21, 
T dz 


flux linkages over length dz = B,,(1—sz/l) —- 
total flux linkages — x - T dx 
= B4T(1— 2/2). 
If Ba, be the average flux density, 
Bay = B4,(1— 8/2). 
If Ha, be the magnetizing force corresponding to Bae, 


Reluctivity = nee Sat Der = a4 bHs *, 
av 8 


where B, = saturation density = (say) 1/b, 
and a = a constant for a given specimen. 


Also, bB,, = B,/B,; so that the term LBm, which occurs 
frequently in the following calculations, represents the ratio 
of the fluc density at the centre of the bar to the saturation 
density of the material. 

Substituting for Bg, in the above expression, we have 


(o aBa(1—s/2) 
7*7 1—5B,4(1— 8/2)? 


and total n.m.£. = 2H, 


_ 2laB,(1— 5/2) 
~ 1—5oB,(1—5/2)' (1) 


Hence we can calculate in terms of B, the m.m.f. that 
would be required it the Qux density were uniform along 
the specimen at the mean values given by a search-coil of 
length 2l. Thus, it s be 0°05 and B, be 0:5 of the saturation 
density, 


H 


total m.m.f. = 8°865/aB,. . . . . (2) 


* For simplicity, the actual flux density is used instead of the ferro 
magnetic den ity. 
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Let us now calculate the actual m.m.f. required when the 
flux is distributed as shown in fig. 10. 


Fig. 10. 


p= — 
dx 


If H, be the magnetizing force corresponding to flux 
density B, in the above figure, then 


E = a+bH,. 
Substituting for B, in terms of B,,, we have 
84 
- "Nu 
DUI-UBQ" QQ0 0 0Buse C 
+ T= bb, 
l 
Z. total m.m.t. = 2 | Hide 
2al bB, s 2al 
= is, E(t 1-15.) T 
| alB, f j 5 2 SB, | 
~ T=0B,, V^ 1-05, 7 3° (70B, 


2. PeBe 
— 4 . d- -0B,4)3 +- ee \ c (3) 
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Taking the values of s=0°05 and 6B,,=0°8 assumed on 
p. 169, and substituting in the above expression, the terms 
being continued until negligibly small, we have 


total m.m.f, = 8'895alB,. . . . . (4) 


Comparison of (2) and (4) shows that for these particular 
values of the leakage and of the flux density, the m.m.f. 
corresponding to the mean flux density is 0°34 per cent. less 
than the m.m.f. calculated for a linear variation of the flux 
density. 
, . Values of the m.m.f. have been calculated from expres- 

sions (1) and (3) for different values of leakage and of flux 
density ; and the difference between the corresponding values 
has been expressed as a percentage of the m.m.f. calculated 
from (3). For instance, with 


8 = 0°05 and OB, = 0:8, 
(m.m.f.), = 8°865a/B,,, 
and — (m.m.f.), = 8°895a/B,,. 


The difference between the two expressed as a percentage of 
(m.m.f.), is 0°34. These results have been plotted in fig. 11, 


Fig. 11. 
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from which it follows that with flux densities less than 
90 per cent. of the saturation value, the error involved in 
the determination of the m.m.f.—even for a leakage of 5 per 
cent.—can be limited to 1 per cent. by merely winding the 
search-coil over the length of specimen under test. 

It may be added that in magnetic testing the flux density 
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is seldom taken up to 90 per cent. of the saturation value. 
Also, at bigh flux densities, the expression given above for 
the magnetic reluctivity is only approximate, since it neglects 
H in comparison with B; whilst heterogeneity of the 
material causes the slope* of the reluctivity curve to 
decrease. 

Had the search-coil been narrow and wound halfway 
along the specimen, the maximum flux density B, would 
have been measured. If H,, be the true magnetizing force 
for this flux density, then 


a = a+0H,, 
" aBn 
1-—5B,' 


2làB,, 
and total m.m.f. for a length 2l = i—bB. 


H, 


= 10/aB,, for 6B,, 0:8, 


a value that is 12:4 per cent. greater than the m.m.f. as 
calculated from the distribution of flux by expression (3). 
This is sufficient to «how the enormous error that may be 
introduced by the use of a narrow search-coil. 


Case (b). 


The leakage flux is assumed to vary as the square of the 
distance from the centre of the specimen. Using the same 
symbols as before, we have from tig. 12, 


Bop (7) «5... 


' BaT 


= B,T(1- 8/3). 


*. total flux linkages = 2 | {1—(2/l)*s}dz 


If Bay be the average flux density, 
Bar = B,(1—s/3). 


* Physical Soc. Proc. xxxvii. p. 238. 
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But Ha, = a+bHap, 
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Bav 
H. = aB,, (1 — 8/3) 
*° 1—5B,(1- s[3)? 
and total m.m.f. = 2/H,, 


_ 2laB,,(1— s/3) 
*"1-B4I-08 e e o o (5) 


Fig. 12. 
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For example, if s be 0:05 and 5B,, be 0:8, as on p. 169, 
total m.m.f. = 9°2166/aB,. . . . . (6) 


Let us now calculate the actual m.m.f. for the assumed 
flux distribution (fig. 12), 


pi = a4- bH,. | 
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Substituting for B,, we have 


sz? 

" B aB,(1—*7-) 
nS On) Se 
0B.) {1+ itg) 


'u 
z. total m.m.f. = 2 | H,da 
MI 


T 1—8B, 


MUS Be anig / Bas 
PBN iba N TaB, 
2al B, 
= 1 —bBn + OB,,s8 | (1s) 


2aB,, 1(1—LB,,) 


+p es 2.4 bB,,8 
1 —óB, 4-6 B,s (3 win “Be ens) 
ESSI bB,s ys H (7) 


*3.5.1 1—0B,-4-0B,s J 


Taking s=0°05 and bB,,=0°8, as above, and substituting 
in expression (7)—the terms being continued until negligibly 
small—we have 


total m.m.f. = 9°2526laBn. . . . . (8) 


Comparison of (6) and (8) shows that, at the above values 
of leakage and of flux density, the m.m.f. corresponding to 
the mean flux density is 0°39 per cent. less than that calcu- 
lated for a parabolic variation of the leakage flux. 

The difference between the m.m.f.’s derived from expres- 
sions (5) and (7) has been calculated as a percentage of the 
latter m.m.f. for different values of s and bBm, and the results 
are given in fig. 13. 

Since the curves of actual leakage flux (figs. 4 and 7) are 
intermediate between those assumed for deriving figs. 11 and 
13, it is evident from these figures that, by winding the search- 
coil over the length of bar under test, the error involved in 
the measurement of m.m.f. is less than 1 per cent., except at 
very high values of the flux density and of the magnetic 


leakage. 
It may be added that, with parabolic variation of leakage 
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flux and the above value of Bn, the m.m.f. corresponding 
to B,—namely, the flux density measured with a narrow 
search-coil—is 8:1 per cent. greater than the actual m.m.f. 
given by expression (8). 


Fig. 18. 
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Conclusions. 


(1) With the double bar and voke method of magnetic 
testing arranged so that two symmetrical points on the 
specimen under test may be adjusted to be at the same 
magnetic potential, the flux density is a maximum midway 
along the specimen ; and the magnetic leakage increases 
more rapidly than the distance from the centre, but less 
rapidly than the square of that distance. 

(2) The magnitude and the variation of the magnetic 
leakage event upon the permeabilities of the bar and of 
the yoke. 

(3) With this type of tester, the distribution of the flux 
along the specimen is practically independent of the distri- 
bution of the magnetizing coil on the second bar and on the 
yoke, but is greatly affected bv the length of the magnetizing 
coil on the specimen. 

(4) With the apparatus shown in fig. 1, the magnetic 
leakage over the length for which the m.m.f. is determined 
has an average value of about 0°5 per cent. for mild steel 
when tested over a wide range of magnetizing force. For 
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cobalt-chrome steel, the corresponding value is about 4 per 
cent. 

(5) By winding the search-coil over the length under 
test, the error due to magnetic leakage can be reduced to an 
extremely small value— even with comparatively large 
leakage ; and, since magnetic leakage cannot be entirely 
eliminated in bar tests, the search-coil should always extend 
over the length for which the m.m.f. is being determined. 

(6) Abovea certain percentage of the saturation density— 
depending upon the percentage leakage—the error due to 
magnetic leakage increnses rapidly ; but such values of flux 
density require very high magnetizing forces and are seldom 
attained in magnetic testing. 


The author desires to express his thanks to the Principal 
and the Governors of the Municipal Technical College, 
Brighton, for facilities to carry out the experimental work 
described in this paper. 


XIII. The Efect of a Magnetic Field on the Electrical 
Resistance of Mercury and some Amalaams. By PHYLLIS 
Jones, B.Sc., and T. J. Jones, M.Sc. ( Research Students, 
University College of Swansea)". 


INTRODUCTION. 


l|" HE effect of a transverse magnetic field on the electrical 
resistance of mercury has been examined by Drude 
aud Nernst f, Berndt f, Rossi $, and Nielson ||. All the 
above observers obtained small increases of resistance due to 
ihe magnetic field, but Berndt noticed that the increase of 
resistance was less, the smaller the diameter of the tube. 
He found that for a field of three kilogauss, and a column of 
0:29 mm. diameter, the change of resistance was less than 
0:00005 per cent. Rossi investigated the change of resistance 
in mercury and in bismuth amalgams, and found that the 
change of resistance increased with the field, the diameter 
of the column, and the concentration of the amalgam. 
Berndt came to the conclusion that if there were true 
magneto-resistance effects in mercury, they must be small 


* Communicated by Prof. E. J. Evans, D.Sc., University College of 
Swansea. 

+ Drude and Nernst, Wied. Ann. xlii (1891). 

t G Berndt, Ann. d. Phys. xxiii. (1907). 

§ R. Rossi, Nuov. Gim. (8), ii. (1911). 

|| Nielson, Phys. Rev. p. 302, Feb. 1924. 
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compared with those obtained in the case of solid metals. 
This conclusion is confirmed by the work of Nielson, who 
used very fine tubes, and found an increase of resistance of 
0:0003 per cent. for a magnetic field of sixteen kilogauss. 

Recently two papers dealing with the problem have been 
published: one, mainly theoretical, by Williams *, and the 
other, containing the results of experimental work, by Jones t. 

Williams, in his paper, assumes that the change of 
resistance of a column of mercury under the action of a 
transverse magnetic field is due to the two following 
causes :— 


(i.) A change of resistance analogous to that observed 
in a solid metal (t. e. a true effect). 


(ii.) A change of resistance, due to the development by 
the mechanical action of the magnetic field on 
tlie current, of mass motion of the mercury. 


The first effect is proportional to the resistance r in the 
field, and the change of resistance due to this effect alone 
may, for a given field, be expressed by ôr, = Ar, A being a 
constant for that field. The experiments carried out by 
Nielson show that for a field as large as sixteen kilogauss, 
A cannot be greater than 3 x 107°. 

In the theoretical consideration of the second effect the 
motion of the mercury is regarded as being completely 
determined by the mechanical force “ hi ”? (where “ h " is the 
intensity of the magnetic field and “i” the current), the 
viscosity y, the density p, and the scale s, which is a measure 
of the various lengths involved in the svstem. 

Dimensional analysis then gives for the change of 
resistance dr, arising from the motion of the mereury the 
general relation 


y = BG) 2 axo 


where f and $ are any functions, B a numerical constant, 
and a/c’ the ratio of the resistivity of the leads to that of 
the mercury. If the leads are sufficiently far removed from 
the field, the term $ (¢/o’) is a constant which can be 
included in B, and hence the total increase of resistance is 


= = hs o n? 
BR = ôr +87, = Ar + BE'S 7). 2. (2) 


- * E, J. Williams, Phil. Mag. July 1925, pp- 27-46. 
t T. J. Jones, Phil. Mag. July 1925, pp. 48-60. 
Phil. Mag. S. T. Vol. 2. No. T. July 1926. N 
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It has been shown that if the motion of the mercury is 
steady, equation (2) reduces to 


BR = Ar+ BS, tee ee 8) 


w However, if the motion of the mercury is turbulent, the 
change of resistance depends on the magnitude of the 
current, and is given by 


hitysy 
dR = Ar+ B iyya- piy . e > œ (4) 
This formula can be simplified in the case of straight 
cylindrical tubes of diameter d, and assumes the form 


hitydyt+8 s 
ONTARA e e œ (5) 
where t represents the distance apart of the pole pieces and 
y and. are constants. 

Jones * showed from his experiments that the compara- 
tively large increase of resistance obtained in his experiments 
could be regarded as being altogether due to the turbulent 
motion set up in the mercury by the magnetic field, and that 
ihe value of y in equations (4) and (5) is 0:59. He also 
found for straight cylindrical columns that equation (5) 
could be written as 


hv 894 
ô p Pay Wye e œ e . e e (6) 


His experiments were carried out with straight tubes of 
diameters of about 0°5 cm. carrying currents varying from 
0:5 to 5 amperes, and placed in a transverse magnetic field 
of two to ten kilogauss. 

The present investigation was carried out to study the 
effects in tubes of smaller diameter and carrying smaller 
currents. It was hoped in this wav to obtain the conditions 
necessary for steady motion, in order to verify, if possible, 
equation (3), in the case when the change of resistance is 
entirely due to motion, 


2 
is BR = br, -B-. moa D 


In this case the resistance should vary as the square of 
the field and inversely as the viscosity of the mercury. 


* Loe. cit. 
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In this connexion Williams * examined the results 
obtained for mercury by Rossi, who used tubes of diameters 
0'7 and 0°5 mm. and fields varying from 3350 to 4450 


gauss. Williams showed that T was approximately con- 


stant; but since the current passing through the mercury 
column was not recorded, and also the variation in the 
magnitude of the field was small, the experiments were not 
satisfactory as a test of the theory. 

Rossi, as already stated, investigated the effect of a 
magnetic field on the resistance of bismuth amalgams, and 
found that the change of resistance increased as the concen- 
tration of the amalgam varied from 0:5 per cent. of bismuth 
to an amalgam saturated with the metal at 12? C. Williams, 
in his paperf, analyses Rossi’s results, and on certain 
assumptions concludes that, in order to account for the 
experimental results, it is necessary to assume the existence 
of a true resistance change in bismuth amalgams. 

It was therefore considered of some importance to 
examine the effect of a transverse magnetic field on the 
resistance of amalgams, and for this purpose amalgams 
containing 0'5 per cent. of bismuth and 1:187 per cent. of 
zinc were investigated. 


EXPERIMENTAL ARRANGEMENT. 


The Wheatstone bridge method was used to determine 
the changes of resistance produced -by the magnetic field, 
and the connexions are shown in fig. 1. 


Fig. 1. 


R isthe column of mercury which is placed in the magnetic 
field and is connected to the bridge by means of long flexible 
leads. S is a comparison column of mercury of nearly the 


* Loc. cit. p. 36. 
t Loc. cit. pp. 36-38, 


N 2 
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same dimensions and resistance as HR, and is connected to 
the bridge by flexible leads running close to those joining R 
to the bridge. The resistance S is out of the influence of 
the field, and the copper leads immersed in the mercury are 
for each tube out of the magnetic field. The re-istances 
R and S, when the mercury was contained in bent tubes, 
were both immersed in a copper bath containing water, but 
when the columns were straight, variations of temperature 
were avoided as far as possible by surrounding the tubes 
with cotton-wool. ‘lhe resistances P and Q between F and G' 
and C and D respectively were 10-ohm manganin resistance 
coils, and were placed together in the same enclosure. 
M and L arealso manganin resistance coils which could be 
varied in order to maintain a balance on the bridge wire 
joining Band H. The bridge wire was made of manganin, 
and had a resistance of 10-4 ohm per cm. The source of 
E.M.F. was a battery consisting of one or two storage cells 
and the current passing into the bridge system could be 
varied by means of a resistance X, and was measured bv a 
Weston ammeter (A). 

A sensitive Moll galvanometer (G) was employed to 
determine the change of resistance due to the magnetic field. 
Its zero was found to be very constant, and a microvolt 
applied to its terminals produced a deflexion of 6:46 mm. 
when the scale was at a distance of 162 em. It had a period 
of about 1:5 seconds, and this quickness of action was found 
very useful in experiments of this type, where the conditions 
are continually changing and the increases of resistance to 
be measured are comparatively small. 

The magnetic fields were obtained by means of a large 
circular electromagnet having pole-pieces 8 cm. in diameter 
at a distance apartof 1:65 cm. The fields used in the present 
experiments varied from 3000 gauss to 10,000 gauss, and 
were measured with a Grassot fluxmeter. The magnetic 
fields corresponding to known magnetizing currents were 
measured from time to time and found to be constant. 

T--o types of glass tubes, as shown in figs. 2 and 3, were 
used in the present experiments. In some cases it was only 
necessary to keep the tube in position, and investigate the 
effect of varying one of the quantities involved, such as the 
intensity of the field, on the increase of resistance. In other 
cases it was necessary to remove the tube and replace it in 
exactly the same position. 

The magnitude of the effect depends upon the position of 
the tube with respect to the magnetic field, and consequently 
the method of mounting the tubes was so designed as to 
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Fig. 2. 


Fig. 3. 
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make it possible to replace the tube in exactly the same 
position when necessary. The changes of resistance were 
determined as follows :— 

The bridge was first balanced when the magnet was not 
excited, and the position of the fine line in the image of the 
spot of light on the scale was noted. The magnetizing 
circuit was then closed and the new position of the spot of 
light noted. Finally, the magnet circuit was broken and 
zero position again noted. The difference between the mean 
of the first and third readings and the second was taken as 
the deflexion produced by the magnetic field. ^ Sometimes - 
the mode of procedure was varied, and the bridge was first 
balanced with the magnetic field on, and the deflexion 
produced on breaking the magnetic circuit measured in a 
similar manner. 

The deflexions measured in this investigation varied from 
about 2 mm. to about 12 cm., depending upon the intensity 
of the magnetic field and the magnitude of the current 
passing through the mercury column. The definition of the 
light-spot was so good that the position of the line could be 
estimated to 1/10th of a mm. When the current passing 
through the mercury was small, and the temperature of the 
column approximately that of the room, the difference between 
the two zero readings (the first and third mentioned above) 
was small, and in a large number of cases the two readings 
were identical. When, however, the currents sent through 
the mercury were of the order of 1 ampere, the Joule heating- 
effects and, to a smaller extent, the heat produced by the 
magnet caused trouble, and the difference between the two 
zeros was appreciable. It was found possible to take 
satisfactory readings in this case, and only observations in 
which the difference between the first and third readings 
was small in comparison with the total deflexion, were finally 
considered. 

When investigating the effect of temperature (or viscosity) 
on the change of resistance, the spot of light was found to 
be a little unsteady and the values of the deflexions were not 
as constant as in the experiments carried out at room 
temperatures. In these experiments the outside limbs of 
the bent tube were out of the heating bath, and the un- 
steadiness was probably caused by thermoelectric currents, 
due to slight temperature differences in the two mercury 
tubes. The effect was diminished by wrapping the limbs 
with asbestos cord. 

From the magnitudes of the deflexions, knowing the 
sensitivity of the galvanometer and the magnitude of 
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the current entering the bridge whose resistances were also 
known, it is possible from the well-known Wheatstone bridge 
equations to calculate the change of resistance produced in 
the mercury by the magnetic field. Since the change of 
resistance in these experiments is small, and of the order 
of 107* ohm, the deflexion due to it is proportional to the 
product of the change of resistance and the current passing 
through the mercury resistance in the field. 

When the deflexions are about 1 cm. or more, and the 
experiments are curried out in tubes of diameter 1:1 mm. 
under ordinary circumstances at room temperature and using 
currents between *03 and °5 amp., it is considered that the 
results are correct to within 3 or 4 per cent. The results 
obtained with narrow tubes of diameter about 0°5 mm. 
are not as accurate, and only small currents were used, owin 
to the heating effect of the current and the difficulties aed 
by air-bubbles. The variation of temperature during the 
course of a set of experiments was not greater than about 
5°C., and during the whole period of experimenting the 
temperature only varied from about 9? C. to about 17? C. 
The changes in the value of ôR, due to a change of temperature 
of this amount, are within the experimental error involved 
‘in the determination of ôR. 

In this investigation, as was also shown previously by 
Jones *, the increase of resistance observed is not related to 
the magnitude of the resistance in the field. The effect is 
probably produced by motion set up in the mercury at 
points in the tube, » ee either the magnetic intensity or 
the current density changes in value, and consequently a 
change in the position of the tube (especially the bent tube) 
will cause an appreciable change in the value of ôR. 

In the present experiments the resistance in the field was 
about 87 per cent. of the total resistance of the mercury 
column for the bent tube, and varied from about 30 per cent. 
to 40 per cent. in the case of straight tubes. 


EXPERIMENTAL RESULTS. 


The Variation of ÒR for mercury with the current “i” 
and the magnetic field ** h.” 


Experiments were carried out with bent tubes of diameters 
1-1 mm. and 0:4 mm. and with a straight tube of diameter 


* Loe. cit. 
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0:96 mm. In the case of the bent tube of 0:4 mm. diameter, 
experiments were carried out for small currents only, as the 
Joule heating effect made accurate observations impossible 
for currents of the order of 0:3 ampere. The experimental 
results are given in Tables I., II., and III. 


TABLE I. 


Bent tube of diumeter 1:1 mm. 
Resistance of mercury column in field 20:64 ohm. 
Total resistance of mercury column 20:76 ohin. 


oR x 10* ohms for currents ranging from *03 to 1:4 amperes. 


1:395 


oe | ee m, a 


047 | -065 | +14 338 | 476 | -772 | 1:144 m 
| 


10,000...50:4 |5652 | 56°57 | 54-66 | 47-69 |43:59 | 37°84 |339 |328 | 81°52 
| 9,000...1 45°38 | 45°93 | 45-76 


TABLE II. 


Bent tube of diameter 04 mm. 
Resistance of mercury in the field 2 4:89 ohms. 
Total resistance of mercury column = 5:38 ohms. 


èR X 10° ohms for currents of ‘039 and :078 ampere. 


À in gauss. ipsis a MM 
039 age - 
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TABLE III. | 


Straight tube of diameter 0:96 mm. 
Resistance of mercury column in field = :106 ohm. 
Total resistance of mercury column = :36 ohm. 


Rx 10* ohms for currents ranging from 068 to ‘58 ampere. 


068 '097 145 :29 ‘386 | '58 


Loco gato poa d 


10,000...... 28:84 27:65) 26228 | 2281 20:14 16:93 
7,071...... 14:62 13:828 13:59 " 11-76 

| 
4814... 0... 6:049 e? m 6:518 | 


Variation of ÒR with the Current * i.” 


If the results collected in Table I. (bent tube of diameter 
1:l mm.) are examined, it is evident that for currents of 
"03, :047, -065 ampere, the value of ôR is independent of 
the current. As the magnitude of the current increases, the 


value of R diminishes, and if, for a constant field, SR « A 


the value of the index “ z" for two given currents can be 
determined from tlie experimental results. If, for instance, 
the values of ôR for currents of :338 and 476 ampere and 
a field of 10,000 gauss are taken, the value of “ æ” is found 
to be :26. The value of “ x” calculated from two currents 
increases as the magnitudes of the currents increase, until 
it becomes ‘37 for currents of 1:144 and 1:395 amperes. 
Unfortunately, larger currents could not be passed through 
the tube, owing to experimental difficulties caused by the 
Joule heating effect. 

Similar results are obtained if Table III., which gives the 
results with n straight tube, is examined. 

For currents of ‘068 and ‘097 ampere the value of ÒR for 
a given field is, within experimental error, independent of 
the current. As the current increases, the value of êR 
corresponding to a given field (10,000 gauss) diminishes, 
and the index “<” increases until it reaches an almost constant 
value. The value of ** z" for currents of 145 and ‘29 ampere 
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and a field of 10,000 gauss is ‘2, and for currents of ':29, 
‘386, and ‘58 ampere, taken in pairs, assumes an approxi- 
mately constant value of *43. 

Jones had previously shown for large currents in wide 


tubes that, for a constant value of the field, ÒR œ a a result 


in agreement with Williams’s theory, if the magnetic field 
produces turbulent motion in the mercury. 

In the present experiments it has been shown that, for 
narrower tubes and smaller currents, ÒR is independent of 
the current. This result is alsoin agreement with Williams’s 
theory, if the mercury is in steady motion. Furthermore, 
it is seen that as the current passing through the mercury 
increases, the value of “x” increases from 0 to 0°43. which 
is practically the same value as obtained by Jones. 


The Variation of ÒR with “ h.” 


In order to consider the variation of 6R with the field for 
a eonstant current, Tables IV. and V. have been constructed 
from the results collected in Tables I. and III. 


TABLE IV. 


Bent tube of diameter 1:1 mm. 


gauss SS eS en ee aes 
‘03 amp. | ‘065 amp. ‘338 amp. | 1:395 amps. 
C" UE RP —— Ó—— A9 
10,000 56:4 56:57 32993 | 1145 
9,000 56:09 56:49 | 
8,150 55:85 | | 
7,150 "m 55:09 | 
7,071 e 50:58 33159 | 1141 
6,000 r 56:72 
4,814 6 56:13 33:009 11:42 
4,101 "n 55°65 | | 
3,198 re 55:31 | 
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Taste V. 
Straight tube of diameter 0°96 mm. 


| 

T | 2 x 10" a x10. | 
gauss. l 

| "068 amps. | ‘097 amp. 386 amp | 
————— —— — —— m) —— —— —i 
10,000 — 28:84 | 27-656 13:93 i 
7071 | 2924 — | — 2766 1387 

in | 26:10 13:897 | 


From these tables it follows that, for low values of the 
current, ÒR is proportional to A? for both the bent and 
straight tubes. "This result is in agreement with Williams's 
theory when the mercury is in steady motion. As the 
current increases, SR « h7, where “ x” assumes values smaller 
than 2. In the case of the bent tube, the smallest value 
reached by “x” is about 1°61, which is not far removed 
from the constant value 1:58 obtained by Jones for large 
currents passing through mercury contained in wider tubes. 
In the case of the straight tube the smallest value of “x x: 
was 54, which, again, is in fairly good agreement with 
Jones's value. 

The experimental results collected in Tables I. and IIT. 
show that, for small currents passing through mercury con- 
tained in tubes of diameter about 1 mm., ÔR x A’, and is inde- 


pendent of the current. As the current increases, oR 
hrs 


becomes dependent on the current, until finally 6R x PE 


The latter result was first obtained by Jones, and both results 


support the theory put forward by Williams. 
The experiments with a narrow tube of diameter 0:4 mm. 


were carried out to determine the value of E for a given 
value of “A” when a large resistance was placed in the 
magnetic field. The results of other observers, in the case 
of mercury, have often been given in this form, but Jones, 
in the case of wide tubes, had shown that SR does not 
depend on the resistance in the field. 

A comparison of the results obtained with the two tubes 
fora given field shows that SR is less for the tube of the 
smaller diameter, although the resistance in the field is 7°6 
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times greater than for the tube of large diameter. The 
result supports the view that the increase of resistance is 
due te motion set up in the mercury. The two tubes were 
not similar, as the one of smaller diameter had more bends 
in it than the other. The results cannot, therefore, be 
employed to study the effect of diameter on the increase of 
resistance of ôR. The results with this tube are not as 
accurate us those obtained with the tube of larger diameter, 
as the deflexions measured were small. For instance, the 


deflexion measured for a current of ‘08 ampere for a field of 
7071 gauss was only 1:26 mm. 


The value of 2i for a field of 10,000 yauss and a current 


of -04 ampere is 4°1x10-* ohm, and the motion in this 
case is probably steady. 


Variation of ÒR with Temperature. 


These experiments were carried out to determine the 
change in the value of 5R with rise of temperature of 
the mercury. Jones" had previously shown that the in- 


* l . . 
crease of resistance dR x Qs m the case of wide tubes 


carrying large currents. A relation of this type is to be 
expected on Williams’s theory, if the motion of the mercury 
is turbulent. If, however, the motion is steady, the in- 
crease of resistance should vary inversely as the viscosity 7. 

Experiments were, therefore, carri d out on mercury 
contained in a bent tube of diameter 1'1 mm., carrying a 
current of ‘065 ampere and placed in a magnetic field of 
10,000 guuss. The change in resistance ÔR was measured 
at room temperature, the temperature of boiling water, and 
the temperature of boiling aniline. In order to get rid of 
air-bubbles, the tubes containing the mercury were heated 
to temperatures higher than those used in the present 
experiments, and the mercury sucked through the tubes in 
both directions. The deflexions observed were slightly 
variable, but it is hoped that the mean values are correct 
to within about 8 per cent. These experiments will again 
be repeated under more satisfactory conditions. 

The value of ÔR was re-determined at room temperature 
after heating to 4 higher temperature, and found to be the 
same as the initial value within experimental error. The 


* Loc. ct. 
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expansion of the glass, due to the rise of temperature, has 
no appreciable effect on the magnitude of the current 
passing through the tubes, and the change of diameter of 
the tube can be neglected when considering the variation 
of ÔR with the viscosity y. The bent tube, which was placed 
in the magnetic field when experiments were carried out at 
the temperature of boiling water, was replaced by the other 
bent tube when experiments were carried out at the tem- 
perature of boiling aniline. The deflexions obtained at the 
various temperatures are given in Table VI. 


TABLE VI. 
| Temp. of | Temp. of Temp. of | Temp. of 
| Mercury 15°C. | Mercury 999 C. | Mercury 15°O. Mercury 180? C. 
| J'eflexion Deflexion ` Detlexion Deflexion 
in mm. in uin. in mm. ' in tum. 
| e— —MM — — l—M —— — — —À — MK peel — a 
| 105 | 145 113 | 190 
| 10-5 13:5 116 | 73 
| 10-5 14:5 116 | 16:3 
| 10:5 143 = | 173 
| 10-7 14:3 = | 16:3 
= 12:6 -— | 19:0 
| — 12:9 -— | 16:5 
| = 146 = | E 
— 13:8 — — 
2s 13:0 = | = 
—— —À ——— — — | a — — —— SS SSS —M ee 
Mean 10°54 Mean 13°7 Mean 11:5 | Mean 174 
According to the above table, ek 13 
15° C. 
SRo, js] 
SRiscc. —— ] 
The approximate values* of VC and TS are 
Nye C. 711809 C. 


1:3 and 1:51 respectively. 


It is therefore concluded, witbin the limits of ex; erimental 
error, that ôR varies inversely as the viscosity. This is the 
result to be expected if the motion set up in the tube is steady. 


* Kaye & Laby's Tables of Physical Constants, p. 30. 
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Experiments carried out with two straight tubes of different 
diameters. 


Two tubes of diameter :96 and ‘5 mm. respectively were 
placed in almost exactly the same position with respect to 
the magnetic field, and the values of the deflexions for each 
tube determined for a current ‘066 ampere and a field of 
10,000 gauss. The resistances of the two tubes were 
‘36 and ‘99 ohm, and their lengths 27 and 20 em. 
respectively. The leads were out of the field, and, as 
previously shown by Jones *, the effect for straight tubes is 
independent of the resistance in the field. The experiments 
were carried out under conditions of steady motion 


e = constant ), and it was found impossible to obtain 
l 


reasonably accurate results with tubes of smaller diameter 
than :5 mm., as the deflexions obtained were too small. 
Jones t had previously investigated the effect of varying 
the diameter in the case of wide tubes carrying large 


currents (jr = constant), and found that ôR was propor- 


tional to the diameter. The results obtained for the two 
tubes are given below in Table VII. 


TABLE VII. 
Current in Field in Tube d ent TUE a 
ce i oe ôR x 10* ohms. ôR x10* ohms. 
066 10,000 24-19 12-94 


The results show that 5R increases with the diameter of 
the tube, and that it varies approximately as the diameter 
of the tube. 


The Effect of a Magnetic Field on the Resistance of 
Amalgams. 


In the first series of experiments the increase of resistance 
produced in pure mercury was compared with the increase 
produced in an amalgam containing 0°5 per cent. of 
bismuth. | 

Bent tubes were employed in these experiments, and after . 


* Loc cait. t Loc. cit. 
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measurements had been made for pure mercury, the tubes 
were filled with the amalgam and replaced in exactly the 
same position. After the observations had been completed 
in the case of the amalgams, the tubes were again filled 
with pure mercury and the first set of measurements were 
repeated. Experiments of a similar kind were carried out 
with straight tubes filled with pure mercury, an amalgam 
containing 0:64 per cent. of bismuth, and an amalgam con- 
taining 1:187 per cent. of zinc. The results obtained are 


given in Tables VIII. and 1X. 
TABLE VIII. 


Bent tube of diameter 1*1 mm. containing Mercury 
and Bismuth amalgams. 


P | Amalgam containin 
ure Mercury. 0:5 per cent. Bismuth. 


toes OE Sea wl te eS 
Field A 
in Deflexion in mm. | Deflexion in mm. 
gauss, l 
r NE RU UR 
| 
| 065 13 465 “065 13 465 
amp. amp. amp. amp. amp. amp. 
! 
ESAT NTR STR RAEN, e PERRET ETSE eee eed EPI RENE 
10,000 | 10°75 21°8 01:2 10:55 21:1 604 
1,904 "T 13:6 13°75 41:35 
7,071 5:25 10:9 i $3 11:35 32 
4,814 | 2:42 5:2 | TN 2:5 5:15 14:9 
TABLE IX. 


Straight tube of diameter ‘96 mm. containing pure 
Mercury, Bismuth amalgam, and Zinc amalgam. 


Amalgam con- 


Amaigam con- 


| : Pure taining ‘646 | taining l'i57 
ee Field Mercury. per cent. per cent. 
RR od Deflexion in| of Bismuth. of Zinc. 
peres. | gaues, mm. Detlexion in Deflexion in 
mm. mm. 
4°76 4:59 


16:7 


17:2 
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These experiments show that, within the limits of experi- 
mental error, there is no appreciable difference between the 
increase of resistance in the case of pure mercury and 
the amalgams examined. If the effect measured is due 
entirely to the motion of the liquids, the increase of resist- 
ance should be less in amalgams than in pure mercury, 
owing to the increase of viscosity produced by solution of 
a metal in mercury. According to the measurements of 
Feninger *, the viscosity of 0°64 per cent. bismuth amalgam 
is 1:08 per cent. greater than that of pure mercury. It 
therefore follows that the deflexion tor small currents 
(068 ampere) when the motion is steady should be 1:08 per 
cent. less than for pure mercury, and the difference should 
become less for higher currents when the motion is turbulent. 
The difference due to change of viscosity is, however, too 
small to be measured with accuracy for the bismuth 
amalgams of the concentrations employed in the present 
experiments. The viscosity of 1:187 per cent. zinc amalgam f 
is 6°54 per cent. greater than that of pure mercury, and the 
deflexions obtained for small currents should be 6:54 per 
cent. less than for pure mercury. The evidence seems to 
indicate that there is a small diminution in the increase of 
resistance produced by the field when bismuth and zinc are 
dissolved in mercury. The experiments support the view 
that the increase of resistance produced in amalgams by a 
transverse magnetic field is due to motion produced in the 
amalgams ; and the results are not of sufficient accuracy to 
decide if the solution of bismuth or zinc in mercury produces 
a very small real effect of the same type as observed in solid 
metals. A very small effect of this kind may possibly be 
superimposed on the much larger effect due to motion. 


Experiments with flat glass cells of rectangular 
cross-section. 


Some experiments were carried out on the increase of 
resistance produced in mercury contained in flat glass cells 
of rectangular cross-section. hen the depth of the cell is 
large compared with its width, the effect seems to be more 
complicated than for tubes of circular cross-section. If the 
depth of the cell is made equal to its width, so that the cross- 
section of the mercury column is a square, the laws followed 


* Feninger, * Die Elektrische Leitfühigkeit und innere Reibung ver- 
dünnter amalgame.” Inaugural Dissertation, Freiburg, 1914 


t Feninger, loc. eit. 
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by mercury when contained in a tube of-circular cross-section 
are obeyed. 


Further experiments will be carried out on this problem. 


Summary of Results. 


1. Experiments were carried out on the increase of 
resistan:e of mercury contained in bent and straight tubes 
for values of the current ranging from :03 to 1:4 amps., 
and for fields ranging from 3,000 to 10,000 gauss. 

2. It was found for tubes having diameter of about 1 mm., 
and for small currents, that the increase of resistance is 
independent of the current passing through the tubes, and is 
proportional to A*. 

3. As the magnitude of the current passing through the 
mercury increased, the change ef resistance 6R became 
dependent on the current until finally (for the maximum 
current employed in these experiments) 


A598 


P 


dR ox 


4. The effect of temperature on the change of resistance 
was also investigated, and it was found that the increase of 
resistance for small values of the current varied inversely as 
the viscosity. 

9. The results obtained are in agreement with a theory 
put forward by Williams, who assumes that the increase of 
resistance is due to the production of motion in the mercury 
and amalgams by the action of the magnetic field. 

6. The increase of resistance was examined for two 
straight tubes of diameter :96 and ‘5 mm. respectively, 
and it was found to be approximately proportional to the 
diameter for small values of the current passing through the 
mercury column. 

7. The increase of resistance produced in amalgams 
containing 0°5 and 0°64 per cent. of bismuth and an 
amalgam containing 1:187 per cent. of zinc was measured, 
and it was concluded for the concentrations employed that 
the solution of either bismuth: or zinc in mercury produced 
no appreciable change in the increase of resistance. The 
experiments showed a slight diminution in the change of 
resistance produced by the magnetic field when bismuth 
and zinc are dissolved in the mercury. This result is to be 
expected on the theory that in conducting liquids the 
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increase of resistance is not a true effect, but 1s produced 
by the motion set up in the liquid. 


This motion is less in amalgams than in pure mercury, as 
the viscosity of the former is greater. 


These experiments were carried out in the physics labora- 
tories of the University College of Swansea under the 
guidance of Professor E. J. Evans, and we thank him for 
his valuable suggestions and constant advice. 

We also thank the Department of Scientific and Industrial 
Research and the Glamorgan County Council for grants 
which made this research possible. 


January 1926. 
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XIV. Whe Analysis of the Copper Spectrum. 
By W. M. Hicks, F.A.S." 


I. THe LINKAGE SYSTEMS AND THE RYDBERG SEPARATIONS. 


LTHOUGEH the existence of links was first made evident 
during a discussion of the copper spectrum, the link- 
ages of Cu have not hitherto been considered in detail. The 
present. communication is confined to the discussion of these 
linkages and includes an attempt to fix the origin and the 
nature of the Rydberg separationsT. It is hoped in a later 
paper to deal with certain aspects of the series relationships, 
especially in the light of two recent important papers by 
Shenstone f and by Stücklen §. 

1. lt should be remembered that every link enters as the 
difference of two comparatively near term levels. We may 
indeed imagine that in the violence of the spark excitation 
a recombining electron may give some of its excess energy 
to the other electrons round the nucleus. We may picture 
the process as first a set of shocks to each electron or some 
of them round the nucleus, displacing them and altering 

* Communicated by the Author. 


T I have been criticised because in my various papers on the analysis 
of spectra I do not refer to the generally accepted views as to the detailed 
way in which the electrous outside the nucleus are arranged or move. 
But my aim has been not to illustrate a theory—or to criticise it—but 
to examine the spectral data themselves and try to discover their inter- 
relations and the laws on which they are built up. Many of these are 


of great simplicity, and they ought to be taken account of by those 
specially working on general theory. 

t Phil. Mag. xlix. p. 951 (1925). 

$ Zeit. f. Phys. xxxiv. p. 562 (1925). 
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their energies. But the new configurations may not be 
those governed by quantum considerations. Consequently 
in their accelerations they dissipate a portion of their 
energies until they fall into a quantum configuration (1. e, a 
uon-dissipating one) near their original patus. Next they 
fall into their original states and pass on their freed energy 
to the nucleus to be radiated according to quanium laws. 
The different levels in each case may be those of 4 complex 
term (different j, same k) or in general may be cert.in 
others not usually occupied in the normal or quiet transi- 
tions, but which we can calculate with very great exactness 
so soon as we know the usual series limits and separations. 
Again, when one level, or the two levels, of a quietly tran- 
siding electron is modified we get displaced lines. Such 
for instance are the origins of the various series and satellite 
separations which may be called normal displacements. 
Summation lines (almost wholly spark lines) must have a 
completely different origin. Until we know their source 
we may provisionally suppose that they are due to the 
existence of a doubly ionized atom simultaneously neutra- 
lized by two electrons, one going to the limit term level 
and the other stopping momentarily at a higher term level. 
E. g., we might suppose S (3) or p (1) -- s (3) to be due to the 
presence of the + + atom simultaneously neutralized by 
one electron falling in to the p (1) level and the other to s (3). 
Naturally in all these cases simultaneity would never happen, 
aud we should have to imagine that some short interval is 
required in settling down or that there is some short 
Interval between the complete transmission of energy from 
the electrons to the nucleus and its emission as radiation by 
the latter. 

The existence of linked lines shows that the general sup- 
position that all spectral lines are due to the difference of 
two terms only is too restricted. Many such in the long 
lists of new terms in elements which have been published by 
several investigators lately possibly contain many spurious 
ones due to this belief. Even negative terms have been 
admitted which should correspond to impossible* finite 
orbits whose total energy is greater than that from intinity. 
For instance, in the summation example above of S (3) the 
second term would be regarded as a negative one. But such 
an explanation is merely verbal and can correspond to no 
reality. The idea that a line might be represented as the 
sum or difference of the frequencies of two other lines 


* That is, if any magnetic action of the nucleus is neglected, as is 
usually done in current theory. 
O 2 
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(i.e. dependent on four terms) is not a new one. Moggen- 
dorff * indeed attempted to give examples of such, although 
unfortunately all his instances reduced f in reality to the 
difference of two terms only. 

2. For data we have very accurate measures between 
8680 and 6740 by Meggers{. He gives estimates of his 
probable errors varying from ‘01 to 05. Below 6740 the 
measures of Hasbach $ are used except that in the region 
down to 5000, where he has observed comparatively few 
lines, the observations of Aretz || are used and in the sparse 
region of arc lines from 5700 to 5000 spark lines, chiefly 
by Eder and Valenta{], have been taken into consideration. 
Exner and Haschek** have also noted many extra arc lines, 
some of which have been made use of. The original obser- 
vations of Kayser and Runge are now replaced by the very 
accurate ones of Hasbach, working in Kayser's laboratory. 
He reads to three places of decimals in the majority of his 
lines, and in general liis observation errors may be taken as not 
greater than a few units in the last place. "Thatthis is so may 
be inferred by comparison with other observers, whoin special 
cases have observed single Cu lines also to three places. 
Some examples are given below in connexion with his com- 
plex lines. Aretz also observes to three places, but for 
reasons given by Hashach they are often in error by one or 
two units in the second place. His separations of near lines, 
however, are not affected to the same degree. 


The Satelloid Group. 


3. Hasbach gives a considerable number of strong lines as 
complex, exhibiting numerous companions (“trabanten”’). 
The laws of the separations of the companions of complex 
lines are little known. The separations are generally small 
and do not depend like the series separations on oun dis- 
placements. The separations of Hasbach’s lines are larger 
than those of complex lines in general. Janicki gives only 
four lines as complex, viz. the two inverse D'j,, D',, lines 
where Hasbach has none and the other two in common with 
him, but with smaller separations. We might almost suspect 
them to be the result of a Stark effect were it not for their 

* Proc. Kon. Akad. Wet:ns. Amsterdam, Dec. 1911. 

T * Analysis of Spectra,’ p. 37. 

[ Bull. Bureau Stand. Wash. No. 312 (1918). 

$ Zs. wiss. Phot. xiii. p. 399 (1914). 

| Zs. wiss. Phot. ix. p. 256 (1910). 


«| Denks. Wien. Akad. lxiii. p. 189 (1896) : data taken from Kayser, 
Bd.5. Referred to as E.V. 


** Spek.der El. bei normalem Druck, 1911, 1912. Referred to as E.H. 
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irregularity and the fact that none of them appear in D lines. 
50 ulso the irregularity of the spacings and the fact that 
near lines of the same character do not show them would 
seem to exclude the supposition that they are due to ghosts ; 
€. 9., Whereas (4) 3208, (6)3194 show them, the near lines 
(4)3231; (6)3142; (6) 3126 do not. Moreover, the linkage 
maps, as we shall see, show that they belong to one related 
systema strong indication that their source must be looked 
for in term properties and not in grating deficiencies. They 
are not satellites as ordinarily understood, and I shall refer 
to them as satelloids. They show certain peculiarities which 
are important for our present purpose as well as for their 
experimental illustration of known link properties. They 
deserve a preliminary discussion. Quite recently Stücklen * 
has observed satellites, but more numerous, in the same lines. 
She does not, however, give measures and does not appear to 
be aware that Hasbach had already observed them. The 
whole set are given in the following list. The intensities 
are of the order 6 4-2. 
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TABLE I. 

1 (5, VIIL). 5 (16, VI.). 
4704:598! 21249-87 y 0:67 1518 226  4y=22%8 

04-20 5167 180  3y=171 | 995 16:14 130 

3530388 — 2831744 y 
2 (7, VIII.). 0:252 1853 109 2y=114 
230 8875 540  9y=513 0:10 1975 231  4y=228 
1:986 9020 395  — 7y—399 | 557  8y=556 
e 2 €) . 

scan 6s M Rer 6 (47, VL). 
0-3 97-98 83 Ty=399 845 4544 i38 10r=540 
| 81 4849 933  4y=2-28 

993  16y—912 l 
8-04 4911 171 S8y=171 
3 (2) | 3337-800 — 2995082 
5:15 8279 L74  3y=17l ; 73 5190 107 — 224—108 
4201513]?  23384:53 > ^ | 4:668 5245 1:62 3x = 1°62 
- Te E 7:571 5332 — 2-504 
4-79 86:42 191 3y—-ll : 788 14y=7-98 
* (91, VI). ! ;(2, LX 
3602038 — 2775415 y | — goh 16:6 — 545  10r=5-40 
01-75 56:39 — 221 — 4y=228 | 3307952 — 3022151 


! Janicki gives triplet d» :148 ; :174. 
? Have no attached links. 
* This is a 20, displacement on p,=247. The total for the others is then 7°00 with 
]3z—7:02; for more complete treatment see note 6 to Map VI. 


* Zech. f. Phys. xxxiv. p. 562 (1925). 


? Janicki gives as single and very sharp. 
Janicki gives doublet d» ‘264. 
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3°09 
32827716 
2°33 


80:687 
80:40 
3279:823 
79:54 
79:06 


3208-236 
8:119 
794 
765 


4°66 
4°34 
3194:103 
3 979 
3:81 


3108:603 
8:43 
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TABLE I. (continued). 


8 (3, II.). 
5036 — 348  6y=342 9093995 
30453:84 y | 372 
B742 BSS Gy-U42 C 
| 
, 3073°808 
9 (6, I.). | 9704 
7267 802  15r—810 | 3:53 
7534 535 lOr= p40 . 
380483069 r 
85°33 2-64 5r=270 — 3063-4106 5 
8778 709 lar=702 | 3:18 
1511  28r=1512 | 
10 (5, I.). 3036105 
5:89 
31100:80 y Sii 
6193 LIB — Qy=1-14 
63:60 2:80 5y=285 
66:00 | 570  lOy=570 2997-363 * 
T13 
11 (17, Il). 
93:23 544  1l0r=540 
0036 — 231 — 4y-238 a 
3129867 T 2061177 
9989 122° © 992 
30125 268  5r=270 
812 Jõr=810 
| 3:18 
12 (8, 1). |J 2882931? 
32159°49 T 2:713 
6155 206 4r=? 16 


13 (4, III.). 
32311:36 y 


1425 2:89 Sy —2:85 
14 (5, ILI.). 
32523:58 x 
2402 1°04 2: —1:08 
96:30 277 5a = 2°70 
15 (30, IT.). 
32633:84 x 
36:30 23l 527—270 
16 (3, IIL.). 
3292738 y 
2072 234 4y=2 28 
3026 288 5y=285 


17 (notes to III.). 


3335207 T 
555; 200 50r—2 70 
18 (10, III.). 
5438 615 Hy=627 
3376053 y 
6348 2-95 5, 2:85 
9'10 — 16,912 
19 (?) 
7358 292 fy=285 
3467670 
7940 270 Dy=285 
a62  1Dy=570 


5 This is one oun on p. 
7 See note 4 to map III. 


6 [s Shenstone's d '— p. 
* Has no links— is Sheustone's Y--pp 
The first column gives wave-lengths, the main line being in full; the second wave-number ; 
the third and fourth are explained below. ‘The brackets following the ordinal number refer 
to the maps in which the lines oceur. 
To illustrate the degree of accuracy of Hasbach’s measures - 
referred to above, the readings of other observers for some 
of the lines in the table are here appended. 


l. 3. 4. 5. 6. 7. Il. 16. 18. 
Hasbach ......... O98 C131. 038 "383 c850 "952 103 105 TT 
Offermann ...... 605 | — 03) 385 “851 9200 -c106 107 186 
Hamm ........ 597 C132 — 300. «848. c000  ... 03. +180 
Josewski......... — ‘136 ‘045 — — — 108 — -— 
Vahle ............ — — ‘037 — -— — — — — 
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A similar result obtains if the numerous other cases given in 
Kayser’s Handbuch are examined. I find only one case of 
real deviation, in which for Hasbach's 2411:625 Hamm gives 
"665, Krebs *651, E.H. 67, and Huppers :67. The devia- 
tion is so excessive that we must take it as a printer's or 
MS. error and that his true reading is ‘665. We may feel 
some certainty, therefore, that his observation errors are in 
general less than ‘005 when he reads to ‘001. 

If we examine the separations of the satelloids from their 
main lines, we shall see that they are practically all multiples 
of one of the two quantities z—':54 or y='57, and that this 
is specially marked if we consider the separations of the 
extreme satelloids. Compare for instance their values for 
(5, 6, 9, 10, 11, 16, 18, 19). The intermediate satelloids are 
in general in good agreement with this rule, but they show 
slight indications of small shifts of pairs such as might be 
expained by a small Stark effect. The close agreement, 
with the large multiples involved, is extraordinary and shows 
that the effect is real. This sense of reliability is increased 
if the cases where a satelloid is measured to ‘001 are con- 
sidered. This dependence on multiple shifts, now to be 
regarded as established, is important as a sure evidence that 
the satelloid sets are all due to displacements in some one 
term (or two, if z is really different from y). In other 
words, all the lines involved must contain some common 
term in their formule. This conclusion is supported, as we 
shall see below, by the linkages which definitely relate the 
majority of these satelloid sets to P (1) lines. ‘They are also 
cioxely associated with the maps in which Rydberg’s 680:11 
and 212:23 occur. We may suspect, then, that all these lines 
should really depend on P (1). Amongst others (15, 19) 
would then suggest that Shenstone's p, are composite terms 
involving p,(1) or p,(1). The origin of the y shift must 
remain at present undetermined. It the satelioids are of the 
same nature as that of the close companions of strong lines, 
we should not expect the shifts to be due to oun displace- 
ments on a single term, and indeed such small shifts 
could not be produced in either of the terms s(1)-p(1). 
The oun shift on s(1) is 3:43 which is 6;—3'42, but this 
must be merely a curious coincidence for fractional ouns 
are inadmissible. 

Stücklen has attempted to explain the satelloids as being 
of a band-like nature caused bv the association of an atom 
with another very slightly bound one. 

The existence of these satelloids is of extreme importance 
on another ground, in that they afford direct experimental 
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evidence for the link modifications. We already know that 
as a fact when two lines are linked, their separation often 
differs slightly from that of the actual link. A link attached 
to a line A will indicate a line close to B, but this line may not 
be observed, and iu general we find, when the terms involved 
are known, that B is displaced from its theoretical value oy 
definite displacements in these terms. The evidence for this 
effect is definite *. The interest of these sets of Hasbach’s 
just lies in the fact that in very many cases the satelloids 
vive these theoretical lines. The discussion is best deferred 
until the linkage maps have been considered and it is taken 


in $8. 
The Linkages. 


4. In its linkage systems copper is anomalous in that 
linked lines are found in the arc spectrum itselt and not, as 
in other spectra, only to spark lines. In silver and gold no 
links are found within the spectrum as produced in the arc, 
although of course the various chains start from series or 
other definite non-ionized atomic lines. ‘The usual links for 


Cu as given in a previous communication T are, when 
corrected to IA, 


a=?245 54; L224844; c=251:39'; d=254°39 ; 
e—999:80; u=680°63; v=692°08. 


These can only be indeterminate within one or two units in 
the last decimal. The a...d links in Cu differ so slightly 
that we shall make small use of them in the present dis- 
cussion, chiefly because it is difficult to determine whether 
separations near their values are real links, or direct displace- 
ments, or pseudo-separations such as we get between D, and 
Da lines with near satellites not visible. "Their existence, 
however, is evident on any preliminary testing of tlie spec- 
irum, and they are the origin of the large number of 
separations near that of the doublets to which Rydberg 1 
first drew attention nearly thirty years ago. As is well 
kuown, he brought to light numerous sets of new separa- 
tions about 680, 212, 130, and 50 for which he could give 
no explanation. We shall refer to the three latter categories 
as X, L, M. He arranged some of these (shown with thicker 
connecting lines in map VI.) in a peculiar form of multiplet 


* For a few illustrations see my ‘Analysis of Spectra, pp. 153-6, 
159-161. 


+ Phil. Mag. xxxix. p. 462 (1920). 
t Astro. J. vi. p. 239 (1897). 
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of a kind which he says *I have never observed before." 
His 680 is of course the u-link, but the others still remain 
to be explained. A first step is to get some idea of their 
exact values and degree of variation. For this purpose 


their occurrency curves have been determined. They are 
given in the accompanying diagrams. 
Fig. 1. 


In these each dot 


212 X2Y2 213 214 215 


52 


48 49 50 51 
represents an observed separation equal to the corresponding 
abscissa +°05, whilst the ordinates give the number of cases 
within +°2 of the abscissa value. A rather wide extent of 
variation was taken in the test as their actual values were 
unknown beforehand. The curves show at a glance that the 
X separation has a maximum occurrency about 212:3 with 
minor maxima about 210-2, 214, and possibly near 211-4, but 
the peak at 211 would largely disappear if the ordinates were 
taken =abs.+°01 instead of +°02. The L sbow a maximum 
near 129°5 and a minor one near 130°5, but the broad peak 
round 129:5 shows that there are a large number between 
129:3 and 129:8. In sharp contrast to these the M shows a 
very great rise near 50°3 and no other, but again a con- 
siderable number within 50 to 51. The individual separa- 
tions almost certainly have errors «-1, so that where they 
crowd together the majority should be regarded as real 
X, L, M, whilst of the sparse ones many may be merely 


numerical coincidences. 
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. The Jinkages which emanate from the recognized series 
lines have been represented in maps, in which some latitude 
bas been allowed in the new Rydberg separations. These 
maps are simply the raw material on which to base con- 
clusions. It is not to be supposed that the lines are actually 
built up one after another in the way indicated in a map or 
are related to a svstem such as the ordinary series lines which 
depend on a regular sequence. Each line is an independent 
set of link modifications superposed on the two fundamental 
series terms of the map involved. There is even no à priori 
reason why we should expect identical line characters in 
differently linked lines, such as we might perhaps expect in 
similarly displaced lines. The map isa means of identifying 
them, and even if the inclusion of a particular line is inad- 
missible it may yet serve as a stepping-stone between for 
the discovery of others. 

The details of each map are discussed in the notes to each. 
To save space a line is represented by a small circle with an 
included number referring to the accompanying list. The 
exact separations are entered in thick type. Where there 
are definite reasons for disallowing a separation asa true link, 
it is enclosed in [ ]. In order to guard against assertions 
that the observed separations are merely coincidences in a 
crowded spectrum, the separations of each line from the 
nearest observed line on each side are given in small figures, 
except where a — means that the next is a succeeding 
linked one. Ina few cases excessive deviations from the 
values in the occurrency curves have been admitted where 
their reality has been suggested by neighbouring regularities. 


The large number of exact separations of 650-11 or close 
to it is very noticeable in those maps which include lines of 
Hasbach’s satelloid group, and which also are connected to 
the P(1)series lines. It is *52 less than the normal w-link 
which suggests the y —:57 displacement. The difference *05 
is equivalent to an observational error dX < *005, which is 
within our permissible limits, but the large number with 
the same value may raise some doubt. It will, however, be 
treated as a u-link with concurrent displacements. 

If these maps be examined, paying regard to the separa- 
tions from neiglibouring lines, indicated by the attached 
small figures, it will be seen that the great majority are well 
isolated from others and consequently that the large number 
of examples of the new separations really represent some 
definitely related system, even althongh their values differ 
considerably from equality, especially in the L, M sets. This 
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reality is also emphasized by the numerous examples of the 
appearance of the L, M in similar collocations. The maps 
reproduce the well-known features of the e, u, v linkages, 
which need not now detain us, Details will be found in the 
notes appended to each map. It is, however, interesting to 
notice that in these Cu-linkages the u-links greatly predomi- 
nate over the v. There are also a large number of examples 
of series inequalities, such as for example the first two links 
from P4(1) in map I. of (—e—'17)+(u+°17)=—e+u4+0 
ending in the satelloid of (2), or again 680-11--681:02 
—2(u—:06). We pass on to the immediate problem, that 
of the nature and origin of the X, L, M separations. 


9. In discussing the origin of these, three suppositions are 
at our disposal, in the light of present knowledge :— 


1. They are analogous to ordinary multiplet separations 
(different j-quanta), i. e. involve new “ terms ”. 

2. They are links formed in some way analogous to 
those already known. 

3. They have their origin in displacements or successive 
displacements in one of the main terms entering 
into the lines involved. 


lf they are analogous to multiplet separations, these 
generally form an arithmetical progression. Landé's rule 
goes further and may be stated in the form that they 
should be proportional to a series of numbers differing by 2 
and starting from some particular integer. In other words 
if s,, 5... denote the separations they form an A.P. with 
common difference ss—s,, and in Landé's rule the first 
number —25,/(s;—3s)). Now the separations in question do 
form an A.P. with common difference about 80. On Landeé's 
rule the first number should be 100/80 1:25 and is not 
even an approximate integer. His rule would therefore 
exclude supposition 1, but his rnle is only an approximate 
one. Nevertheless, consideration of Rydberg’s “ remarkable 
multiplet” shown with thickened connexions in map VI., 
2, 3, 4—5, 6, 7—8, 9, 10, will show that they cannot all 
thus enter. 

Moreover, from our present knowledge we infer that if 
they form a set of triplets, the sets must belong to the 
ionized ion. [n that case thev would not be associated with 
links dependent on the neutral atom, as in fact they are. 

Again, the e:sential property of all known multiplets is 
that the separations appear as pairs which are never repeated 
as pairs in the same multiplet. In fact this is the experi- 
mental basis for the “principle of selection” in j. It 
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follows, therefore, that the 680:11 must be of a link nature 
quite independently of its close relation in value to the 
known u. The (5,0, 7, 10) may then be put aside as 
merely sets parallelized by the u-link. "The others with (11) 
added may be arranged ius :— 


e 
2]2:26 
e 12971 o 50°36 © 
212-23 212°23 


o 50:36 e 


This indicates that if there is an analogy with doublets and 
triplets, the 212 must depend on one term and the other two 
129, 50 on a second. So far as this particular set of lines 
is concerned, this may be the case for 129, 50, but it cannot 
be the case for 212. The various values for each 212 are 
extraordinarily close. We find two successive separations 
212°26, 212-23 clearly really equal, and this cannot occur 
with successive displacements in the same term, for the same 
displacement must give a shift differing by more than ‘03. 
This points to the supposition that the 212 are of the nature 
of links. It is easy to see also that 212 must be some link, 
and that 130, 50 cannot be displacements on one and the 
same unmodified term as in the ordinary series separations, 
since we find numerous cases of successions of separations 
near their values. If they ure displacements in some term, 
they can only occur if that term is present. Now a search 
will show that 212 appears connected with known difference 
lines involving terms of all the known types. On the other 
hand, we do not find the 130, 50 connected with lines in 
which we can be certain that the term »(1) does not occur 
and that they are numerous where it does. We will there- 
fore consider the 212 sets and the 130, 50 separately. 


The 212 sts. 

6. Confine ourselves for the present to separations near 
210:2, 212:3 quite definitely given by the occurrency curve. 
We get a few in the direct P linkage of map II. and some 
striking sets in the parallel chains of map III. A few occur 
in IV. (82), several in V. (D' or inverse D), very numer- 
ously in VI. (probably P1), many in VIL. (probably 
composite) and in VIII. (portion ? to P). 210°68 is linked 
to Randalls X*—p,2. My suggestions of Q,(1), Q,(1) 


* X is Randall's symbol x for what Shenstone calls 7,1, and Y repre- 
sents the latter's dil. 
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have respective links of 208:7, 2127. Q,(2), Shenstone’s 
s(1)—p,, has 209:50; 24043 or p;—/3 has 20547; 
21282 (?d,1—4,3) has 212°58. Of Shenstone’s combina- 
tions, s(1)—p4 has 214:08, 212:10 in series, Y— p, has 
212°63, 20926 in series, X— pe has v —210:50, X —py has 
21111. It is attached also to some of the lines of Stücklen's 
multiplets and to many others not yet allocated. The 
above list contains lines depending on s(m), p(w), d(m), 
J(m).d,1.Y, and other terms. The separation thon 
cannot arise from a term already present and must he of 
the nature of a link. That being accepted, the question 
arises as to its source. Thea... d, e links arise from +A 
displacements on p,1, pẹl, the u,v from +A displacements 
on s(1). [t lies to hand, therefore, to test whether they 
arise from +A displacements in some other term. Naturally 
the first term to test is d(1). The satellite separation of 
d; I, d;l is very close to 27 and may be slightly larger, but 
the uncertainty will not appreciably affect the values. The 
values of d(l) and dj(1), as well as their mantisse, were 
given in R.A. in a paper f about six years ago. The values 


corrected to I.A. are 

dy(1) = 28415:50 = N/(1:964642)!, 

d,(1) = 28388°01 = N/(1:965592), 

with A = 7306°9, 
and we have to calculate the values of d,(1)(+A)—d,(1) 
and d,(1)(+4)—d,(1). Denote the values on d, by X an 
ond, by Y ; X,, Y; for the +A links and X,, Y, for the 
=~. Egun 
X; = N/(1:965592 + 7307)? — N / (1:965592)*. 


The values calculated are 
, = 209:88, = 210-21, 


X, = 212-27, Y, = 212-54. 


The agreement with our observed values is strikingly close. 
We have seen how in the occurrency curves the observed 
values crowd together round 212:3 and 210 with a very 
large number = 212°3+°2. There can then, I think, be 
little doubt but that the 212 separations are links as calcu- 
lated above. We thus discover a new fart in spectral laws 
of the greatest importance. Further support in favour of 
the X being links with the above values in Cu is afforded by 


T Phil. Mag. xxxix. p. 463 (1920). 
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& study of the maps which show a large number of series 
and parallel irregularities, a phenomenon distinctive of true 
linkages. We find, for instance, amongst others, 


Map II. 208°54+211:11 = 2X,—-03 


III. 211:73—212:69 = 2X,—:12 
212°18+ 680°71 = X,+u—‘01 


V. 218:61--208:86 = 2X, -01 
VI. 1001:23+210°71 = e+ N4,— 7:13 
VII. 210°56+4 21463 = 2Y,+°10 


7. If the law is general, indications of similar links should 
be expected in other elements, especially in Ag and Au of 
the same group. On account of its great importance in 
general theory, a preliminary test on the arc lines of Ag and 
Au has been made. The d(1) data for silver * and gold f 
were given in former papers in this Magazine. They are 
reproduced here with the values of X, Y now calculated 
therefrom :— 


Ag. Au. 
BD irri 27189-1 113935 
Ü- a ecu 421-04 1406°7 
Sat. displ. 23 6, 28 à, 
cm 2699741 = N/(1:9044829)!; — 26735:85 = N/(2:025415y? 
dy jue 2892538 = N'(1[047250); | 26477775 = N/(2:035262)? 
> O—— 808:22 2732-90 '$1 R.A. 
> o —— 843-61 323339 VU uus 
e CEEE 811:24 2111:02 88 n 
Y 816 76 8282:19 OS yn 


The arc spectra of these metals were then tested for separa- 
tions of about these values, confining attention only to links 
from arc lines. No complete investigation has been made 
and only the arc lines as given by Kayser and Runge and by 
Kaspar were used, about 10 in Ag between 17638 and 44500 
and about the same in Au. The linked lines now, however 
were sought for in their natural habitat of the spark spec- 
trum. The result is given in the following lists, the values 
for Au being in R.A., an old hand-list in R.A. being at 
disposal. The observed separations are in thick type, and 
those of neighbouring spark lines are inserted in ( ), as in 
the maps. 


* Phil. Mag. xxxviii. p. 316 (1919). t Ibid. xxxviii. p. 8 (1919). 
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(18,15) 1793214 
(3018) 17913-90 
(15, 38) 46-89 
(14,86) 1834273 
(37,23) — 253924 
(62,181) 27209:38 
(29,126) 2767270 
(15,61)  929231:58 
(22,90) 30279-75 
. (10,11) 30679-3 
(8,10) 307235 
(36,16) 311267 
(12, 36) 31089 86 
(15,15) 3144565 
(114,23) 36767-4 
. (23,14) 4020262 
(18,14) 4061863 
(16, 12)-» 42273:6 
. (22,11) 4300571 


1 Kaspar gives 24650775. 
3 E.H. observe this and 31939-6. 
* 809:56 -- 8544 — X, +Y 
> 842-67 --812:65— X, -- Y, +34 


812:57 
84357 
81058 
84918 


842'0 


85114 
84731 


81047 


80823 


851'8 
8076 
8121 
849'00 
812'34 


8103 
80771 


809:56 
811'8 


842°67 


Ag. 
1874471 (—D',,1) 
18757-47 


1919191 (D,,2) 
21943:15 


24652:33! (D,,3) 
2623448 (D,,4) 
26941:01 (S,5) 
275844 (D,,5) 
28060-52 
28520 01 
28547-47 


3955179 (P,1) 


30042-05 
30241-03 
84695 
31087:98 
85087 
31938:85 
30472-90 
31531-09 


(see 17) 
(P,1) 


31938:85 


3225-99 
36728:95 
84876 
3757769 
38818-93 
41010:33 
41428:19* 
43085:39 


43147°41 
483848: 385 
44458-68 
44503-72 


” 
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80875 
85525 
850'68 
851°64 
8577 
853° 


811:50 
842'51 
853°90 
811'60 
84214 


844'5 


848'0 


81057 


84686 


8042 

80775 
8454 

81026 
850°95 
811°34 
812:05 
806°57 
845°29 


a series inequality. 
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2275190 (271, —) 
9840 (—, 14) 
25503:01? (89, 10) 


27086-12 (29, 54) 
277993 (126, 121) 
28437 (420,18) 


2935897 (66, —) 
8998 (-,—) 
29401:37 (—, 23) 
30369:4 (5, —) 
93-93 (—, 11) 


31932:5° (116,17) 


313209 (17,40) 


3274942 (128,61) 


37575'90 (56,39) 


39623-1 (38,928) 
4181808 (43, 65) 
422736  (16,12)-» 
4389565 (27, —) 
43930:34 (41, 22) 
4395875 (21,27) 
44661-01 (40, 94) 
4526525 (55, 52) 
4534901 (31, 17) 


2 By E.H, E.V. give... 04:18. 


1. 
2. 
3. 
4. 
5. 
6. 
7 

8 


10. 
l1. 


12. 


13. 


14. 


15. 
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(30, 21) 
(11, 28) 


. (17, 35) 
. (125, 7) 


(18, 12) 


(75, 310) 


(21, 27) 
(9, 20) 

(14, 11) 
(45, —) 
(—, a) 
(=; 89) 


. (23, 221) 
. (9, 21) 


. 03,7) 
. (20,13) 


(5, 21) 
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18011-59 976491 


1757391 
1815567 
18415:80 
18467°56 


20392:38 


2136524 
2181829 
21860-79 
21973773 
2200167 
22013:58 


2287460 
25396'77 


2610571 
2138263 
21934:07 


3285'06 
327115 
328587 
323411 


2714'49 


3220:83 
277378 
213128 
2765'33 
2737:39 

25°48 


211221 
2134'92 


2128'01 
272651 
277457 


Au. 
15791-60 2777:81 1856941 (38,8) 
15923-38 (— D',,1) 3290°34 19213-62 (100, 207) 
17050-97 977767 1982864 (90, 100) 


19113:51(— D',,1) 9739/90 21846°41 (8, 14) 
20776-50 (8,3) 


2085597 (D,2) 327551 2412448 (60, 79) 
2143342 3232°85 2106027 (50,73) 
21701:67 3281'41 2108308 (6.229) 
277579 

2447746 (see 14) 

WITS 24 2119/15 2504539 (33, 10) 


3228'05 pee (16, —) 
3235'85 09:09 (—, 19) 
9110'87 2530819 (59, 29) 
3284°53 25813-85 (14,9) 
3234'35 25763-77 (21,19) 
9111'90 2567658 (14,6) 
3295'93 2013061 (18,18) 
3290:06 2619474 (27,15) 
2135'84 25900271 (28,20) 
2766'61 2593348 (6, —) 
2714'61 4148 | (—,42) 
3229:36 2039023 (61,28) 
327990 2041677 (22, 34) 
976148 2633512 (23,61) 
322823 2079557 (13,47) 
3274'69 2684203 (47, 46) 
2724'98 eem 
33'20 10:66 
323419 27711558 (6, 20) 
398119 27758-65 (27, 29) 
973124 2132034 (28, 5) 
9171011 929730218 (5,20) 
328126 27873:33 (40, 40 


922529:32 (D, 1) 


9200-4: 68 


2316087 


2417046 


2459207 (8,3) 


24739-086 


2775'65 2751471 (13, 5) 
323344 27972-50 (17, 62) 
2564681 
28131-69 
3287:18 
3141887 
2883372 323719 3207091 (25, 109) 
30109-14 


3236:20 3334534 ? Pt (42,92) 


. (79, —) 


(—, 16) 
(26, 38) 


(47, 11) 
(54, 26) 


(11, 22) 
(83, 103) 


. (20, 26) 


(146, 16) 
(77, 46) 


(28, 134) 
(17, 76) 


(12, 137) 
(86, 81) 


(56, 32) 


49. (41,16) 


(78, 41) 


2741478 
27483:17 


2817496 
2766113 
27111:58 
27913:86 
28639-63 


**^co*5*4062526 


30823:67 
28:51 
30498 87 


3101794 
30472:47 
31028:43 
31669°32 
31911:23 


33147:81 
3372955 


34120°84 
3450763 


36509077 


89542 25 


39715-01 


41048-04 
41007-98 
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3282'98 
3234'92 
2772°63 
2734°24 


2769:07 
328290 
323245 
8280:48 
2712924 
3280'58 


277182 
6708 
323089 


2731:98 
327145 


328324 
2132/64 
2728 20 
3227:06 
3282:67 


3236:78 
3277:08 


3229:23 
2733:89 


271579 


277274 
2732:68 


30617:55 


3021741 
2739'76 
3295717 
30944-03 


31194:34 
3141887 
3197013 


32904:37 


33001°33 
33052°05 
33165°51 
33595-59 


33729-76 
328246 
3701222 
33749-92 


34311-67 
34401-96 
34669-49 
3637487 
37012:22 
37179°69 
37357 °62 
3784471 
3859588 


39291:95 F, (2) 


39820:00 
41172-94 
4227614 


4249080 


49780772 


(P31) 


(Fil) 


3280:24 
86°21 
2769'66 
273037 
277519 
3286'48 
327071 
211211 


327615 

84°65 
322918 
3278:08 


3278 72 
323021 
213516 
323137 
276564 
3233:34 
2770:88 
2176:83 
3281:17 
2773:07 
3282:76 
2767:29 

974 
2731:06 
3279:56 
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35250:37 ) (27, —) 
5534] (—, 22) 
3567403 (—, 85) 
3563474 (185, —) 
3577652 (17,172) 
36338-53 (390, 29) 
36442-22 (34, 136) 
36367-70 (29, 7) 


37026:07 | (35, —) 
34:57 J (—, 22) 

36979:10 (35, 12) 

37589-75 (81, 118) 


37948:21 (15, 39) 
39659-88 (33, 56) 
39747:38 (32, 54) 
40411-06 (39, 94) 
40123-26 (19, 17) 
4107865 (14, 6) 
4136676 (12, 40) 
42068'78 (15, 76) 
49573:12 (62, 20) 
42593:07 (20, 51) 
44456°70 (8,139) 
45043:43 | E.V. 
idi) Re 
45921-86 (52, 7) 
45770:36 (33, 250) 


(25, 72) 


P 
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Very many of these lines occur in high wave numbers, 
and for these observation errors may amount to a unit or 
more in the wave number. In several cases different 
observers vary so much as to suggest different lines (? dis- 
placed). In Ag there seems to be a distinct clustering 
round $850:91 with four readings differing from this by 
—:28, 4-:23, —:04, +042, pointing to a displacement in the 
case of a Y, link. Near the calculated values we find 
for Yjz811:24 values 810°58, 11:50, 11:60, 10°47, 10:57, 

10:3, 11°8, 

X,2808:22 ,„ 808/75, 823, 7°65, 7°75, 7°71, 

,—84676  , 84731, 6:95, 6:86, 
X,=843'61 ,, 843°57, 20, 2°67, 
within their respective observational errors. So also in Au 
near Y,;=2771°83 are 2772°15, 1:90, 2°21, 2:63, 1°82, 
2°11, 2°74, 
X,—2732:81 ,, 2732°90, 2°85, 3:20, 3-44, 2°46, 
1°98, 2:64, 3°34, 3:89, 2:68, 
Y,23282:08 ,, 328141, 1°19, 1:26, 2°98, 2:90, 
2:46, 2°67, 2°76, 1:11, 
Y,=3233°29 ,, 3232:85, 411, 2°85, 4:12, 3:44, 
4°24, 3:34. 
Even if some of the separations adduced have no relation to 
X, Y links, the evidence from the mass of cases is in striking 
support of their existence. For instance, of the 62 arc lines 
in Au 48 show these attached links, many of them several. 
We have to remember that with links in general we get also 
simultaneous displacements in one of the two terms of the 
series lines with which they are associated. When we know 
these terms we can calculate the oun shifts and we are 
generally enabled definitely to settle the actual displace- 
ments. When these shifts are large, as for instance in Au 
or for first order terms in elements with smaller ouns, an 
allocation is often convincing. We can of course only 
apply this principle when the series line to which a chain 
belongs is known. In the above data in Au for example, 
we have cases belonging to S; (3), S5(3), D: (2), Dj (3), Dy'(1), 
D,'(1), (1), Pi(1). Now in gold the oun shifts in the terms 
involved are: 


sl. pl pil d'i. dyloo— 58 d2. d3. 
39:9 10°77 13°90 22:74 23°18 1:723 2:914 1228 


= ag 
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The large shifts involved in s1, p 1, d1 are so great that 
the links would be distorted beyond the deviations we have 
allowed for in forming the above lists. Tho material at hand 
for the above series lines treated on this basis gives the 
following results. The displacements are supposed to have 


been produced in the spark lines. 


D,lone (6,)D(6,) gives 9:28 makes sep. --328108— Y,—1 da= °26* 
D,'l one 0 +3732°90=X, 4-:09 —':02 
8,3 one —jons3,  —6089 » » —2i(1Y80-Y,—:03 00-4 
8,3 six -f , , -689 » n» -—9239372— X,—':43 —'09 
back É uox 2 » » —210112:006 Y, +23 — 05 
-àÓ, , -—112 » » —2133°00=X, +19 — 04 
38, » «» S17 » » -T273210-X,— 71 * (10) 
forward); —d, , ,, -172 » » +2771:83=Y, +0 0 
0 81:26 — Y,—:82 x (10) 
D,,2 two à, d 2914 , , —328215—-Y,r 07 — ‘02 
—200,, » 583 » »  2328134-Y,—'74 æ (12) 
),,3 three | —ó, ,, dj —128 » » £2972 10=Y, +°27 — 04 
20 , n» 245 » » +3282 08=Y,+0 0 
à n» » 10128 » » -T323322- X,—'07 '01 
P, two 0 —3236°78= X, + 3°49 T —4 
0 276564 — Y, —6:19 f 44 
Pl one 0 +3282:76 =Y, 2-68 —'08 


With the exception of those marked with * f all the new 
values are within observation errors, and the agreement is 
convincing as they occur with such large oun shifts aud 
with displacements on a single term (the first excepted). 
The lines marked x may be false links or, since their devia- 
tions are the same (°8), this may be due to some double 
displacement, e.g. (1) S,3(7) gives —'84 and (1) D,2(5) 
gives ‘67. The t suggest also the entrance of double 
displacements, e. g. (2) P41 (6) shifts 3:6. 

We shall now in discussing the maps consider the 
existence of A links based on the d (1) terms as established 
and that Rvdberg’s 212 separations comprise the links in 
question. The extraordinary importance of this funda. 
mental quantity A in the constitution of spectra is thus 


further emphasized. 
8. We are now in a position to discuss the satelloid data 
for link modification, taking the various maps in succession. 


P2 
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Map I. (2, 5, 8, 6) involving (72, 10y, 12x, 9x) * of Table I. 
The satelloid of (2) occupies the exact u—e from P, anda 
Rydberg’s v is continued on from it. Then a new chain 
starts from the main line to (4) and passes to the first 
satelloid of (5) on to that of (8) and continues to (10). 
Again new chains start from the main lines of (5, 8) and 
other modified ones start from the satelloids of (6). That 
from the red satelloid of (6) and the +u to (13) form a 
parallel inequality since 1000-06 — 681-022 e — v 4-:13. 

Map II. This is an extension of I involving the X, L, M 
separations. It contains three additional satelloids (2, 17, 30) 
or (8y, 11s, 15x) of Table I. Note the series inequalities 
from each satelloid of (3), viz. 682°00+ 679°36=2u+°10 and 
693:05--691:41—2v-F:30. When three lines show a series 
inequality it means that the extreme lines suffer the same 
displicement, so that here the satelloids represent the normal 
positions. A normal L separation links the second violet of 
(5 I) to the extreme red of (17), whilst a true u passes from 
the main of (17). From the satelloid of (8T) is a series 
inequality 208:54 --211:11—2X,—-08. (30) is an z satel- 
loid—sep. 9z—and the modified e links suggest an unobserved 
satelloid at —y of the one seen, making exact e. 

Map III. contains sets parallel to those of (8, 10) of I, 
and is noticeable for the number of X links. (3, 4, 5, 10, 
13a) are the satelloids (16y, 13y, 14x, 18y, 17z) of Table I. 
Note the true v to the extreme satelloid of (3). Indeed, 
if (1) is *08 (dX —-:008) too large, the two successive links 
become exact, viz. X,—212:26 and u=680°63. Also, while 
we get X, between the mains of (4, 5) we also find it 
between two of their satelloids. In (4) the modified u 
requires an unobserved satelloid at— 2y (the violet is 5y). In 
(5) the first satelloid gives a normal M forward, the second 
has X, back and a modified v which indicates a third 
satelloid displaced a further z. So in (10) the links are 
definitely attached to the satelloids, but are modified indi- 
cating unobserved ones, as the u, e form a series inequality 
since 679:954+1000°62=u+e+°16; whilst the 209-26 be- 
comes an exact X, if there be an additional violet, y 
further out. In (13a) we get a remarkable example of the 
satelloid representing the true linked line with the formula 
Pi(b -1).3u .v4-O. 

Map VI. In the P(1) portion (16, 47, 51) are (5y, 6y, 4y) of 
Table I. In (16) the links e, L. belong definitely to the first 
violetsatelloid. At (47), again, the composite link u +v goes 
to the first violet satelloid. In (51) the main only isinvolved. 

* The z, y refer to the z, y nature of the sets in Table I. 


—. 
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Map VIII. In this occur (5, 7) or (ly, 2y) of Table 1. 
The map was drawn from $S (3), but these sets are excluded 
by false links. (5) shows no links, but (7) is noticeable for 
a pair of parallel links from its extreme satelloids. It will 
be recognized that the statement at the end of $3 is fully 


justified. 


The 130, 50 separations. 


9. Returning now to the consideration of the L, M separa- 
tions, a glance at the maps will show that they occur in those 
depending on P(1), S, D, D,’ links, of which the only common 
term is p(1). On the contrary, they do not appear connected 
with the following, which do not contain the p(l) term. 


The data are in wave number. 


P(2) or region. 


36172 21503 | All Shenstone’s 
d,' —p(2) F(3) sets except 
104 532 his p, Pa 
20646 | 23929 F (+ d — pe 
043 | d'—d(1l) 20328  F(5) Y—p, 
574) 27338 d — Ph 
21494 584 J 
djl-d(3) 
298 | à 45821 Q, 


Of Stiicklen’s two multiplets (18 lines in all) numerous 
X links are found attached but only one M to a very 
doubttul constituent of her second multiplet, the same as 
the Q, above. The origins of Shenstone's sets are not yet 
known, and some of them appear to be link related. His 
Y —p, is (13) of map III., his d;'— pe is a satelloid, (11) of 
Table I. and (17) of map II. Also his p4 term is possibly 
merely a link connexion to p. His d} —pa is (23) of 
map I. All these maps belong to P(1) connexions. 
dj —p, is (16) of III., i.e. belongs to P(l). Y-y, 
d, —p, come in IX. and are there treated as involving p(2). 
Also, p, —p.2s2e-- Y, and dz — pg is a satelloid and (3) in 
III. Thus the Shenstone exceptions are probably only appa- 
rent except in IX., where the two L, M may be spurious. 

If, then, the L, M separations depend on displacements in 
some one term, that term must be the p(1). We find several 
successions of L separations. If it is possible to transform 
euch to some common value by displacement on the terms 
known to be involved in each case, it is an argument in 
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favour of a link theory. If, on the contrary, they constantly 
increase or constantly decrease, we are led to suspect succes- 
sive displacement as the origin. There is one such lon 
series in map Il. with 130:02, 128:91, 130°27, 12888, 
129-81; but we shall see reason to regard the 130-02, 
128:91 as mere coincidences. There is another of 132°96, 
132:23, 128-93, 130°98 in map IV. which show a tendency 
to regular decrease, especially when the 128°93 is seen to 
follow an enlarged v, i. e. a u-link which has encroached on 
it by 3:30. Very frequently the L, M occur in connexion. 
Also successive M's are frequently met with. Ia map VI. 
this is very noticeable. Here not only is the Rydberg set 
repeated by the u-link but we get similar repetitions by 
the e, and we find the increasing values 129-71, 130°10, 
52:04, 53:79. Another increasing set is in map V. of 47:50, 
50°43, 51°84. All these examples point to shifts by succes- 
sive displacements of about the same amount. We shall 
test the data on this basis. 

To produce shifts of about these amounts the displace- 
ments must be near a= 266—104 ouns and bz 1062 10 ouns. 
These produce the following shifts :— 


+a on p, = 128:05 on p, — 129:56 
—a , = 12884 » = 130°39 
+h , = 49°31 » = 4989 
—b , = 4947 » = 50°05 


Provisionally we shall use these a, b as near the normal 
displacements. The testing is rather tedious as each case 
has to be specially calculated. The procedure is, however, 
rendered easier by first calculating the values of the dis- 
placed pi, ps for successive b and a together with the shifts 
per oun for each value. For iustance,if say, (—3a+b—1)), 
is required, —3a+bd—l1l=—68}6=—7)4+7. The value 
required is given by the table for —7 and the change 
per oun. Thus the new value of the p, is 31873:21— 
7x1:2554—31864142. The table is given as an Appendix. 
Since A=508, (—.2b) p (5b —cb)ps. Also it should be 
remembered that the shift in a term is in the opposite direc- 
tion to the displacement, so that for instance a positive 
displacement entered on the left of the series line symbol 
diminishes the wave number, whilst if on the right it in- 
creases it. Thus P,1(—) isa diminished wave-number whilst 
(—)S,m is increased, although the displacement on p; is the 
same in both. It will be suffieient here to discuss in some 
detail a few important illustrative cases only. A more com- 
plete discussion 1s given in the notes to the maps, although, 
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as the general laws of link connexion are now well estab- 
lished, all the lines of all the maps are not dealt with. 

We begin with a portion of map IV., containing lines 
based en the S,(2), S,(2) series lines. The majority of the 
wave-lengths have been carefully measured by one x em 
who, has given estimates of his probable errors (‘01 to 
05 A.U.); also with the small wave numbers involved the 
ratio dn/dX is small. Further, the map itself is a reliable 
one for the ordinary known links. The Cu spectrum is 
noticeable for the large number of separations close to that 
of the series doublet (248:44). A few have been included 
in this mp, although there are others. The lines in the 
region measured by Meggers are well spread out, but there 
are a few regions of smaller wave-length, where the lines 
come close together. and in many cases are seen to depend 
on displacements of a few ouns. Some of these are indi- 
cated in the map by one or two additional circles. In all 
cases the usual displacements concurrent with links depend 
on a few ouns only, so that the shift per oun on s2 may be 
taken as constant, those on the p will of course vary largely 
and are given in the Table A in the Appendix. Its value 
for s2 is 5856. The linkage in general is supported by the 
large number of similar and parallel links. It is noticeable 
also for the back L-separation and for the long double links 
e+u from both S, and S, without representatives for e or u 
alone. That from S, is in defect by 1:89 accounted for by 
(+8) 8, ( 8), which shifts 1:225 4:585 2 L:82 with dn=:07 
(prob. O, E=:1). The other from 8; is 48 in defect accounted 
for by (—8,)S,(—38,). We shall consider specially here for 
our immediate purpose of discussion of the origin of the 
L, M, the long chain from S, round by (2, 3, ... to 10). 
First we notice the corresponding 130:23 back from 8, 
and 132:96 from S, Now, (a+2*)S, produces a shift 
130:50, i. e. dn.2:21 and is too large. But (a—2)8,(—8) 
has dn-::05. Similarly the back link from S, is mei bv 
the same a—2 and is (a—2)8,( —10) 703. In the S, the 
long linked line to (4) is (1)S,(-1).e.u+°07, and the 
corresponding one from S5 is (—1)8,(—3).e.u+0. The 
S, chain we are to consider has the constitution — starting 
fron (1)—L+(e+u)+L+u+L+u and then returns by 
—M—u—u+ L to (11). We note also the corresponding 
successive L, M at (5) and at (7). 


* Her» and in the sequel in denoting displacements we shall omit 3,, 
and a number will denote number of ouns. 
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(3) is 132:23 ahead of 2, produced exactly by ( —a— 1) |(1), 
so that the lineis (—a— 2) 3$,(—2)e.u * 0. 

(4) is u -- 3:30 ahead, i. e. u with concomitant displacement 
(—4)|(— 3, 4:03, the lineis therefore ( Ca— 6) 3)(— 5) 
.e.2u4- 05. 


(5) is 128:94 ahead. This is L modified by the foregoing 
displacement. The formula is ( — 2a) Sa( 4) e. 2u 4 06, 
or the L appears us a normal additional on ( — a) Ss(4). 

(6) is v. —1:29 ahead and is ( - 2a -- 1) S.(4)e . 3u+ 03, the 
oun displacement giving 1:265. 

(7) is 130°98 ahead and is (—3a— 1) S; ( —2)e. 3u+°01. 

(š) is 50°21 (i.e. M) behind. Jt is (—3a+b—2)8.(—3) 
. €. Ju -- 0, the M being produced by (b—1)\(—1). 

(9)is v—:02 behind and is (—3u+b—2)8,(—3).e.2u 
t'02. 

(10) is v 718 behind and is (—3a + 6 —1) S( — 1) e. + 0. 

(11) is 12910 ahead and is (— 14-0 —2) 33(— 9) .e.u 4 *01. 

(16) is 51:64 ahead of (7) and is ( —3a—05—2)8;(—2) e. 3u 
+01. 


We have now acycle round from (3) to (10), separated by 
211:61. Ifthis represents some modified X-link, then one 
of the L or M in the chain must be false. If it is not, then 
(3), (10) are simply mutually displaced, viz. comparing their 
formulze above by (—2a+b+1)|(1). This, as we lave seen, 
gives exact 211:61. Again, the L sep. 129-10 to (11) must 
have a different signification according to the two supposi- 
tions, viz. displacement on (—a)S, if 211 is a link, and on 
(—3a +6) S; i£ it is merely a displacement and the chain is 
real. We should therefore be able to use these two facts to 
get a decision. 

A. If 211°61 is a link it is one of X,+1°73, X,—°66, 
Y,+1°40, Y,—:93. The displicement per oun on (—a) pg 
is 1:257, and I see no simple arrangement to meet the 
deviations except (1)](1)=1°257—°585=-67, which is good 
in itself for X,—‘66, but with so many choices we might 
expect at least one coincidence. Again, on this supposition 
129:11 depends on (—a) on (—a)ps giving 131:18 with 
1:265 per oun on the ps. The 129-11 is therefore (—2a) p; 
—(—a)ps— 2'07. I can see no way to get near the 2:07 by 
multiples of p and s shifts. This therefore speaks strongly 
against the X-link supposition for 211. 

B. Here, as we have seen, the shift 211°61 is exactly given 
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by the displacement theory, and at the same time 129 falls 
in naturally as an L separation with error dnz'01l or 
dX-:005. We thus get striking support for the reality of 
the chain here discussed and the suggested origin of the L. 
We have here a remarkable regularity in ulternation of 
link and displacement. To show this we reproduce the 
values found above, starting from (1) duo is really 


(a—2)8,: 
(a —2)| (—10)——link 
( —2a)| (4) —-link 


(—a—2)|(—2) link 
(—3a—1)|( - 2)—. 


A similar system of alternating links and displacements 
exists in the Au 5,(3) " linkage, the links involved being 
the a=3195T and the successive displacements by A, 
A being the large number 113961. As in the present case 
this also starts by a backward displacement A, and the chain 
runs from +A to —3A. If X denote the line 23966 in 
Au=8,(3)+a(2), we may write the set: 


(4)X, X, X—a(2, (—A)X—a(2), (—A)X —2a, 
(—2A)X—2a, (-2A)X—2a—a«(1), (—3A)X —3a, 
( —34)X —4a(1). 


i. e., alternate displacements by —A and alternate link 
deductions = a. ‘he parallelism is very striking. The 
values of the lines discussed above may be tested by direct 
calculation 1. 


* Trane. Roy. Soc. 217. p. 382 (1916). 

T The a link, not the a=266 of the present paper. 

I E.g. take (10) = (—8a+6—1)8,(—l)e.u. Here —3a--ó-1 
= —688-—8,=—76+78,. The table in the Appendix shows that — 7b 
increases the limit by 352:82 aud the oun shift is 1:270. Hence 


—7b increases 25282 
+78, decreases 8'89 = 7xl1270 


— — a 


84393 

— 0, on s decreases ‘58 
8348:85 

Sa(2) = 1260180 

e= 99980 

u = 6500698 

14025-58 


which is exactly the value observed. 
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Taking the L, M displacements as following one another 
in the chain, they are successively - a4-2, —a—2, —a +2, 
—a—1,b—1, —b, —a. If the L, M depend on definite, 
the same displacements, with small concomitant ones, the 
values indicated by this map are a, b. In fact the devia- 
tions shown come in by the necessity of making the formulee 
fit within O.E. Tf slightly larger O.E. be admitted the 
formule in question may be written, dropping the link 
signs : 


(a)S,(—6)+°15 3 8,; (—a)S(2)4+°12 ; (—2a)S(4) 4-06 ; 
(—3a)S+-1l ; (—3a+b)S(1)+°20; (—3a—6)S(2) +21 ; 
( —4a)S(—5) +21. 


The 5th, 6th, 7th depend on Aretz and may be allowed, 
but Meggers definitely excludes the 1st, 3rd, and last. 

We take our next illustration from map VI. This map is 
remarkable for the number of exactly equal separations and 
of parallel repetitions of sets produced by e, u, and X links 
—the v here playing a very subordinate part. It was first 
drawn as starting Eom S,(5), with which it is connected 
through the large 214/86 link, only introduced because in 
arranging the raw material wide limits were admitted 
in searching for the X separation, with at that time 
uncertain values. Also D,,(4),a very weak and unstable 
line only observed by Hasbach, is 208:32 from (12), or the 
more accurate D = D,,—» distant 210:64. Neither of these 
separations is near the calculated values nor the maxima of 
the occurrency curves, and it would appear à priori extremely 
unlikely that such a definite and well-marked linkage should 
be associated with these weak lines. But the lines at (24) 
(25) appear in the P(1) map, thus indicating association 
with the P(1) lines. Moreover, the map contains some of 
the satelloid lines, and as the connexion of P(1) with other 
satelloids is quite definite this is an additional indication 
that the map is based on the P system. The line at (24) is 
(12) in map I. with the value 2e.u.P,(—1).v—3y+0. 
No. (1) of the present map lies on a complete cycle through 
(24) and thus has two chains to it, viz. (L, M, X now 
representing link types), 


—L+X+e+L* =e+A, 
—-X+M+e—-M4+AX4+KX =e4+X. 


* A series inequality, since 1000:05--127:36—e--19851 with a 
normal L and the 1:15 on e is 2y +01. 
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Hence (1) is (24) — (e + X) links -- small displacements, and 
does not involve the L, M separations themselves. Thus the 
link connexion of (1) is (taking X,) = X,.83e.u.P,.v 
== 27583°38 by calculation, while (1) itself is 27584:18 or 
X4,.3e.u. P1. v4-:80 = Y,.3e.u. P1. € 07 = Y,.3e.u 
. Pı. v+2y—'07 or 2z—:01. The important point is that 
(1) depends on P,(1) with a possible one or two ouns dis- 
placement. For our purpose of testing the displacement 
theory as the origin of the L, M separations the attached 
links do not affect the discussion. We may write (1) as 
X,.P,+Z where Z is a number, and the L, M values will 
depend only on P,. In other words, if we discuss the 
various lines connected with (1) treated as X; . Py, their real 
values are those thus deduced +Z. To indicate this we 
shall write Q fer P,+Z, so that the actual line at i is 
, Starting from (1) there are the set (1, 2, 3, 4, 
and 49) with the separations 132:22, 50:36, 129: 71, RU 
42:23, the last only introduced because of its —u, a 
links, parallel to those of the others. The formule (see 
notes to map) show that the first set depend on —u«, —), 
—a displacements in p, with concomitants in other terms. 
The 42°23 of (49) may he M greatly distorted by other 
displacements. The arrangement shown in the tables 
makes its p-displacement=—b—2, but it has no weight for 
the present discussion. With these four lines we geta a set ot 
four linked by —u +y, and another set by + X;, involving 
the same a, b, a, b displacements but of course not serving 
as additional evidence. We get, however, an independent 
set of four linked to (3) by — X, with separations 130:10, 
52°04, 53°79. Again, the formule show that they depend 
on successive p displacements of a, b, 6. From these and 
(3, 8) we get corresponding lines linked by e. There is 
another L, M set in this map between (26, 27, 28) of 
138: 33, 50-40 again produced by a, b. Lastly, there are 
parallel isolated sets 124:91 and 133 07 from (31, 32). If 
R stands for 3e. X, P,(—a—5—2).2u.v—3y 4:10, (34) is 
H-4-125:01 and (33) is Y. R+13321. Now +a on R 
shifts 129:15, so that these lines are R(a)—4°14 and 
Y,. Ria) - 4:06. These are within O.E. (dn — +°1) of being 
equally and oppositely displaced in some independent way 
met by 7y—in other words, they are L lines dependent on a. 
This map therefore affords strong support for the present 
theory. The argument is strong because the lines are very 
accurately measured and the oun shifts at disposal are large, 
3°43, and 1°24, but it is weakened in some instances by the 
small but definite displacement unit, y —:57. 
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Still dealing with P relations we may take map II., which 
comprises X, L, M separations dependent on the lines of 
map [. The notes to this map are well worth studying for 
the ordinary link effects. Here we confine attention to the 
L, M separations. Referring to the map and notes, we see 
at once that several false L, M are present. Thus, 13002, 
51:90 from P,, P, to linked lines are excluded. For the 
same reason, of the two from (13), 128:91 + 130727, at least 
one must be a false L and there must at least be one false 
in the cycle (17, 18, 19, 8I to 51). The 53:15 ot (2) 
from P, looks excessive, but so also does the succeeding 
130:94--3:58—134:52 to (3). The two together, how- 
ever, form a more normal L—M and give the formula 
P,(—a+6—1)+°03 for (3), whilst (2) becomes P,(b+2) 
—3y—'01. Again, the 50:04 to (8) is produced by a dis- 
placement of 6 alone. (10) is displaced an exact 3 ouns 
from (9), and the 50°04 is again given by b. All this set 
strongly support the a, 6 displacement theory. The separa- 
tion of 50:30 from 4I may be false, although the formula is 
within O.E. and gives —b. The formula for (13) requires 
—a and clearly shows that of the two L on either side it is 
128:91 which must be excluded, whilst the two 128°88 and 
129:81 fall in with great exactness but require a—1 and 
a+2. Again, (17, 18) rall in very closely on the supposition 
that 129:54 is real, and the defective tormula for 129°80 
based on this and for 50°25 based on 81 support the former 
by excluding these. There are a whole set from (21). 

The formula for (21) is X,.e.(—2)P1(a 0) .2u.v—y 
—'0C. On this 


— (a +4) gives —132°94, i. e. the observed separation to (29). 
—b gives —49°15 and (22) becomes 
X,.e.(—2) Pi(a—b + 6).2u .v 4:24 within O.E. of this line. 
(23) is ... — 50:60 and —(6+1) on a—b +6 gives 50°51 

= X,.e.(—2)P\(a—264+5). 2u.v—'09. 


(24) is ... —130:55, —(a+1) on a—2b4+5 gives —129°80 
and the formula may be written 


X. e. (—2) B(— 2044) .2u . v a. —708. 


The displacements for 132, 48, and 50 fall in quite naturally, 
but tlie last is artificial and the 130 may not be a real L. 
Lastly, map V., depending on the inverse D set, contains a 
large amount of material dealing with the X, L, M separa- 
tions. The oun displacements are large—2:39 for d' and 
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1:23 for pı, so that conclusions as to displaced lines may be 
trusted. On the other hand, a large number are spark lines 
and the possible O.E. are larger than in some of the other 
maps. The map, as drawn from the observed material, shows 
very many false cycles indicating that there must be a 
number of spurious links present. The discnssion of the 
displacements (see notes to map) definitely excludes many 
apparent. links, and in the end it is found that all the false 
cycles have disappeared with the exception of the two e, u 
links to (10), either of which are met by possible displace- 
ments though one at least must be spurious. The 998:66 is 
repeatel again between (13, 18), so that the 690-48 may be 
the spurious. The reader should follow carefully through 
the notes to this map. 

The foregoing discussion is sufficient to show that if the 
M, L depend on displacements on the p term those displace- 
ments are respectively b— 106 and a=266. The displacement 
for the doublet separation 248°44 is 500. These numbers 
are respectively 3?+1, 5?-- 1, 77+1. When we remember 
that the corresponding values for the doublets in Ag and Au 
are * 8?+2 and 9? we cannot but realize that some essential 


relation is here indicated. 
Summary. 


The paper has for its main object the determination of the 
origins and nature of the separations in the copper spectrum 
in the neighbourhood of 680, 212, 130, 50, pointed out bv 
Rydberg many years ago. The 680 is the ordinary u-link, 
but the other three extremely well-marked occurrences bave 
hitherto remained unrelated. The result is to show : 

(1) That the 212 are links formed by A on the d(1) term 
in the same way as those already recognized are formed on 
the p and s terms, thus further accentuating the great part 
which the quantity 4 takes in the general constitution of 
spectra. 

(2) The 50, 130 seem to be of a quite different nature and 
to be due to successive displacements of 106, 266 in p terms, 
that producing the doublet separation of 24844 being 506. 

(3) Incidentally the properties of Hasbach's remarkable 
satellite systems had to be considered. tis shown that they 
are all related to the P(1) series lines, obey very closely dis- 
placement rules, and that they afford direct experimental 
evidence for the rules ot link modification. 


* ‘Analysis,’ p.132. The values for Na, K, Rb, Os also are 6*+3, 


7144, 73, 754-9 
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The maps contain the raw material for discussion. It is 
to be expected that a number of the separations given will 
not correspond to real links or L, M values, but will merely 
be numerical coincidences, and indeed the discussion shows 
that such are present and can be excluded as false or pseudo 
links. Such are included in [ ]. Doubtless some still 
remain but the proportion is probably small, for if there 
were a considerable proportion, the chains from one map 
should be expected to run on into another depending on a 
different series line. It is very remarkable that no such 
case occurs. In the maps a circle represents a line with an 
included number referring to an accompanying list giving 
the wave-lengths and wave-numbers. The small numbers 
outside a circle give the separations from the next lines on 
either side, so as to indicate the degree of crowding or the 
reverse in the spectrum. The important numbers for our 
present purpose are the separations in a chain, and these are 
given in block figures in the junction line between two 
circles. The wave-numbers increase in a chain from left to 
right, and when a link is drawn vertically the increase is 
downwards, unless an arrow is drawn in the opposite direc- 
tion. The lists contain also the formule determined for a 
large number of the lines involved, especially where the 
L, M occur. These indicate the displacements required and 
also give the wave-number difference from the observed 
value, which should be less than the probable observation 
error. Unless this condition can be met without involving 
more than a few ouns displacement on the two terms 
entering, the link is regarded as a false one. Lines 
observed in R.A. are entered in italics. They are mostly 
spark lines by E.V. 


Map I. P(1). 
P,(1)23273:961, 30535217 ; P1(1) 2 3247-550, 30783-59. 
Uun shift on s(1) Z2 3:438. 


The map contains the linkage from P(1) involving e, v, v. 


1 2 3384+815 2053526  e.P,—-:16 E P P(—1)-2y — 0b 
8°55 1600 ¢.P,.u+0l i 
: = Š \ 1$ sat. (7) 
8 3307°952 | 30221':01  ...... --102z 4-:06 
3 4 32350712 3089021 e.P,.2u—y+°10 
4 2 3233°89 3091362 ¢.P,.u.v+10xr+09 
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P(1) (continued). 
5 4 8908236! 3116080 ¢.P,.u.v+l0r— 2y—02 
8:119 6L93  ........4. e —'03 
T% 6369 — eee + 3y4-02 T Pat 00) 
1:65 GODO reniant +10y— :02 
6 8068; 7207 menee — 5r-y408 | 
80-40 1934 — eee —y-4--08 
$ 3279823 3048069 ¢.P,.v+l0r—y—02 is sat. (9) 
9:54 8933 5. +152—y—-08 
9-06 8T18 ees E232 — y +05 
7 8» 317573 3147975 |. P,.v--10:—2y—'19 
8 64 3108603? 3215949 (—2)P,(—3).u.v+0 ) is sat. (12) 
8:43 6155  (—2)P,(—8). € . v-+42—"10 
9 2» 301481 3316964 (—1)P,.e.w. v4-10 
10 2 3044082 3284184 (—1)P,(1). 2e.u. v4-06 
11 l» 339201 2917261 2e.(1)P,.v—-03 
12 3  À 3572136 2879250  2e.u.P,(—1).v—3y—0 
13 3 3315399 3015363  2e.P,(—3).u.v4-y4-07 
14 2» 3351475 2980240  e.«.(—1)P,(—3). v4-0 


In the P maps the satelloids introduce the unknown z, y shifts and in 
general they have been left in the lines linked to them. 


1 The first satelloid is 248°31 ahead of (4) or 24840 of its formula, whilst 


the P,, P, are separated by 24827, so that we get here a change from P, 
to F.. 

? The map shows it is a P,.w.v line and direct calculation gives the 
displacements indicated in the formula. 


Map II. 


Annex to I. with X, L, M separations. For extensions 


from (12, 13) of I. see map VI. 


1 is (6) of Í and related to P,. Hence 51:90 is a false M. 


53:13 is excessive, but it is followed by an excessive 
—184:52 to (3) giving a more normal L-M. Moreover, 
the formula gives the value very exactly. "We must suspect 
that (2) has a satelloid 3y less. 


3 3:09 5036 (—1)P,( )—:02 
4 3282716 3040384 P,(—a+b—1)+-03 } is sat. (8) 
2:33 5742 (+P, )4-:18 


This satelloid set does not depend on y, but the seps. are 
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due to + one oun displacement in s(1). We note the sym- 


metrical series Inequalities in u from one and v from the 
other satelloid. 


4 1 335876 29704:37 
5 ln 320947 31148:83 
6 1 335831 16836 
7 2nb 3211-44 3112972 
8 2 32713391 3050388 
9 1n 3223044 3101764 
10 3n 322324 3101400 
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v.(—1)P(—a+b—2)+y-'12 
(—DBP,(—a-rb-2)y-4-18 
v .(1)P,(—a4-5 —2)—:14 
(OP, (-a-5—2).u—:04 
Px —a4-25—1)—:05 
(~1)P,(—2a+5b—2) .v+y—"15 
(~-1)P,.(-—2a4b-2).v+y—379 
i. e. is (9) displaced by 3 ouns = (—1)P,(—2a+4—5).v+y—~'01 


1l 1» 321823 3106404  (—1)P,(—2a--25—5) . v 4-15 


A separation of 130:02 is shown as between P,(1) and (4) 
of I, linked to it. Hence 130°02 is a false L. 
12 In 323916 3086332  e.P(-/w.v4-9y 411 
is 50°30 behind (4) of I 2 e. P,.u. v-4-10y —:21 
13 3» 3293903 30353042 e(—1)P,(—a)v - 05 


This divides the separation between the linked (2) and (6) 
of I. Of the two L links represented, one at least is there- 
fore false. Regarded as dependent on (6) of I, the formula 
reproduces the line exaetly; if it depends on 2 of I 
(4-128:91), the formula is e(—1)P,(a+1\4+°11 outside 
O.E. This decides in favour of 130727 being real. 


14 4 3311225 3013704  X,.e.P,(—a) v—2y—:02 

15 3 3206814  30609:57 e.(—2) P,(a—1). v--0 

16 2 325222 3073938 e.(-2) P(2a 41). * 13 

17 4:66 3:23 e. (—2) P, (a -1).u. v4 y4U 
4°34 000- suadeo (a 4- 5;...... —2y —:03 | 

6 3194103 3129807 e(—2)P\(a+5)u.v+2y+0 $ 

3:979 989 (a+6)... +2y+0 | 
3°81 301:35 


— (a4-7) ... +2y4°23 ) 

is sat. (11) 
We come here to a false cycle, with at least one false L 
or M. Either the 129:54 is real, connecting (17) to (5) of T 
whose satelloid in question is e. P1. u. vc 10z-- 3y +°02 
=e. P,.u.v+7:13. In this case one at least of the L, M 
129:80, 50:25 must be false, or the latter may be real and 
129:54 false, or both sets false. On the first supposition the 
longest satelloid of (17) is e. P1.u. v-- 7:13 -129:54. Here 
a - lon p; shifts 129:27 and we get e. P,(a--1).u.v pF 7743 
=e .(—2)P (a+1l)u.v+y+0. The main lineis 5:44 larger, 
which is 46, on pi(a+1)+y+0. This explains the failure 
of the y-multiple for the extreme satelloid in Table I. of the 
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satelloids. Also the first violet 1:22 with very exact measures 
is ô on p(a). The formula for the main is therefore as 
entered above. Not only therefore do we get exact formulæ 
with this separation as a real L, but the current term pi(a) 
entering enables us to explain the satelloid separations, a 
difficulty in discussing Table I. 


18 6 3126106  À 3197944 e¢.(—2)P,(a+5)26.v0+2y+°14 
= e(—2)P,(a 4-0), 2u . v -*08 
19 3 3113468 3210924  e.(—2)P.(2a-8).2u . v 4-22 


or (—2)P,(—5—3),u.v— 78 


This may be either 129-80 on (18) or — 50:25 on (8) of I, 
which is (—2)P,(—3).u.v+0. The resulting formula 
would be as entered. As -78=y+°21 both are equally 
probable or improbable according to the simplicity with 
which :21 can be met. p,(3)—6y gives —'02 in the first 
and p,(—2)+4y gives —':02 in second—both artificial— 
contrasted with exact reproduction of the sep. 129:54 at (17). 
We cannot in this kind of reasoning, especially with the 
presence of y, get certainty, but the 129:80 and 50:25 are 
marked as false. This is sustained below under (31, 32). 


20 1 3118355 320589] | 27 2 3149501 31741-90 
91 4n 3146821 3170894 | 29 2 3100017 3163598 

92 In 310161 31720606 | 30 6 3063416 3263384 

23 3 3156623 31670-30 3:18 3:0] se) 
24 4n 3169-680 3153984 | 31 4 3128692 3195301 

95 3 3088121 3237279 | 32 2 3149501 3174190 

96 4 8128693 3195301 


Nos. (21...24) and (29) serve for evidence on the L, M 


origins. (21) is X,.e.(—2)P1(a* 6).2u.v —y — 0l. 
A displacement —(a+4) on p,(a+6) shifts 132:94, 
the observed 132°96 to (29)— X,.e. P,(7).2u.v« 12; 


—b on p,(a+6) shifts 49°15, so that (22) becomes 
X,.e( -2)P.(a —54-6)2u . v 249 X,. e. (—2)Pi(a—b 4-6) 
.2u.v9—:03; —(b+1) on (a—5 4 6) shifts 50°51 and (23) 
becomes X; . e .(—2)P,(a—2b+ 5) . 2u.v+°12;and —(a4- 1) 
ona—2b--5 gives 129:80 and (24) is ...(—2b--4)... 
—y+°03. All these support the displacement theory of 


, M. 

(31, 32) are the same as (27, 26), so that there is a cycle, 
viz. starting from (31), u—-e+L—X—u—L+e+X which 
annul, so that we get a true cycle. It is interesting to 
note that had we made the 129 at 17 false and included 
129°8 +50 between 18 and 8I, the links would not have 
annulled and the cycle would have been false. 
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Map III. 

This map starts from two parallel sets to (8) and (10) of I, 
indicated at the top of the map. 81is (—2)P,(—3) .u.v+0, 
or if cleared of displacements is P,.u.v-F3:16. Thus (1) 
is P,.u.v+93°22 and (4) is P,.u.v+155:03. Now 
{2b—4) on p, shifts 93:62 and 35+6 shifts 155:06. Hence 
(1)is P,(2b—4).u.v —:40 = P,(2b+5) . 2u+0, correcting 
the two links —X,.u to exact values. So also (4) becomes 


P, (354-6) uv 705. 
1 4 ' 3099-922 3224955  P,(2h4-5).2u--0 
2 2n 3120452 3209737  X,.P(254-5).2u 4-09 
8 6 30360105 3292798 ............ —5y 4-:08 
6:89 BFT: -eisenii — y411 ! sat. (16 
6:84 3026  P,(254-5).3u4-:08 
4 6 330903993 3231136 P,(30+6).u.v+05 Eus (13) 
3°72 1495. arcessit 45y4-04 f| ` 
b 4 à 3073803 3252358 P,(3d+6).u.v.X,+0 
3:704 94029" gonea a T2z—:04 sat. (14) 
3°53 20 8D:  wiscaisecctdedensiaasees +52r+°07 
6 2» 303025 32991:00 P,(36+5).24.v+:26 within O.E. 
7 5 3010840 3320369 P,(3b+5).2u.0.X,—y—0l 
8 8 3022608! 3307443 P (—a+3b+4).2u.v.X -y 4-01 
9 3» 302156? 3308589  P,(—a-F35--4).u.2v. X, --y —01 
10 1:716 54:88 | Pi(-a-rF35--4).8u . v. X, —:12 
6 2961177 3370053 P,(—a+30+4).3u.v. Y, -10y4-:04 | 
0:92 6248 P (—a+3b+4).3u.v. X 4-16y —14 
sat. (18) 
11 1  2875:69 3470110  Pi(—a--35--4).e.3u. v. X, -F17y 4-11 
12 2» 2979:33 3355422  PQ(—a-F35--4).3u. v -17y — 13 
18 2 2998384 33341590 X,.P\(—a+36+4). 3u. v4- 16y 4 :08 
14 1» 291121 3433995 — X,.P,(—a-r35-F3).e.3u .v-16y —-13 
15 4 3140318 3183472  PBQ(3646).u.X,-4-6y —:02 
l6 2 3008912 32575397 P,(46+8).u.vY,+ 11 
17 ln 299176? 3311542 — P,(36-F6).u. v. 2X, —2y 4-03 
13a 4 2997308  Á 5335297  Y,.P,.(05—1).3u.v—'14 
7:134 5557  Y,.P,(^4-1). 3u. v 4-0 } Rin 
12a 2» 2978293 3356651  P,(h—1).3u.v4-:84 
18 In 298588 3348122  X,.P.(a4c54-1).3u. v - y 4-:06 
19 In 2908277 3351611 P,(—1).3u. v4-21 


! —(a+1) on 3b shifts 12913. Note —a2+36+4=56= 24, 

3 The separation from (8) is exact v— v, i. e. one of the u is replaced by v. 

3 Note the series inequality 211-78--212:69 — 2(X, — 06). 

* The line is 13:98 from (13), and the linkage iherefore ae 
calculation for the satelloid gives then the result entered. the main is 
11:38— v—«—-07 ahead of (13), fe. the 3u.v in that is changed to 2u. 2v. 
The three parallel sets in this map therefore depend on P (b+ 1), P,(25 4- 5), 
P,(35-- 6). 


Direct 
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S, (2) = (10) 8092-74,12353:36; $,(2) —(10)7933-20, 12601-80. 
Oun shift on s(2) 2:5856. 


Meggers' probable errors are inserted in brackets. 


&. 


1 2 817896  1222313(03) (a—2) 8,(—8)+:05 
2 1 821622  1216770(04) (a454-7)S, — 02 

3 3 777418! 1285956(01) (a4-54-7) 8,. v—:26 
4 1 7124660  1403189(09) (1)S,(-1).e.u—'07 
5 1 818790? 12209-78 (07) Q 

6 1 868008  1151746(00) v.Q—724 

7 2 814640  1183611(04) *s.v.Q(—1).«—'19 
8 1 827353  1208353(00) 


1 I see no way of meeting the —:26, which occurs also in (6, 7). This line 
should possibly be excluded. The two neighbouring lines are (2)...5°41;° 
(4)...1:98 or n—...01:52 ; ...63:20 separated from (3) by —2:04 and +3°64, the 
latter being 3 ouns on the p, term. 

2 This is 13:90 ahead of (1; and is doubtless a S, relative. Callit Q. The 
last separation suggests a change from p, to p,. If the 247-42 is wholly this 
kid p, must enter as p, (26 — 10), that of (1) being p,(a —2), a displacement 
of 120. 


S3(2). 

1 2 8017:78} 12468841(03) (a—2)S,(—10)4-:03 

2 In 700002 1428174(10) (—1)8,(—3).e.u+0 

3 2n 093580 14413°97(06) (—a—2)S,(—2).e.u+0 

4 4 662161 1509790(02) (—a—6)8,(—5).e.2u4-:03 

5 2n 6565°54 15226:84 (07)  (—2a)S84(1).e.2« 4-06 

6 2 à 6085125 1590618 (—2a4-1) $,(4).e.3u 4-03 

7 1^ 60233793 1603746 (-38a—1)8,(—2).¢.3u+-01 

8 2n 09253371 15986°95 (—3a+5—2)8,(—3).¢.3u+0 

9 1  À 0531437 1530634 (—3a4-5 —2)8,( —3).6.2u--:02 
10 1 6083546 14625°58(10) (—3a+b—1)8,(—1).¢.u+0 
11 2n 677564 1475468 (06)  (—4a+5—2)S,(—9).e.u+0] 
12 1» 6890-642 14507°89(02) (—4a+6—3)S8,(—3).e.u+0 

2 89°92 09°96 (06) (—4a+5—3)S,(—1).¢.0—-09 

13 5 60599681  15148:06 (—a—^5—4)8,.6.2u4-:08 
14 2n» 6544:51 15275°77 (09)  (—2a—95)8,(2).e.2u--:09 
15 1e» 6840:99 14613°74(02) oo —3a+6- 2) S( —1).e.2u4-:06 
16 ln 0213785 1608880 (—3a—b—2)S(—2).¢.3u+ 01 


! Also (2)8,(—6)—°11, but the residual is too large. 
2 Or more probably the —* a" link +(1) on p, 2(—4a4-6—1) S,( —9).e.u 
4-01 — link “a”. 


Q 2 
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S(2) (continued). 

17 4  Á 60119545 1833657 36 2» 6127729 1631475 
18 1 6199-195 16126-66 37 2n 6583542 1518520 
19 2 86296599 15877:20 88 2 60323264 165727; 
20 2 6157:5577 16235°66 39 3 703934 14201:98 (04) 

H 7'371 36:21 40 5» 0485149 15415-61 
21 2 6427-564  15553:69 41 5 6090:296 16415°21 
22 2 6039798 1655226 42 2n» 6506°142 1536585 
23 1n 00646686 16484:34 43 2 60230734  16045:03 
24 2n 60158460 16053571 44 3 0251316 1599221 

2n 085 37°79 45 1 6150135 160925531 
25 4  60325:450 1580478 46 1 6152-287 1549411 
26 6059:4463 16498:60 47 Sn 04741760 1544172 
27 1^ 6151576  16251:51 48 2n 1:940 90-99 
28 2 6274024 — 15932:80 2» 6060-860 1649475 
29 2 6296'599 15877:20 59-4498 98°60 

2 4:004 83°75 49 2b 6749-29 14812228 (10) 

-80 4 6243:1125 16013°19 50 In 64040505 15610:80 

31 3n 02936055 1606328 In 1:427 17:21 
82 2 5966:594 1675534 1 0:591 19:25 
33 0 6504051 15371-02 51 2 6135-585 16293-87 
34 1 60115155 1558378 
35 3n 6146°834 1026404 

3n 8:190 0:46 

4ry 1:310 2:73 


The lines to three decimals are by Aretz. 


3 * Heads of bands "—? analogous to satelloids. 
* Separation taken from mean of (29). 
5$ The separations are linke a —:55, c—:03, d —-99. 


Map V. (d'—p1.) 
D'i(1)2 5700247, —17538:24 ; D'4(1) 5732:364, 
—17439:98; D'4(1)— 5782127, — 17289-88. 
Oun shifts on d,' =2'3977, on d,/=2°3905. 


As the P lines do not enter, the z, y shifts are not admis- 
sible. The first back link from D';, is e—:63, and *63 not 
being met by displacements is excluded, and the 48:12 to (2) 
is not therefore capable of being tested. The two lines are 
close parallels to two lines (24, 23) of the S(2) linkage 
(map IV.), and must really belong to it. There are in this 
map several false cycles. As an indication of connexions, 
we have the 248:23 between (4, 5). This doublet v separa- 
tion suggests a change between two p;, p, terms. If (5) is 
connected to the D';; through 47:51— 12963, it depends on 
—p,and +v cannot change to —p,. We shall start therefore 
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in the opposite direction by the chain D, 3, 4, 5. The dashes 
in D' are omitted. 


1 2a 


«€ Qu EEE OG Ww» C t9 
— 
z 


6045085 
60627726 
5663-52 
5646°98 
5721-063! 
5685-08? 
5631:65 
5679-42 
5566:35? 
5360-099 4 
5668-778 
5652-16 
5438-79 * 
5453-93 
5391:629 
5200:87 
5144-106 
515858 
5130:97 
5429-01 ` 
5408-56 
5076:283 
5022-770 
5208:74 
5089:54 


16537:80 
16489°67 
17652°53 
1770440 
17456712 
17585°75 
17751:85 
17603:12 
17960771 
18651:19 
17636:18 
17688-02 
18381-97 
18330°93 
18542°12 
19222°22 
19434:32 
19380:62 
1918472 
18414-83 
1848170 
19693-98 
19903:82 
19212:15 
19543:36 


false link 
D,,- ¥,+°0) 
D, (+2). Y, 4-10 
D,,(6+2) . X,—:05 
D(a +5-+4-2). Y,+°05 (see note) 
D,4(1). X,4-:09 
D,,(-4). ¥,+°07 
D,,. X, . ¥,+°07 
? 

D,,(@+26+3).X,+°01 
(—1) D (a+ 364-3) X, +09 
e.D,,(—5—6).X,.2Y,.2u-4-06 (see note) 
(1)D,,. Y,.#+°20 (within O.E.) 
(1) D,,(—1). 2Y, . u 4-05 
(DD,,(—1).2X4.2u4-:06 
D,,(—3).3X,.2u —:03 
D,,(—5—7).3Y,.2u —:12 
(—1)D4(-6—4).3X,.2u — 10 
D,,(—a—1).2X,.u—'23 
e. D,,(6—5) . 8Y, . 24+ 03 
D,,0—3).X,. X,. 2Y,.2u—':07 
D,,(—3).2X, : X,. 2Y,. 2u —07 
v. D,,(—3).2X, .3Y,.2u 4-07 

D,,((—4).X,. X,.2Y,.2u — 18 


! The 248 suggests — A. or p, to p, But —A on p, (54-2) shifts 247-83. 


Note, D,, is a “ forbidden " line. 
* This is 129:63 ahead of (5) and 47:51 of D., 
For the former +a on p,(b+2) shifts 129°36. 


one link at least being false, 
On this supposition the 


formula is as entered. Also bon p, shifts 49°31, and the formula based on 
(h—1)—:57 and ‘57 cannot be met by any simple displacements on 


D,,is D 


d, pi. 


bis points to 47:50 as being the false one. 
next 50:43 link— see note 5 below. 


This is supported by the 


3 Note the series inequality vip bud Mi ar? This and (4) 


are so exact that the false link in this cycle must 


to (10). 


either 690°48 or 993:66 


* On the two possible suppositions of linkage to (0) or (3), the first gives 


D,,(-1).X,.% 


. v —'05, and the second (1) D,,(1). ¥,.¢+°03. The measure 


is by Aretz with O.E. about ‘05, so that it is not possible to decide which (if 
not both) is false. Both are marked doubtfully false. 

5 If based on (5) formula = D,,(a+26+3).X,+°01, if on Dj, is 
D,425 —1)4-:63. Thus line (11) supports (6) in making 47°50 false. 

é The map shows three links: v+1:87 frou (12) = (—1) D,,(a4-35--4) . X, 


. €4-:69, an 
also excluded ; whilst 998:65 from (18) gives that enter 


thus excluded ; 51:04 frum (14) gives (1) D de . Y,.u4-770, 


with residual :06. 


The e link is thus not necessarily excluded. 
This map is noticeable for the alternative succession of 


X links, especially the X+u+X+u+X+M+XAX+X. 


eS SS M 
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S(3), (2n) 


em C Nw 
b» t2 e 
Dos 


5 2n 
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Map VI. 


(S1(5) and P (1).) 


3598-01, 2778525; Du(4), (3n) 36875, 271109. 


Oun shift on s(5) 20504 ; on d(4) = 0646. 
Si (5) —:05!. 


3599135 3 
3512-122 
8393-09 
$688:60* 
S8 
3695-73 


27116:56 
2846171 
29464°19 
27103°75 

05:37 
2705315 


! A probable correction. 


2 There is an analogous 


(1)8,—0 

(1) S(-1).u— 01 
(1) $,(—1). v. e—:33 
u . (1) 8,4--96 

u. (—1)S,—'48 

u .(6+1) 8, — 33 


displaced line for 8,(4)=(—7) 3,(4). The two 


separations are respectively — 8'64, +862. 
The two measures are by K.R. and by Crew & Tatnall. The map takes the 
mean, but probably as indicated here they are + one oun on the limit. The 


first (K.R.) shows the same displacement as the other lines and explains the M 
as a b displacement on (4). 


- x» to Qo to Qo to PO PO cro '? 


"n 


M 4 
18 2 
19 4 


3624:236 
3641:693 
3648:385 
3665:740 
3734:23 
3741°247 
3759°495 
36137759 
3620:346 
3712:000 
$676°37 
3659-358 
3652°40 
3645°236 
3546 45 
0:67 
0°55 
3530°388! 
0:251 
0°10 
3524-240 
3517-029 
9520-032 


The P portion. 
(For general discussion see p. 218.) 


2158418 
27451:96 
27401-60 
2727189 
2677170 
26721:49 
26591778 
2766419 
2761383 
26932:02 
27189-34 
27319-44 
2737148 
2742527 
28189:19 

15:18 

16:14 
2831744 

18°52 

1975 
28366-83 
2842500 
2840075 


X4,.Q 

X, .(1) Q(—a) +05 
X,.(DQ(c-a—5 -y+ 02 
Y,.(1) Qi 22a - 5) — y —05 
u. ¥,.(1) Q—a)4 1h 

u . X, . (1) Q(—a—b)— 08 
u. Y¥,. (1) Q(—a—b)— 09 
(1) Q(—2)+ 01 

(1) Q(—a—b)—y—"02 

u . (1) Q(—a-6)—y—'20 
2X, . (1) Q( -a—5)- y +03 
2X, . (1) Q(—b)+y— 14 
2Y,.Q+ 11 

2Y,.(-1) Q(4)+2y+ 02 
2X, . (1) Q(—a—b). e— y +08 


ee re (—b+1).e—8y—01 ` 
D (—6—1).e—:09 

E ETN ius (—b+1).e—4y—'03 ) sat. (5) 
X,.Y,.(D Q(—5).e+ 01 

— (—5--1)...--0 


X,.Y4,.(DQ. e—2y— 04 
2Y, . (—1) Q) . e-2y —:03 
Xa. (1) Q(—a—b) .e—2y —:08 


1 Compare the discussion in Table I. The true linked line is here repre- 
sented by the Ist viol. sat., tbe 
and extreme red are respectively 4y, 8y from the extreme violet, and the 1st 
red is a two-oun shift in p from the let viol. 


9nd is an oun shift in p on this. The main 
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20 ln 3485.3? 2909081 
21 2 3498003? 28579:09 
22 1 3379969 29580-05 
23 2n» 3487-565 2866514 
21 3 3472136  28792:50 
25 ln» 339201 29472-61 
26 3 3315399 30153-63 
28a 2 3292392 3036434 
265 2n  3404:66 2936311 
27 4 3329038 3002470 
28 3 3335235 2997430 
29 6 3450335 2897442 
4 234175908  28760:52 
31 2 339054783 2914254 
92 ln 342016 230-04 
33 2n 310106* 2936311 
984 2n 3381-134 2950745 
35 1  À 3341184 2992094 
36 4r 3365353 29706-06 
97 ln 3817:45 26189-60 
38 2 3720770  20868:57 
39 24 3627:33 27560°65 
40 2 3500314 2856072 
41 1 3474574 28712130 
42 2n 3415835 2926710 
49 3 341052 29057-08 
44 2n 34654 288484 
49 4n 3319287 2981855 
46 1 3360196 29736-01 
47 8:45 45:44 
811 48:49 
8:04 49:11 
0 3337850? 2995082 
7°73 51:90 
7:668 52:45 
7'571 53:32 
! E.H. give ... Ol, n=.. 
the mean ... 93: 01 is taken. 


? This formula is deduced direct from (24). 
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X,.(1)Q(-a—5).e.v—2y4-:07 

X,.2e.u. P,(-1). v—5y4-0 

X,.e.u.P,(—1).v—3y-4-:02 
(1)Q(—a).e4-2y 4-02 

2e. u. P,( -1).v—3y+0 

2e. P(-1).v—4y4-:05 

2e. P (—3).v.u+y+:05 

. Y, *2y—:02 
P((-3).u.v.Y, +09 

Pi(—a—3).9.v4-y—:02 

Pi(—a—5—3).*.v4-08 

PITE T ras dE RUE —'05 

Pian 


AS (=O 2)  uuesus —4:14 
.X,.P1(-a—5—2).2u .2v — 5y--:06 
SL Cu EEEE - 8y—'01 
e. 2X,.(1)Q( —a —b)—y+ 09 
e. 2X, . (2) Q(—a—b+ 1) . u--*05 
dived wisiecisn due iSdemueeamernonees .9.v4--05 
D; c ———— 1:32 
Y,.(22)Q(—a—54-2).u . v--:04 
X,.2e. 4. B((—1).2v—12y—:08 
pPD(— À——À Á—— uss t1 
X,. Y,. X,.2e. 4. P,.2v—12y 4-09 
2X,.X,.e. 4. P, .2v—12y--0 
Y,. Y,- 2e. P,(—2). 2v—12y —:09 
Y,.2e. P,((—5).2v—794- 01 ) 
Y, . 2e. P,( —3) . 2v—6y+0 
—— ——— — 5y +03 
Y, . 2e . P,(—3).2v—2y 4-04 
X, . 2e. P (—1).2v—5y+:10 
AE E T —4y-r-:08 
Y,.2e. P( —1). 2v—2y4-:08 


sat. (6) 


. 95:21. The double circle in the map denotes that 


If from (17) it is Y,(1)Q.¢ 


—2y - 05 withQ=3e.u.P,.v+-80. They both reduce to X,.2e.u P,.v—4:09. 

4 13307 +124:91= 2 12899 and a on (-a—4—2) shifts 199: 15, so that 
these two lines show parallel inequality and are both displaced a on p, and 
equal and opposite 4:04, or +7y within errors. 


$ The link is v — 407, the same displacemont as in (33, 34) ; 


since — 12y 


=(2) s2--:02 the formula may he X, . 2e.%. (2) P,(— 1)2v — 06. 

5 This satelloid in Table Í. was found not to be completely subject to the 
y-rule. 
to Y, and displacements on p,. 


It is now seen that the cases which fail are met by a change from X, 
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The P portion (continued). 


48 2 3610806 2768079  X,.Y,.w.(1)Q.e—3y4-02 

49 1. 3629794 2754195  X,.(—-3)Q(—5—2)-y- 0l 

50 1» 372170 20860183  X,.«(—3)Q(-56—2)-'05 

51 6 3602038 2775418 (—-3)Q(-5—2)—-y — 03 List: 
175 639  oucodiperi eren +3y -:10 j 

52 ln 366421 2728416 u.Y,.(1)Q(—a—b).v-'ll 

53 2r 380530 2027171 e.Y,Q(~2a—b—3)—y -09 


D,(4) (2n, 365433, 273512). 
I 2 3671-9697 2722563  (a43)D,4 1 
II In $812:08 — 2692581  e.(a4-3)D,4-10 
IM 2 3700532 2701548  Y,.(a4-3) D,4-18 


7 The errors on these are all due to D,. only measures to'l. If it is d» —:15 
greater (dà = — :02) the errors are —:04, —:05, 4-:03. 


Map VII. (D2.) 
Oun shift on d(2)=°3035. 
D,3=19151°63 (Hasb.) 2:46 (Aretz); D,,=19158°370 ; 
D4,—19399:838 (Fabry & Buisson). 


This map is connected with the D(2) lines. It comprises 
a short chain from Dj; and a long one connecting Dj, and 
Da The great majority of the lines are from the spark 
spectrum by Eder and Valenta, with possible O.E. of the 
order dn='15 or over. As the oun shift in d2 is *30, it is 
always possible to get within :15 by a suitable choice of 
these d2 displacements, so that where such are involved 
with tlie spark lines we can draw no certain or definite con- 
clusions. But some of the lines are much more exact, and 
conclusions may be drawn with more confidence, e. g. (4) in 
the D,, set excludes 681:20 as a real v-link if Aretz is 
reliable. A very long chain runs from Dj, to Dos in which 
the links do not annul. There must therefore be at least 
one false link in it. Again, the line at (9) is a well-known 
line almost certainly not connected with D(2). It is 
numerically D'j,.3u-:99, and if real involving d;,'— pi. 
Shenstone gives reasons for introducing a new term, and 
treating it as $— p. The oun shift in d,/— 2:398 and in 
die 2:669. The parts of the map starting from D,, and 
rom D, show clear signs of being real, and the formule 
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are calculated for a number of lines from these. Also, the 
separations from (9) are considered as dependent on D',73u 
as well us on $ —»,,, with the result that the latter (Shen- 
stone) and not "he D' reproduces the links, and as lines 
near (9) have good measures the argument is good for the 
validity of $, as well as for the link values. 

If we look at the part from D, buck to (25), we recognize 
the chain to 31 as of normal aspect; then the chain of 
4 successive X (25...39) is again a common effect and brings 
in (25) as a probable D(2) connexion. Again we notice 
the two parallel inequalities 


1001-64 = e+ 1:84 \ Kini, 
210-56 = X,— 1-71 
61818 = u—1°85 
f 35) ; 
210-69 = viet FOU 99) 


also the two series inequalities in the long X sets from (25), 
210°56 + 214°63 = 2Y,-4-:10 
and 211:08+210°69 = 2Y, +08. 


Since (—1) D,(2) shifts 1°23 +:60= 1:83, we may feel safe in 
regarding the map between (25) and D, as dependent on 
D;(2). The formule have therefore been calculated for this 
part in the order D (2), 33, 32, 31, 

Again starting from (9) = R (say R, it ¢—p,, R if 
d,'—p,+ 3u) for — 1000:88 = —e— 1'08, (—1)R,(—3) gives 
— 1°04, (1)R,(1) gives —1:17, in favour of R,, but the 

.E. may be considerable. 

—691:84 = — v--:24 and (10) is v(—1)R4(-— 2) 4-04 
(Hasb.) or +0 (Aretz), and is not met by R,. The O.E. 
is very small, so that R, is again good and R, impossible. 
—212:24— — X,+°03 and (11) is Xo ov. (—1)R,(—2) +°07 
(or *03). The O.E. is not large—see list. 


Dj. 
1 2  À 533280 19105:55 (6 4-3) D,, +°20 
2 3 5268-38 1897651 (a+6+4)D,,+°12 
@+1 on 6+8 gives 128-96 close to observed sep: 
2n 528234 18925:86 — (a+: 26+ 5) D, ,(—1)—"11 
4 1 5052-485 19786741 = (4+3) D,,(2). «4-16 


eo 


-—7 Y 


(2 


[un 
Gu 

(o w 9 ee CO C9 

E 


39 On 


F. B.— Fabry and Buisson. 


5255-62 
5270:18 
5212:880 
5500:09 


5380:75 


5105:543 F.B. 19581-115 . 
5292-539 H. 18889281 
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19022°59 
18970°21 
19177:89 
18177:08 


1858021 


5352-68 H. 180677:05 
555194 H. 1799701 


5889:70 18549-39 
5696-68 1754981 
5338-19 18728:38 
5639:50 1772773 
557410 1193573 
5549-11 1803602 
5760-40 17355-41 
549512 18193-52 
544090 1837483 
5208.97 1919516 
5408-08  18503:00 
5439-071  18404)07 
564489 1771237 
5369-69 1801871 
5355-10 18669-24 
53,071 1871954 
531760 1880089 
5309:41 18892979 
512470 1950857 
5111:945!H. 19556:59 
5290571 1887857 
5250-511 19040 48 


Eder and Valenta. 


D. 

(a 4-1) D,, +23 

(a+5+3) D,,( — 2) +08 
(a+6+5) D, (1). X, —718 
e.(a+b+6) D,,(-—1). X, 4-708 


5568:88, 17908:84, 6 (2n) 5357: 27, 18661°67, 7 (4) 5418-61, 1845041 


e. (21) R,(-—3)—04 

p-p, F R, or d’ —p, Su = R, 
v.(—1) Rí(—2)4-04 
X,.v.(—1)R(—2)+:07 
X,.u.v.(2) R,(5) 4-04 
X,.v.(—1) B,(—a—1) +04 
X,.v.(-2) R,(—a)+ 06 


20 3 5608-83 17824 68 
21 In 562471 1777437 
22 3 65066962 1764291 
28 0 54525 18336 

24 2 0545602 1882390 


X,. Y,. u (2b +4) D,,(1) —:06 


X,. Y, .u(26+3) D4(3).e—:04 
X,.Y,.u.v. (20-3) D,(3).e- 12 
X, . (2+4) D4,(2) - 02 
X,.u.v(25--4) D,,(3)-- 06 
u. (25-2) D,,(2) - 10 
u. (b--1) D44(2) -*03 
u. D,(+1)+:04 
u.(—a4-5—1) D,, - 03 
u . (2+3) D,,(2). X,— 06 
(25--4) D,,. X, —09 

(54-5) D44. X, --05 

(6+3) D . X, — 49 
u .(26+4) Da, X, . Y, — 08 


or u.(2b4+4) D,(-1).2Y,- 05 


H.=Hasbach. Lines in italics are sparks by 
The others by Aretz. 


! The map is in error, the links being 48:02, 678:02. 
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Map VIII. (S3.) 
S, (3), 6r, 4530-843, 22064°79; S,(3), 6r, 4480-276, 22313:32. 
Oun shift on (3) 2:203. 


ive the raw material, but the imme- 


These two linkages 
he S,, S, are clearly no L, M. This 


diate separations from 
cuts off the others, (4) excepted, from S connexions. This is 


also supported by the facts that (5, 7) are satelloids. 


l 4» 453970 22021-64 8 4 4509386 2216977 
2 In 451320 2215104 9 4a 4697490 2128203 
3 6n 43782 22834:0 10 l» 450037? 2221418" 
4 6» 467476 2138550 11 32» 46426 21533:6 
5 6 4704598! 2124987 12 2» 47940 20853:6 
4:20 51:67 13 1 484337 92064095 
6 In 45075 221790. 14 2 4797042 208103; 
7 9:30? 88°75 15 2n 47675 20969-5 
1:986 90:20 
8 4651130 2149415 
0-73 96:00 
03 97:98 
1 Te sat. (1). 2 Is sat. (2). 
3 The separations (10 to 13) are exact Y,, 680°11, 68063 within O.E, and 
693:25—v4-2y. 


The two satelloid sets point to the portions connected 
with them being P related. The main of (5) and the 
extreme violet of (7) are separated by 24811 or the 
doublet v ‘within error limits. This suggests that (5) 
depends on p, and (7) on pı, but their wave numbers as 
well as those of sat. (3) are so far below the others that any 


connexion is not evident. 


Map IX. (dr -p12 = R.) 
Oun shift on p(2) 273241, on d;' = 2:398. 


1 8 2766388 36183757 4 2n 278261 35926:89 
2 10r 2618381 83818016 5 2n  À 218652 35876°49 
3! | 2627-37 3804961 6 l 2866:19 3487810 


1 The 130-61 must be a spurious L if the allocation of R is correct. 
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APPENDIX. 


Table A. of shifts on p,, ps. 


On p,. p. 
2a 31269-24 
4b 32790 
a+b 341-46 
9b 376:89 
a 396°48 
26 425°99 
b 475:22 
0 524°53 
b 574:00 
593:81 
— 2b 623-54 
643:41 
—a 653:37 
- 9b 67327 
-a —ò 703:13 
— 4b 723:08 
— 5b 112797 
— 6b 823:02 
73°21 
903-36 
923°47 
95370 
973:87 
32024:40 
031:54 
075:01 
12579 
166:52 
176:06 
221-61 
278:80 
2909-26 
432°89 

March, 1926. 


Shifts per oun. 


D 


1:2199 
1:2234 
1:2246 
1:2262 
1:2274 
1:2201 
1:2320 
1:2349 
1:2378 
1:2390 
1:2407 
1:2419 
1:2425 
1:2437 
1:2454 
1:2466 
1:2495 
1:2525 
1:2554 
1:2572 
1:2584 
1:2602 
1:2614 
1:2644 
1:2650 
1:2674 
1:2704 
1:2728 
1:2734 
1:2765 
1:2795 
1:2807 
1:2887 


On py 


y 


3) 
2t ( 


£s 


xO 
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XV. Fluctuation Theory of Scattering of Light in Gases. 
By JakoB Kunz, Ph.D.* 


I? a previous article published in this Journalf I have 

given an elementary theory of the scattering of light by 
small dielectric spheres. We can consider, however, the 
phenomenon of scattering of light by the molecules of a gas 
due to fluctuattons of the density of the gas from point to 
point. It is the purpose of this article to show that the 
theory of fluctuations ean be reduced in part to the previous 
theory, in which I used essentially the Stokes-Thomson 
method of determining the radiation of an oscillating 
charge. 

As in the previous article, I assume a plane polarized light- 
wave proceeding in the z direction. 


E, = Ey sin 2an(t—*) 5 o xw» X) 


through a gas of dielectric constant k. If k were constant 
we should have a wave of polarization so tliat 


k 


P: = 7, È e > > c$Í o o (2) 


without scattering. If, however, k varies from the molecules 
to the vacuum, then we have instead of (2), 
k+ AK 
Pes T do» cw E CD) 
We can now reduce the present case to the previous one 
if we add to it a virtual polarization 


Ak 
P, — AT E.. . . . e " . (4) 
In other words, if we add to the variable medium a polariza- 
tion — P,, then the scattering due to the heterogeneous state 
of the medium will be suppressed. We have, therefore, only 
to calculate the scattering due to P,, acting in the volume 


element dT and producing a displacement «x in the charge of 


* Communicated by the Author. 
T Phil. Mag. xxxix. p. 416 (1920). 
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unit volume. If the charge contained in dr is e, then we 


have 
e Ak 
Ps = t = jy Po . > >œ e . (5) 
or the displacement 
Ak dr 


& T dm e E,sin 2m, ;. e . ry e (6) 
hence the acceleration 


diz Ak d TE, " 
SS 0. C 
dB pL (2arn)? sin arnt. (7) 


We assume, further, that the volume element dr contains 
v =Ndr molecules, where N is the number of molecules 


per unit volume. Moreover, we may assume that the small 
dielectric constant k can be expressed by 


k=l+aN =lyat 


dT? 
denoting by « a constant ; then we vet 
Av 
Ak = = a . e e e . e (8) 


It has been shown by Sir J. Larmor that the energy 
radiated by the oscillating charge e per unit time is equal to 
at Be . (9) 

29 — 3 “ys 9 . . . * . 


where V is the velocity of light in the dielectricum k, hence 
the energy radiated in the time interval dt becomes : 


dE, = : vi ES AF? dr? n* sin? 2n dt, 


and per unit time 


lr’ 
E, = = 3 y ES Ak? dt? ni. s w ve C) 
Substituting (8) in (10) we obtain 
E? = : m Eo Av?nta?, 


| ~] 
but a= st , hence 


2 hb—19 
E, = ; m Ky? = Ay?n!, 
and on average 
i lc? . ,(k--1)? ,L— 
E, = 3 y? Ej N? ! Ay, 


of Scattering of Light in Gases. 239 


i A fundamental theorem of the theory of fluctuations states 
that 
Avi = y = Ndr, 

hence 

— "uu | 12 
E, = z a Ej L - n*dr. . . . (11) 
From Poynting's theorem it follows that the energy which 
flows through unit cross-section per unit time, E, is equal to 


or 


E,? = a e . . ° . . (12) 


Substituting (12) in (11) we obtain 
Rr 8 kh (k— 1)? 


Ee = 3 V4 N n! dt, 
but n = A 

— 8 k—1)? 

E, = D E, TD ar, 


By Maxwell’s theory of light, the index y of refraction is 
equal to Vk or K—1L=y?—1=2(y—1) approximately, hence 
ax _ 32 E, /y— 1)? 
E, = 3 TÓ—UN ^O dT. 
This is the light energy diffused per unit time from the 
volume dr=dS dz. This scattered energy corresponds to 
the difference of the energy which flows in the primary beain 
through the cross-sections dS and dS’, hence 
dE, —— 32 ,Ei(y —1)? 
"iE aia. 


and per unit cross-section 


dz 3 ASN 
OT 
log E, = log E, — Àz, — 
or 
E, = Kye ^, e . . e . " e . (13) 
where 
32 —1)? 
h=> Siac e à (14) 


is the famous coefficient first determined by Lord Rayleigh. 


a 
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We proceed next to the consideration of a mixed gas whose 
dielectric constant k=k,+h,—1, where k, and k; are the 
corresponding constants of the two pure gases. Tf the 
number of molecules of the two gases in the mixture are 
n, and n, per unit volume and the volumes of the molecules 
v, and v, respectively, then by Clausius's theory we may 
write 
k = 14+3n,v, 35055, 


Ak = 3v,An, + 3vgAng, 


or 2:54 89i aio e 
Ak = 32, at + 30g dT ` 
then we obtain from (10) 
dE ln 2,4 15 
9— 3 y3 Eo (3v,Av, 3v Av, )?n*, . . (15) 
but 
ki = l4-39n0,8, 
ky = 1 + 3na ; 
hence 


omen o = 2 
dE, = z E; (S= Ay c = Avs) n^, 


3 V3 ty Tig 
and on an average 


NE 2 ud 19 — — NOR WEE ERO 
d E; = 1T ie (S t) Av? po 1) (hy 1) An Ave 


kg — 1M lI 
F(- Aw | nt. 
Ng 
For a given value Av, we have on an average a positive or 


negative value Ay, with the same probability ; hence the 
double product vanishes, and 


Av = Av + Avg, 
Ay? = Av,? + Avg? = yi - Vs = T, 


by the theorem of fluctuations, mentioned above. Av, and 
Av, are small numbers. A solution of the last equation 1$ 
given by "nm 

Av? = yy = hy dt, 


Av,? = y, = ndr, 
hence 


m —1M . 1M 
dip renum 
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and by (12) 

Te 3E (k —1)? (4 —1)? 

di. = EA ME. 2. 77 1 
Ls à vl "| F Ng Je d 
or 

P MEL (4,—1y , (£—1),3 1 

dE, = ~- YRT a e oc AR 

: 3 E, | ny T Ng ] A* un 

Again, 

eu. 39 _1)2 _4)2 

dE, = an E, [m E T n — 24 y dT. 


n, Js 
From this expression we deduce the coefficient A as before: 


` 32m (y. — 1 | (0 1 
m à | ny i Ne INT 

This theory leads to the result that the light scattered in a 
direction at right angles to the primary beam should be 
completely polarized, because we have considered the mole- 
cules as spherical and isotropic particles. But it is well 
known that even in the case of gases the transversely 
scattered light is imperfectly polarized. This imperfectness 
of polarization we may ascribe, with C. V. Raman *, to the 
anisotropy of the molecules with varying orientations. 


— Stet S See posse st ruled ue — —— —— 


XVI. On the relation to Physics of the notion of Convergence 
of Seres. By HAROLD JEFFREYS f. 


NOUGH work has been done on asymptotic and other 
divergent series to prove that an infinite series may be 
usefnl in physical applications without being convergent in 
the sense detined in works on pure mathematics. It is less 
generally realized that the converse is equally true, that a 
series may be convergent and yet be totally useless for the 
purpose of calculating the value of the function represented. 
For instance, the exponential series for e^? is convergent 
in the mathematical sense ; but it cannot be used to evaluate 
the quantity it denotes, for its terms increase rapidly up to 
the thousandth, which would have to be evaluated to over 
870 significant figures, a quite unpracticable number. 
The fact is that convergence and utility are not the same 
thing, and are essentially unconnected. In evaluating a 
function one is limited to expansions that can be actually 


* C. V. Raman, Phil. Mag. xlv. p. 213 (1923). 
+ Communicated by the Author. 
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summed numerically in the time available, and it is therefore 
necessary that the first few terms shall give a good approxi- 
mation to the function. These terms once obtained, the rest 
of the series is of no further interest to the physicist. The 
mathematical definition of convergence, on the other hand, 
depends on whether the sum 8, of the first n terms tends to 
a finite limit as n tends to infinity, and the criterion for 
the existence of such a limit depends only on the later terms. 

The distinction recalls that arising in the theory of scientific 
inference in connexion with the possibility of a deductive 
theory not involving the notion of probability *. Deductive 
theories of scientific knowledge are usually based on the 
notion of infinite clusses of data, or on that of a limit, which 
again implicitly involves infinite classes. Hence they are 
inapplicable to actual knowledge, which is necessarily in 
point of fact based on a finite number of data. The sum- 
mation of a series, in the mathematical sense, could be 
carried out only by a being with infinite time at his disposal. 

The definition of an asymptotic approximation, indeed, is 
nearer to the physicist's needs than is that of convergence. 
Such a definition is t that a series S is an asymptotic 
expansion of a function f(z) if for all values of n 


Lim| ?^(/()- 8.2] | =0. 


The definition emphasizes the importance of the early terms 
of the series, and it is on the possibility of evaluating these 
that the usefulness of the expansion depends. It still, how- 
ever, involves the notion of a limit when z tends to infinity ; 
the physicist is concerned rather with the actual values of 
f(z) and S,(z) for finite values of z, and needs more a speci- 
fication of some value not exceeded by | 2"{ f(z) —S,(z)} | 
within the range of values of z that he contemplates [. 

A similar point arises in relation to certain series ordinarily 
regarded by the pure mathematician as slowly convergent. 


oo 
For instance, the exact sum of the series X n^* is known to 


n=1 

be ghz‘, or 1:081. The sum of the first four terms is 1:079, 
so that an accuracy of about 0*2 per cent. is achieved by 
taking only four terms. ‘The series is usually considered 
slowlv convergent because the ratio of consecutive terms 
tends to unity when n tends to infinity, but for physical 
purposes the rapid decrease of the early terms makes the 
series a very useful approximation. 

* Wrinch and Jeffrevs, Phil. Maz. xlii. pp. 360-390 (1921). 

+ Whittaker and Watson, ‘Modern Analysis,’ 8.2. 


f E. g., Whittaker and Watson point out that n !/z is such a quantity 
in an illustrative example given by them. 
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The belief that convergence has something to do with 
physical utility may have arisen from the fact that the 
simplest series possessing either property are geometrical 
series, which are accordingly prominent in all discussions of 
both properties. But it is easy to find series possessing 
either property without the other, and it is well to specify 
as clearly as possible which one is being considered. 

A further point of some importance is that a finite 
number of terms may be a good approximation to a function 
without being also a set of terms from a series of terms of 
the same form that represents the function exactly. The 
question has arisen in connexion with an approximate 
solution by Stoneley * of the problem of the strainiug of the 
earth by bodily forces. The stresses everywhere must be 
continuous, but as there is a discontinuity of the elastic 
properties at an internal layer the first derivatives of the 
displacements must be discontinuous. In principle, apart 
from matters peculiar to the special problem, the method 
has been to find two polynomials of the sixth degree in the 
distance from the centre such that the energy is a minimum 
for small variations in the coefficients. The actual state of 
equilibrium being such as to make the energy a minimum, 
the success of the method depends on the possibility of 
representing the displacement with sufficient accuracy by a 
polynomial of the assumed degree. As this is precisely the 
principle of ordinary interpolation, there seemed to be little 
doubt on the point until it was found that in the solution 
the coefficients of the terms of higher degrees were very 
much the greatest, making it clear that the polynomial was 
not the beginning of a convergent power series. It was, 
indeed, demonstrable a priori that the exact solution could not 
be expressed as a convergent power series, for such a series 
has a continuous ditferential coefficient at every point within 
its circle of convergence, whereas the solution in Stoneley's 
problem had a first derivative discontinuous at one point. 

An analogue involving the same principle in a simpler 
form is provided by the electrostatic problem, in one 
dimension, of two plates at z= +1, at potentials O and 1 
respectively, the medium having dielectric constant 1 between 
z-—]l and c=0, and 2 from «=0 to z=1. The exact 


solution is easily found to be 
V=4(1+2) —1l<z<0 
V=4+hr 0<w<l. 
Now since V within the range considered is a function 
* M. N. R. A. S., Geoph. Suppt. i. (1926). 
R 2 
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with limited total fluctuation it is necessarily expressible 
over the whole range as a convergent series of. Legendre 
polynomials in x. It follows that a solution to any required 
degree of accuracy can be found by taking enough terms of 
this series. But the sum of a fiuite number of polynomials 
can be rearranged as a single polynomial. Hence a solution 
to any degree of accuracy can be obtained as a polynomial, 
and ihe fundamental hypothesis of Stoneley's method is 
justified. But. the coefficients of the same power of x in 
successive approximations do not tend in the limit to equality 
with the terms of a convergent power series; or indeed to 
any limit at all. If we assume 
= X A.) 
n=0 
we find by the usual methods 
Ao= yy; Al=}, 
and for later terms, 
n | 4m4l (2m —-2) : 
Aom—1=9 ’ Aom= 6. 92m (m+1) ! (m— 1) E 
On applying Stirling's approximation we find without 


difficulty that when m is large Az, is nearly — m^ i. 


6 V 
The Legendre functions never exceed unity, and the series 
therefore converges. Also its terms decrease rapidly at the 
beginning and steadily thereafter, so that it provides a 
useful approximation. A, is —13/768 and A, nearly 
— 0:01 ; the error in stopping at P, is therefore of the order 
of one or two per cent. The error of a polynomial approxi- 
mation including «ë will of course be the same. 

But the coefficient of «” in P, is (2n) !/2"(n!)?, which is, 
by Stirling's approximation, equivalent to 2"/A/(mn). If 
we stop at #?”, the coefficient of the highest power of x 
retained will be asymptotically equivalent to 2?"—3/34?, 
which increases indefinitely with m. 

The large values found by Stoneley for the later co- 
efficients in his polynomials are therefore inherent in tle 
form of approximation adopted, but do not thereby imply 
that the approximation is unsatisfactory. The polynomials 
are not correctly regarded as the beginning of power series, 
but as the rearranged early parts of Legendre series, which 
must be convergent and also suitable for computation. It is 
true, of course, as is pointed out by Stoneley, that the large 
later coefficients must be computed with the full absolute 
accuracy required for the earlier ones, but this is a matter 
of convenience and had to be weiglied against others. 
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XVII. Professor Lees’ Criticism of * the Surface History of 
the Earth, By Prof. J. Jory, M.A., D.Sc., F.R.S.* 


[^ his review of my book (Phil. Mag. April 1926) 
Æ Professor Lees sets forth certain difficulties which he 
says have to be overcome before the general theory involved 
can be accepted. 

* One of these (difficulties)," he says, “is the concentra- 
tion of the surplus heat from radioactive changes in a 
particular layer." If I apprehend Prof. Lees' objection 
rightly, the answer is that such a concentration forms no 
part of my theory. On the contrary, care is taken to guard 
against such an inference. I say (pp. 76-78): “It seems 
probable from these facts (i. e. the lesser radioactivity 
of the ultrabasic rocks and the very feeble radioactivity of 
meteorites) that the radioactivity of the Magma is succeeded 
by the lesser radioactivity of an ultrabasic layer which may 
reach to a depth of several hundred miles from the earth's 
surface. Further down the great core of the earth probably 
possesses much smaller quantities of the heat-producing 
elemepts. But this is surmise.” The intervention of deep- 
seated radioactive heat at long intervals in connexion with 
certain major revolutions is also referred to not only in my 
book but in all I have written upon the subject. And, of 
course, the development of heat in the continental layer is 
frequently referred to. In a word, it is a leading feature of 
the theory that the arbitrary distribution of the radioactive 
elements is not only unnecessary but would give rise to 
difficulties. And this fact constitutes one of its claims to 
credibility. 

After making this objection Prof. Lees immediately 
continues: ‘and another the secular rise of temperature 
of the earth during the whole of its past history owing to 
the amount of radioactive material postulated.” 

Upon this point I say (p. 76) :—“ If the natural question 
be asked :—‘ Does this source of heat also extend into the 
interior ^ ? —we must answer that such evidence as we possess 
suggests an interior resembling the nickeliferous iron of 
the meteorite. Meteoric iron sometimes contains a minute 
trace of radium and therefore of uranium. The thorium 
content of metallic meteorites has not been investigated.” 
This is the amount of interior radioactivity postulated. 

Is there any difficulty raised here that does not affect any 
conceivable theory of earth-history based upon the facts at 


* Communicated by the Author. 


— ee -—- 


246 The Surface History of the Earth. 


our disposal? We are up against the unknown and un- 
knowable. But I think we would justifiably infer that the 
earth may be too young—even according to the greater 
estimates of geological time—to reveal any surface effects 
arising out of so feeble an interior radioactivity ; and it is 
with its surface history that we are concerned. 

Professor Lees continues: “ The author unfortunately 
basex his calculations of the expansion in melting of the rocks 
70 miles below the surface on the 10 per cent. increase of 
volume found when rocks melt at atmospheric pressure," etc. 

This, however, is not the case. 

The figures quoted are used in an early paper of mine (Phil. 
Mag. June 1923). The 10 per cent. expansion is not supposed 
to o:cur 70 miles down, but is the suggested average volume- 
change (loc. cit p. 1180). an explanation and a warning being 
added :—'* As regards the estimated magnitude of this expan- 
sional effect, the amount of the voluminar expansion assumed 
is, to some extent, arbitrary. The upper part of the Magma 
may,iudeed, enlarge or contract by some 10 per cent. of ils 
volume in'changing from solid to liquid and vice versa. The 
volume-chanve of the deeper parts is unknown, but if—as 
appears proba ble—there is vertical circulation of super-heated 
inaterial, the volume-change may be considerable. ‘The 
assumption of a mean change of 10 per cent. may, however, 
be somewhat excessive " (p. 1181). 

In the book which Professor Lees is reviewing, a deeper 
basaltic substratum is considered and an average volume- 
change of 7 per cent. is assumed. This involves an allowance 
of five-twelfths for the average pressure effect ; for, as pointed 
out in the early paper (referred to above) appearing in this 
Journal, and also in ‘The Surface History of the Earth,’ the 
experimentally determined volume-change of diabase from 
crystalline solid to liquid is 12 per cent. (not 10 per cent.). 

I think it will be apparent from what I have stated that 
the two difficulties specially raised by Professor Lees are, in 
point of fact, non-existent. The caleulation of volume- 
change of the substratum has been as fully considered as the 
available data permitted; but—and this is additional to 
what has appeared in my book—recent statements by high 
authorities on the subject of crustal shortening attending 
the revolutions and on the number of the revolutions would 
seem to permit of lower estimates of the depth of the 
substratum involved or of its average volume-change or of 
both. 

I hope to revert to this subject at a later date. 


A pril 6th, 1926. 


[ 247 ] 
XVIL. Orthogonal Potentials. By P. J. DANIELL, Sc. D.* 


[^ this paper are introduced what we call orthogonal 
potentials as an aid in applying the minimum energy 
method to some simple probiems in elasticity and hydro- 
dynamics. The particular advantage gained is that we can 
apply the formule directly to any particular case by the 
substitution of numerical values which depend only on second 
and higher moments which are themselves calculable by 
simple quadratures. 

In the first part of the paper we confine our attention to 
two-dimensional problems in which a function f(x, y) is to 
be found satisfying Laplace's equation Af — 0 within the 
area A and taking on given values f(x, y)=a(2, y) on the 
boundary B of A. We assume that the boundary is so 
simple that the minimum energy method will lead, if properly 
used, to an approximate solution of the problem; so that we 
neglect the ditticulties which would be raised by the mathe- 
matical purist. 

A potential, f(x, y), is a function possessing second-order 
derivatives and satisfying 

Af =S D+ 9* jay = 
throughout the interior of A. 
We define the potetial-product of two potentials, f, g, as 


_ (af dg |, Of dIa 
[f.g] = KG. ad F Dy S, MA PAS 
integrating over the area A and dividing by the whole area 
A 


Two potentials, f, g, are said to be orthogonal if their 
potential-product is zero, 2. e. if 


[/. 2] =0. 
A set of potentials, $i, do, . . , is said to be normal if 
[$:. 6j] 29, Fj, 
sl, i=). 
A set of potentials, $,, $s, . . ., is said to be complete if 


there is no continuous potential y (ether than a constant) 
such that for all values ot 1, 


[$i - y] — 0. 
In the same way as in the case of orthogonal sets of 


functions in the more usual sense, it is possible, given a 
complete set uf linearly independent potentials, to form from 


* Communicated by the Author. 
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them by linear combinations a complete and normal set of 
potentials. 

In the first place, given any potential, g, we can normalize 
it by introducing a factor a, a being the reciprocal of the 
square-root of [g.g]. 

Let 91, g2,  . . be a complete set of potentials, and take 

Ai=ag, f= alga filg Ail), 

fs=as(gs—filgs-il—Salys fo), 

Fr =On(Gn—Si [Gn fi] — fl On Ja) EXEC P I E — fa~: [9n -Jn-1]), 
where a, 45, .. &»,. . are the factors which normalize fis fy, . . 
Sn, ++ Itcan readily be proved that f; is orthogonal to fı, and 
that if fi Jz.. fa-1 are orthogonal to one another. f, is 
orthogonal to all of them. Furthermore, since the f's now 
form a normal set, 

an ([gn - 9] — L fi 98]  — - - — Lfn-1- 417) — 1. 
By the usual form of Green's theorem, if f and g are 
potentials, 
ALF. g] jf aglàn ds—- gaf/dn ds, 
integrating round the boundary B of A, when ôn is an 
element of normal outwards from A. 
Indeed, provided only that g be a potential, 


A[f.g]=fdg/dn ds. 


If f is a potential and $;, $2, . . . a normal set of potentials, 


let 
es 
Then f» Cid + eso - ..- + nbn. 


[Aa <P) =F fF —-2alf- h1— 2e . fs] 

Teo 4 ciis Te, 
=[/f.f]—(a?+ ... +’). 
But, by definition, for any g, [g . g] is non-negative, so that 
cP te? tereta [ff]. 
It follows that 
ere + "m 
is either a finite or a converging series, and hence that 
g =c + e$: + ee 
exists *. Furthermore 
((f-9) - bn] = LS pa] Lg + bn] 967670. 


* A proof is possible in the case of areas of a certain simplicity, but 
our present interest is in the applications. 
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Hence, if the set $1, $2, . . is complete as well as normal, 


eibi + e$; 4- 
determines the true solution f, except for an additive 
constant. But on the boundary 


f(z, y) 2-a(z, y) 
is given, so that 
eum [f. bn] | 0 n/On ds/A, 
—[a09./0n ds/A 


is known, 5s the solution, f, is completely determined. 
Also if a(a, y) 18 known, not only on the boundary B but 
also throughout A, and possesses first derivatives, 


= (See 4 9209, lA. 


Or Os dy OY 
In particular if, as in the cases to be considered, 
a=4$(2"+y*), 


G: £99. y SE aaja. 


In an actual case it a be necessary to choose a suitable 
set of potentials g}, gs,..., und then to determine the 
corresponding normal set. After that the constants c}, cg, . . 
will be evaluated, but it will be unnecessary to proceed 
beyond a certain stage, since the assumptions made in 
reducing the actual problem to a simple mathematical form 
will introduce errors of appreciable magnitude. 


Polynomial Potentials. 


We are given the area A, and we shall choose axes of 
coordinates passing through the centre of area and so as to 
be principal axes for second moments. That is to Say, we 
shall have —..— 


""- «ue E 


fadA — yd A =|rydA=0. 
Let k? be the square of the polar radius of gyration, 
k —((G -y*)4AJA, 
a= (y! dAJAR, 


so that A-is a pure number between +1. For an ellipse of 
semi-axes;a, b or a rectangle of sides 2a, 2b, 


À =(a?—L?)/ (a? 4 b°). 
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It can be verified that 
$1—2, $d;—y, hs=(2?2—y*)/2k, pı=xyjk 


form, so far, a normal set. 
Since they are each homogeneous, the constants c, es, etc., 
can easily be found. Indeed, 


C= 065 zm 6, =), 


c3= 2 (93d A [A — (à? — y*)d A/Ak - Ak. 


fim iit Cope + caps + cud. 
=)(a?—y?)/2. 
T his formula would be exact for an ellipse of semi-axes «u, b. 
For the cubic terms take 


Hence 


vy da — any, rom py — iy, 
and let 


fesd A] A =k Bs, \red AJA = k Be, 
fela +y )dA/A=kE, jyla? t y!) dA[A — kn, 
(+y) dA A = Mp” 


Then 

Loi x vs] = [po . ve] =k, 

[ 4» e vs] =—[¢,. ve] =0, 

[$s. vs] =[ 4. v6] = ké, 

[6,. rs] = — [4s - v6] = kn, 

[5 ve] =0, [vs.vs] = [vs . v] = ktp. 
Hence 


dem [1 y! - Ms EL 2 my] Lg 
$m [cy — hy My — (ax? — y’) [2 — xy] [p 


where 
(p) = p?—N—(F + 9°) k 
Also 
zQvs[Q.v + yOv;/Oy = Jus, etc. 
Hence 


C5=(38;—AE)/p’, 
= (38,—9)/p'. 
So—fa= csp: + cehe 
z(38.—X£)| pè — wy? — Ax — F(a? — y?)/2 + nary] jpk? 
+ (88_,— Am) [ y — ày! — Ahoy — (a? —y?)/2 — Exy J| p? E? 
The corresponding exact forms of the fourth degree are so 
9 


Orthogonal Potentials. 251 


complicated that it is advisable to make some simplifying: 
assumption. In practice, unless the cubic terms are very 
small—when, for example, there is practical symmetry 
about each of the two axes—the fourth-order terms will only 

give a small correction. In either case very little error is 
introduced by calculating the fourth-order terms as if the 
third-order constants were negligible. Hence we now take 

b= (23/3 = ry? — AK?) Kp! 


Pe = (2j — 3/3 — Ak) k?p". 
d Take 


t= (at= 6y tyt), vary — ay’, 
and let 


fed AJA = FB; Ad A/A =O, 
feya A = |esyd A z, 
\(at-y)d A/A = ks, 


Jy) 0A JA — ops. 
Then 


Ovr — day — y = — Qc;)ày, 
QUy/Oy — z3 — dry? = + 9u7/d.r, 
[$,. v] -—i4,. ts] —[$..5]- -[4$:.] =0, 
($s. v] = [$,. "y | =}, 
[$,- e] =~ [9,. ty] — 0, 
[$s On] [ds . ty] = Lge. ty |= — Los. v] =0, 


[t;. vs] =0, [ey . v7 |= | es . ty] =o, 
Hence 


$= [(a— 642 ty") /4 — A42 (2? — y*) /2]/k3a", 
S TY 


$ Ly — ay A key] kèo, 
Where 


Also i al 
eim (48; — 2A!) kjo’, e= 0, 
Á fime, t cd. 
*(48, — AN’) (at — bey? T y*9)/A— NK? — 12] 97. 
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Application to Torsion *. 


If @ is the twist, | the length of the rod, n the modulus of 
rigidity, the resultant couple Q is given by 


OI (47 d Ó 
Q-^['T - («3T ty HALE 
where Ay =0 throughout A and 
p= O(a? +y°)/2 
on the boundary. Put y=6¢/l so that, on the boundary, 
=} (2 y). 
Then ¢ is the solution obtained above, and 


Q- *Ó( la \(- 99 + ySP\aa) 


="(I- CE HEFTE) 


—n0(A[D) (4? — dic?) = kn6Il. 


In general, if the area does not depart too far from the 
circular or elliptic, the terms in cs, c, will be the most 
important, and c;, cy are small terms in which we can make 
approximating assumptions without fear of great error. In 
view of Saint Venant’s approximate formula (p. 177), 


Q—n8A*/4011, 
it is convenient to express « in the form 
& — f A1]401I* — /A?/404*, 
so that 
f —310«i&*/ Ay! 


and is a pure number not far from 1. 
Substituting the values of the c’s, 


e 1—X — [ (48 XE)! (38. - A9] k" 
— (48; — AN )*]a* 
to this order of approximation. 
Jllustrations.— Ellipse. 
In this case, by Rum metn dos B,—cE£-n-0, 
AE(18; —AX') =) (ct — bety? + yt dA - AG! — dA 
— A|-^(a ios U —Xc.(at 4- 5*)], 
where c, c, are the average values of .', «°y? for a unit 


* The references will be to Prescott, ‘ Applied Elasticity,’ as here, 
p. 140. 


A 
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circle. But for a circle 
2¢,—6c,=average of rt cos 40—0 ; 
kA(48, —AX') =c,[(at +t — 2a7h?) — A(a*— b^) ] 
— ¢,(a?—b?)[ (a? — 6?) —X(a* 4-0?) | 0. 


Hence, as we knew beforehand, the third- and fourth-order 
terms disappear. Indeed, the second terms give an exact 
solution, and 


k-l1— - (5 ep) _ 4c — 1 A* 
a? + 6° (a0) dr” Kt 
f —40[Am — 1:01. 
| Rectangle. 
In this case, again by symmetry, 
Bs B, — E00, 
a =(@—b?)/ (a 0), k= (a r5), 
kt (48, AX) — (a — Baty? + yd AJA —A( (if —94A/A, 
48, — AX! = —12a*b?[5 (a? + 0? y, 


A'z9A[5, 
gre 2T Gne) eU P5] e P) 
= 27 (3 + 24?)/35, 


—91(15—11A2)/115, 
—(1—AM)—112«*0*/3(15 — 1132) (a? + b1)*, 


7 1—M 
-s- 15— scu 
—]— 5—'T4A* 


For a square a=b, X— 0, and 
fH1—5/81=0°938, 
while Prescott’s result (from p. 153) is 
f=0°937. 
If b=2a, A= — 0'6, 
f=0°961 (Prescott, 0°953). 
If b=4a, A= —0:8824, 
f=1-022 (Prescott, 0:995). 


The two values are identical when b/a — oo , namely 10/9. 
However, it must be remembered that Prescott’s method for 
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the rectangle could not be applied to any other shape ; 
whereas our method is equally suitable for any compact area 
and is the result of applying a minimum energy method 
assuming a fourth-power function only. 


[sosceles Triangle. 


Take the z-axis to be the symmetric median of the triangle, 
3h being the length of this median, and let the length of the 
perpendicular side be 2a. In the case of an equilateral 


triangle, 
a —4/ 2h. 

We shall neglect the fourth-order terms. Also on account 
of the symmeiry about the z-axis, 

Bs = 0, 
A=3ah, h? = (Sh? + a?)/6, 
A=(3h?—a?) /(3h? -- a?). 

We observe that X is zero for an equilateral triangle which 
agrees with the fact that for such an area the second 
momental ellipse reduces to a circle. 

s= 2h(h? + a*)/5(3h? + a?) = 24(2— X) A (1 +A)/15, 
E= 2h( 3h? — a?)/(Bh? + a?) =2hrv (1+A)/5, 
p?=12(9h4 + 2a*h? + at) /5( 3h? + a?)? =4(2 + A2)/5, 
p'?= (40 —9a2— 433/25, 
3Bs—AE —2k(2—X—2X?) / (14-32/5, 
8--A? 
Ig ce hh 
EM queues 
or, approximately, if A? is small, 
8 TA A 
f= 9(1+ $19) 
For an equilateral triangle X is zero, 
f=8/9=0:889, 
which corresponds to the value obtained by Prescott (p. 177). 
In fact, in this case, the potential is of the third degree, so 
that our approximation is exact. 
For a right-angled isosceles triangle, a=3h, 
A= — 1/2, 
f=1—2/45=0°96, 
while if h=a so that the semi-vertical angle of the triangle 


is arc tan 1/3, 
f=0:98. 


A 
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Application to Viscous Flow. 


If the pressure difference is p, the length of the tube l and 
the coefficient of viscosity y, then 


p[l qw 
throughout A, while on the boundary 
to — 0. 


w=p[} (+y) —6)[2l ; 
then throughout A, A$ =0 and on the boundary 
$- (2? +y’)/2, 
so that ¢ is the same function as that found in the case of 
torsion. The total rate of flow is 


Q=fudA = [p/2i] (41— dA ] 
sl os GP 
= jl Xic; V id A). 
Now c,20,—0 and ¢3, $, are homogeneous of the second 
degree, so that 
C37 2(93dA/A, = Zp A/A =Q. 
Then, as far as the second-order terms, 
Q=p(I— Ac; )|tln = pl(1—A?)/4I. 

Ps, $s are not homogeneous, but differ from homogeneous 
expressions of the third order by linear terms whose integrals 
vanish, and quadratic terms with small integrals when the 
tube is of comparatively compact shape. Hence we may 
take, approximately, 


Put 


C5 = 3|e.dA[A, 
and similar results for c; and the fourth-order terms. Hence 
we may take 

Q=(pA/4ln)[ &(1—X?) — 2(c5? + c6?) /3—(e7? + cg?) /2]. 
Indeed, if we only desire a rough approximation, we can 
again use Saint Venant’s formula and obtain 
_ pA 
Q= 160igl' 


Three Dimensions. 


There is not space in this paper to consider the application 
of the method to three-dimensional problems in general, but 
we can give a few indications of the development. 
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The body equations * are 

m Q0A/O« t nV?u t pX —0, 

and two similar equations. At the surface the equations 

for a free body are 

XA[(m—)A 4-2n8u/02] t 4» [n(0v/0« + du/dy) | 

+v[n(du/dz+ du/dx)] =0, 

together with two similar equations, where X, u, v are the 

direction-cosines of the normal to the surface. 


Let $ denote a vector displacement field (u, v, w) and let 
' denote the corresponding stress tensor (Pj, Pj, P; 8, 


2» 53), 
P,=(m—n)A + 2ngu/dz, | 


Si:=n(dw, dy + de/d) 
($^), denotes the vector force obtained by combining ¢' 
with the direction (A, #, v), so that the -component of (¢’), 


18 
XP, + pS; + VSo. 


Moreover, 4 . (¢’), is the scalar product of the vectors 4» and 


Let E($.4) denote the elastic energy per unit volume 
due to the displacement d= (u, v, w). Then * 
2E($.4) = Pio + P8 + Poy + Sia E S90 + Sse 
=¢' ] o", 
where ¢' is the above stress tensor corresponding to $, while 
ġ" is the strain tensor (a, B, Y, a, b, ¢,), 
a=Qu/dr, a=ðùv/ðz+ Ow/Oy, etc. 
Similarly, we define 
2E(¢ y= : y" ze" Ed 
and W($.y)-—2|E($.)4V/V, 
integrated over the volume of the body. 
Au elastic field, $, is a field which satisfies the body 


equations (for the given elastic constants) with no body 
forces. 


Two elastic fields, ¢, Y, are said to be orthogonal if 
W(¢.) =2\E(b . 4d V/V =0. 


* Prescott, p. 27. 
T Prescott, p. 188. 
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We can proceed as before to consider normal and complete 


sets of elastic fields. 
is an elastic field it can be proved by a form of 


Green’s theorem, called Betti’s theorem, that 
VW(b.W=[o".y dV o fo . (9.48, 

where the last integral is taken over the bounding surface of 

the body. 


Centrifugal Force. 

Let us consider, in particular, the problem of an elastic 
body rotating uniformly about a fixed axis under no forces 
except the centrifugal force. Let the z-axis be taken on 
the axis of rotation and let r be the distance from this axis. 


Choose 
U=ar/8(m+n), w=yr/8(m+n), w=. 


Then P,=[(2m-+n)2?+(2m—n)y?]/4(m+n)=7, 

P= [(2m—n)z?+(2m+n)y*]/4(m+n) =r, 

Py=(m—n) (2? +y°)/2 (m+n) «y, 

S,=8,=0, SB,—nay/2(m -* n)-c. 

Let w be the angular velocity of rotation, U, V, W the 
actual displacements, and put 
U — po? (u — u), etc. 
In this case $ — (v, v, w) isactually an “ elastic field," that is, 
a field due to no body forces. Ou the surface 
($').2 (Am, +o, AT+ ums; v7), 


so that ($^), is determinate on the surface. 
JE œi, $4, ... is a complete normal set of elastic fields and 
i 


clade - (9). dS/V = fop. - ($7). dS/V, 


the required solution is given by 
$066; + o); + eee 
If the system is completely balanced without the addition of 


fnrtler forces and couples, 
fez dV =fyz dV =0, 


and we can choose the z and y axes so that 
dV=0. 


ay 
Phil. May. 8. 7. Vol. 2. No. 7. July 1926. S 
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In this case there will be six independent “ fields " whicli are 
linear in c, y, z (corresponding to constant strain tensors). 
Take 


fis (0, z, y) Js (2, 0, z), fa y, z, U), 
f= (2, UE 2), fs, —4; 0), LIC? UE — 23). 


These fields will be orthogonal to one another and the first 
six normal fields will be 


$i —fi/? van, $,-— etc., 
dy =fi//(9m—3n), NEN 
$s—f5[2 Vn, $,— 2 V (3n). 

Of independent fields of the second degree there will be 
fifteen, but we shall leave their determination to a later paper. 
The normal set obtained by proceeding to the third and 
higher degrees will be applicable not only to the problem of 
rotating bodies but to the general statical elastic problem in 
three dimensions. 


The University, 
Sheffield. 


XIX. Interatomic Distances in Crystals. 
By Prof. W. L. Brace, M.A., F.H.S.* 


1; I^ a paper in this Magazine, the author in 1920 (9 

| gave figures for the radii of atoms deduced from 
their arrangement in crystals. It was shown that in many 
cases the distance between neighbouring atoms in a crystal 
corresponded closely with the sum of the constants for 
the two atoms concerned, and it was proposed to use this 
empirical relationship as an aid to X-ray analysis. 

Since this paper appeared, other investigators have 
treated the same problem in a much more fundamental way, 
and have used data which were not available at the time the 
original paper was published. The author is in agreement 
with their more satisfactory treatment of the problem, and 
has adopted their point of view. Since the figures of the 
1920 paper have recently been quoted in several instances, 
it appears desirable to publish the present note. 


9. The examination of a large number of crystal structures 
has provided a wealth of data on interatomic distances in 


* Communicated by the Author. 


———— M ^ 
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solid bodies. Two ways in which these data may be 
employed are relevant to the present discussion. 

On the one hand, the observed distances may be inter- 
preted by expressions for the mutual potential energy of 
two atoms in close proximity. Krom these expressions the 
condition for the equilibrium of the forces between atom 
and atom in the crystal may be formulated. This is, of 
course, the most fundamental way of treating the problem, 
and must finally snpersede other methods. The classical 
instance of its application is Born’s treatment “ of the 
alkaline halides and other simple salts. Recently Lennard- 
Jones “® has published a most interesting series of papers 
in which he has linked up the forces between atom and 
atom in the inert gases, and the corresponding forces ir 
simple crystalline structures composed of ions of similar 
electronic configuration to the inert gases. 

On the other hand, we may make use of empirical relation- 
ships which have been found to hold with a very fair degree 
of accuracy for interatomic distances in crystals. The 
existence of these relationships is probably due to the rapid 
increase of the repulsive force between two ions as the 
distance between them diminishes *. This makes it possible, 
without taking account of the very complicated interaction 
of forces in a crystal of a complex type, to form an estimate 
of the distance between neighbouring atoms which is suffi- 
ciently aecurate for the first stages in the analysis of the 
structure. Although the exact distance between two neigh- 
bouring atoms will depend on the way in which all the 
surrounding atoms are arranged, as well as on the particular 
pair under consideration, yet the distance remains approxi- 
mately coustant for a given pair from crystal to crystal. 
The empirical rules enable one to estimate the point at 
which the repulsive forces will be of the right order to 
balance the forces of attraction tending to compress the 
crystal structure. 

This is the assumption which is made when ‘spheres 
of influence" are xssigned to the iens, and when the atoms 
are regarded as being elastic bodies packed together and 
supported by their neighbours. Any given set of figures 
will only hold for a series of crystals in which there is 
the same type of chemical bond between the atoms, but 
this restriction also applies to any calculations based on 
expressions for mutual potential energy. 

* For instance, the compressibilities of the alkaline halides indicate 
that the force would be doubled by a decrease in interatomic dis- 
stance of 7 per ceut., if the extrapolation can be carried so far. 


S 2 
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In analysing a complex crystal, un estimate of the probable 
distance between any pair of neighbouring atoms is of the 
greatest assistance. The positions of the atoms in the 
crystal are determined by a number of parameters, and 
the difficulty of analysis increases with this number. Struc- 
tures with two or three parameters can be attacked in a 
straightforward manner, all possible values of the parameters 
being considered and those discarded which do not conform 
to the observed intensities of X-ray diffraction. As the 
number of parameters increases, this process becomes so 
laborious that any method of shortening it is of value. 
Knowledge of the quantitative laws governing X-ray diffrac- 
tion is rapidly increasing, and in the author's opinion a 
point has been reached where reliance may be placed on 
solutions of crystal structure containing a large number 
of parameters, when it can be shown that these solutions 
explain in a satisfactory manner the intensity of the observed 
reflexions. Many reflexions can be measured in order to 
check the results, so that there is no lack of equations which 
must be satisfied by the variable parameters. The difficulty 
of analysis is similar to that of solving a number of simu'- 
taneous equations, and this difficulty is greatly reduced 
if approximate values of the parameters can be obtained in 
a simple manner, or certain ranges of their values excluded 
from consideration as being highly improbable. Empirical 
rules based on crystals already analysed are of value for 
this purpose and may be used legitimately. It is not 
intended to suggest that a structure based on these can be 
regarded as satisfactorily solved. Tle final test of the 
solution must consist in & proof that the proposed atomic 
arrangement explains the X-ray data, and that no alterna- 
tive arrangement will do so. 

Any attempt to assign radii, or spherical domains, 
to the ions must be an unsatisfactory compromise, for one is 
not dealing with definite physical quantities. It must, 
of course, be recognized that analysis of the functions 
defining the forces between atoms, such as Lennard-Jones 
has carried out, supersedes the cruder conception of a certain 
space occupied by each atom to the exclusion of other 
atoms. At the same time, the importance of this latter 
conception in X-ray analysis must not be disregarded. 
It will probably be true for some time yet that the crystal 
structures which can be made to vield to X-rav analysis 
surpass in complexity those to which mathematical analysis 
can conveniently be applied. Quite approximate estimates 
of interatomic distance may be used as the first step towards 
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analysis, and it must be counted a fortunate result of the 
nature of atomic fields that the conception of atoms occupy- 
ing a characteristic amount of space in the crystal structure 
to the exclusion of others gives results in a very fair agree- 
ment with observation. This conception can be immediately 
used, however complex the structure, whereas an application 
of known force-constants can hardly be made until the 
structure is at any rate approximately determined. 


4. A list of atomic or ionic radii has, therefore, as its sole 
Justification its convenience as a means of summarizing 
observed distances, and of making possible a first approxi- 
mation to the relative positions of atoms in a structure which 
is under investigation. Limiting consideration in the first 
place to cases where the bonds are of the polar type, in the 
generally accepted meaning of the term, there are, broadly 
speaking, two sets of ionic radii wdich have been proposed. 
Both are based on the undoubted fact that interatomic 
distances are additive in many series of compounds. They 
differ in that the one set (proposed by the author in 
1920, and Niggli® in 1921) assigned values of the radii 
to the cations which were larger than those of the other 
set (proposed by Wasastjerna €? in 1923, and fore- 
shadowed by Landé“ in 1920) by a constant amount of 
about 0*7 A. All the anions in the first set are correspond- 
ingly smaller by the same amount. 

The second set correspond much more closely with the 
physical reality, in so far as such an arbitrary idea as that of 
lonic radius can correspoud with reality. The author 
believes that they are preferable for this reason. Both 
sets give the same estimate of the point at which the 
repulsion between cation and anion sets in, but tle second 
set also gives an estimate of the point at which the 
repulsion between anions sets in. Now in actual crystal 
structures it is often found that in certain directions anions 
are nearest neighbours. In these cases (where a non-polar 
bond between the atoms is absent) the autlior's figures give 
far too small an estimate of the distance between the anions, 
whereas Wasastjerna's figures correspond satisfactorily with 
the observed value. 

Wasastjerna's figures were proposed with a clear recog- 
nition of their fictitious nature, and with a preliminary 
discussion of the atomic force-fields which determine inter- 
atomic distances. They are given below as ionic radii in 

ngstróm units. 
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TABLE I. 
O =~ 1:32 F- 1:33 Na+ 1-01 Mgt* 075 
S -~= 1:69 01 — 172 Kt 1:30 Ca++ 1:02 
8 --? Br— 1:09 Rb* 1:50 Si++ 1-20 
Te~-? I- 2:19 Cet 175 Ba++ 1:0 


This list may be extended to a number of other ions. 
NH,* and Tl* replace Rbt with very small alteration in 
interatomic distance. Pb** replaces in a similar manner 
Sr++, Bett and Al*** are so small that interatomic 
distances are generally determined by the mutual repulsion 
of atoms surrounding them, rather than by repulsion between 
these metals and the neighbouring anions. In this sense 
the ions Be** and Al*** may he regarded as fitting into 
the spaces between the surrounding atoms. Fett, Cott, 
Ni**, Zn** are nearly equivalent to Mgtt. 

Though this set of figures does not apply to atoms united 
by non-polar bonds, it may be extended to more complex 
acid radicals such as CO,~~, NO,^, ClO,-, 80,77, SiO,--7. 
In every crystal that has so far been analysed, the oxygen 
atoms in these acid radicals are grouped in a symmetrical 
way, at the corners of an approximately equilateral triangle 
in CO,77 and NO,~, and at the corners of an approximately 
regular tetrahedron in CIO,7, 80,77, SiO,==. The dis- 


tances between oxygen atoms are as follows :— 


C0,--, NO,- ......... 9-25 A. (CaCO,, NaNQ,). 
80, --, CIO,-......... 2:45 A. (CaSOu, BaSO,, LiKSO,, RbClO,). 
SU BE c sip: 2-5 A.-277 Å. (Mg,SiO,). 


277 À.—2:85 A. (Ca, AL,Si,0,,). 


These distances between oxygen atoms show wide varia- 
tions from group to group as might be expected. However, 
the distance between an oxygen atom of a group, and 
a neighbouring cation or anion, is given quite satisfactorily 
by the additive law. A model of the structure may be made 
by representing the oxygen atoms centred at the points 
given by the above dimensions, and having radii of about 

Oo 
1°35 A. 

The author" has modified the atomic radii which he 
originally proposed for purposes of analysis in the way 
suggested by Wasastjerna. It is very striking, in working 

* W. L. Bragg, Address to the Franklin Institute, Sept. 1924; 


Solvay Conference (Chemistry) Brussels, April 1925; Roval Institution 
Discourse, May 1925. 
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out a new structure, to observe how closely the first approxi- 
mation obtained by packing together an assemblage with 
the dimensions of the atomic domains, corresponds with the 
final structure attained by a careful consideration of the 
intensities of reflexion. Oue cannot help being convinced 
that the idea is useful, and gives a helpful conception of the 
reasons for the stability of the structure. 

Small alterations in Wasastjerna’s figures might perhaps 
be made in order to get a better general correspondence with 
observed distances, but their approximate nature makes this 
hardly worth doing. 

A very large number of papers on atomic radii have been 
published, of which only a few are mentioned below. In 
1920, Landé ©, in a paper on * The Sizes of Atoms,” showed 
that the interatomic distances in the alkaline halides were 
approximately additive. Starting with the assumption that 
in lithium iodide the size of the structure is determined 
hy the repulsions between the iodine atoms, he obtained 
a aet of values for the apparent sizes of the monovalent ions 
with which Wasastjerna's values are in agreement. Fajans 
and Herzfeld‘) in 1920 pointed out that the additive law 
was approximate, and investigated types of fields of force 
which would explain the observed distances. A very care- 
ful review of the molecular volumes of the alkaline halides 
by Spangenberg “* showed a regular deviation from an ad- 
ditive law of interatomic distance even in this simple series 
compounds. A paper by Grimm ? gives a very complete 
summary of the relative dimensions of simple and complex 
ions, as shown by the comparison of isomorphous com- 
of pounds. Davey ? made a series of measurements of the 
alkaline halides, and showed how closely they obeyed 
an additive law. He proposed a set of atomic radii, based 
on assigning equal values to K* and Cl~, Rb* and Br-, etc. 
Everything would point, however, to a structure on a larger 
scale for the anion than for the corresponding cation. 
Wyckoff, in a paper ** On the Hypothesis of Constant 
Atomic Radii,” confirmed the application of the additive law 
to simple salts, while drawing attention to the many dis- 
crepancies which appear if it is applied to elements and 
compounds of all types. Starting from a different point, he 
obtained a set of figures corresponding closely to those 
_ published bv the author. Pease 9 discussed the interatomic 

distances in diamond-type crystals, and showed that by 
themselves they formed a consistent series. 


5. Wasastjerna, in his paper ** On the Radii of Ions,” quotes 
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instances where the set of figures he proposes explains 
structures in which anions are nearest neighbours. One 
of these is the structure of lithium iodide, which has already 
been mentioned in referring to Landé's paper. Another 
is the structure of Mg(OH; and Mn(OH),, analysed by 
Aminoff. The author's figures, in assigning a small size to 
the oxygen, leave a large amount of space to be occupied by 
the hydrogen atom. The structure should rather be regarded, 
according to Wasastjerna, as a set of ions (OH)- in a near 
approach to hexagonal close-packing, with much smaller 
positive ions in the interstices. 

We may add some other instances. The crystals CdI,", 
Zr&,, ZrSe,"”, have a structure similar to that of Mg(OH),, 
the anions being much larger than the cations. In SnI, 1919, 
the iodine atoms are nearly in close-packing. Dickinson 
remarks that the distance between iodine atoms is about 
4:21 A, as it is in CdL,, this value being much greater than 
that deduced from the author's atomic radii.  Wasastjerna's 
figures give estimates for the distances between anions in all 
these cases which are in agreement with observation. 

G. B. Brown and the author" have recently drawn 
attention to some crystals where the distance between oxygen 
ions is nearly coustant throughout the structure, and has 
an average value of 2:7 A. In BeO, Al,O3, BeALO, the 
oxygen atoms are in a close approximation to hexagonal 
close-packing, and the dimensions of the assemblage are 
very nearly the same in each case. To illustrate this, we 
may imagine a rectangular cell containing sixteen points 
of the hexagonal close-packed assemblage, at a distance 


apart of 2:7 À., to be referred to orthohexagonal axes. This 
is done ‘in order to facilitate the comparison with chrysoberyl, 
BeAl,0,, which has orthorhombic symmetry. In the table, 
the dimensions of this cell are compared with cells contain- 
ing sixteen oxygen atoms for BeO, Al,O3, and BeA1,Q,. 


TABLE II. 
a. b. c. 
Close-packed assemblage ...... 4°41 9°35 5'40 
BOO E 4°38 9:32 5:38 
ALO. T 432 9:50 5:48 
Beal Op 5o einn 4-2 9:59 5°47 


A paper by G. Menzer ?" has recently appeared on the 


WM 


de lll 
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structure of garnet, Ca,Al,Si;0;,. Jn this paper Menzer 
quotes the author's figures for atomic radii and compares 
them with the interatomic distances in the structure he 
suggests, finding in most cases a fair agreement. The 
author would prefer, however, an interpretation of the struc- 
ture on rather different lines, laying stress on the distance 
between neighbouring oxygen atoms.  Menzer's figures are 


as follows :— 
Sum of “ Atomic Radii.” 


Observed. 
Bie cutis 171 A. 1'82 A. 
CHO) ccscissieessies 2°31 A. 2:35 À. 
MEO zou 1-95 Å, 2'00 A. 


If the author has interpreted Menzer’s structure cor- 
rectly, each oxygen atom has, as nearest neighbours, a 
calcium atom and eight other oxygen atoms. The distance 
Ca—O is significant, as the calcium ion is too large to be 
packed between oxygen ions. In the rest of the structure 
the Si and Al atoms fit into the spaces between the oxygen 
atoms, so that we would expect the latter to beat an average 


; o : 
distance of about 2:7 A. apart. The actual distances between 
an oxygen atom and its eight oxygen neighbours are, 
in ngström units, 2°68, 2°68, 2°79, 2°79, 2°85, 2-85, 2°70, 
2:841. This both supports the estimate of 2°7 A. as the 
distance at which the repulsion between the two ions O-- 
assumes a large value, and is a striking confirmation of the 
accuracy of Menzer’s analysis. 

6. The author’s paper in 1920 has been criticized as an 
attempt to prove that atoms under all circumstance occupied 
an absolute rigid spherical domain, though this interpreta- 
tion was guarded against by the statement ** This additive 
law is only intended to be regarded as a working approxi- 
mation, an aid to the analysis of complex structures." Cases 
which did not correspond with the additive law were quoted, 
and it was also pointed out that the “atomic radii” did not 
correspond with the relative dimensions of the atomic 
structures. The correspondence was deliberately sacrificed 
in order to obtain a set of figures which held for both polar 
and non-polar bonds. The analyses of structures which have 
since been made have shown that this cannot be realized. 

In examining crystal structures, however, it is difficult to 
avoid the impression that the representation of the repulsive 
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forces by a simple inverse power of the interatomic distance 
is as much a compromise as the conception of atomic 
domains. The actual law of force is probably much more 
complex. The repulsion may be taking place between those 
parts ot the atomic structure which approximate most closely, 
so that a mathematical expression for the force which tended 
to an infinitely high value for a finite distance between 
atomic centres might be closer to the truth and hold over 
a wider range than an inverse power of the distance. The 
close approximation to an additive luw may receive its 
explanation along these lines. NS 

[he discussion of the nature of the repulsive force is 
beyond the scope of the present note, which 1s an attempt to 
show that the conception of atomic domains can render 
very useful service in crystal analysis, when due care is 
used in its application and its limitations are recognized. 
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XX. The Compton Scattering and the Structure of Radiation. 
By T. L. EckEnsLEY, M.A.* 


OMPTON rt, in discussing the scattering of X-rays by 
free electrons, has evolved a theory which frankly 
discards the laws of electromagnetism in favour of purely 
quantum considerations. In justification, he points out the 
inability of the classical theory to account for the change in 
wave-length in the scattered radiation, which experiments 
have shown undoubtedly occurs when very hard y- or X-rays 
are used as the exciting source. 

In making this statement he must have been unaware of 
an investigation by Sir J. J. Thomson f, who sbowed that 
ions or electrons are set in motion in the direction of propa- 
gation of electric waves, so that the scattering is effected 
by electrons which are moving along with the wave. Toa 
fixed observer the scattered radiation will therefore appear 
of longer wave-length than that of the exciting source, in 
agreement with experimental results. 

The formula evolved by Sir J. JJ. Thomson is: 


ee? H? eH? 


2 2 
( ) my? Amm” 


where c is the velocity of light, v the average drift produced 
in the direction of propagation, X the wave-length, e and m 
the charge and mass of the electron respectively, and H the 
magnetic force in the wave-front. 

À numerical examination of this formula shows that for 
wave-length of 0:1 A. the change of wave-length is in- 
finitesimal unless enormous values of H are involved. 

In the following investigation the classical methods are 
employed, and Sir J. J. Thomson's analysis is extended to 
take account of the relativity variation of mass. 

In accordance with quantum ideas, however, the steady 
state is calculate! neglecting the reaction due to re-radiation 
or scattering, this process being assumed to take place in a 
sudden transition from one quantum state to another. The 
steady state is thus unaffected by re-radiation. 

In the classical theory the change of wave-length is a 
function of the intensity of the incident radiation. If in 
accordance with the experimental evidence the scattered 


* Communicated by the Author. 
t Phys. Review, xxi. p. 483 (1923). 
t J. J. Thomson, Phil. Mag. ser. 6, vol. iv. p. 263 (August 1902). 
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frequency is only a function of the incident frequency, 
there must be a restriction on the intensity of the incident 
radiation. The assumption that this is in quanta is in- 
sufficient to determine this relation, for this only fixes the 
total energy hy in the quantum, and not the intensity of E, 
which determines the change of frequency. 

In the present theory the relation is provided by quantizing 
the orbit of the scattering electrons, which is found to be 
periodic. Such a process is perhaps rather outside the scope 
of the usual quantum theory, which to my mind merely 
exhibits the four-dimensional (dynamic) structure of the 
atom ; but the theory must stand by the test of results, 
and these appear to be in accordance with the experimental 
evidence. 

To accept the process outlined here seems to me to be more 
logical than to discard, with Compton, the whole structure 
of the electromagnetic laws, which are undoubtedly valid 
in the lower frequency ranges. 

The method which uses the classical theory to calculate 
the steady states, and only involves the quantum theory to 
restrict the possible states (or calculate the arbitrary con- 
stants), has the merit of retaining the classical theory as far 
as possible, and is logically self-consistent if we consider the 
classical theory as exactly applicable to all periodic or quasi- 
periodic states of motion, and the quantum theory as a 
guide to define the possible steady states and the proba- 
bility of transfer of one state to another. 

Before entering into mathematical details of tlie problem, 
it may be worth while to attempt to give a mental picture 
of the physical processes which result in the production 
of a drift of electrons in the direction of propagation, 
according to the classical theory. Thus an isolated electron 
in the field of a plane electromagnetic wave will, under the 
influence of the electric force, in the first place, execute a 
vibration to and fro along the lines of electric force, i. e. at 
right angles to the direction of propagation of the waves. 
But in doing so it cuts across the lines of magnetic force H 
in the wave-front, and is given a resultant forward impulse. 
It will be found that the mean force is zero when averaged 
over a large number of periods, so that there is no resultant 
acceleration, and the average velocity given in the first 
impulse remains unaltered. 

This average velocity v is a function of the frequency and 


intensity of the incident radiation, and - measures the 


change of frequency of the scattered radiation. 


bd 
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To state the problem explicitly, let us suppose a plane 
Wave : 
E = E,sinp(t—2/c), t>x/e, E-0fort«z[e, 
H = Hy sin p(t —2/c), 25 H=0 - 


moving from left to right along the v axis to meet a 


stationary electron at x 20, y —0, and z=0. 
Let the electric force be in the z direction and the 


magnetic force in the y direction. 
The general equations for the movement of the electron 


are: 3 
m + fa, a RR LASS. tQ) 


ds ds 
where J” is the current vector 


de dy s 
Pat ae Pup fes 


F, is the tensor 
0  —wy B X 
y 0 —a Y | 
—g a 0 Z p 
+X -Y -Z 0 


(1.2) 


assuming Galilean coordinates. 
Also 
y = a Z 


0 
X=Y = 0, 0. 5. . (13) 
(48, a} = 0. 
We get the equation : 

mo = = PZ- pB 77, 
dx dz 

mo 7,3 = PR Tp e. e à (1.4) 
dct 


Mo li = Zpts. 


* Eddington, ‘Mathematical Theory of Relativity,' pp. 118, 181. 
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: I 
For our purpose, since 8 is a function of t, B Bye" (173), 
it is best to modify the equation as follows : 
VETE 
no qa T Te (i | dt ) 
dt 


(1.5) 
Now mo d, = "s the value of the mass of the moving 


electron referred to fixed axes. 


d' dM, 
meat ttt (1.6) 


where M, is the X component of the momentum of the 


lectron, and 
electron, an dM, dt dM,, (1.7) 
EP = ae dt 3 . ° . ° e 


dM, ds ds dz 


so that 


— 8 y ds Qa \ 

de Pie oP ae a | 

iM, ds dz 

Gee = Pe ae 8 b s. oos (1.8) 
dt — Pade’ } 


ads. 1. 
Now P — invariant charge e, so that 


m = eZ—eBv,, ) 
"d | 
: dp Bs ; (1.9) 
ps = Ze, | 


or, expressing everything in terms of the four vectors 


M,, M,, Mz, me, 
E = eL — tB Ma 


. (1.10) 


dt m 


d 9 
dM, z eg M., 


dme Pe : 
m Sie et ea aR et,. 


dt 


If we use units for which E and H {are of the same 


Scattering and the Structure of Radiation. 271 


dimensions (as a matter of convenience), the equations 
are obviously : 


dMz = 7z t8 M. \ 
dt mc | 
dM, _ eB 
dt — mc M; b e e e . (1.11) 
dmc | 
m dt. = ZeM,, ) 


the last being the activity equation. 


§ 2. We have 
_ me dM, 
z = eB dt Ex Ae. E E "4 (2.1) 


and dM, | d mcdM, 


M 


4i aes di^ (2.2) 
ONE dM, 
Substituting in (1:9) for jr? get 
d mc dM; — cB 
dt eB dt — eL—— M,. ° . . ° . (2.3) 


Multiplying both sides by a iD and denoting this 


quantity by U, we get 


dU  ZmcdM, dM; 
U -i =-5 d —M.—7 ’ (2.4) 
2 dt B dt 2 dt’ So AAD) 
or 
1 eee wala 0M. .- _ 
2 di (U? 4- M,?) z mc dr Since Z=B. . . (2.6) 


If we could consider m to be constant, we could get 
an approximate integral by integrating through with respect 
to t, but we can proceed more accurately as follows :— 


lr dE E Maaie ioe e s O) 
is a four-vector, and the invariant 
Mè + M,?+M2—mic?=—m?.c? .7. . (2.8) 
in the special case of relativity. In this case, M, —0, 
Mè +M- mem., . . . . (2.9) 
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or differentiating, 
d d 
di (M? + MZ) = ye 24 o4 Ww XO) 
Now the energy equation derived from 1 and 2 gives 


2 2 
ur ) = ez. 20... (Al) 


dt 
Now 


dM,  dmM, dm "DT 
m dt — dt -M-i . (2.12) 


—— 
~~ — —_— 
ps omm 


id mde ade trs e 


= a. a M.. ° e (2.14) 
Substituting for M, from (2.1), 
dm | M, eZ me dM: M,daM, 
Mn ee wc "uuu X) 
dM. d/ M. 
em dt = dt (em M. 5") e o © o oœ (2.16) 


We have therefore expressed the right-hand side of (a) 
as a perfect differential with respect to t, which we may 


write now as 
4U? = emM,—-M.!cc,. 
where c 1s a constant. 
A result which is useful is contained in equation (2.15), 


SO 


(2.17) 


i. e. 
dm M,dM;: 
M. — PI dt. . ° . e e (2.18) 
or = m+, ° e e ° . (2.20) 
It is to be remarked that U in our equation (2.4), 
U=" aM, 


oa~ M. 4d 42:20) 
so that 2:4 may be re-written : 


1M{+M2=cmM,+c. . . . (2.22) 


Now M, and M, are zero together (initially), so that the 
arbitrary constant c must be zero. 
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We have 
[2 
s(a EY = oa, a 0. s (2.23) 
e 
or 
CIEL IC A 
mj uu a m mf: * 
Now M. Mo 
m Ur , Me’ 
Mo PET 
c 
80 tliat 
M = e aa ues . . (2.25) 


We therefore get 
d mp, m ld TET (2.26) 
at 1— Virje € 
l d me — v3 . (2.27) 
leo. — vat} 12 qi (>t) e 
Now 


B= Boet- . e . (2.28) 


and B = feettit-z/o i p(l — v...) 


since « is a function of t; . (2.29) 


1 de V2e8 — dB (2.30) 


l —— 
GJ T voi dt (l—v) cipon) dt? 


Co EEMOUd n. Pe dB. (2.31) 
Nc» dt (1—v,.,) n Mocip dt : 


and integratin g, 


80 that 


i = eg ga. e " (2.32) 
l—v,, WV 2moci p 
Taking real parts, 


. à 
(te | cri sin (n9). 
~ Uri. V2 mocp 


pe (2.33) 
(te Z- )= 2mp sin? P(t— afe). J 


§(3) In this process we have made no mention of the type 
OF Wave-train involved. In any case we must suppose the 
scr romagnatjo disturbance to be zero until t=0 (at 
e). 


Phil. Mag. 8.7, Vo) 2. No. 7. July 1926. T 
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The subsequent history of the wave-train, i. e. whether 
finite or extending to infinity, can only be conjectured. 

If it is to be considered as a quantum of radiation, 
no doubt it is finite. The actual circumstances of the 
motion of the electron depend to a certain extent upon our 
choice of the type of wave-train, in particular upon whether 
the wave-front is a surface of discontinuity or not. At the 
outset let us take the simplest case, and suppose that 
the disturbance at x=0 is zero for negative values of 
t— zj: and R. Boe'?*-7 for positive values of t — z/c. 

Sommerfeld has shown that in this case the integral 


zo (3.1) 


R (C en t- zio) 
== —— ——dp . 
i an Po -o (p—p) E 

represents the complete disturbance if the integral is 
taken along the real axis, except in the neighbourhood 
of psp, this point being encircled bv a semicircle in the 
4th quadrant. With this form of wave-train, Z and £ 
EY 


are continuous at the wave-front, although —— an 
ÒT Ox 
are not. 
The continuity is associated with the fact that the Fourier 


integral is convergent at t=./c. 
The equation (2.32) still holds, even if we use this 


form, for 


R "TER eip(t—z/c) 
B STAN PP. dp . . ° . . (3.2) 
and 
dg B R “ip dp ert- zie) a 
di 5, 9 Urje) | BF t— 0, (3.3) 
R- 
and = (l— t) 24 Pp, t—=0, 
so long as x 
t—- #0. ere n e n. . (84) 
As before, 


2 


= EC sin? (p)(t—z|c). |. . (3.5) 


Ure 


1 bars Uzje 


The more general case where Z and 8 are discontinuous 
at the wave-front can be formed by the integral : 


R e erlt- ze) p dp 
B — 9 0 SEEK 
de p—n 


which is not convergent at t—a/c=0. 


$3.9 Je. 015) 
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This quantity is zero if t —«[c« 0, and is equal to 
—R Bo te? epo) 


ie, Bo sin p(t — ac 4- $), 
when t 5 ac, 


Equation (3.5) is now modified by the addition of a 
constant : 


( z) = EUM - sin p(t—z/c-$)—O, à. (3.8) 
1—,., V 2mep 


and the constant C must equal sing, so that v, =0 when 
t=0, as required. 
Thus 


Ure eg o? 


)= cP į sin (p(t— z/c) +6) — sin $i? (3.9) 
mi: mM cp” 


when the Wave-front is discontinuous. t thecome 
everting to our former expression, we can ge 


p'ete integra] of the motion ; 1. e. the relation between zandt 
is as follows :— 


E we put pla) =y, . . o. (3.10) 
then 
d 
ir = Pu) 
dt 
and iai 
Yate Oo sin®y = Etsin? y, say, . (3.11) 
l—«v,, 2my'c*p 
in? , . (3.12 
or prs, = Ẹ? sin? y P. E XE kg (3.12) 
pde 2 q sin 2y . (or we BI) 
cedi 34 V7. Je 


and integratin g, 


=E Ss) 0... (4) 
m: x). 


x e c [d in 2 ((-2) . (3.15) 
e= gli) sin Bp (i: 
No constant of Integration is needed, since Ei cee 
*=0 when t— (0 ig satisfied identically by this relation. 
thus have the required relation between and t. 
2 
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The corresponding values of v, and Z may be obtained 


from (3), i. e. : 
M, = mee 00 0... . . (46) 


eB dt 
me V 2e 
= meee TU « & oo 4 OD 
or =~ [Vr i Vz $ 
vU, = vie() 1-2. . > è o >œ (3.18) 
"vm J 9i Vasje)? 
v, = 2(1— v) c= Ure)? . HELL (3.19) 
Thus eBo 
v; =c(1—v-/c) mn sin (p)(t—2/c) 
ego . d 
= mp sin p(t—2/c) P (t—zx]c) . . . (3.20) 
and 
z= a Pi {cos p(t— x]c) — 1] 


mop 
=—0* VB(eos p(t—a/e)—1}, | oec (3.21) 
since z=0 when tz 0. 


§ (4) This forms the conclusion of the calculation of the 
steady state on the classical theory. 
It will be observed that on this basis there is a definite 
22 
drift of the electron with an average velocity SEED 
4 mèp’? 


(vz small) in the direction of propagation. 
Combined with the periodic v, motion this gives a 
scattered wave of a frequency which differs from that of the 


poa Ô , 
existing source by the amount Sy, where — =~ (1— cos 6) 
y c ^ 


the scattering angle 0 being the angle made with the 
positive normal to the wave-lront. 

In respect of the factor 1—cos 0, the result agrees with 
that determined experimentally by Compton. The value, 
however, is a function of the intensity 8 of the incoming 
wave. There should therefore be no fixed value of the 
change of frequency unless there is a restriction on the 
value of £, occasioned, for instance, by the quantum structure 
of the incident radiation. 

It might be thought sufficient at first sight to postulate 
the energy of the incident radiation as hy, where v is the 


8 
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frequency ; but this determines only the total energy, and 
not the value of 8, which determines the energy per unit 
volume. The procedure which naturally suggests itself is to 
treat the momentum M,—which is periodic—according to 
the rules of the quantum theory, i. e. to suppose that the 
periodic motion of the electron is one of the specially 
determined steady quantum states. 
We should then put 


M,dz = nh, 


and the process is more natural in that * M,dz expressed 


as a function of z turns out to be exactly an inverse 
periodic function, associated with which is the modulus of 
periodicity obtained by the integration round the two branch 
points of M,. 


Thus 
f M, de SS n £- x 4m op (LL) 
-j my B Grimes). (4.2) 
Now " 
"Ei AN é 
m = EPR by (2.25), 
m VJ 2c(v,,.)! 
$u, dz = are aren fi ° ° " . ° (4.3) 


— 0. (4.4) 
pe 
Now, by (3.21), 


a3 ,say, . . . (4.5) 
sin p(t— a/c) 2 Vl1—z5, . . . . . . . (46) 
dz = ct V2 dz’, 
$ m, dz =$ MENT V1—z"dz'ect 2 (4.7) 
_ mex g icis 
p 


2 mc? E? 
p 


njhv 
iie ROW dew meu (RÀ) 


Il 
t 


= nh, . ° e œ (4.8) 
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for n=1, i. e. the 1-quantum state 


LA 


myc? 


¿g? = . (4.10) 
A guarantee of the general reasonableness of our choice 
in the method of quantizing the orbit of the electron is 
contained in the following relation :— 
The total kinetic energy of the electron can be expressed, 
in accordance with the relativity theory, in the form : 


(m—m)c? = KE.. . . . . . (411) 
Now 
(4.12) 


m =m j 
?1- v. 


KE = me? LE.) 0.2... (4,18) 


1— Uzjc 
zm, sin? y 
OK Ega— hv. ` 


Now the energy equation gives 


cm om = moZe, ige a oe Se. aa OESTE) 


dm 
evt e e 5. o 5. 5. (4195 
dKE dz 
zu c 
or arn = 0 and T+W=hAp, . (4.16) 
where — P=KE+Wa-(ZePdt, ©... (4.17) 


which is identically satisfied on using the expressions for Z 
dz 
dt 

The orbital energy is hy. This is in accordance with the 
ordinary notion of the quantum theory, since the initial 
state of the electron was one of zero energy level, and Av is 
here given as the difference in energy level of the zero and 
l-quantum state. 


and — we have found in eq. (3:21) 


$ (5) This solution just obtained I would term “ The 
Selected Semi-Classical Solution," to distinguish it from 
Compton's purely quantum solution. It corresponds exactly 
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to the solutions of the orbital motions of electrons under 
central forces in the atom. 

I call it “ selected," as quantum considerations are used 
in fixing the amplitude of the motions ; it is semi-classical 
because in the equations of motion no account is taken of 
re-radiation or scattering, which, according to quantum 
principles, must be considered to be a separate process 
involving a change from one quantum state to another: 
this change, involving re-radiation, may be considered to 
take place when the train of waves has passed over the 
electron. We are therefore led to consider a second 
quantum state, and in accordance with the idea presented 
here, it should, if possible, be one which satisfies the field 
equations, the passage from the first to the second state 
being, of course, accompanied by a scattered radiation. The 
procedure which is perhaps least open to criticism from the 
quantum point of view, and for which there is strong experi- 
mental evidence, is to assume that, at least formally, this 
final state is the one calculated by Compton. The con- 
servation of energy and momentum are used to calculate 
the path and velocity of the electron and the direction, 
intensity, and frequency of the scattered quantum, which is 
supposed to be a directed quantity. 

This process is consistent on the average with the field 
equations. 

The equations which fix this state are : 


hv — hy,’ 
c ¢ + Me 


; 
0 = hy,'—M,, Momentum Equations, . (5.1) 
y y =p"? ) | 

hy —hy'— (m—m,)e?, Energy Equation, . . (5.2) 
M,-M;)-2(mi—mjP$e)H......... (93) 


These equations give rise to the following frequency 
relation: 


hy 
ôv — x'(1—cos 0") 1 mg 
Sm (1— x? cos 8")? where X = hy? e id (9 4) 
Moc? 


which is approximately 
ôv hv 


v më 


(1—cos 0), . . . . . (5.5) 
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Correspondence. 


This method exhibits the change of frequency on scattering. 
as a purely quantum process, involving the idea of frequency 
as a determinant of the energy according to the relation 
W=hy; but it is the purpose of this paper to exhibit this 
change of frequency as a Doppler effect, in order to bridge 
over the gap bel een the Compton theory on one side and 
the classical theory on the other side, which undoubtedly 
applies to long-wave phenomena, and to use the idea of 
selected statical states for this purpose. 

In this manner the solution (1) may be considered as a 
detailed expression of an intermediate state in the Compton 
analysis, introduced so as to bring this more in line with the 
usual methods of quantum analysis and to help to bridge 
over the gap just referred to. 

In order to bring in tlie classical idea of Doppler effect, 
the following method may be used :—As we have seen, the 
process of re-radiation must occur in the jump from the first 
to the second quantum state. Since there is no re-radiation 
during the passage of the train of waves over the electron, 
the velocity of drift occasioned does not determine the Doppler 
change of frequency of the scattered radiation; but this 
latter must be determined by velocity after the change. By 
a suitable choice of the conditions at the end of the train we 
can continue the solution without discontinuity, so as to give 
an x velocity from which the Doppler effect corresponding to 
the Compton effect may be deduced. 

Thus the «æ velocity determined from solution (1) is: 


hv . v 
— sin? p (+=) 


Uz =. Moc 
"ng hv. i c a j 
f 1+ sin p(t+=) 


If the train is chosen to end when 


(5.6) 


sin p(t") = 1, 4^ de oh oi ORT) 


the value of z will be 


hv 
Ur a myc? 
: oy & ee: in: OB) 
1+ 
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and the corresponding Doppler effect will be 


dy — v, 
v z 0-08 0) 2 


E ;(1—eos0), . . (5.9) 


hv 
oC 
which corresponds with the Compton change of frequency. 
Or we may arrive at the Doppler effect idea as follows:— 
In developing the relation (5.5) from the equations (5.1), 
(5.2), (5.3) according to Compton's method, we get the 
relation 


M, = " (1—cos0) approx., . . (5.10) 


or 


and the corresponding Doppler effect would be 


tr hv A" 
- = met (1 COS 0), © o o œ (5.11) 


c 


which is the relation already obtained. 

Thus the change of frequency on scattering may either be 
considered as an effect due to the energy removed from the 
incident wave by the recoil electron, i.e. as a purely quantum 
energy change, or as a Doppler effect associated with the 
velocity vz of recoil. 

These two aspects enable one to pass over from the 
quantum aspect as developed by Compton to the classical 
aspect, which follows as a result of the application of the 
ordinary field laws, by the process of building up a statistical 
state from the individual quantum process, the relative 
probability of emission in various directions being determined 
by the field equations. The details of such a process must 
be left to a future paper. 

The results obtained by the method of this paper are 
formally just the same as those obtained by Compton ; but 
the method outlined here seems to bring relation between 
the field equation and the quantum processes into a clearer 
light, und to pave the way to the understanding of the 
relation between the individual quantum processes on the 
one hand and the electromagnetic state as calculated from 
the field laws which apply on the longer waves on the other. 
The exhibiting of the quantum process as a selected classical 
solution, and the identification of the quantum and Doppler 
aspect of the change of frequency, ensures that a proper 
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choice of the statistical aggregate of quantum processes 
must conform to the ordinary field equations. 

It should be noted that the Einstein conception of a 
quantum of radiation having a definite direction of travcl in 
space is used throughout, and it seems to me that this is a 
logical necessity if quantum and relativity notions are to be 
reconciled. 

For suppose the quantum were a spherical type wave, such 
as, for instance, is radiated from a source at 0 vibrating in a 
vertical direction, if the frequency were v, the corresponding 
energy would be hrv. 

Now refer this system to a set of uxes moving relatively to 
source with the velocity v: the various parts of the spherically- 
radiated quantum will have different frequencies, and the 
relation W=Ay will no longer have any meaning. 

I have been guided throughout in fixing the quantum 
rules by the consideration that any quantity which can be 
defined in the classical theory—for instance, dv/y=1/c— 
should not clash with the quantum definition of dy, i. e. the 
same quantity. In this manner we have been led to a 
definite value of the change of frequency in scattering which 
has been observed. 

It must be admitted, of course, that the work has been 
carried out with half an eye on the expected result; but 
the real value lies in the fact that the quantum conditions 
must be introduced, and these are naturally and inevitably 
introduced through the only really periodic quantity v,. 
In using this we find the orbited energy to be in accordance 
with the known quantum principles. 

We can picture the process outlined here as the arrival of 
a quantum Av» of radiation at the stationary electron, an 
absorption of this energy by the electron, and a consequent 
transference of this to the l-quantum state with energy hv 
(fixing the amplitude of oscillation M,) ; finally, a transition 
from the 1-quantum state to the 2-quantum state, with an 
emission of scattered radiation with frequency and energy 
determined by the difference of energy level in the 1 and 2 
states, 1. e., 


2 
mm 
hy! z= hy =— ^s =æ W,—Wi; 


each steady state being rigidly defined by the classical 
theory (of course neglecting the effect of re-radiation). It 
is then found that the change in frequency on scattering 
may either be regarded as a change of energy content of 
the radiation, or as a Doppler effect associated with the 
recoil velocity vz, at least to the first approximation. 
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$6. The further consequences of this theory have a 
bearing on the structure of radiation. 

This is rather to be expected, as this example illustrates 
perhaps the simplest case of interaction between tlie quantum 
and the electron. 

The quantity £? has two interpretations. From the 
quantum point of view it is the ratio of the quantum 
of energy hv to the potential energy of the electron myc’. 
From the classical point of view it involves 8?*, the energy 
density reckoned in the ordinary manner, thus: 

= re LEE, (energy /vol.= B! in our unit 
C= el mp energy/vol.= f? in our units), 
so that the energy density in the incident radiation is 
determined by the relation : 


2 2 S 
pups mM Loo c O 
e e 

Now we know the total energy in the incident radiation, 
i.e. hv ; so that if £? is supposed to be uniformly distributed 
2 
in space, the ratio T acus. should be the volume in 
which the quantum is contained, and in calculating this we 


should get an insight into the structure of radiation. 
2 


Now the quantity has the dimensions of a length. 


e 
moc" 
In the usual electromagnetic theory it expresses the linear 
dimensions of the electron, according to the relation : 


e? 
Mo a ; e >o «© © cc © o oœ (6.2) 
e 3ac? : 
Yobece e = ITA? © e > œ (6.3) 
4T? 
67ac* 
or Jai 
a 
Vol. = “On” Pe cn” ee a er x (6.4) 


where “a " is the radius of the electron. 
Also we may put it in the form : 
4Ta? 1 G A ) 


Vol. —— 5 2 Ira (6.5) 
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so that the volume tends to that of an electron when 
= Js i. e., the quantum apparently shrinks to 
electronic dimensions when the wave-length is of the order 
of the electronic radius. 

A quantum no doubt consists of a finite train of oscil- 
lations. We may perhaps be allowed to consider the 


electron as remaining in the l-quantum state during the time 
that this quantum train passes over the electron. Now 


by combining classical principles with Einstein's probability 
coetticients—t.e. Aia D,,,— E. A. Milne* has arrived at 
a formula which expresses the mean duration of a given 
quantum state. It is 

C 


T= qme e a e . (08) 


an expression which, as has been pointed out, does not 
involve h and is therefore independent of the atomic 


structure, aud should be applicable to the type of electronic 
vibration envisaged in this case. 


In the present analysis exactly the same result can be 
obtained by assuming that on the average the re-radiation 
is what it would have been on the classical theory ; thus 
if r is the average duration of the quantum state 1, 
- will be equal to the rate of radiation caleulated on the 


classical lines. Thus 


Low oH oe s 4) 


where T is the acceleration. 


zz —— — sin pt approx. 
di di "T ppro 


eB 


= — cos pt. 
m P 


T= dv, d eB 


. (6.8) 
The mean rate of radiation of energy is therefore 
pue (ey 
2 676 \mp 
and is independent of p. 


* Monthly Notices R. A. S. p. 749, No. 8, June 1925. 
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nam e —_ om * ) 
T 2 627re \mope 6T mo? 


(6.9) 
so that 


and since mo— Grac? 
C 


1 _ 4m’v'a 
= 


as before. . . . (6.10) 


But if we are to retain the same mental picture of the 
process as before, cr must represent the length of a train of 
oscillations. 

One curious consequence of this formula is the following:— 

The number of oscillations ;in the train is yt, or 

Cc X 
4m'av 4ra 
to unity as A—4^7ra. This is in agreement with the fact 
that the quantum appears to shrink up to the size of an 
electron for this frequency. ‘lhe quantum appears to lose 
its periodic nature at these high frequencies. What the 
meaning of hv in the formula W=hy is, very obscure! 
This result is perhaps only apparent and due to some approxi- 
mation introduced into the last stage of the calculation, and 
is only true if cr represents the actual length of the train of 
oscillations. 

On this basis, the length of the train of oscillations is cr. 
We may now express the volume V in the form : 

2 ye 
de O Oa^cr. . . . (6.L1) 


2TV.  Am?^v?a 


. The number of oscillations in a train tends 


From this point of view, the quantum appears to be 
contained within a cylinder or tube of radius ee or 
practically the electronic radius and length of er. It is 
perhaps as well to note that this volume is not a fixed 
quantity ; it seems to adjust itself to the radius of the 
particle acted upon by the quantum. For instance, if 
the electrified particle had been a proton, the equivalent 
value of “a” in formula would have been proportionally 
smaller, and the quantum would have to adjust itself to this 
smaller radius. These results inevitably suggest the tube of 
force attached to the electron or proton, the quantum being a 
disturbance propagated along this tube, as a state of distortion 
say. | 
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The tube ends in its appropriate electron or proton, and its 
approximate diameter is correctly given if some latitude is 
allowed in fixing the structure of the electron or proton. 

The motion of the tube must be fixed by the electromagnetic 
laws. It is well known, for instance, that the second set of 
circuital equations can be deduced from purely kinematic 
considerations of the movement of discrete tubes of force, if 
the magnetic force is interpreted as the velocity of the tube 
at right angles to itself. 

The whole would form a very compelling picture, were it 
not that the interference effects are still wholly unexplained, 
and that the nature of the jump from one steady state to 
another is also physically difficult to picture. 

If we take the view that it is the function of theory to 
provide an accurate mathematical description of the physical 
facts, the relativity quantum theory outlined here is singu- 
larly adequate—not that it is complete, since the framing of 
the quantum rules has certainly not been achieved vet. 

A theory must pass a very strict test nowadays ; it must not 
only be accurate, it must also be a convenient and powerful 
instrument of thought. It is a commonplace reflexion, for 
instance, that certain problems are much more easily solved 
in terms of certain coordinates than others, and that they may 
take on an aspect of artificial complexity if inconvenient 
coordinates are chosen. I have been struck throughout the 
foregoing analysis with the ease with which the solution 
unfolded itself ; and although it would be foolish to take this 
as a guarantee of correctness, it certainly seems to indicate 
that it is a simple mode of expression of the realities involved 
in one of tie simplest of quantum processes. 

It will be seen that this scheme really differs very 
little from Compton's theory. The quantum of energy as 
portrayed by this theory is very similar to the material particle 
envisaged by Compton in his theory (for frequencies com- 


3 
parable with T the contraction in volume being a striking 


example of this similarity.  Compton's theory short-circuits 
the analytical details of this by using the principles of con- 
servation of energy and momentum which are, of course, 
implicit in the present classical quantum theory. The present 
method may be perhaps looked upon as strengthening the 
assumption upon which Compton's theory is based—1. e., that 
the quantum acts as a particle which exchanges its energy 
(in accordance with the ordinary laws of momentum and 
energy exchange) in a collision. 

It is perhaps significant, in view of recent speculations 
concerning the transformation of matter into radiation (for 
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example, at intensely high temperatures in the interior of 
e . 2 
stars}, that at these frequencies, i. e. of the order of = ; 


the distinction between the material element, i. e. electrons 
and protons, and tle quantum of radiation seems to dis- 
appear, for the energy and volume are of the same order; 
and if we accept the approximate formula for the number of 
oscillations in a quantum, a relation which, however, seems to 
me of very doubtful validity, the quantum loses its periodic 
structure at these frequencies, and there is but little lett to 
distinguish it from a proton or electron, sav. 

It is hoped that this paper mav pave the way to a fuller 
understanding of the relation between the quantum and 
classical theories of radiation. 

Perhaps too much stress should not be laid on the physical 
picture of the volume of a quantum as portrayed here ; but 
if we are to retain our present ideas of time and space as 
extended by Einstein, we must regard this quantity at least 


as dimensionally a volume. 


XXI. Note on the Molecular Association of Benzoic Acid in 
Benzene. By J. A. WILCKEN, B.Se., Ph.D., Lecturer in 
Electrical Engineering at Armstrong College, Newcastle- 
upon- Tyne ". 

'['*5 question as to the connexion between dielectric and 

other physical and chemical properties of matter, 
which has an important bearing on problems of cable 
insulation, has led to the investigation into the molecular 
nature of solutions, and as a tvpe, benzoic acid in benzene 
has been examined. 

Auwers t and his co-workers, and Beckmann £1 have dealt 
with a large number of solutions of this class, but whereas 
the former attributes the abnormal behaviour (freezing-point 
depression) to mutual influence of solute and solvent, the 
latter inclines to the view that complex molecules are formed. 
Turner § leaves the question open. 

This part of the work had been temporarily discontinued, 
but Prof. Partington’s and Mr. Rule’s valuable contribution 
to the subject in the May issue of this Journal suggested 
that the preliminary results here given might be of some 
interest. 

* Communicated by the Author. 

T Zeitschr. Physikal. Chemie, xii. pp. 689-722 (1893); ibid. xxx. 
‘pp. 900-340 (1899). 

t Ibid. xxii. pp. 609-618 (1897). 

§ ‘ Molecular Association ’ (Longmans). 
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Freezing-point determinations carried out with an ordinary 
Beckmann apparatus gave data too irregular to warrant any 
conclusive inference, although they seemed to point to a 
molecular weight swinging between 2) and 14 times the 
normal value. 

A series of graded solutions was then prepared, of concen- 
trations varying from 0:040 grm. to 0°564 grm. benzoic acid 
to 100 grms. benzene, and with these solutions the partition 
coefficients between pure (conductivity) water and benzene 
were determined, the titrations being carried out with a 
standardized baryta solution (ind. phenol-phthalein). The 
separating funnel was kept carefully at 6°0 C. 


The diagram below shows the relation between the log. of 
0-6 
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ene. 
Q 
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of concentration, in Benz 
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on 
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the concentration in benzene and the log. of the corre- 
sponding concentration in water. It is seen that the slope 
of the line deviates appreciably from unity, indicating that 
the matter is not so simple as the formation of double 
molecules; the scale of abscisse is twice that of the 
ordinates. Might not the process of association pass through 
a metastable and a labile state, somewhat similar to those 
of the crystallization of solutions, as found by Miers and 
Isaac"? 


* Journ. Chem. Soc. Ixxxix. pp. 418-454 (1906). 
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XXII. Further Studies on the Deformation of Tungsten 
Single Crystals. By F. S. Govcuer. (Communication 
from the Staff of the Research Laboratories of the General 
Electric Co., Wembley.) * 

(Plates IL.- V.] 


SUMMARY. 


Taer crystals studied are the large crystals formed in recrystallized 
hard-drawn pure tungsten wires such as were used in the previous 
experiments, and in addition Pintsch single crystal wires which 
can be similarly deformed at lower temperatures. 

Measurements on the rate of flow of the pure tungsten crystals 
under constant load at both 2000? K. and 1000? K. show an 
internal hardening which increases rapidly in the early stages 
of deformation and which tends to become proportional to the 
increase of stress in the later stages; this stage occupies the 
major portion of the time required for the fracture of such crystals. 
The hardening is greater at the lower temperature, and there is 
evidence that the rate of deformation is an important factor in the 
hardening process. This hardening may be removed by annealing 
at 2500? K. for 2 minutes. 

Àn X-ray study of these crystals at all stages of their deformation 
reveals distortions—crystallographic in nature—which increase 
progressively with the degree of deformation. Annealing these 
orystals produces no apparent alteration of this distortion. Evidence 
is obtained that the stress is important in the determination of the 
degree of distortion. Fractured crystals show the distortion in a 
very marked degree. 

A comparison of the resolving power of crystals deformed at 
1000° K. in the hard and in the annealed states shows no 
measurable difference, whereas Pintsch wires similarly deformed 
at room temperature show an impaired resolving power which 
improves on annealing; this is not accompanied by any change 
in mean reflecting angle exceeding 0:05 per cent. 

A microscopic examination of these crystals before and after 
annealing confirms the persistence of the crystal distortion but 
shows a pronounced difference in the etching effect which can 
only be explained by a greater differential rate of etching in the 
case of the unannealed crystals. 

The experiments support the view that hardening is due to 
residual elastic strains produced by the deformation process rather 
than the mere fact of crystal breuk up. 


(1) Introduction. 


A SYSTEMATIC study of the strength of tungsten single 
crystals taking into account the relation between the 


* Communicated by the Director. 


Phil. Mag. S. 7. Vol. 2. No. 7. July 1926. U 
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rate of deformation on the one hand and the load, tem- 
perature, and crystal orientation ou the other, has already 
been described*. The measurements were made by taking the 
time required to fracture fine tungsten wires composed of com- 
paratively large crystals, many of which occupied locally the 
complete volume of the wire. When such wires were subjected 
to a constant load at any given temperature, deformation 
occurred in certain of these large crystals depending on 
their orientation, and one eventually fractured with the 
formation of a wedge-shaped structure symmetrically in- 
clined to the stress. This structure was explained by a 
process of successive small slips parallel to two sets of crystal 
planes, and the time of fracture was considered as an inverse 
measure of the mean rate of flow along such planes. No 
attempt was made, however, to measure any variations in 
the rate of flow which might occur during tlie deformation 
process. 

A subsequent investigation f associated the deformation 
with slip on definite crystallographic planes and in 
definite crystallographic directions—the (112) planes and 
the [111] directions—but revealed marked distortions, also 
of a crystallographic nature. These distortions appeared as 
bendings of the crystal planes about an axis at right angles 
to the direction of flow, and were of such a magnitude as to 
be inconsistent with the preservation of continuity of the 
erystal lattice as there appeared to be no marked alteration 
of the lattice parameters. It seemed probable that the 
nardening effect of deformation was in some way connected 
with these distortions. 

The present experiments were initiated with the object 
of studying the variations of rate of flow throughout the 
deformation process as a measure of variations in slip 
resistance, and at the same time to study the distortions 
produced by the deformation both from the point of view 
of the break up of the crystal, and of any possible variations 
in the luttice parameter, in the hope of throwing further light 
on the cause of hardening due to deformation. 

Some progress in this direction has been made by the 
study of single crystals of other metals. The facts of 
crystal hardening independent of changes of orientation, 
af the crystallographic nature of distortion, and of crystal 


* Phil. Mag. xlviii. p. 229 (Aug. 1924). 
t Phil. Mag. xlviii. p. 800 (Nov. 1924). 
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break up, have now been established. Some workers asso- 
ciate the cause of hardening with very small residual elastic 
strains as a logical consequence of the distortions, whereas 
others associate it with the boundary conditions between 
broken up crystal fragments. The difficulty has been the 
lack of direct X-ray evidence for the existence of the lattice 
strains or of experiments directly associating break up 
with the production of hardness or its removal. Recently 
van Arkel * has shown that broadened diffuse lines which 
become sharp on annealing may be obtained with hard- 
drawn fine wires of certain metals such as tungsten and 
platinum, whereas very soft metals like lead and tin do not 
show the effect. He ascribes the broadening to a distortion 
of the crystal lattice, but the fact that it might equally well 
have been produced by very small crystal fragments—as he 
himself has pointed out—makes the evidence inconclusive. 

Our experiments have now reached a stage where they 
are of interest in this connexion, and the following account 
is therefore given. 


(2) Experimental. 


The test wires were prepared by annealing hard-drawn 
pure tungsten wires 0:2 mm. in diameter and 10 em. in length 
to a temperature of 3100° K. for a period of 2 to 3 minutes, 
as in the case of the previous experiments. Owing to inter- 
crystalline brittleness below 900° K. these wires could not 
be used for detormation at lower temperatures, and in cases 
where this was required Pintsch single crystal wires were 
used. Pintsch wires contain about 2 per cent. of thorium 
oxide, and a description of their preparation may be found 
elsewhere f. 

The methods employed for the heat treatment and defor- 
mation of these test wires were essentially the same as those 
used previously, the wires being heated electrically in a 
vacuum and the tension being applied by means of a 
tungsten and steel buoy floated in mercury. 

One or two modifications of the old testing apparatus were 
required to facilitate the removal of the test wire from the 
vacuum apparatus at different stages of deformation for 
the purpose of measuring the degree of deformation of the 


* A. E. van Arkel, Physica, v. p. 208 (1925). 
t Bottger Z. Electrochemie, xxiii. p. 121 (1917). 
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individual crystals. The modified form is shown diagram- 
matically in fig. 1. The ground glass joint J supports a 
wire frame F carrying two guides G which limit the 
movement of the tungsten and steel buoy T S. 
The test wire is attached toa clamp C, fixed to 
the ground joint J and to a clamp C,, which 
may be linked to the top of the buoy by means 
of two sets of hooks as shown ; it may be con- 
nected or disconnected at will by floating the 
buoy and turning the ground joint J while in 
position in the vacuum apparatus. A loosesleeve 
L attached to the clamp C, serves to keep the test 
wire in line with the connecting rod R, of the 
buoy. The clamp C, is insulated from the metal 
frame F, and is electrically connected to a wire 
passing through the ground joint J ; the other 
electrical connexion is made through the mercury 
used in floating the buoy. 

The degree of deformation of the individual 
crystals in the test wires was measured in terms 
of the local reduction in diameter of the crystal. 
This was done by optical projection, the test wire 
being magnified about 40 times. The whole 
testing device was removed from the glass vacuum 
apparatus with the buoy disconnected. It was 
then mounted vertically in the projection appara- 
tus in such a manner that the test wire could be 
rotated about its axis, and moved vertically with 
respect to the optical svstem. The deformed 
crystals could be photographed or measurements 
could be made directly by focussing on a ground 
glass screen. 

Measurements of the extension of the test wire 
as a whole could be made directly through the 
glass of the vacuum apparatus by means of a 
cathetometer. 

The methods ef preparing sections of these 
crystals for purposes of X-ray and microscopic 
examination were the same as those described 
previously, with the exception that copper plating 
was substituted for the hard glass mounting in 
cases where it was necessary to retain the 
hardening effect of the deformation ; since it was found that 
the temperature required for mounting the test wires in hard 
glass was sufficient to remove some of the hardness. Polished 
sections of the deformed crystals were prepared and the 


Fig. 1. 
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copper dissolved off. These were then etched according to 
the same standard formula in all cases, viz., 1 minute 
in boiling hydrogen peroxide and 45 seconds in alkaline 
potassium ferricyanide. 

The X-ray study was made with the same spectrometer 
and tube as those used previously, viz., a spectrometer of 
the photographic type and an X.ray tube emitting CuKa 
radiation. The X-ray beam was limited by a single slit 
parallel to the spectrometer axis, and by the area of the 
reflecting surface of the crystal. An undistorted crysta. 
with a reflecting plane on the spectrometer axis will give a 
reflected image of that portion of the focal spot— usually 
about 1 mm. in diameter—from which X-rays may pass to it 
through the slit. Distortion of the crystals giving rise to 
changes in inclination of the reflecting planes will affect the 
length of the reflected spot, whereas alterations of the lattice 
parameter will only effect a shift of the reflected spot corre- 
sponding to a change in reflecting angle for any given wave- 
length. A small camera, 3 cm. radius, was used for the study 
of crystal distortion, whilst a camera of 6 cm. radius as well 
as one capable of adjustment to laryer radii was employed 
for the study of variations in the lattice parameter. 

The microscopic examination was carried out hand-in-hand 
with the X-ray measurements. Each section was photo- 
graphed at a low magnification ( x 150) as a check on the 
degree of deformation, and also at a high magnification 
(x 1000) for the purpose of structural examination. The 
photographs at high magnification were taken with a 3 mm. 
oil immersion lens (N.A. 1:3) under vertical illumination. 

It was found necessary to anneul the individual crystals 
after thev had been cut. For this purpose a special vacuum 
furnace was constructed. It was made up from flat tungsten 
strip formed into a long narrow tube closed at one end, into 
which the specimen was inserted. The temperature was 
measured by means of an optical pyrometer. 


(3) Crystal Hardening. 


The measurement of variations in the rate of deformation 
under given stress conditions offered the simplest if not the 
only means of investigating the hardening produced by 
the deformation of these small crystals. It follows from 
the theory of the formation of symmetrical wedge-shaped 
fractures established previously and illustrated by crystal 
models *, that the area of the slipping planes at any stage 


* Phil. Meg. xlviii. p. 800 (Nov. 1994). 
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of the deformation up to about 50 per cent. reduction of 
diameter will be approximately proportional to the local 
reduction of diameter perpendicular to the axis of the specimen 
and the line of intersection of the two sets of slip planes. 
Consequently in the case of a crystal deformed under constant 
load, the stresses on the slip plunes will increase proportion- 
ally to this local reduction of diameter. Measurements on 
the rate of deformation under these conditions should therefore 
yield information concerning any variation of slip resistance 
which may occur during the different stages of deformation. 

Crystals whose deformation process closely approximates 
to the theoretical are easily realized in practice, the main 
differences being due to crystal distortion and to slight 
alterations in the mean crystal orientation during the 
deformation process when the crystals were unsymmetrically 
inclined to the wire axis before deformation. The combined 
microscopic and X-ray study of such crystals described in 
the previous experiments showed that, although bendings 
of the crystal planes may amount to changes of inclination 
of more than 20?, the mean lattice orientation was within 
10? of being symmetrical to the wire axis in all cases. 
Further, it appeared that crystals deforming symmetrically 
from the beginning would not alter appreciably in their 
mean orientation throughout the deformation process. 
Photographs fig. 2 (Plate 'IT.) and fig. 3 (Plate III.) 
illustrate the slightly unsymmetrical and the symmetrical 
type of deformation respectively. It is clear that the dis- 
tortion will tend to alter the relation between the maximum 
local reduction in diameter and the area of the slipping 
planes in tbe sense that the areas of these planes will tend 
to be larger than those calculated. 

Measurements were made on the rate of decrease in the 
minimum crystal diameter for individual crystals in a large 
number of test wires when deformed under censtant load at 
both 2000? K. and 1000? K. The loads in all cases were 
adjusted so as to produce fracture in times varying from 
one to ten minutes, the approximate values being calculated 
from the tensile strength temperature curves previously 
established *. The load was applied for equal increments 
f time at the given temperature and the local reduction of 
diameter measured after each application of the load. The 
results were plotted as local extension against time, the 
extension being calculated as 1:41 times the local reduction 
in diameter. The extension of the test wire as a whole was 


* Phil. Mag. xlviii. p. 229 (Aug. 1924). 
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also measured in each case and plotted against the same 
time scale. 

Typical curves for the 2000? deformation under a load of 
80 yms. are shown in fig. 4. Curve I shows the rate 
of extension of a crystal so inclined * that the stresses on 
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one set of slip planes approached the maximum. In spite 
of this the deformation, which was rapid in the beginning, 
was reduced to zero. Curve II shows the rate of extension 
for a more symmetrically iuclined crystal in which slipping 

* The orientation of these crystals was judged by the shape assumed 


during deformation in accordance with the results recorded in fig. 36, 
p. 813, Phil. Mag. Nov. 1924. 
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occurred on both sets of planes but more on one than on the 
other—the type shown in fig. 2 (Plate II.). In this case the 
deformation is not so rapid in the early stages, but is more 
rapid in the later stages than in I. 

Curve III is an interesting and rather special case of 
a crystal which in the beginning was much like I, but in 
which owing to some favouring circumstances—possibly 
change of orientation—a second rapid increase in rate 
occurred followed again by a decrease in rate. 

Curve IV is the normal time extension curve for a crystal 
deforming symmetrically from the beginning. It shows the 
smallest rate of flow in the early stages and the greatest in 
the later stages of deformation, and is the type which usually 
fractures ; in fact. this particular crystal actually did frac- 
ture, as indicated by the rise in the curve after the last 
plotted point. 

Curve V shows the rate of extension of the test wire as 
a whole. It is obviously the sum of the deformations of the 
individual crystals of the more symmetrical type, although 
some crystals of the unsymmetrical type must contribute to 
the initial deformations. 

, Fig. 4a. 
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Curves fig. 4a show a similar set of observations for 
crystals deformed at 1000? under a load of 300 gms. 
Curves I-III show the rate of extension of three sym- 
metrically deforming crystals, and curve IV that of the 
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test wire as a whole. These curves show a change of rate 
which is greater than that taking place in similar crystals 
deformed at 2000°. 

The most striking features of these curves are the rapid 
decrease of rate in the early stages of deformation and the 
marked tendency for the rate to attain a constant value in 
the later stages. The fact that there is a reduction of the 
rate in spite of increased stresses proves an increase in slip 
resistance or internal hardening of the crystal. The fact 
that deformation proceeds at a constant rate over a range of 
deformations in which the stresses on the slip planes must 
also increase at a constant rate, shows that the slip resistance 
under these conditions is also increasing at a constant rate. 

Fig. 5. 


+--+ T— —TT— T 


| 


| 
—— — 


O 20 40 60 680 100 20 /«O /60 180 200 220 240 


Ze seconds 


The fact that the rate of extension of the test wire as a 
whole reflects the rate of the individual crystal, was utilized 
in studying further the effect of various factors on the 
degree of hardening ; for instance, the effect of annealing 
and the effect of rate of deformation. 

Curves fig. 5 show some typical examples of such 
measurements. Curve I shows the rate of extension curve 
of the test wire under constant load when deformed at 
1000°. After the initial rapid deformation the rate of flow 
becomes absolutely constant. At an extension of 2:5 mm. 
the wire was heated to 1000? for a period of two minutes 
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under no load and the original load again applied. The 
fact that the rate is unaltered shows that this heating has 
produced no measurable effect on the hardness. On the 
other hand, heating a similar wire to 1500° for the same 
time does remove some of the hardness, as shown in curve II. 
Curve lII shows the effect of a rapid extension under an 
increased load for a very short time, the temperature of 
deformation being 2000°. The rate of flow under the original 
load is considerably reduced, which shows that the rapid 
deformation under increased stress produces a permanent 
hardening which must extend to unslipped portions of the 
crystal. The same effect may be produced by annealing at 
the temperature of the test—viz. 2000°—under no load and 
then applying the original load; the hardening is in this 
case increased without materially increasing the stress. 
This points to the rate of deformation as an important 
factor in the hardening process, although in each case the 
deformation is accompanied by increasing stresses. 

The results of these measurements suggest that the straight 
line characteristic is due to some equilibrium between the 
three factors stress, temperature, and rate of deformation 
in their effect on crystal hardening. Similar conclusions to 
these have been reached by Polanyi and Schmid " working 
with tin single crystals. 


(4) Removal of Hardness. 


A quantitative estimate of the removal of hardness by 
annealing may only be obtained from measurements on the 
rates of flow of these crystals, provided that there is no 
change in mean crystal orientation during the annealing. 
Experiments to be described later clearly prove that this 
in fact is the case. The complete removal of hardness 
implies that equal stresses on the slip planes would produce 
equal flow velocities. We may therefore measure the rate 
of flow of a crystal under given initial stress conditions, 
allow the crystal to harden up as evidenced by a new 
reduced rate of flow, then anneal and reduce the stress in 
proportion to the degree of deformation and again measure 
the rate of flow ; a comparison of the new rate with the 
original should give a measure of the hardness removal. 

Preliminary measurements showed that a temperature of 
2500° K. for 2 minutes was sufficient to remove the major 
portion of the hardness. Typical measurements are shown 


* M. Polanyi and E. Schmid, Zeit. für Physik, xxxii. p. 684 (1925). 
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in the curves I-IV, fig. 6. Curve I shows the effect of 
annealing a crystal deformed at 2000°. After an extension 
of 0:06 mm. the curve repeats itself on adjusting the stress. 
Curve II shows the effect of leaving on the original load 
after annealing; a very much greater rate of flow than the 
original rate is produced by the increased stress, although 
this is only increased by 10 per cent. Curves III and IV 


Fig. 6. 
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were obtained with crystals deformed at 10009. After an- 


nealing the mean flow velocity es Curve IIT, is nearly 


equal to the initial velocity B , the ratio of the two 


being 0:95. Curve IV shows how the curves may be 
made to repeat themselves under rendjusted stress after 
annealing. The results of a number of measurements on 
crystals deformed at 1000? aud annealed at 2500? for 
2 minutes are given in Table I. They show that the initial 
mean velocity of flow after annealing is on the whole less 
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than that before annealing by about 15 per cent. This 
probably does not mean that this degree of hardness is 
retained, as it has already been pointed out that there will bea 
tendency to adjust the new stress to too small a value owing to 
the crystal distortion. We may therefore consider that the 
hardness has been practically all removed by this annealing. 


(5) Crystal Distortion. 


The crystallographic nature of the distortion produced 
by the deformation of these crystals as well as the X-ray 
method employed in its measurement have already been 
described *. This distortion could only be explained as 
resulting from a break up of the crystal into fragments 
arranging themselves on curved surfaces which gave rise 
to an elongated reflected spot when a section of the deformed 
crystal was placed in a definite relation to the X-ray beam. 
For example, a section perpendicular to the wire axis 
through a wedge-shaped crystal fracture showed an elong- 
ated reflected spot when the minor axis of the section was 
mounted at the axisof the X-ray spectrometer, but no elong- 
ation was produced when the same section was mounted 
with its major axis in the same position. It appeared 
desirable to test the extent of this distortion at different 
stages of deformation of the symmetrically deformed crystals 
which have been investigated from the point of view of 
hardening and to study the effect of annealing. 

Crystals in various stages of deformation were selected 
from test wires deformed under constant load at both 2000° 
and 1000? K. Sections were cut perpendicular to the wire 
axis in the region of greatest deformation, the wires in this 
case being mounted in hard glass. These sections were 
polished, etched, and examined for maximum distortion. 

Photographs figs. 7 and 8 (Plates II. & III.) show typical 
sections of crystals deformed at 2000° and 1000° respectively. 
Below these, figs. 9 and 10 are photographs of the X-ray 
reflexions (x 2) obtained from the corresponding sections. 
They show a length of arc—due to a spreading of the X-ray 
beam— which is several times the length of the normal spot. 
It is to be noted that the arc is discontinuous in the case of 
fig. 9, whereas it is continuous in fig. 10. 

The results of a number of measurements in terms of the 
increased length of the reflected spot in mm. are shown 
plotted against the percentage reduction in diameter in 


* Phil. Mag. xlviii. p. 800 (Nov. 1924). 
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fig. 11. Although the observations are somewhat scattered 
there is clearly a correlation between the distortion and the 
degree of deformation, the distortion increasing in direct 
proportion to the degree of deformation. Further, the 
extent of the distortion appears to be the same for both 
types of erystal. In no case was the elongation of the spot 
zero, which proves that the distortion is distributed through- 
out the volume of the crystal in the region where slip is 


occurring. 
Fig. 11. 
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The extent of the distortion may be estimated in terms of 
the radius of a continuous curvature sufficient to cause the 
measured increase in length of arc. Calculations taking into 
account the dimensions of the specimen and tlie constants of 
the spectrometer show that a 6 mm. increase in length would 
be caused by a continuous curvature of about 0-7 mm. radius; 
this would represent a minimum curvature consistent with 
the actual reflexion. 

The effect of annealing was tested by heating the test 
wire to 2500? for 2 minutes under no load after the required 
deformation. Examination of a large number of such 
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annealed symmetrical crystals showed distortions in every 
way comparable with those produced in the unanuealed 
erystals, the mean orientations being still symmetrical to 
the wire axis. 

A few of the observations are plotted in fig. ll, the 
dotted circles representing annealed crystals which had 
been deformed at 1000° and the dotted triangles those 
deformed at 2000? K. A typical section of the latter type 
is shown in fig. 12 (Plate II.). Below, in fig. 13, is the 
corresponding X-ray reflexion; the arc is again discon- 
tinuous and of quite the same character as that of the 
unannealed specimen shown in fig. 9. 

Owing to the divergeace in the measurements of distor- 
tion as between one specimen and another, it appeared 
desirable to compare the distortion in the same specimen 
before and after annealing. For this purpose the special 
annealing furnace described in Section 2 was devised. 
No alteration of the spread could be detected as the result 
vf annealing a number of such specimens at 2500? for a 
period of two minutes. Repolishing and etching so as to 
remove the old surface failed to produce any marked change 
other than that which would be expected on repolishing an 
unannealed specimen. Figs. 8 and 9 (Plates II. & III.) are 
photographs of the same crystal before and after annealing. 
The unannealed specimen was in this case copper-plated 
in order to avoid any heating during the preparation of 
the section, and the section was repolished and etched after 
annealing. Figs. IO and 15 (Plate III.) show the correspond- 
ing X-ray reflexions. It is clear that this distortion is 
retained after annealing. 

It is of interest at this juncture to record the effect on 
crystal distortion of a process of repeated extension and 
annealing, the stress being reduced after each annealing as 
in the case of the curves, fig. 6. The distortion of a crystal 
deformed in this way is plotted in fig. 11 as a crossed circle; 
it is clearly much less than a crystal extended the same 
amount under greater stresses. This would tend to show 
that the distortion is much more to be connected with the 
concentration of stress than with the mere process of 
deformation. 

The fact that these crystals may be annealed at a high 
temperature without alteration of either orientation or dis- 
tortion is in lin» with the results of experiments by Koref *, 
who bas shown that fine tungsten single crystal wires may 


* F. Koref, Zeit. für Metallkunde, Bd. xvii. p. 213 (1925). 
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be hardened by drawing and then annealed without any 
visible recrystallization. 


(6) Resolution of CuKa Doublet. 


The extent of the distortion produced in these crystals 
suggests the desirability of measurements on the comparative 
resolving power before and after annealing. The resolving 
power may be diminished either by fineness of crystal size as 
shown by Debye and Scherrer, or by a lattice strain giving 
rise to a variable atomic spacing. The high degree of 
curvature into which these crystals have been deformed 
indicates a break up of the crystal into fragments which 
may be exceedingly small. The limiting size under these 
conditions will be determined by the degree of strain 
which the crystal lattice will stand without breaking up. 
It is fair to assume that this strain will not be greater than 
that corresponding to the elastic limit of the material, and it 
may be much less. This strain in the case of the pure 
tungsten crystal deformed at 1000? is only 0:025 per cent., 
the calculation being based on special measurements of 
Young's modulus and the elastic limit at this temperature. 
On the other hand, the lattice strain corresponding to the 
elastic limit of a Pintsch single crystal wire will be 0:18 
per cent. according to van Arkel. The former is probably 
below the limits of accuracy of present day X-ray methods 
but the latter is not, as van Arkel has demonstrated 
by the use of very fine wires. It seemed worth while 
to compare the resolving power of these pure tungsten 
single crystals with that of Pintsch single crystals deformed 
(in a similar manner) at room temperature as a check 
on the elastic strain hypothesis. Should the pure tungsten 
crystals show a diminished resolving power which is 
comparable with that of Pintsch crystals, it would be fair 
to ussume that its cause was crystal break-up rather than 
lattice strain,in which case an increase in resolving power 
on annealing must be associated with a coalescence of these 
small crystal fragments. 

The symmetry and degree of distortion produced in 
wedge-shaped fractures suggest a suitable arrangement for 
obtaining good resolution of a monochromatie X-ray beam. 
It has already been pointed out that the distortions in such 
wedges are crystallographic in nature. They are such that 
the (110) planes of adjacent fragments tend to lie on 
approximately coaxial surfaces the axis of which is 
perpendicular to the wire axie and parallel to the wedge 
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edge, the surfaces being convex towards the wedge edge. 
This is shown diagramatically in fig. 16. 

A B represents a section of the wedge cut at right angles 
to the wire axis. The dotted lines represent the concentric 
surfaces which intersect the plane of A B at angles which 
vary as shown. It is clear that an X-ray beam composed 
of one wave-length A,, and divergent from a slit S, will only 
reflect from a narrow portion of the section at D when 
A B is fixed at the appropriate angle for the reflexion 
of X, A second wave-length A, will be reflected from 
a second portion of the section F which makes the appro- 
priate angle of reflexion for the corresponding part of 


the X-ray beam. 
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Suitable conditions for the comparison of the resolving 
powers of both the pure tungsten and the Pintsch single 
crystals were realized in practice. Crystal wedges (Pl. V 
fig. 17) were obtained on fracturing Pintsch wires at room 
temperatures, These were quite comparable with those ob- 
tained by fracturing the pure tungsten wires at 1000? (fig. 18). 
Annealing the specimens produced no marked effect on 
the crystal distortions, ek in all cases were symmetrical 
with the wire axis, and which amounted to a gradual 
change in inclination of the (110) planes through at least 
20° in the case of the pure tungsten crystals and 10? in 
the case of the Pintsch crystals. Typical sections through 
these wedges are shown in figs. 19-22. Fig. 19 is from an 


Phil. Mag. S. 7. Vol. 2. No. 7. July 1926. X 
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unannealed specimen of pure tungsten prepared by mounting 
in copper. Fig. 20 is from a similar specimen which had 
baen annealed at 2500* for two minutes, then mounted in 
hard glass. Figs. 21 and 22 (Plate V.) are from the same 
Pintsch wire before and after annealing respectively. Below 
these in figs. 23-26 (Plates IV. & V.) are photographs of the 
spread in the X-ray beam obtained from the corresponding 
sections. 

The resolving powers of two crystals such as those in figs. 19 
and 20 (Plate [V.) were compared by mounting the sections 
side by side with their major axes on the axis of the spectro- 
meter using Cu Ka radiation. Exactly similar reflexions 
giving a well resolved doublet were obtained in all such 
cases, Fig. 27 is a photograph of typical reflexions enlarged 
five times. 

The aecuracy of lining up of the two crvstals does not 
permit comparison of the absolute magnitude of the atomic 
spacing, but it may be claimed that there is no measurable 
difference in line breadth in the two cases. Comparing the 
resolving power of Pintsch single crystals before and after 
annealing always showed a non-resolved reflexion before 
annealing und a well resolved reflexion after annealing. 
The two photographs in fig. 28 (Plate V.) are typical of such 
reflexions. ‘The increase in line breadth necessary to cause 
the non-resolution must correspond to a change of reflecting 
angle of at least 0°05 per cent. and probably more. 

In order to be sure that the fuzziness was not produced 
by some alteration in crystal distortion too small to effect 
the spread and which would reduce the reflecting surface on 
annealing, a number of crystals in the hard state were 
ground in such a way as to limit the reflecting surface to a 
long narrow zone about 0:02 mm. in width *, the crystal 
being ground to a chisel-edge as shown by the unshaded 
portion in fig. 16. 

Mounting these edges on the spectrometer axis and 
rocking produced non-resolution in all cases until after the 
crystals were annealed, they then resolved as they should. 

In order to test for any possible shift in the mean atomic 
spacing due to the deformation process, a precision measure- 
ment of the mean reflecting angle for the reflexion of the 
Cu Kf line was made before and after annealing. No 
measurable change was observed within the limits of 
experimental error, which was probably under 0:05 per cent. 

* The spectrometer arrangements were such that a surface ‘02 mm. 
in width rocked at the axis was sufficiently small to give good resolution. 
This was actually tested by mounting a recrystallized wire of this 


dimension on the spectrometer axis and rotating through several degrees ; 
good resolution was easily obtained. 
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(7) Microscopic Examination. 


The chief results of the microscopic examination, which 
was carried out hand in hand with the study of distortion by 
the X-ray method, will now be considered. 

The crystals deformed at 2000° gave discontinuous X-ray 
reflexions which showed that the crystal had been broken up 
into relatively large fragments or groups of fragments even 
before annealing. Microscopic examination confirmed this 
conclusion and gave additional information in regard to the 
nature of the break up. It showed that the break up was 
crystallographic in nature in the sense that boundaries tended 
to liealong definite crystal planes. The boundaries appeared 
in all cases as lines parallel tothe major axis of sections cut 
perpendicular to the wire axis, and therefore correspond to 
lines of intersection of two sets of (112) slip planes. It was 
more difficult to detect their direction in planes cut perpen- 
dicular to these sections along lines paralle] to their minor 
axes, although in extreme cases it could be seen that they did 
not follow the slip plane as might be expected, but rather 
appeared as irregular splits more nearly inclined at 45? to the 
wire axis. Photographs figs. 29-30 (Plate IV.) illustrate this 
point. Fig. 29 is from tlie same annealed crystal as that 
shown in fig. 12, which clearly shows the vertical lines of 
break up in the planes perpendicular to the wire axis. 
Fig. 30 is from a similar unannealed crystal cut in a plane 
perpendicular to this section and to the vertical boundary 
markings. The line connecting the projecting portion 
of the crystal in the upper left-hand corner with the niche in 
the lower right-hand corner of the photograph is the trace 
of the (112) plane on which a large slip or series of slips 
has occurred—such as can be seen in fig. 2. There is 
no indication of a boundary marking extending in this 
direction, but the long marks inclined at about 45? and 
ending in this niche doubtless are the boundary markings in 
this case. Results such as these rather point to the con- 
clusion that the deformation process is accompanied by 
a type of recrystallization at this temperature. 

Crystal wedges produced by the fracture of single crystals 
at this temperature show this break up in a very marked 
degree. In sections of such crystals cut perpendicular 
to the wire axis as many as 10 vertical markings have been 
counted and the X-ray reflexion has shown as many as 
15 discontinuities in some cases. The number and character 
of these is unaffected by annealing. 

No such obvious evidence of break up occurs in the case 
of crystals deformed at 1000°, although in the extreme 
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case near the tip of crystal-wedge fractures one or two 
markings are to be found which are similar to those found 
in the 2000? wedges. "These crystals, however, show very 
marked differences in etching effects before and atter 
annealing. Although the character of the etch markings 
remains unchanged, a marked differential rate of etching— 
evidenced by differences in level—occurs in the case of the 
unannealed crystal which does not occur on repolishing and 
etching after annealing. The effect is also most marked 
in the case of the crystal wedges. Photographs 31-34 
(Plates III. & IV.) illustrate this. Figs. 31 and 32 are 
of the sections shown in fig. 8 and fig. 14 (Plate III.) 
respectively. Figs. 32 and 34 are sections of the same 
crystal wedge before and after annealing respectively—the 
erystal having been repolished and etched after annealing. 
It is to be noted in this case, that although the differences of 
level occurring in fig. 33 do not occur in fig. 34, the change 
in orientation of the lamellz is just as marked in the annealed 
specimen as in the unannealed, which confirms the results 
of the X-ray measurements of distortion. 

The Pintsch single crystals showed no marked difference 
before and after annealing, which is probably due to a 
masking of the effect by the thorium oxide present in these 
wires. Figures 35 and 36 (Plate V.) are from the same 
crystal before and after annealing. The larger number of 
black dots in figure 36 has probahly not been produced 
by the annealing, as a number of sections of unannealed 
crystals showed similar markings. 


(8) Discussion of Results. 


The chief interest in the results of these experiments 
lies in their bearing on the theories of hardening accom- 
panving deformation and the possible existence of residual 
lattice strain in a worked metal. 

The most important results appear to be the persistence of 
crystal distortion after annealing and the improvement 
in resolving power on annealing distorted Pintsch single 
crystals. The former implies a broken up state which is 
not altered sufficiently by annealing to re-establish a new 
perfect single crystal and that the break up is not, therefore, 
the cause of hardening. If we accept this view, it suggests 
that the cause of the production of fuzziness is the cause 
of hardening even though it may only be measured in 
extreme cases. 

The cause of fuzziness—as in van Arkel’s experiments— 
is limited either to the size of fragment into which the crystal 
is broken up or to a disorganization of the crystal lattice 
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within the broken up fragments. The size of crystal required 
for a broadening of line equivalent to a variation in re- 
flecting angle of 0*1 per cent. would be of the order 1075 cm. 
as calculated from the theory of Debye. Although it would 
be difficult to prove that the broken up fragments are not 
as small as this in the case of the Pintsch wire, the 
experiments on the pure tungsten crystals indicate that 
there is a tendency toward lattice preservation which would 
render it improbable. The 2000? deformations produce 
a break up which can be seen under the microscope and the 
1000? deformations do not produce a break up sufficient 
to give non-resolution of the Cu Ka doublet, although 
the crystal distortion appears to be sufficient to do this 
were no other.cause operative in maintaining lattice con- 
tinuity *. On the other hand, we. have the agreement 
between the degree of fuzziness and the strain corresponding 
to the elastic limit for two cases of the same material. The 
results, therefore, point to elastic strain rather than crystal 
size as the cause of fuzziness. 

Viewed in the light of elastic strain as the cause of 
increased slip resistance, the rapid increase of hardness 
in the early stages of deformation would be accounted 
for by the early setting in of a distortion which involves 
a bending of the crystal fragmenta as well as the production 
of lattice discontinuities. These bendings would involve 
equal amounts of extension and compression, which is in 
agreement with the X-ray measurements. The building up 
of the progressively increasing curvatures without pro- 
gressive increase in hardness could be accounted for without 
assuming that the strain in these fragments increases in 
proportion to the degree of deformation, as the degree of 
brenk up can be brought in to account for this. It is 
to be expected that the degree of strain would increase 
with increase of stress, which is in accord with the fact 
that hardness increases with increase of stress under con- 
ditions of constant rate of deformation. The effect of time 
and temperature on the degree of hardness would appear to be 
associated with the tendency of the lattice to maintain itself 
in the unstrained state, the extent of the restitution depending 
on the temperature and the degree of strain. The difterences 
in rate of etching before and after annealing would on this 
view be associated with differences of residual elastic strain. 

* The radius of curvature of the distorted crystal may be as small as 
0:02 mm. Crystal lamelle bent to this radius cannot be thicker than 
2x107* cm. if they show no change of atomic spacing exceeding 
0:025 per cent.: viz., the measured value. This is of the order of 


magnitude required by the theory of Debye for non-resolution of the 
Cu K« doublet. 
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XXIII. Improved Grating for Vacuum Spectrographs. 
By R. W. Woop and TugoponE Lyman *. 


[Plate V1.] 


NE of the difficulties attending the use of concave 
gratings in vacuum spectrographs is the oxidation or 
corrosion of the polished metal surface by active vapours 
from the discharge-tube. This can be in part prevented by 
constructing the spectrograph in sucha way that the vapours 
are pumped out through a port immediately behind the slit 
(T. Lyman, * Astrophysical Journal,’ Ix. p. 1, 1924). 

The suggestion was made by one of us in a note published 
in this Journal in September 1924 that glass gratings would 
be found more suitable than metal, as they could be cleaned 
without difficulty. One such grating of one half metre 
radius had been successfully ruled and etched at the time, 
but it was destroyed by fire before any tests were made with 
it. The original plan was to coat the glass grating with 
a film of metal by cathode discharge. This film could be 
easily renewed from time to time, if necessary. On discus- 
sing the matter, however, shortly after the publication of the 
paper above referred to, we came to the conclusion that it 
would very probably turn out that the surface of the 
glass would have a reflecting power superior to that of 
metals in the region of the shortest wave-lengths. This 
surmise we based on the fact that the decreasing reflexion 
coefficients of metals and the increasing coefficients of 
transparent substances (with decreasing X) practically meet 
in the neighbourhood of wave-length 2000. 

Pressure of orders for speculum gratings have kept the 
two dividing engines of Johns Hopkins University so busy 

hat it was not until this spring that experiments with glass 
rratings were commenced again. 

Three have been made already, two four-inch ones of one 
metre radius, and a five-ineh one of two metres radius. 
They were ruled with a very light pressure of the diamond 
to avoid the wear which inevitably destroys the ruling-point 
if it is operated under sufficient pressure to secure brilliant 
spectra, and then etched by the method described by one of 


us (R. W. Wood, “Intensification of Glass Gratings, Phil. 
Mag., December 1906) twenty years ago. 


* Communicated by the Authors. 
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The concave mirror showed practically no spectra at all 
when it came from the ruling engine. In bright sunlight 
it was just possible to see the ruled surface, which is 
ied traversed by extremely narrow deep cracks. 

ilute hydro-fluoric widens these by eating away the edges, 
and produces a corrugated or undulating surface which gives 
bright spectra. Too much etching causes a diminution of 
the brilliancy. To obtain the proper amount of etching 
to give the maximum brilliancy the same method was 
employed as that described in the paper referred to above— 
namely, to dip one corner of the grating into the acid to the 
depth of about 3 mm. for five seconds, and then wash and 
dry it. On examination the etched corner is found to be 
much brighter than the rest of the surface. The whole 
grating surface is now immersed face down in the acid for 
five seconds, washed, dried, and again examined. It now 
shows the same brilliancy over its whole surface as that 
exhibited by the corner in the first instance, but the corner 
is usually found to be much brighter than the rest. A third 
bath of five seconds is given and the process repeated until 
the whole surface has been brought up to the brilliancy of 
the corner. This is the point at which to stop, as further 
etching produces no improvement and eventually weakens 
the intensity. — 

One of the glass gratings of a metre radius has been 
tested in a vacuum spectrograph at Harvard. The ruled 
surface measures x 8 centimetres, there are 15,000 lines to 
the inch. Spectrograms obtained in the first order of a 
concave grating ruled at Johns Hopkins on speculum served 
as a means of comparison. This speculum grating was 
almost identical in dispersive power with the instrument 
under test, though its ruled surface was not quite so large, 
measuring 3-1x 78 centimetres. It differed also from the 
glass grating in that it possessed a strong second-order 
spectrum. It had been in continuous use in the vacuum 
spectrograph for more than 18 months, but showed little 
decrease of reflecting power in the extreme ultra-violet—a 
fact interesting in itself. 

The region examined extended from 1900 A.U. to the 
limit of the spectrum. For the upper part of this range a 
hydrogen discharge-tube was employed, while on the short 
wave-length side of 1300 A.U. a vacuum spark, either 
between copper or tungsten terminals, was used. 

It is impossible to say anything vgry definite as to the 
relative efficiency of the two gratings between 1900 and 
1300 A.U., for in this region it was necessary to compare 
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two sets of spectrograms taken on plates of quite different 
photographic behaviour, and at dates separated by nearly a 
year. It appears probable, however, that on the long wave- 
length side of 1400 A.U. the speculum grating has the 
advantage. 

On the other hand, a very positive statement may be 
made concerning the behaviour of the two instruments in 
the range between 1300 A.U. and the limit of the spectrum, 
for in this region all spectrograms were obtained under the 
same conditions and on dates separated by but a few days. 

As a result of these experiments, there can be no doubt 
whatever that the glass grating produces a much more 
intense spectrum on the short wave-length side of 500 A.U. 
than that obtained from speculum. This superiority is 
particularly pronounced in the region of the very shortest 
wave-lengths between 300 and 200 A.U. 

It appears, therefore, that glass gratings will prove very 
useful in vacuum spectroscopy, since their reflecting power 
for light of very short wave-lengths is higher than that of 
similar instruments ruled on speculum and is not likely to 
change with time. 

Thus far only a grating of 15,000 lines to the inch has 
been tested in the vacuum spectrograph, but two of 30,000 
lines have been ruled and etched, and appear to be satis- 
factory. Experience has shown that gratings ruled with 
the 30,000 spacing on speculum metal are very much less 
brilliant in the region of very short wave-lengths than the 
15,000 gratings. This is probably due to the complete 
removal of the polished surface. In the case of the glass 
gratings it is expected tliat this trouble will not be found, as 
the etching process probably gives the same type of undu- 
lating surface in both cases. 

The spectra in Plate VI. were taken with the high 
vacuum spark between copper terminals. The upper 
spectrum was made with the speculum grating, the lower 
was obtained with the grating on glass. The time of 
exposure was the same in both cases. 

The relatively great intensity of the violet region in 
comparison with the red, in the case of the glass gratings, 
is very marked when the grating is held in sunlight, and 
the spectrum focussed on a white screen. 
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XXIV. On the Origin of the E.M.F. of a Photoelectric Cell, 


containing a Fluorescent Electrolyte. 


To the Editors of the Philosophical Magazine. 
GENTLEMEN,— 


I WISH to make some remarks suggested by the very 
interesting work of Mr. W. Rule (Phil. Mag. (7) 1. 
p. 532) on the variation of the E. M.F. of photoelectric cells 
containing a fluorescent electrolyte, when the amount of the 
fluorescent material is changed. 

Mr. Rule admits that the electrometric measures furnish 
always the value of the E.M.F. of adsorption, and neglects 
thus the Becquereél effect which, as I have pointed out 
(Comptes Rendus, t. clxxvii. p. 395, 1923), is superposed on 
the latter, chiefly in the cells provided by very concentrated 
fluorescein. 

Each E.M.F. measured is also the algebraic sum of two 
quantities varying in different ways with the illumination 
time; so are explained the inflexions presented by the 
curves of Mr. Rule, when the concentration is great. 

In his experiments, the E.M.F. attains a constant value 
in 40 minutes, but in dilute solutions ; however, it is possible 
to separate the effect produced in the mass of the liquid b 
screening the light; the maximum reached by the E.M.F. 
in darkness is independent of the initial electrical conditions 
of the experiment (Comptes Rendus, t. clxxx. p. 1102, 1925 ; 
Soc. Francaise de Physique, No. 217, p. 13 s, 1925). 

For the same reason, I do not see any discrepancy between 
the absence of an E.M.F. in a cell containing a pure sodic 
solution only, and the existence of an E.M.F. produced b 
the light emitted by a very fluorescent solution itself, ahah 
illuminates the electrode protected against the direct light 
of the quartz lamp. It is a Becquerel E.M.F. whose sign is 
contrary to that of the new effect I have described, and 
which is the subject of Mr. Rule’s research. A proof of this 
is that the positive E.M.F. in the contested experiment 
vanishes in the darkness and the negative eftect subsists alone. 

Moreover, I will remark that a cause of mistake in the 
measures of conductivity of fluorescent electrolytes is tu be 
found not only in the Becquerel effect, if an electrode is 
illuminated, but also in the E.M.F. produced by the illumi- 
nation of the liquid mass which arises if the apparatus is not 
disposed in a strictly symmetrical manner in the light 


pencil. Yours faithfully, 
Nancy, France. A. GRUMBACH. 
June 11, 1926. Professeur à l'Université de Nancy, 


Institut de Physique. 


v 


[ al4 ] 


XXV. On the Determination of the Current Voltage Charac- 
teristic of a Siemens Ozonizer. By R. WiNSTANLEY LUNT, 
M.Sc., Ph.D., 1851 Exhibition Sentor Student *. 


HEN using a Siemens ozonizer, that is to say an 

ozonizer formed from concentric cylinders of glass 

or other insulator, it is not infrequently desirable to cool 

either one or both electrodes in order to reduce thermal 
effects to a minimum. 

This is most simply achieved by allowing a stream of tap- 
water to flow through a thin-walled glass vessel in contact 
with, or immersed in the mercury or other conducting 
material constituting the electrodes. When such a device 
is employed considerable care must be exercised in choosing 
the electrical connexions appropriate to the determination ot 
the true current flowing through the ozonizer and the 
voltage associated with it. 

A typical circuit in which an ozonizer is connected to a 
source of high-tension alternating current is represented, 
using the usual conventions, in the following diagram. 


SINGLE PHASE HT. A.C. SUPPLY. 


| 


bees 


The ozonizer is represented by three capacities in series 1’ 
the capacity C, of the inner cylinder of dielectric, the 


* Communicated by Prof. F. G. Donnan, F.R.S. 
T Cf. Phil. Mag. xlix. p. 1238 (1925). 
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capacity C; associated with the annular space containing 
the yas subjected to the discharge being in parallel with a 
resistance R, representing the inverse of the conductivity 
of the gas due to gaseous ionization, and the capacity C; of 
the outer cylinder of dielectric. A and B denote the 
electrodes. 

The glass or other insulating surface separating the 
electrodes possesses a leakage resistance represented by R;, 
which may easily be maintained of the order of 107—105 
megzohms, so that this leakage current is in general 
negligible. 

The column of water connecting the tap, or water supply, 
to the high-tension electrode A through C, offers a leakage 
resistance denoted by R,. 

A glass vessel carrying cooling water in contact with the 
high-tension electrode A is associated with a capacity C, in 
series with a resistance R; which arises in the stream of 
cooling water flowing between the electrodes. Similarly, 
the glass vessel in contact with the low-tension electrode 
introduces a capacity Cy between the cooling water and this 
electrode. 

If the circuit be not earthed at the point C, then the 
system C,, Rs, Cs forms a current path in parallel with the 
ozonizer; the current read bv the milliameter MA, is there- 
lore greater than that carried by the ozonizer. It has been 
found that the error due to this current is not generallv 
negligible. 

A convenient method of earthing the circuit at the 
point C has been achieved by allowing the stream of cooling 
water to flow through a short leugth of copper tubing 
immediately before entering the cooling vessel immersed in, 
or in contact with, electrode B. To this copper tubing is 
soldered a lead connecting to earth. The potential across 
C; is thereby reduced very nearly to zero, and is due solely 
to that arising from the current through MA, and the 
resistance of that instrument. It is therefore of the order of 
one or two volts. 

The voltage applied to the ozonizer is read on the high- 
tension voltmeter V. 

In a number of experiments carried out in these labora- 
tories, it has been observed that the total current in the high- 
tension line as indicated by the milliammeter MA, is equal 
to, within the limits of experimental error, the sum of the 
current flowing through the ozonizer as indicated by the 
milliammeter MA;, that flowing through C,R; indicated by 
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the milliammeter MA, and that flowing through Ry, thereby 
indicating that no sensible current flows through Cs. 

It may not be out of place to mention two methods that 
have been found to obviate a difficulty that arises in the 
cooling of the high-tension electrode. 


It is obvious from 
the diagram that unless the impedance of the capacity C, be 


much lower than the resistance R;, the condenser C, will 
be subject to a strain due to the major portion of the 
impressed voltage. That is to say, the glass walls of the 
vessel carrying the cooling water to the electrode A have to 
withstand a voltage of the order of the applied voltage. In 
practice it has been found that frequently the dielectric 
strength of glass is inadequate to this stress. Satisfactory 
results can be achieved by constructing this vessel of fused 
silica. 

An alternative method that is practicable when a silica 
vessel is not available consists in connecting the electrode A 
tothe stream of cooling water, in the manner adopted at 
the electrode B, at the point of entry to, or exit from, the 
cooling vessel associated with the electrode A, represented 
on the diagram by D,a dotted line indicating this connexion. 
It is then necessary to arrange for a long and well insulated 
column of water to connect the cooling vessels in order that 
the current carried by this column may be conveniently 
small. 

When it is necessary to determine the heat transferred 
from the high tension electrode to the cooling water, further 
precautions must be adopted. These consist in providing two 
short lengths of copper tubing, each connected to the elec- 
trode A, in the stream of cooling water. One is placed at 
the point where the stream enters the cooling vessel and the 
other at the exit therefrom. No appreciable current can 
then flow through the water in the cooling vessel. It is 
important to note that the thermometers which indieate the 
temperature of the stream must be introduced into the stream 
betweeu each copper tube and the cooling vessel. 


The William Ramsay Laboratories of 
Physical and Inorganic Chemistry, 
University College, London. 


[ 317 ] 


XXVI. A simple Vacuum Arc. Mercury Still for Labora- 
tories. By H. P. Waray, M.A., Ph.D., D.Sc., F.Inst.P., 
Additional Professor of Physics, The Presidency College, 
Madras *. 


ERCURY, so largely used in laboratories in connexion 
with so many experiments, gets contaminated very 
easily by contact with foreign materials rendering it unfit 
for further use until it is purified again. There are many 
ways of cleaning it, but none so satisfactory as distilling 
it in vacuo. ‘The usual process so largely adopted of 
shaking it with dilute nitric aoid or passing it as a fine 
spray through a column of dilute nitric acid, is not 
only very wasteful but the mercury requires further washing 
and drying before it is ready for use. Even then the 
product can never be regarded as so good as distilled 
mercury. 

The distillation of mercury, like the distillation of any 
other liquid, can easily be done in retorts of iron or 
pyrex glass that can stand the temperature of 357°C., the 
boiling-point of mercury at atmospheric pressure. The 
distillation, if conducted in vacuo, yields a product distinctly 
purer, as the mercury will boil off at a very much lower 
temperature and thus be free from any volatile impurities 
that may come along with it at a higher temperature. 
To distil the mercury in vacuo there are many forms 
of apparatus on the market, but a very convenient form 
of it that has been found to be quite good is the one 
shown in fig. 1, and though the arc pattern of it is' in no 
way new, still the present form has many other interesting 
and useful features as well to recommend it for general 
use in laboratories. 

AGB is an inverted U-tube with sealed-in platinum 
electrodes E and E'. The limb A has a short vertical 
prolongation D, about ten centimetres long, which serves 
as an auxiliary condenser for the negative limb A. To 
the limb B is attached a large air-cooled condenser F 
tormed out of a thin-walled tube about 14 inches in bore and 
about 8inches in length. From the other end of F two tubes 
branch off. The vertically downward branch L is a 
capillary tube of not more than 2 mm. bore and over 
100 cm. in length, bent round at the lower end as 


* Communicated by the Author. 
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shown at N. The upward branch has a bulb, and it 
terminates in a conical ground joint to which a bulb 
P containing P,O; is attached with vacuum grease. From 
the side of B there is a vertically downward tube K 


Fig. 1. 


P205 


about 70 cm. in length, and its lower end is connected 
to a mercury reservoir R by a 4 foot length of pressure 
tubing. The whole of the apparatus is mounted on a 
backboard of wood which is attached to a vertical wall 
in any convenient corner of the laboratory. The platinum 
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electrodes are soldered to lengths of copper wire leuding 
to terminals on the board which are connected to the 
mains through a 10 ampere fuse and switch. An adjustable 
resistance is also included in the circuit so that the 
current may be adjusted within the limits of 8 and 4 
amperes. This mercury arc still operates as follows. 

The switch being off, the mercury reservoir R is raised 
until the mercury rising in B overflows into F. This 
thin stream of mercury breaks into drops on reaching 
the upper end of L, and during their passage down L 
these drops of mercury trap air from the system, and 
by a Sprengel pump action the system is rapidly exhausted. 
The mercury overflowing at the delivery end N is caught 
and poured back into R at this stage. In a few minutes 
a vacuum of the order of less than a tenth of a millimetre 
of mercury is reached inside the apparatus, the phosphorus 
pentoxide in P being essential to remove the water vapour 
liberated as the mercury and the glass walls get heated 
up under the arc. The mercury reservoir is now restored 
back to its shelf S and the current is switched on immedi- 
ately. By the lowering of the mercury level in B, as 
the contact with the mercury in A is broken at €, an 
arc plays between the two pools of mercury in A and 
B and the mercury is rapidly vaporized, the amount 
evaporated from the negative limb being much less than 
that evaporaled from the positive limb. A part of it 
condenses in D, and is returned to the limb A where the 
mercury remains for ever at a constant level. Much of 
the vapour, however, goes down into F, where by air-cooling 
it condenses and trickles down into L, where the Sprengel 
pump action continues to keep the condenser and arc 
space highly exhausted automatically, a condition necessary 
for the efficient working of the arc and the evaporation 
of the mercury at the lowest temperature. As the distilled 
mercury comes down L it displaces out the small quantity 
of dirty mercury that was in it. After returning the 
yield of mercury during the first ten minutes back into 
the reservoir, the mercury dropping out at N may be 
collected as dry distilled mercury of a very high degree 
of purity. 

Once the arc distiller has been set up in this way 
and the vacuum sucked up by itself, all that one has to 
do is to pour in dirty mercury at R, raise the mercury 
reservoir a few centimetres to establish a momentary 
contact with A, and then restore it back to its shelf. 


320 A Simple Vacuum Arc Mercury Still. 


The breaking of the contact at C starts the arc, and the 
mercury distils over merrily and flows out at N in drops, 
the progressive fouling of the vacuum by the gases 
liberated by the dirty mercury being automatically pumped 
out by the Sprengel action at L. 

One or two arc distillers of this type set up in physical 
laboratories have the great advantage that in addition to 
supplying pure mercury for accurate experimental purposes, 
the arc can also be used as a bright source of light for 
many optical experiments. In such cases, the distilled 
mercury is only a bye-product in the operation. 

Arc distillers of this type are now being made and sold 
by Messrs. Baird & Tatlock (London) Ltd., 14-15 Cross 
Street, Hatton Garden, London, E.C. 1. Two distillers 
of this type in operation in my laboratory taking 5 amperes 
at 60 volts have been found to have an average yield of 
14 lb. of distilled mercury per hour, or approximately 
2 grms. of mercury per watt hour. 

he yield can of course be increased by eliminating 
the auxiliary condenser D and fitting the negative limb 
also with a reservoir. In this case the platinum electrode 
seals E and E' can be eliminated and the current introduced 
through the two reservoirs. Further, the condenser F 
can also be replaced by a water-jacketed one cooled by 
a circulation of water. The vapour pressure inside can 
thus be kept low even with a higher current through 
the arc with a corresponding increase in the output of 
distilled mercury per hour. But the arrangement is 
complicated and is not to be recommended for the average 
laboratory use. 


Nork. 
The Publishers regret the omission of Plate XVI. a, 
illustrative of Mr. W. ScuTT's Paper “On Germanium in a 
British Mineral," in the May Number, vol. i. p. 1007. 


[The Editors do not hold themselves responsible for the 
views expressed by their correspondents.) 
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With Vol. I. 1926. 
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XXVII. The Effect of Tension on certain Elastic Properties of 
Wires. By E. Epwaxps, M.A., B.Sc., I. Bowen, M.Sc., 
and S. Atty, M.Sc.* 

[Plate VII.] 


N increase in the torsional stiffness of phosphor-bronze 
strips as the result of increased tensions was investi- 
gated by Pealing f. In the experiments to be described 
the phenomenon was further examined with the view to 
seeing, if possible, the nature of the mechanism involved. 
In the first part of the work the dynamical method was 
applied, and considerably more light was thrown on the 
effect. The variation of stiffness was found to be present in 
all the wires tested, although the amount of change depended 
on the crystalline condition of the material. An investiga- 
tion of the amount of damping for torsional vibrations 
established the additional fact that it was reduced as tension 
was increased. A statical method was then evolved in which 
observations could be obtained more readily and with greater 
accuracy. This was applied to test-materials which were 
considered to possess a simpler internal structure—tungsten 
wire consisting of a single crystal in the first instance, and 
quartz filament, presumably non-crystalline, in the second 
instance. 

These experiments seemed to show that the phenomenon 
depended on the structure of the material being partly 
crystalline and partly amorphous. 

* Communicated by Prof. L. R. Wilberforce, M.A. 
* Pealing, Phil. Mag. (ser. 6) vol. xxv. no. 147 (March 1913). 
Phil. Mag. 8. 7. Vol. 2. No. 8. August 1926. Y 
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Dynamical Observations by I. BowkEN, M.Sc., sometime 
Oliver Lodge Fellow. 


Before proceeding on fresh lines the work of Pealing 
was in part repeated, and the curves he obtained verified. 
His experiments had been performed by observing the 
oscillations of suspended bars of varying mass and inertia, 
and so calculating the torsional stiffness of the suspending 
phosphor-bronze strip for cach case. 


* 


Fig. 1. 


///, LIU, "2 /l 


In the first part of the work recorded here, the change in 
moment of inertia of the suspended system was eliminated 
by use of the apparatus shown in fig. 1. 

An oscillating bar B having moment of inertia large 
enough to give easily measurable period, but having small 
mass, was soldered to the end of a phosphor-bronze test 
strip AB, whose dimensions are given in the table of 


*' Loc. cit. 
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observations. From the point of suspension of this hori- 
zontal bar hung a fine unspun silk fibre BC, which could 
carry loads up to about 60 grms. ‘The upper end A of the 
test strip or filament was clamped firmly in a vice, and to 
the end C of the silk fibre was attached a very light 
aluminium scale-pan. ‘lhe masses of the inertia bar B and 
scale-pan C were kept small so that the suspension could be 
tested under a tension as small as 0*7 grm. 

In earlier experiments a vane consisting of a weighted 
metal box which just floated in glycerine (at a depth sufficient 
to leave only an attached scale-pan unimmersed) was used 
to prevent any rotation of the scale-pan ; and the silk fibre 
BC was ascertained to have torsional stiffness small enough 
not to affect appreciably the period of oscillation of the 
strip and inertia bar AB. 

À load varying from 0*7 to 60 grms. could thus be applied 
to the test strip AB and its period of oscillation determined, 
while the inertia of the system remained constant. 

In later experiments the vane and glycerine were for 
convenience replaced by an aluminium scale-pan bearing two 
rigid projecting arms which hung between two vertical glass 
plates whose distance apart allewed the minimum of freedom 
to the arms. 

This arrangement, as seen in fig. 1, allowed no rotation of 
the scale-pan, and at the same time the absence of friction 
at the glass surfaces permitted of the total load being applied 


to the test strip. 
The results of experiments with this apparatus are ex- 


pressed by the typical Curves I, where ordinates give s 


T being the period of oscillation of the phosphor-bronze strip 
of length about 25 cm., breadth 0:054 cm., and thickness 
0:0035 cm., and are proportional to the rigidity; while 
abscissæ give the tensions of the suspending strip measured 
in grammes. It will be seen that the torsional stiffness of 
the suspension increases with the load until at a certain 
value the rigidity becomes constant, and remains constant as 
the load 1s further increased. 

In order to vary the conditions of the experiment, the silk 
fibre and scale-pan were replaced by a set of inertia bars of 
different moments of inertia and masses. Two pairs of bars 
were of equal mass but widely different inertia. Bars 5, 6 
and 7, 8 form two such pairs. Thus taking one pair, the 
period of oscillation on a given suspension would be different 
tor the two members ; while their equal masses would cause 
the torsional stiffness of the suspension to be the same for 

Y 2 
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both, provided the stiffness was dependent on tension alone, 
and not on period of oscillation. Results showed that the 
torsional stiffness depended only on the load applied. * 

The masses and moments of inertia of the bars are given 
in Table A below, with corresponding observations on the 
period. Curve II is derived from this table. 


x 10 * 


on 


Curves I & II. 


M 
o 


Curve IX. 
(Same scale as I & II.) 


After Annealing 


Reciprocal of square of Period (a rigidity). 


O IO zo 30 40 50 
Load Grms. 


TABLE A.—Phosphor-Bronze Strip as Suspension. 
Length 29:2 cm. Breadth 0:054 cm. Thickness 0:0035 cm. 


The weight and moment of the wire cradle supporting the 
bars are included in the up given in the second 


and third columns respectively. 
Bar Tension, Moment of Inertia, Period of Torsional 
3 grms. grm./cm.? Swing. Stiffness. 
c —— 0:625 4:30 4:90 7-02 
D sihi 1:43 872 7-41 6:93 
B aei 2°76 22-00 11:8 6:93 
- TT 3:49 48:85 17:4 6:35 
D. ETERA 4:90 150:32 29:6 6:76 
«ions 4:90 13:117 80 6:81 
P ous 10:20 72:25 20:2 7-00 
B osse 10:29 136:19 27:5 7:13 
M Locis 16:09 2054 40:0 7-99 
IU zaras 19:65 259:0 374 7:33 
EE En 28:65 254:3 36:6 7-47 
12. T 36°77 545°6 53:4 7-55 


The loads were not quite large enough to reach the 
horizontal part of the curve. 
The fifth column in the above table gives values of the 
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torsional stiffness r of the suspension, r being related to 
the period of oscillation T by the equation 


T = 2r d 
T 


where I is the moment of inertia of the suspended system 
about the axis of swing. It will be seen that the curve 
resembles those obtained by the previous method, and 
demonstrates the independence of 7 und T since for bars of 
equal mass the values of 7 are approximately equal, although 
the moments of inertia vary greatly. 

In his researches Pealing failed to discover a variation of 
rigidity in wires having circular cross-section, and was led 
by this amonzst other reasons to regard the variation in 
strips as being not a true change in rigidity but a change 
in torsional stiffness due to the effect of rolling in 


manufacture. 
Cunvzs III & IV. 


Proportional to rigidity. 


O 10 20 40 60 0 100 


Load Grms. 


i40 180 


The search for the effect in phosphor-brouze wires (the 
term ** wire " being used here to imply circular section) was 
therefore of importance, since a wire drawn through a die- 
plate receives equal treatment over all parts of its surface ; 
while the rolling of strips might overstrain one side of the 
material more than the other, in the manner suggested by 
Pealing. In other words, evidence of the variation in wires 
would lend support to the view that the phenomenon is not 
anomalous, but a true variation of rigidity. 

The variation was found by the writer in phosphor-bronze 
wires, the specimens being supplied by Messrs. Johnson & 
Matthey. Curve III is drawn from a series of observations 
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on the wire by the use of a scale-pan and glass plates 
described earlier in this paper. The maximum load applied 
in this case was 200 grms. 

(It might be well to state here that decreasing loads were 
tried in these experiments, and the curves would always 
repeat themselves ; in fact this procedure was always used 
as a proof that suspensions had not sutfered overstrain under 
the maximum tension.) 


The period of 400 complete oscillations was determined to 
give each value. 


'urve IV represents a series of readings on another piece 
of wire. 

It is justifiable to assume that the shape of cross-section 
is not a determining factor of the presence of variation in 
torsional stiffness, for the curves give the same evidence of 
maximum rigidity as before. The wire had a diameter of 
0-04 em. and length about 35 cm. 

The effect of overstrain, which had been thought by 
previous workers to produce the variation in rigidity, was 
next ascertained. A piece of the phosphor-bronze wire 
described in the last paragraph was loaded gradually until 
it was found to break under a load of 11:2 kilograms. 
A fresh unstrained piece was now submitted to oscillation 
tests, then overstrained till it “ flowed " under a tension of 
9:6 kilograms, and again tested for rigidity variation. 


Crrves V& Vl. Drawn to same scale. 


(Curve X.—Copper Wire, 
Scale not as for V & Vl, 


Proportional to rigidity. 


O 1020 40 60 80 100 140 
Load Grms. 


180 


Curves V and VI show the variation in rigidity before 
and after overstrain. The variation is still present, and the 
turning-point of the} curves occurs for the same value of 
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tension, roughly 100 grms. The variation does not disappear 
when the material is overstrained. 

In order to examine the effect of heat treatment on the 
rigidity variation, a furnace was built of a glazed porcelain 
tube measuring 30 cm. in length and having an internal 
diameter of 3 cm. Around this tube was wound a solenoid 
of nickel-chromium alloy resistance-wire capable of giving a 
temperature of 2000? C. with a current of 7 amps. The 
windings were about 2 mm. apart, being closer at the ends 
where cooling might be considerable. The whole was en- 
closed in a plaster of alundum powder mixed with sodium 
silicate and wrapped with asbestos cord and sheeting to form 
a thick coating. A small vice at one end of the tube held 
one end of the wire undergoing treatment, the other end 
being held taut outside the surface by a weak spiral spring. 
Since phosphor-bronze oxidized rather readily at high tem- 
peratures, a copious supply of hydrogen was kept flowing 
through the furnace. A platinum resistance thermometer 
in conjunction with a C'allendar-Griffiths bridge gave 
temperature readings. 


Curves VII & VIII. Drawn to same scale. 


0 5 10 20 30 40 50 60 
Load Grms. 

For 30 minutes » phosphor-bronza strip, whose rigidity 
had been examined in the usual way, was maintained in the 
furnace at a temperature of 350° C. After slow cooling, 
the part of the strip which had been inside the furnace was 
again tested. The material had become soft and less springy, 
indicating that annealing had taken place to some extent. 
The results of the tests before and after heating are given 


by Curves VIT aud VIIT. 


328 Messrs. Edwards, Bowen, and Alty on the Effect 


There appeared a decrease in the rigidity variation 
amounting to about 70 per cent., while after heat treatment 
no turning-point, at which rigidity ceases to increase with 
load, was apparent, even though the load applied reached 
60 grms. ; whereas before heating a turning-point occurred 
between 20and 30 grms. Several strips were examined after 
heating to 400? C., and the variation in torsional stiffness 
was always present though much reduced. 

Microscopic examination of the effects of heat treatment 
on the metal was next attempted. Specimens 1°5 cm. in 
length were mounted in sealing-wax and polished, with a 
polish-etch of magnesium oxide in ammonia to which had 
been added a few drops of hydrogen peroxide. The difficulties 
of handling such fine specimens need not be described here. 
Photographs of specimens so prepared taken under ** normal 
illumination" are shown in Plate VII. In the unheated 
specimens of phosphor-bronze the crystals were seen to 
be much elongated due to cold rolling in the manufacturing 
process. ‘The crystals were all of the same composition, 
a solid solution or binary alloy of the two constituent 
metals which had remained unchanged by tle process of 
solidification. 

Examination of the specimen which gave Curve VIII after 
heating to 350°C. showed the development of small 
“incipient”? crystals as new centres of recrystallization. 
To obtain more complete recrystallization a length of the 
strip was heated in the furnace to 730? C. and maintained so 
for an hour, when it was slowly allowed to cool. A rigidity 
test on this specimen yielded Curve IX. The variation was 
still present after this complete annealing (shown by the 
second photograph on the plate) and formation of large 
crystals. Again the curve showed no turning-point corre- 
sponding to the attainment of a maximum rigidity. 

Thus annealing lessened the variation, the decrease being 
greatest for most complete annealing, or formation of largest 
crystals, while the turning-point disappears from the curves. 

Lack of time prevented the working of a complete set of 
data for drawn copper wire, but it is noteworthy that the 
same variation and turning-point was discovered in copper. 
Curve X shows the variation in rigidity of a drawn copper 
wire 0:033 cm. in diameter. 

Partial annealing was again found to lessen the variation. 
The experiments so far described led to the idea that the 
variation in rigidity was caused by some internal mechanism 
in the erystalsof the metal. The simplest explanation seemed 
to be that of slip within the crystals. Should a crystal be 
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deformed by slip along a slip-plane, then, provided the 
deformation be slight, any disturbed molecules in the plane 
of slip would be able to rearrange themselves pretty much 
in their original way, crystal orientations and integrity being 
thus restored. Excessive slip would produce permanent 
disturbance in a slip-plane, while excessive alternating strains 


tend to produce an amorphous layer in the slip-plane, giving 


rise to “ fatigue ” *. 
In the experiments described here, the deformation was 


slight enough to permit of rearrangement of the disturbed 
molecules. The individual crystals of a metal are, according 
to ltosenhain, surrounded by an intercrystalline cement of 
amorphous metal,and recent work goes to show that this 
amorphous metal possesses greater strength than the crystal 
itself, slip-bands occurring in such a way as to produce least 
disturbance of this cement. 

Thus in a strip of phosphor-bronze we have a large 
number of crystals bound together by a three-dimensional 
network of strong amorphous metal. When the strip or 
wire is under tension, the intererystalline cement binds 
tightly on the crystals and prevents their internal slipping ; 
while under sufficient tension this binding effect may be 
great enough to prevent any slip in the crystal, rigidity then 
remaining constant jn spite of further increase in tension. 

When crystals are small, as before heat-treatment, the 
binding effect of the amorphous cement is more pronounced 
and the maximum rigidity is reached for a smaller load than 
is necessary when crystals are large. This would account 
for the absence of a turning-point in the rigidity curves for 
annealed specimens. 

To test this theory a series of experiments was carried out 
on the internal damping of oscillations in phosphor-bronze 
suspensions. Damping should be great when internal slip 
is great; while the damping would reach a minimum when 
slip ceased and rigidity became maximum and unvarying, 
that is to say, for large loads. The following experiments 
bore out this prediction. 

In fig. 2 is sketched the apparatus, consisting of a large 
filter funnel ground to fit closely on to a stout metal base B. 
On the small end A of the funnel was fitted a cap having an 
exhausting tube and a clamp which allowed a stout rod to 
pass through (as shown in the smaller diagram). To the 
lower end of this rod was soldered the phosphor-bronze 
suspension. In these damping experiments it was desirable 


* Ewing and Humphrey, Phil. Trans. Roy. Soc. A, cc. (1902). 
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to keep the period of swing constant, and so overcome 
variations due to air-friction. The different loads applied 
were therefore constructed to have equal moments of inertia, 
and to screw on to the light inertia bar as in fig. 2. Any 
slight inequality in moment of inertia could be compensated 
by adjusting the positions of the two small iron disks on the 


Fig. 2. 


E = 
-— : ———À 


inertia bar, while the suspended system could be set oscil- 
lating by means of an electromagnet held outside the chamber 
to attract either of these disks. The apparatus was exhausted 
to reduce variation due to air-friction or viscosity when the 
different shaped loads were applied. 

A removable plug F in the base-plate facilitated the 
changing of the loads, small hooks E in the base serving to 
hold the inertia bar steady during the operation. 
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The sliding bar in the cap A permitted the lowering cf 
the suspension for changing the load. All joints were made. 
air-tight with wax. A scale penned on the glass wall of the 
funnel at its base gave amplitude readings. 

If r be the ratio of two successive amplitudes to one side, 
and do, di, 4s, . . . a, the amplitudes of the 1st, 2nd, 3rd and 
(nth+ 1) swings to the same side, then 


r= aja, 


log a, —log a 
and log p= - '-UO B dn 
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Thus if the damping has been uniform through a 
set of oscillations, a graph giving values of n as abscisse 
and corresponding values of !og a, as ordinates should 
be a straight line, as shown by graphs XI. Each line 
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in this set was obtained as the result of several damping 
tests for a particular load. It is clearly seen that the 
coefficient of damping decreases as tension and rigidity 
increase, while there is a limit to the damping as there is to 
rigidity, both limits occurring for about the same value of 
tension. These experiments on damping therefore support 
the theory suggested to explain the variation in rigidity. 


Statical Measurements by S. Atty, M.Sc. 


Experiments of a statical nature were carried out to 
investigate further the variation of stiffness of strips and 
wires with load. The method and apparatus used were 
somewhat similar to those described in Searle's * Experi- 
mental Elasticity, p. 155, in connexion with torsional 
hysteresis. 

The upper end of the wire was clamped to a torsion-head 
graduated to read tenths of degrees, and the lower end was 
attached to a flat spiral spring of suitable strength, the outer 
end of this spring being clamped to the framework. Changes 
in the strength of this spring were easily made by altering 
the part of the spring engaged in the framework-clamp, and 
so varying the length of the spring. As can be seen in 
fig. 1a, the attachment to the spiral spring is made through 
two hooks of square cross-section to provide geometrical 
contact for the transmission of couples. This provision 
made the substitution of wires an easy matter. The tension 
is governed by the weight which is attached below the 
stand. The method of procedure was to produce a twist of 
known amount by the torsion-head, causing the lower end to 
turn through a small angle in opposition to the controlling 
spring. This angle of rotation was measured by means of 
a mirror fixed to the central wire. The couple acting was 
proportional to this angle. Hence we got a measure of the 
couple corresponding to any twist produced. 

As the tensions were produced by attaching weights to the 
wire below the spiral spring, a complication entered due to 
the rotation of the wire at its lower end. If the scale-pan 
carrying the weights was free, then this rotation when 
produced caused the scale-pan to vibrate torsionally, and this 
vibration would upset the reading obtained from the mirror. 
There were two wavs of overcoming this difficulty in theory. 
The first would be to prevent any rotation of the scale-pan 
and to interpose some verv fine suspension between the 
spiral spring and the scale-pan to eliminate any controlling 
effect on the twist of the spiral spring and wire. At best, 
this would leave a slight residual controlling effect and the 
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reading obtained for the twist of the lower end of the wire 
would be slightly reduced on that account. 
Fig. 1a. 


The way adopted, therefore, was to turn the scale-pan by 
hand through an angle equal to the rotation of the wire at 
the spiral spring. ji this way the twist in the suspension 
from spring to pan was maintained zero. This method 
worked very satisfactorily. 

The order of procedure in an experiment was as follows :— 

The wire was attached to the torsion-head, spiral spring, 
and scale-pan. All control was removed by unclamping the 
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framework end of the hair-spring and allowing the scale- 
pan to be quite free. The mirror readings at spiral spring 
and scale-pan were noted, the outer end of spring was now 
clamped, the torsion-head was turned through an angle 0,°, 
and the deflexion 0,? for the lower end observed on the scale. 
The scale-pan was then turned through an angle equal to 
this, or rather slightly more because, as the scale-pan is 
turned, 0, increases slightly. 


Then the total twist in the wire = 0,—6,, and the couple G 
is proportional to 4. 


—— 


"E which measures the stiffness, is therefore proportional | 
to | £s . 

01—0, 

Measurements were made of these angles for a series of 
loads for each wire or strip tried, using in each case various 


values of angles. The results were shown graphically by 
plotting the value of 0, against the corresponding value of 


0, — 0,. 


3500 


Fig. 2 a. 


3100 


Phosphor Bronze. 


With phosphor-bronze strips, the first material to be tried, 
a variation in the stiffness of the same general character was 
obtained with all, but the amount of the change varied from 
5 per cent. to 35 per cent. in different specimens. 


The curve shown in fig. 2a is typical of the effect obtained 
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These results agreed in a general way with those that had 
been obtained by the dynamical method of Mr. Bowen. 

As the phenomenon had already been shown to be con- 
nected with the internal structure of the metal, it was 
desirable to test specimens of known internal structure, and 
possibly, in that way, gain some knowledge of the mechanism 


involved. 
Tungsten. 

Through the kindness of the General Electric Company, 
lengths of tungsten wire and of Pintsch single crystal wire 
were obtained and tested by the above method. 


The diameter of the wire was *20 mm. 
The hair-spring used for the phosphor-bronze strips was 


replaced by a much stronger one, and the effect due to the 


stiffness of the thread between spiral spring and scale-pan 
became inappreciable. In all other respects the apparatus 


was unaltered. 


ino 


30 60 90gr: 


The results of the experiment on the ordinary drawn 
tungsten wire are shown in fig. 3a, curve (a), the curve 
being of the usual type and the percentage increase in 
stiffness being 7:46 per cent. between loads of 5 and 105 g. 
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In the drawn wire there will be a large number of 
crystals occupying any one cross-section. The Research 
Staff of the E.G. have carried out experiments " on the 
properties of **recrystallized" tungsten wire. In this the 
crystals will have grown, and if the recrystallization is 
complete then many of the crystals will fill completely the 
cross-section of the wire. 

With the view to finding how the change of stiffness 
varied with the size of the crystals, the stiffness experiment 
was carried out on the ordinary drawn wire at stages of 
increasing recrystallization. 


Fig. 4 a. 


1340 


(a) After 2 mins heat treatment 
(b) [I] 3 , - oe 
(c) »9 5 v ee 


1315 
O 30 60 90 Load 


As the recrystallized wire was extremely brittle, it was 
necessary to carry out the process in situ. To do this the 
wire and the hook attached to it were enclosed in a glass 
tube fitting on to a stopper which was attacbed to the 
torsion-head. The hook supported a small cup of mercury, 
this giving good electrical contact, and exerting sufficient 
tension on the wire to hold it taut. Recrystallization was 
brought about by raising the wire to a white theat in an 


* Phil. Mag. Aug. & Nov. 1924. 
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atmosphere of hydrogen, the current necessary being led in 
by mercury connexions and a platinum contact at the bottom 
of the tube. The current was passed through the wire for 
one minute, the tube removed, the spring hook replaced on 
the other, and the experiment repeated. This was done four 
times on the supposition that the crystals would become 
larger each time, and the results are shown in figs. 3a, 4 a, 
and 5a, the change in stiffness becoming less. In fig. 5a 


Fig. 5a 
= 

1150 

1130 

1110 

1090 | (a) Before heat treatment. 
(b) After I minute » 
ic) » & v 
(d) 
(e) 
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the curves for the wire in all its stages are given the same 
value of stiffness for a load of 5 g., and the scale of each 
curve suitably reduced for ease of comparison. 

The Pintsch tungsten wire, which consisted entirely of a 
single crystal, was next tested and was found to show no 
variation, the torsional stiffness being independent of the 
load. The largest discrepancy was less than 1 per cent., 
and was considered to be due to the fact that for loads of 
less than 10 g. the wire was not taut. There was no 
indication of a regular variation with load. 


Phil. Mag. S. T. Vol. 2. No. 8. August 1926. 7, 
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Quartz Fibre. 


The experiment was also carried out using a quartz fibre, 
this having no crystalline structure, and it was feund that 
the stiffness was quite independent of the load. 


Variation of Hysteresis of Wires with Load. 


On carrying out the usual hysteresis experiments for the 
drawn tungsten wire, it was found that the hysteresis loop 
was too narrow and indistinct to be of use in showing in 
what way, if any, the amount of hysteresis varied with load. 
An indication of the hysteresis for different loads was found 
as follows :—With the wire originally free from twist, the 
torsion-head was turned through 360? in a clockwise direction 


O Hysteresis. 


N 
co 


270 


250 


230 


210 
O 


and then back to zero. The spot of light reflected from the 
mirror attached to the hair-spring was observed to have been 
deflected in a counter.clockwise direction, and its new 
position was noted. On turning the head through 360? in 
a counter-clockwise direction and back to zero the spot 
of light shifted in the opposite direction, and its reading was 
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again observed. The difference between the two readings 
was proportional to the amount of slip which had occurred 
in the wire during the two twists. The difference between 
these readings may be taken as an indication of the amount 
of hysteresis. 

It was necessary to bring back the torsion-head accurately 
to zero, since a small error here would have rendered the 
scale-readings useless. To do this a mirror was attached to 
the head and a scale set up at a distance of 1 m. from the 
mirror. The torsion-head was turned so that the spot of 
light returned to the same point on this scale each time, 
thus ensuring that the head was always brouglit to the same 
zero. In this way a measure of the hysteresis was obtained 
for a series of loads. 

The Pintsch single crystal wire showed practically no 
variation of hysteresis with load, there being slight irregu- 
larities for loads less than 10 g. due probably to the fact 
that the wire was not taut. For loads above 10 g. the 
hysteresis was constant. 

The results obtained for the drawn tungsten wire are 
shown in fig. 6a. In this case the hysteresis varies greatly 
with load, assuming a minimum value at a load of about 
75 g., and remaining unchanged for loads of higher values 


THe Younc’s MopvLus or WIRES FOR SMALL TENSION, 


In view of the general variation of torsional stiffness, it 
was considered desirable to examine the stretching of wires 
bv small tensions. The great difficulty in this investigation 
was to ensure the absence of spurious effects due to the 
straightening out of small irregularities. When this had 
been overcome, it was observed that the ratio of increase of 
length to the stretching force was much greater for the 
smallest forces employed than for larger ones. This has 
been observed with copper and iron wires of about 1 mm. 
diameter, the change disappearing for tensions of the order 
of 100 grms. The work has not proceeded far enough for 
publication at present, but it is hoped that the results for 
a number of different materials together with an acceunt of 
the method and apparatus employed will be completed 


shortly. 
CONCLUSIONS. 

One fact seems to be well established—that the observed 
changes in the elastic properties of materials depends on 
their structure being partly amorphous and partly crystalline, 

Z 2 
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and that they are most marked when the crystals are small, 
a condition produced by any hardening process. From the 
elementary theory, it can be seen that the stress due to 
a tension may be regarded as equivalent to a hydrostatic 
negative pressure (an outward pull on all parts of a surface) 
together with two shearing stresses in two perpendicular 
planes, both of which pass through the axis of the wire. 
Of these, it seems reasonable to consider the first us 
responsible for the observed effect, in so far as it involves 
a change in volume of any element, which implies an increase 
in the separation of the molecules. 

The condition seems to be analogous to a chain composed 
of a large number of links, but in our case we have a net- 
work of links, in three dimensions; under small tensions 
there is a looseness in the linking together of neighbouring 
elements, while increase of tension by separating these 
elements slightly, increases the strength of the bonds existing 


between them. 


Other experiments have shown that slip occurs readily in 
erystals along certain planes. The fact that a wire of one 
crystal does not exhibit any variation, tends to lead to the 
view that the crystals in the interior of a multicrystalline 
material are not in the same condition as would be found in 
the case of a single large crystal. This difference must be 
caused by the intercrystalline amorphous material or cement 
as it is commonly called. A hydrostatic pressure on the 
erystals might conceivably account for the effect, provided 
such a pressure resulted in greater freedom of slip within 
the crystals, and an experiment to test this point is being 
contemplated. If that could be established as a fact, the 
mechanism involved in the increase of stiffness and decrease 
of damping and hysteresis would be fairly clear. The 
increase in volume brought about would relieve the pressure 
on the crystals, and they would exhibit properties similar to 
those of single large crystals with free surfaces. 


In conclusion, the authors wish to express their thanks to 
Prof. L. R. Wilberforce for suggesting the work, to Prof. 
C. O. Bannister for placing the resources of the Metallurgy 
Department both as regards equipment and advice at our 
disposal for getting the photo-mierographs, and to the 
General Electric Company for their kindness in allowing us 
to have a length of their single crystal tungsten wire. 
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XXVIII. The Surface Tension of Liquid Metals.—Part I. 
Tinand Lead. By L. L. BincuMsnaw, B.A., M.Sc. (from 
the National Physical Laboratory) *. 


HE surface? tension of molten metals was the subject of 
experimental study by Quincke f as long ago as 1868. 
In this paper and in one 1 which appeared in the following 
year, determinations of this constant were made by a some- 
what crude application of the drop-weight method, viz. the 
weight of the drops which fell from a melting wire of known 
diameter was determined. The ditliculty of controlling the 
formation of the drops and the great uncertainty of the cir- 
cumference from which the drop falls render this method 
little more than qualitative. In later papers $ by the same 
author the capillary constants were deduced from measure- 
ments of the dimensions of a drop of the molten metal resting 
on a plane surface. Siedentopf || in 1897 published a paper 
containing the results of a large number of determinations 
by this method, and it has also been used by Heydweiller^ 
and by Gradenwitz**. while Grünmach ff used the method of 
ripples. Smith $1 measured the capillary depression of the 
metal in a carbon tube, using a micrometer depth gauge and 
an electrical device, and gives results for mercury (15°-17°), 
bismuth (7009-8509), antimony (840?—850?), lead (770°-780%), 
tin (7509-9109) aluminium (7009-8209), zine (580°-630°), 
silver (980°-1120°), gold (1120°), and copper (1150°). In 
this work, however, the angle of contact was assumed to 
approach 180°, so that in all probability most of these results 
will be low. 

The most important work on this subject during recent 
vears is due to Hogness SS, who used the method of ** maxi- 
mum bubble pressure." He measured the excess pressure 
developed in a small bubble of the metal when forced from 
the end of a fused silica tube of known radius, and deter- 
mined in this manner the surface tension of mercury (up to 

* Communicated by Walter Rosenhain, B.A., D.Sc., F.R.S. 

T Poggendorf's Annalen, exxxiv. p. 850 (1868). 

t Poygendorf's Annalen, exxxv. p. 261 (1869). 

FI uda -innalen, cxxxvii. p. 14] (1870); cxxxix. p. 1 

4 . 

' | Ann. d. Physik, lxi. p. 235 (1897). 
€| Ann. d. Physik, lxii. p. 694 (1897); lxv. p. 311 (1898). 
®# Ann. d. Physik, lxvii. p. 467 (1599). 
tt Ann. d. Physik, iii. p. 660 (1900). 
tt Journ. Inst. Met. xii. p. 168 (1914). 
$$ Journ. Amer. Chem. Soc. xliii. p. 1621 (1921). 
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the boiling-point) and of tin, lead, bismuth, cadmium, and 
zine up to 5009. The theory of the method of maximum 
bubble pressure was first described by Cantor *, and subse- 
quently by Feustel f, Ferguson f, and Schroedinger $, who 
gives the formula 
Mem 38À 6B 

Here a? is the specific cohesion, r the radius of the tube, and 
h is the maximum pressure in the bubble expressed in centi- 


metres of the liquid itself. This formula obviously only 
holds when is small, but a complete numerical solution of 


the differential equations involved is given by Bashforth and 
Adams ||. Sugden in a valuable paper has dealt with the 
theory of this method and utilized Bashforth and Adams's 


tables to calculate values of the complete correction ^ in 
E X AX 
the equation a?=rh. m and gives a table of values of » for 


r à 
a range of a from 0:0 to 1:5. In the present work it was 


decided to use the method of maximum bubble pressure, as 
it possesses two great advantages : it is independent of the 
angle of contact, values of which in the case of liquid metals 
are almost always unknown, and a new surface of the metal 
is blown in each separate determination. 


Experimental. 


The apparatus is shown diagramatically in fig. 1, and con- 
sists of a fused silica tube A, 42 cm. long, 1:12 cm. external 
diameter, and 0:92 cm. internal diameter, into which is fused 
a second silica tube B about 0:4 cm. diameter. This tube 
has been drawn down and the ends of both tubes have been 
ground, so that the cross-section of each is in the same 
plane. The diameter of the tube has been measured 
in two directions at right angles in the Metrology Depart- 
ment of the National Physical Laboratory, and the measure- 
ments were found to differ by 1 per cent., the mean diameter 


* Wied. Annalen, xlvii. p. 399 (1892). 

T Drud. Annalen, xvi. p. 6 (1905). 

[ Phil. Mag. vi. p. 128 (1914). 

$ Ann. d. Physik, xlvi. p. 413 (1915). 

| ‘Capillary Action,’ Cambridge, 1883. 
€ Trans. Chem. Soc. exxi. p. 858 (1922). 
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being 1:016 cm. The tube A fits closely through a hollow 
water-cooled brass plug €, which in turn fits into the brass 
collar D; E is a copper water-cooler placed in close contact 
with the lower half of the latter. The silica furnace tube F 
at its lower end is closed by a brass plate G fitted with a 
central cone H, into which passes the screw I, and soldered 
into this plate is a brass tube J, through which passes the 
silica couple tube. Another brass tube K is soldered into J, 
to the end of which is attached a glass tube (2-3 mm. in 
diameter) which serves as a gas outlet from the furnace, 


On the plate G rests a Mabor cylinder, which supports an 
alundum crucible L which contains the metal, and a clay 
cover M fits the top of the crucible. The furnace-tube is 
wound with nichrome wire and the case N is held by three 
steel stays O, Oz Oz, which are screwed down to the base P, 
the latter being supported on the table by three levelling 
screws Q; Q: Qa. After the tube A had been fitted through 
the plug C and held firmly in position by means of a little 
pitch on the top surface of the plug (a film of wax was also 
placed between A and the inside wall of the cooler), the 
lower ends of the two tubes were very carefully ground so 
that their cross-section lay in the same plane, and this plane 
was parallel to the machined top of C. In order to ensure 
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that the plane of cross-section of the tubes is horizontal, it is 
then only necessary to level up the top of C with a spirit- 
level, by means of the screws Qj, etc. The joint between 
the furnace-tube and the plate G is made tight with a little 
clay, which is covered with a film of pitch. This has been 
found to be quite satisfactory. The tubes A and B are con- 
nected by means of pressure tubing, in the manner shown in 
the sketch, to a glass trap R immersed in solid CO, and 
acetone contained in a thermos flask, and the trap is con- 
nected through a drying tube S (loosely packed with calcium 
chloride) to the manometer T. One arm of the latter con- 
sists of a narrow tube 50 cm. long and 3 mm. diameter 
graduated in millimetres, which was carefully calibrated 
before being sealed into the apparatus. The wide arm is 
connected to a large Woolf bottle U 16 cm. in diameter and 
is open to the atmosphere. Water, coloured with a trace of 
potassium dichromate, was used as the manometric liquid, 
and no trouble due to the sticking of the meniscus was 
observed. The manometer is also connected through a 
valve V to the taps W, X, and Y. 

To make a determination, a piece of metal of about the 
correct volume is turned up to fit loosely into the crucible 
and a cylindrical hollow cut in it, into which fits very 
loosely the end of the tube A. The joint at G is sealed 
and the junction between the plug C and the collar D 
waxed over. Hydrogen, generated electrolytically from 
5 per cent. caustic soda (using iron electrodes), is passed 
over silica chips heated to 600° and dried over calcium 
chloride. The gas is then passed through the apparatus 
for two to three hours by closing Y and opening X 
and W, after which the furnace is heated until it has 
attained the desired constant temperature. Attached to the 
tap Y is a large gas burette, and by closing W this can be 
filled with gas from the generator, then by opening Y and W 
and closing X, bubbles can be blown by using the gas in the 
burette under a convenient pressure. The valve V enables 
the bubbles to be formed quite slowly. A determination 
consisfs in measuring tle pressure required to liberate a 
bubble from the wide tube and the pressure required to 
liberate a bubble from the narrow tube, and from these 
observations the surface tension can be calculated. A screw 
clip is placed en the connecting rubber tubing at Z, and if 
this is open bubbles will blow from the wide tube, whereas 
if it is closed they will, of course, come from the narrow 
tube. When bubbles are blown from the latter, the pressure 
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rises and the metal is depressed in the wide tube, which 
alters the hydrostatic head slightly. After each reading 
with the narrow tube therefore the pressure in the apparatus 
is carefully released (nearly to atmospheric) through the 
tap Y. After a determination when the metal is just above 
the melting-point, the seal at G is broken, and by means of 
the screw I the metal before it freezes is dropped just below 
the end of the tube A. 

The results are calculated by the method given by Sugden 
(loc. cit. p. 861). If the two tubes of radius 7, and ry respec- 
tively are immersed to a depth ¢ cm., and A, and hg (in 
centimetres of the liquid) are the pressures required to 


liberate bubbles, then we have 


2 2 
h, = x; +c and h =X +t, 


so that 
ar l 1 
H = h = a a) 
and 
H 
d eese 
Rd ME v 
N, X; 


To calculate the first values of X, and X, for the result at 
the lowest temperature, the means of the values of a? given 
by Smith and by Hogness have been taken as approximate 
values, while in calculating the results for successively 
Increasing temperatures the final value of a? for the previous 
temperature was taken. a? was then calculated by the 
method of successive approximations *. The above method 
of calculation can, of course, only be used when the level of 
the liquid is not sensibly altered by the volume occupied by 
either bubble, i.e., theoretically when the surface of the 
liquid is an infinite plane. In the present case, where the 
metal is contained in a crucible 3:0 em. diameter, this con- 
dition is far from being fulfilled, and a correction has to be 
made for the increase in the value of t, due to removal of 


* [n certain cases values of X/r for rja=20 approximately were 
required. The value of X/r for r/azl'8 (which appears to be the 
highest value of r/u which Bashforth and Adanis's tables enable us to 
deal with) was calculated and the curve extrapolated. 
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metal from the tube and the volume occupied by the bubble. 
In the case of the narrow tube this was neglected, and in 
the case of the wide tube the method of correction can be 
illustrated by taking the case of tin at 253°. Taking 
y= 500 dynes/em., a?-0:1460 sq. cm., a@=0°3821 cm., 
2 = 1-466 (r, is the radius of the wide tube and =0°56 cm.), 
h=15°5 em. of water, and D? for tin=6°982. From 
Sugden’s table we find X, to be equal to 0:2334, hence 


a? 
X, | 
of Sn. We have then to determine the capillary depression 
in the wide tube. 


Now 


h= qt, where A is 2:220 cm. of Sn, we find (1:595 cm. 


2y=rdhg (r 0:46 cm.) 


(for this correction term the angle of contact is taken as 180°), 
hence the height of metal in the tube is 1:278 cm. The volume 
of metal displaced will be 


4 2. RENS 
3°142 x (0°46)? x 1°278 + = (90) C.C. 
if the volume of the bubble is taken approximately as a 
hemisphere. This amounts to 1:218 c.c. The volume be- 
tween the wide tube and the wall of the crucible amounted 
to 6-084 c.c. per centimetre height, so that the increase in t * 
amounts to 0:200 cm. As this increased height operates 
when a bubble is blown from the wide tube but not from 
the narrow one, it must be added to H. 

The results, which are the means of a large number of 
determinations, are given in Table I. The pressures P are 
giveu in centimetres of water, and the densities have been 
taken from a paper by Day and Sosman f. The tin used 
contained at least 99:99 per cent. of that metal, and the 
lead contained only 0:002 per cent. of Cu and 0:002 per 
cent. of Fe. 


* This is not quite exact. The value of ¢ calculated in this manner is 
the depth of liquid after the metal has been displaced, and the capillary 
depression should strict!v be subtracted from the original rather than 
from the final level. The error introduced in this way acts in the 
opposite direction to the error involved in taking the angle of contact as 
180? in calculating the depression. 

T Amer. Journ. Science, 1914, xxxvii. p. 10. 


Surface Tension of Liquid Metals. 347 
TABLE I. 


Mercury. 


Temp. P. Wide. P. Narrow. a*(cm.)*, y dynes/cm. 
19 — Gee 14:4 26:7 0708 470 
Tin. 
250- ariii 155 31-0 0:1538 526 
209 - usesoos 15:5 31:05 0:1547 527. 
AOI iius 15:55 31:05 0:1558 526 
600 ......... 15:6 31:10 0:1584 525 
800 ......... 15:6 30:95 0:1596 520 
$64  ......... 15:6 30°80 0:1601 514 
Lead. 
8390 41e 19:9 315 0:0865 453 
402 oinka 20:0 3l4 0:0857 446 
600 ......... 20-35 3l4 0:0858 436 
800 ......... 20:5 31:2 0:0855 425 
982- «icis 20:6 30:9 0:0850 414 


The results for lead are shown graphically in fig. 2, and it 
will be seen that the relation is practically linear. Extrapo- 
lation to the melting-point (327°) gives for y, 452 dynes/cm. 


— F 


This agrees very well with Hogness, who found 444 dynes/cm. 
Hogness gives the empirical formula 


y = 444—0:017 ((—321) 


connecting y and temperature, which gives a decrease of 
approximately 10:0 per cent. in the value at 9509. The 
value found in the present work gives a decrease of approxi- 
mately 8:0 per cent. Hogness’s value for tin at the melting- 
point, 531, also agrees very well with the present value 526. 
If the decrease in surface tension at 980? is calculated from 
his formula 2531 — 0:080 (t —232), a value of 12-0 per cent. 
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approximately is obtained. This is not in agreement with 
the present work, where a decrease of only 2:5 per cent. has 
been measured. The above equation was derived from 
measurements at only three points, 262°, 319°, and 396°, and 
the last value (396?) was actually higher than the second one. 

As pointed out by Hogness, the values for mercury given 
in the literature vary between 340 and 575 dynes/cm. The 
figure obtained with the present apparatus for mercury at 
19°, 470 dynes/cm., differs only by 1 per cent. from that 
obtained by Hogness at 20°, 465 dynes/cm. 

The values obtained by different observers for tin and 
lead are given in the following table :— 


Observer. Temp. Tin. Temp. Lead. 
Quincke* ............ 232 681 327 537 dyncs/cm. 
Siedentopf * ......... 232 612 327 509 T 
Grunmach * ......... 232 352 327 482 » 
Smith ......... ..... (150-910) 480 (770-780) 4245  , 
Hogness ... ........ 232 931 327 H4 » 
Author ............... 232 526 327 452 R 


* These values have been taken from the table given by Hogness. 


McLeod t has suggested the relation 
y = C(D-d)’, 
where D is the density of the liquid, d that of the vapour, 
and C isa constant. Ferguson f has put forward 
Y = yo (l= b)", 


and states that for non-associated liquids n — 1:21 gives very 
good results. In a later paper $ he has shown that by elimi- 
nating (1— m) between this equation and Katayma's form of 
the Ramsay Shields equation, viz. : 


M \23 
v (o) = A0 (1—m), 
McLeod’s relation is obtained if n—1:20. Sugden|| has 


14 
shown the constancy of ? . for a large number of non- 


D 


associated liquids up to temperatures approaching the critical 


T Trans. Faraday Soc. xix. p. 38 (1923). 

[ Phil. Mag. (6) xxxi. p. 37 (1916). 

$ Trans. Faraday Soc. xix. p. 407 (1994). 

|| Trans. Chem. Soc. exxv. p. 32 (1924) ; ibid. exxv. p. 1167 (1924). 
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temperature, but found that the value of this constant 
increased slowly with rise of temperature for liquids which 
are considered to be associated, e.g. methvl and ethyl 
alcohol, acetic acid, amines, etc. The rise in this constant 
for non-associated liquids up to the boiling-point was usually 
of the order of 0°5 per cent., while for ethyl alcohol the 
change was approximately 2:0 per cent. from 20? to 


TABLE II. 
Mercury. 

Temp. y. D. pr 
o D 
7, i eec 465 13:54 "343 
22 l.s... 461 13:54 "342 

IIO ius 447 13:33 345 
L9 wis 454 13:33 :046 
155 isses 441 13:33 046 
195 sete 434 13°13 "348 
200 ......... 436 13:12 348 
ADI. eum 42] 12-99 :049 
300 ......... 405 12:87 “349 
9808. aos 408 12:87 949 
354 ies 394 12:76 '049 
Tin. 
253 4i 526 6:082 686 
DUO - osos 527 6:013 ‘690 
401 ......... 526 6875 *696 
600 1... 525 6:755 ‘709 
800 ......... 520 6:637 "719 
904 ......... 514 6:542 "128 
Lead. 
950 ......... 453 10:658 433 

400 se 446 10:597 "4335 

600 ......... 436 10:359 441 
800 ......... 425 10:132 448 
982. sesse 414 9:935 454 


the boiling-point, and 5:0 per cent. to 230°. In Table IT. 


1/4 
the values of a5 are given for mercury (calculated from 
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Hogness's results) and for tin and lead (d has been neglected). 
They are also shown graphically in fig. 3. It will be seen 


Fig. 3. 


J^ 


that the value of this function increases about 2*0 per cent. 
for mercury and about 5 per cent. for tin and lead. The 
increase in the value for mercury takes place be ween 20? 
and 200°, after which the graph is a straight line. 


When 
we consider that a change in this * constant " 


“is found com- 
parable with that obtained for associated liquids over a much 


greater range of “reduced” temperature, then if the con- 
stancy of McLeod’s relation is accepted as a criterion of an 
unassociated liquid, both tin and lead in the liquid state 
appear to be highly associated. 

It is proposed to determine the surface tension of a 
number of other metals and alloys by this method. 


Summary. 


The surface tensions of liquid tin and liquid lead have 
been determined between the melting-points and 1000° 
(approximately). 

The values obtained at the lower temperatures agree very 
well with Hogness's results, but the temperature coefficient 
of surface tension for tin obtained by him has not been 
confirmed. 

Evidence is brought forward to show that both these 
metals in the liquid state may be highly associated. 


The author would like to thank Dr. W. Rosenhain, F.R.S., 
for his interest and advice during the progress of this work, 


and Mr. J. Trotter for assistance in the experimental 
portion. 
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XXIX. Determination of the Modulus of Elasticity by 
Dynamical Methods. By H. W. Swirt, M.A., B.Sc.* 


THE True MopuLus or ELASTICITY. 


T is well known that the strain or deformation of a 
material is not in general uniquely determined by the 
existing system of applied stresses. The elongation of a 
specimen in simple tension, for example, depends in many 
cases not only upon the load itself but also upon the method 
by which this load has been applied, the period over which 
it has been applied, and the previous elastic history of the 
specimen. 
The deformation which follows a change of static loading 
may, in the most general case, it appears, be resolved into 


three separate constituents :— 

a. The strain which develops simultaneously with the 
change in stress, and of which it may be regarded either as 
the cause or effect. This strain is essentially reversible in 
nature. 

b. À deformation essentially permanent and irreversible 
which develops more slowly and with the passage of time 
approaches (in an irregular but roughly logarithmie way) 
its final value. 

c. À strain. which develops slowly in a similar way to 
the permanent set, but which is reversible. This strain 
is made evident in the partial recovery (“elastic after- 
strain ") which follows the removal of load from so-called 
semi-elastic materials or from materials which have 
been overstrained, and in the reversible creep which 
occurs with elastic materials at high temperatures even 
under stresses which have apparently no permanent 


residual effect. 


The processes which give rise to these changes are not 
known, but from the simple fact that strain may have this 
composite nature it follows that, unless some regard is paid 
to the factor of time in its definition, the Modulus of 
Elasticity has no real physical significance and a restricted 
practical value. Hopkinson t has suggested, with reference 
to metals at high temperatures, that it would be reasonable 
to define Young's Modulus under such conditions as the 
ratio of the stress to the instantaneous strain, and this might 
well be accepted as the general definition of a quantity 


* Communicated by the Author. 
T Proc. Roy. Soc. Ixxvi. A, p. 424. 
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which would have a clear signiticance, eliminate (in theory 
at any rate) the effects of both types of “ creep,” and simplify 
the conception of elasticity in overstrained materials. 

In the case of the elastic materials in common use, below 
the elastic limit there will as a rule be no creep, so that the 
effect of time is negligible and values of the modulus 
obtained at all rates of loading will be practically identical 
with the true adiabatic elastic modulus. With materials in 
a plastic or imperfectly elastic state the rate of loading has 
a considerable effect upon the form of the stress-strain 
curve, and the strain due tocreep is asa rule large compared 
with the elastic strain. It follows that any tendency to 
creep is likely, at any normal rate of loading, to have a large 
effect upon the value of the apparent modulus. Under 
such conditions values for the “ modulus" have no signi- 
ficance unless methods are employed which eliminate the 
effects of creep entirely. The removal and re-application of 
a load above the elastic limit give rise to quasi-elastic 
strains, but it is not possible to say with confidence which 
portion, if any, of the stress-strain curves so produced 
corresponds to a truly elastic change, unless the material 
becomes hardened by prolonged overstrain, in which case 
there is no assurance that the modulus itself has not under- 
gone modification. 

It would appear that where the two types of strain are 
co-existent no statical method, however rapid the loading, 
can be relied on to give satisfactory results. There are 
methods, however, which are able to effect a separation of 
the two types, and these depend upon the oscillatory move- 
ments which take place about the position of equilibrium 
under small disturbances. The period of such free vibrations 
is dependent upon the elastic constituent of the strain 
entirely. The plastic deformation only affects them in so 
far as it tends to damp them out. It follows that where the 
period of oscillation can in some simple manner be correlated 
with the elastic modulus, it affords a very satisfactory method 
for the determination of this quantity under any condition 
of stress and strain, and the value so obtained will measure 
the instantaneous resistance of the material to deformation, 
and will therefore represent the true elastic modulus. 

Dynamical methods of this kind are frequently used to 
determine the modulus of rigidity, and also to find Young’s 
Modulus for the material of helical springs. To determine 
the elastic modulus for a straight rod of any section there 
are two modes of vibration available—longitudinal and 
transverse. 


Modulus of Elasticity by Dynamical Methods. 353 


With most engineering materials the observation of 
longitudinal vibrations is not easv, the amplitude under 
ordinary conditions being very small and the periodicity 
very great. An exception to this is found in the case of 
wires, where, by the artifice of fixing the wire in span and 
loading it transversely, the apparent amplitude of vibration 
can be increased and the periodicity reduced. In this way 
wires of gauges in common use can, on a convenient scale, 
be caused to produce elastic oscillations which can be easily 
observed and timed. Calculation of the modulus is not a 
difficult matter and the method is found in practice to give 
very consistent results, even while plastic strain is visibly 
going on. It has a great additional advantage in that any 
desired value for the mean tension in the wire may be 
obtained by adjustment of the load and sag, and the elastic 
constant so obtained refers to the material in this particular 
condition. 

With sections of greater stiffness this method becomes 
impracticable, and flexural vibrations are more suited to 
observation. For practical purposes the most convenient 
modes of flexural vibration are : 


a. Vibrations as a cantilever. 
b. Vibrations as a simply supported beam. 


It is not possible by these means, nor apparently by other 
similar methods, to obtain values of the modulus at high 
stresses, since the period of lateral vibrations becomes less 
and less dependent upon the elastic properties of the rod as 
its tension increases. In the outcome this limitation does 
not appear to be serious, for, with metals at least, it is found 
from experiments with wire that the true elastic modulus is 
to all intents and purposes independent of stress or condition 
of the material over the whole range up to fracture. Hence 
it would appear that the results obtained by the method of 
flexural vibrations, at necessarily low stresses, afford elastic 
data applicable under any conditions. We shall give this 
method first consideration. 


FLEXURAL VIBRATION OF Rops. 


Theoretical Basis of the Method. 


The conditions which determine the free oscillation of a 
flexible rod are of course identical with those controlling the 
rapid vibrations which are commonly associated with the 
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problems of whirling in shafts, and in most cases the same 
equation of motion can be applied without error. Thus, 
provided only that external forces, such as gravity, have an 
effect which is either negligible or constant during oscil- 
lation, the fundamental equation is : 


oy w Oty _ 
Bla y . de =0, 
where w is tha weight per unit length of rod. 
For a rod of uniform section the general solution of this 
equation is : 
y= cos (pt +a) . [A cos mz+ B sin mg 
+C cosh mz + D sinh mz], 


in which expression the constants are determined by the 
length of the rod and conditions of support, and m is related 
to the period ¢ of a complete vibration : 


a_i w 
— è "gEI' 


It follows that if we are able in any instance to evaluate m, 
and to determine the period ¢ by experiment, then the 
modulus of elasticity for the material of the rod may be 
deduced from the relation : 

] 4r? w 
E= nisu 


or its “ stiffness" from the relation : 


1 4T w 
El- 7 s xL 

It remains to evaluaie m for the conditions of support 
which are likely to be useful in practice. 


a. Rod Simply Supported. 


For a rod of any uniform section, oscillating in a principal 
plane of inertia and simply supported at the ends, the value 
of m is well known. 


For the fundamental vibration m= F 


For a rod under similar conditions, but supported 
symmetrically at a distance from either end—as may be 
necessitated in practice by questions of convenience or 
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stiffness—the value of m may be found as follows : 


Fig. 1. 
€ lp E A oS e 


Taking origin at O and measuring z in the direction OP, 
the equations giving the displacement of any point from its 
position of statical equilibrium are : 


for OP, TET = Å cos mz + B, sin mz + C, cosh mz 

+ D, sinh mz 
for OQ, Cre) =A; cos mz + B, sin mx + C; cosh mz 

+ D; sinh mz. 

The end conditions are : 

on _ Ò 

2z=0,y,=0, y,—0, r=0, 55 = i 
Q'y, . O'Ys O'y Qu 
z=l,y,=0, «c=—b, 3s "325 =0, 927 Da? 
m l On _ 


From these eight conditions it is possible to eliminate the 
seven ratios between the constants A,A,B,B,C,C,D,D, and 
to deduce the relation : 


tanh i + tan m 9 1+ sec mb sech mb 


2 ~" tan mb — tanh mb ’ 


which determines the value of m. 

In order to obtain this expression in a form suitable for 
practical application, let the right-hand side be expanded in 
terms of mb. The result up to and including terms of the 


sixth order in — is 
mb 


ml ml 6 
tanh , Pia = 7 aga 


and it can be shown that for small values of the ratio 2 : 
a close approximation to the exact solution is given by l 
ml m mb 


— oR 


9-2" 6° 


2A 2 
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ml c Tib? 
Hence 375 1 1— Tys} nearly, 
and the value of the modulus for short overhangs is 
_ 4 wl qs, 4033 
"= eN +, 0"). 


Experimental tests show that this relation holds well for values 
of the ratio f up to 0:2, the correction in that case being 


over 10 per cent. 

For values of the overhang not exceeding 4, span the 
correction is less than 1 per cent. and may usually be 
neglected. 


b. Rod as Cantilever. 


For a fairly stiff rod of uniform section fixed as a hori- 
zontal cantilever the value of m is well known: 

1°875 
m= ——. 
! 

When the length / is measured along the rod, this value 
is found to give good results when the deflexion at the end 
does not exceed about //6. For more flexible sections the 
rod is more conveniently fixed as a vertical cantilever, but 
the value of m will in that case be influenced by the fact 
that gravity will increase (if the rod hangs down wards) or 
decrease (if it stands erect) the clastic restoring force, and 
will therefore have an effect upon the periodicity. 

The equation of motion in this case contains an additional 
term due to the effect of gravity, and for a rod hanging 
vertically downwards takes the form : 


Oty | Ow, wary 
where w is the weight per unit length of rod. 
If we assume as a solution ; 


y=usin ( pt- a), 


where u is a function of x independent of t, 
p, « are independent of z, 


then u must satisfy the equation : 


Ofu | w Qu pho. Q0 
Oct Eloc gEI^ ^ 
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If the effect of gravity is negligible the centre term 
disappears. In a large range of useful cases its value will 
be small. Under these circumstances it is justifiable to 
apply an approximate method for the solution of the 
equation : 


2 
D*4 ^ p—?” 0, 


EIP EÏ 
or Dt 4- aD — 81-0, say. 
Writing D= +e where e is small, we find 
« 
e— — igi nearly. 
Hence D28— ig , 


and the complete approximate solution may be written : 
u=(A sin Sx + B cos Ba)(1- ya) 
+ (C sinh 8z + D cosh £)(1— yz), 


= 1 wg 
where y= ip \/ RI: 
The end conditions are: 
= = Ou _ 
qz. u=0, AG =0, 
= Q?u = Qu u 
t= " LY =U, Y 2. 


By applying these conditions and eliminating ABCD, an 
equation results which may be reduced to the form : 


1+ cos Bl cosh Bl= a (cos Bl sinh 8l — sin Bl cosh Bl), 


Yy. 
where = is small. 
B 


The approximate solution of this equation is 
2 
Bl- B * 5> 


where Ap! is the value (1:875) of 83l when y —0. 
Hence the angular velocity p corresponding to the 
vibratory motion is given by 


pu) | zl 
E i Buh psELJ ° 
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and knowing the period t= Em the modulus of elasticity 
can be found by the formula : 
Aq! l*w ( 290 


= ge im 
2 
-3 2055 (1—0514 nearly. 


If the rod be fixed as a cantilever standing erect, the 
signs of a, y in the above analysis will be reversed, and we 


have finally : 
E—3:20 * walt 0519 ) nearly. 


c. Rod Simply Supported and Loaded at Centre. 

The vibration of a uniform rod with a Single concentrated 
load is treated exactly by Dunkerley *, who obtains an 
implicit equation in m. If the concentrated load is central 
it is possible to reduce this equation to the form : 


4 1—F (tan o- tanh 6) 4148 B tan O— tanh 6 


tan 0 tanhé J —0 
tan 0 — tanh 0 as: 
where a= Bun = UE 0z n 
m*gEI' mEI' D 
The solution to the present a is 
4w 
tan 0— tanh =t = Wm? 


: 
and the value 0 of — ut for any value of thie ratio d is given 


by the equation : 
Ziel 


0 (tan 0 — tanh 0)— Ww ee od ae x US) 
For assumed values of @ a curve can be plotted (fig. 2) 


. .) 
and the relation between S and mz P can be established 


to any required degree of accuracy. 
: 


It is of interest to note that 0— z when = is approxi- 


mately 7, showing that by loading a a rod centrally to this 
extent the period of vibration will be quadrupled. 


* Dunkerley, Phil. Trans. Roy. Soc. vol. clxxxv. 
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Fig. 2.— Effect of Central ers on Periodicity of simply 
supported Beam. 
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TECHNIQUE OF THE METHOD. 
(a) Accuracy. 


The form of the expressions obtained for the modulus 
makes it clear that some of the measurements require more 
careful determination than do others. For example, in each 
case the modulus varies inversely with the square of the 
period of oscillation, so that errorsin timing will be doubled. 
Where no artificial device is available for the counting of 
vibrations, accurate results cannot ordinarily be expected if 
the period is much less than 0°3 second. This limits to 
some extent the convenient application of the method and is 
discussed in more detail later. From the present experi- 
mental work it appears that with this reservation a reliable 
value for the periodicity can be expected if two tests are 
made, each over not less than a hundred oscillations and of 


not less than one minute's duration. 
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In determinations by the lateral vibrations of rods errors 
in the applied value of ml=0 will be quadrupled, and it 
follows ibat this must be known with more than usual 
accuracy. Approximate relations which are admirably 
suited to the estimation of whirling speeds require examin- 
ation before they can be accepted for the determination of 
the modulus of elasticity, and for that reason approximate 
methods have where possible been avoided in the theoretical 
treatment and where unavoidable have been checked 
experimentally. 

Careful measurement of the cross-section and length of 
the bar will also be necessary. For similar accuracy greater 
care is required in the computation of the sectional moment 
of inertia than merely of the sectional area. If the stiffness 
EI is required, of course, no measurement of the cross-section 
is necessary. There is no difficulty in measuring the length 
with sufficient accuracy when the rod is simply supported, 
but in other cases it is important that the end which is 
encastré should be very securely fastened in a massive 
clamp. Otherwise insensible movement in the clamp may 
increase the effective length oi the rod and seriously 
prejudice the results. In the present experiments the bars 
used were clamped horizontally in a 25 ton testing machine 
over 18 inches of their length, and in the case of a round 
bar one inch in diameter it was found that a measurable 
error was introduced if the distributed pressure fell to 
9 tons. 


(b) Experimental Results. 


Experiments were made in the first place to test the 
accuracy of the methods proposed and to verify the results 
obtained. 

a. In Table I. are shown values of the modulus obtained 
by the method of flexural vibrations compared with deter- 
minations made by extensometer on a short length of the 
same rod, and also by measurement of the deflexion of the 
rod as a simply supported beam with central load. The 
agreement in most cases is considered good. The heavier 
bars show a tendeney to give low results when fixed as 
vertical cantilevers, but this is almost certainly due to 
imperfect rigidity in the clamps employed, the importance 
of which has been mentioned. No present explanation is 
offered for the low figure obtained from bending of the flat 
section. The tests, however, seem to afford satisfactory 
evidence that the method is practicable and capable of good 
accuracy, and indicate that it may generally be applied with 
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less trouble and more confidence to stiff rods when simply 
supported. With lighter and more flexible rods, however, 

TABLE I. 


Comparative Values of Young's Modulus obtained by 
Statical and Dynamical Methods. 


Values of Young's Modulus. 


Extensometer. Oscillations. | Bending. 
| XM MM Vertical. 
E HMNU 
R 297 | 302 | 299 | 298 | 299 
] in. round...... 29:5 | 297 29:4 (28:6) 29:6 
l in. X À in. flat. 28:9 | 290 28:5 285 | (21:8) 
č in. round ..| — 298 0 — 294 — | 290 
COPPER : | : | 
in. round ...... | 17:9 |. 182 18:0 17:9 | 179 
Same Anneled.. [123 —— 181 | 179 | 176 | — 


it is found that oscillations are more readily made to persist 
under encastré conditions, and in these cases secure clamping 
presents no difficulty. 

b. Table II. gives the results of the tests made to verify 
the correction proposed for the overhang of simply supported 
rods. It will be seen that the results are reasonably con- 
sistent, and there is no serious deviation up to an overhang 
at each end of a fifth of the span. 


TABLE II. 


Test of Correction for Overhang. 


3 in. round, Steel. 


1 


Ratio of Young's Correotion 
Overhang. Modulus. Applied. 
bl. E. per cent. 
005 j 303 nil 
065 30:2 0:4 
10 30:1 1-3 
14 30:1 37 
18 30:0 TT 
. ) 
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c. Experiments were made to confirm the relation between 
mi — 0 and e . In these tests a steel rod and also a copper 


tube were used, and out of 25 determinations of Ó none 
differed by more than 4 per cent from the theoretical value 
derived from equation (i.). The greatest load was sixteen 
times the weight of the rod. 

d. Table III. gives values of the product EI for sections 
of a form inconvenient for extensometer tests. These are 
derived from oscillations and from careful measurements of 
static deflexion under load. The bar was in each case 
simply supported (on light rollers) and in some cases was 
subjected to a central load. 


TABLE III. 
Determination of Stiffness EI by Oscillations. 


Value of EI. 
Section. 


| Bending. Vibration, 


— — —M —— | 


Steel: lin.angle...| 419x103 421x10? 
| 21 in.angle..| 105x198 10:6 x 10° 
| Copper: $ in. tube.) 315x10? 310 x 10* 


t 


e. As a test of the validity of the method in the case of 
imperfectly elastic materials, the copper rod already used 
was annealed along its entire length and then subjected to 
tests by vibrations and by extensometer. The bending test 
was impracticable as the bar sagged continually under its 
own weight. In spite of this oscillations persisted sufficiently 
to give the results shown in Table I. These seem to afford 
definite proof that the method does effectively separate the 
elastic extension from plastic creep and also suggest that 
the true elastic modulus is not appreciably modified by 
annealing. The slight difference recorded may be due to 
incorrect measurement of the section, which showed slight 
irregularities owing to scaling during the process of 
annealing. The stress-strain relation revealed by the 
extensometer was nowhere linear, and the figures given in 
the table are derived from the earlier part of tests during 
which the load was being removed from the specimen after 
several applications. 
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(c) Applications. 


The method of flexural vibrations is put forward primarily 
for its scientific value as one capable of separating the truly 
elastic trom other forms of strain and of determining the 
true elastic modulus. For this purpose it appears to be 
admirably suited. The apparatus required is of the simplest 
type, no manipulative skill is necessary, and the results are 
reliable and accurate. 

It is not suggested that the method is able in any general 
way to take the place of the usual extensumeter test where 
information is sought regarding the static stress-strain 
relations of a material. Any dynamical method is by nature 
unsuited for such a purpose. But there are certain practical 
cases of materials which are perfectly elastic, or materials 
which by mechanical treatment will become perfectly elastic 
before employment, in dealing with which the method :of 
oscillations has distinct possibilities. In the first place a 
whole rod or bar of the material may be used for the test, 
so that no catting or preparation of a specimen is necessary 
whatever shape the section may be, a considerable saving in 
the case of sections whose shape renders them inconvenient 
to test by extensometer. Furthermore, where a section is 
to be employed as « beam or strut, the quantity upon which 
the design is based is the product EI of the elastic modulus 
and sectional moment of inertia. It is this product which 
also determines the period of flexural vibrations, so that 
without any measurement of the cross-section it is possible 
to calculate the stiffness of the rod from a knowledge simply 
of its length, period of oscillation, and conditions of support. 
With the lighter forms of rolled and extruded sections, the 
sectional moment of inertia requires very careful measure- 
ment, and in such cases the method may actually give more 
ready and reliable information of the behaviour of the section 
as a beam or strut than separate determination of the 
moment of inertia and modulus of elasticity, which the use 
of an extensometer would necessitate. 

The range of sections over which the method may con- 
veniently be employed is limited by the accuracy with which 
the timing can be carried out. It has been pointed out that 
the shortest period which is likely to afford reliable results 
is about 0:3 second. Table IV. has been drawn up on this 
basis and shows the least length of a number of sections 
upon which tests of this kind may be satisfactorily made 
when the section is unloaded and simply supported at the 
ends. Where bars of the necessary length are available, 
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experiment has shown that this method of support is as a 
rule the most suitable. When very light rods (the 3/16 
diameter tie rod referred to in Table I. is a case in point) 
are tested in this way, it may be found that owing to flexi- 
bility the oscillations damp out rapidly. In ack cases it 
will be more convenient to fix the rod as a cantilever, a 
process which will be found to give persistency to the 
vibrations and will also increase their period. A similar 
effect to a lesser degree is obtained if the rod is made to 
overhang at each end of the simply supported span. 


TABLE IV. 


Young's Modulus by Oscillations, Unloaded in Span. 
Minimum Lengths Suitable. 


i 
Section » Minimum | 


| 
| | 
| (Steel). . length. | 
— - — — ——— — —n | — 
| Joists : | feet | 
BSB 1 ...... 3X1} 15 | 
PTET 83x3 | 223 | 
B ils 6x3 20 
I2. | 8x4 23 | 
I sss 10x5 . 27 | 
Channels: i 
BSC 1...0. | 3x1i 17 ! 
do ases | 6x3 . 24 | 
DU eats 10x 3i 26 | 
| Angles 
BSEA 5 ..... 9x94 |! 16 
| ee 3x5x3 20 
If us. 6x6x£ 28 
Tees 
BST 6 ..... 2x2x 7, 17 | 
15.5 1x4x3 | 23 


i 
! | 
Ls : E 


When bars are employed whose section is too stiff or 
whose length is too short for this method, the period of 
vibration may be increased by the addition of dead weights 
at the centre. The extent to which this device will affect 
the period is indicated by fig. 2, which is derived from 
equation (i.). 

The 23-inch angle referred to in Table III. would have 
given a period of 0:123 second unloaded. By applying a 
central load of 306 pounds the period was increased to 0°36 
second, which is readily measurable. The extent to which 
this artifice can he applied is determined by the beam 
strength of the bar. It will be noted in this connexion, that 
since the period is for large central loads nearly proportional 
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to Wtli, whereas the maximum stress in the beam is 
proportional to WI, the period fora given maximum stress 
will vary directly with the length /. Hence the greater the 
length of the bar available, the more probable is it that the 
vibrations can be made sufficiently slow for measurement 
without overstressing the material. 


OSCILLATIONS OF A WIRE IN SPAN WITH CENTRAL LOAD. 


Consider a flexible wire of weight wl supported across a 
span 2M loaded centrally as shown in the figure. 


Fig. 3. 
A m M —*B 
na 5 hy 
Lor 
Ww 


The oscillations under consideration are those which would 
follow the sudden release of a small additional load at the 
centre. 

At any instant we shall suppose the tension at the ends of 
the wire to be T, acting at an angle of 0 with the horizontal, 
and that the central sag is Z. 


Writing Zo — M tan 6, 
m=chord AZ, 
[ 3 
we have | " cd 
oL dm 
je a tan 0 .60, 


where E is the apparent modulus of the wire in span. 
The upward force P tending in any position to restore 
equilibrium is 
P=2T sin 0— (W 4-wl). 
Hence ôP —2 sin 0 6T + 2T cos 0 60, 


_ 2KaZ,? cos! 0 ,, 2T cos? 0 


This will give rise to simple harmonic oscillations of 
period ¢ given by 
2Ea 
M? 
W+wl 
2 sinĝ 


2T wl\ 4T? 
C 30— el 
Zo cos? 0 + M 095 8 (W 4 2) By" 


where T= 
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The apparent modulus may therefore be derived from 
experimental figures by the relation : 


wl 
Be 2, 2M MYW+wl) 
~ OZ cos? 6 g 249 cosÓ ’ 
: Zo M W-rwl 
and since yn i 
m W wl 
Z 
it follows that 
v, wl 
aba 20M be q— 26 C08 9 | W 56 
- en (Q7 Geez) hw can se]. 
"73 
where sec? @=1+4 ; i = under normal conditions. 


In this expression the terms in the square bracket may be 
regarded as corrective upon the remainder, and in a 
particular determination either or both may be negligible 
according to the conditions. It is Bosnia where great 
accuracy is required that certain other corrections must be 
applied for curvature in span and for stiffness in the wire, 
but under practical conditions it will usually be found that 
tbe tension necessary to eliminate kinks and coiling in the 
wire will be sufficient also to render these corrections 
unnecessary. 

It can be shown that the fractional correction for 
curvature in span is 

w*n?aE 
12T: ` 
For a steel wire 0:1 inch in diameter across a total span 
of 50 feet, this correction is about 1 per cent. under a 
tension of 80 pounds. : 

The correction for stiffness will depend upon the means 
of support at the ends. 

If a wire is held in flexible clips the fractional correction 
1s "x aL. and for the same steel wire is below 1 per 
cent. for tensions ubove 60 pounds. In the case of a wire 
clamped horizontally at the ends this correction 1s doubled. 


Experimental Verification. 


a. In order to check the truth of these results and the 
accuracy of the method, experiments were made with steel 
piano wires whose elastic range was known to be large. 
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The wire under test was fixed across a span of about 
35 feet, each end being held in a light clamp carried on a 
small radial ball-bearing to ensure flexibility. The spindles 
carrying the En were bolted firmly to the under side 
of a stitf girder. ‘The central dip of the wire under test 
was measured on a steel scale which was suspended from the 
girder close to the wire and calibrated by means of a dumpy 
level. The tension in the wire was controlled by variations 
in the sag and load. 

Determinations were made covering a range of tensile 
stress up to 80 tons per square inch with various values of 
the dip, and the results showed that provided the tension 
was above a certain minimum (about 4U pounds) the value 
of the modulus deduced was consistent and agreed well with 
the values obtained by statical methods. Over a hundred 
determinations were made, and with two or three exceptions 
all were within 1 per cent. of the mean values. 

It was concluded from these tests that the method was 
free from systeinatic errors and capable of good accuracy. 

b. The ability of the method to separate elastic from other 
types of strain was tested and confirmed by the use of a soft 
copper wire. 

In spite of a final elongation of about 35 per cent. and in 
spite of the continuance of a visible creep during many of 
the periods of test, the value of the modulus (calculated on 
the sectional area at the time of test) was found to corre- 
spond with that obtained by statical methods during un- 
loading (after prolonged straining), and to be constant for 
all values of the tension up to the point of fracture. It 
should be pointed out that in some instances immediately 
following an addition of load the creep was so rapid that 
oscillations were dumped out before a determination of 
periodicity could be made, but there was in no case any 
evidence of variation in the period. 

It seemed reasonable to conclude from these experiments 
that the method does effectively eliminate all but elastic 
strains, and gives a consistent value for the true elastic 
modulus. 

c. The method was now applied to investigate the elastic 
properties of certain other wires, soft iron, hard drawn 
brass, and duralumin being employed. 

The values of the modulus obtained over the elastic range 
agreed well with the results of statical methods and are 
shown in Table V. In order to determine tle effect of 
plastic strain and high stresses upon the elastic properties 
of the wires, the experiments were continued at tensions 
above the elastic limit. The damping effect of creep was 
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sometimes evident with the iron wire, and in order to reduce 
the sag to convenient values it was necessary to shorten the 


TABLE V. 
Modulus for Wires by Oscillations. 


nn 


Value of E. 
Wire. 
Statical. | Oscillation. 

! Piai over rrt prins | 28:5 | 28i 
| » (annealed) ...... 284 / 28:8 | 

IH e our Der DNE 21:3 | 27-4 
NI ATE 14:9 149" 

Duralumin ............ | 10°25 | 10:3 
| Copper (annealed) ...| 157 | 15:85 


rr a aaaaaaaaaaaaaauaaaaasasssasassasauususssssltl—l 


wires after permanent set had begun to develop. Calcu- 
lations were based in each case upon the sectional area at 
the time of test. "The results showed that the value of the 
modulus.is substantially the same at all tensions up to the 
point of fracture with each of the wires employed. A pro- 
gressive diminution amounting finally to 3 per cent. was 
recorded in the case of the brass wire at high tensions, but 
no systematic change whatever could be detected in the soft 


iron or duralumin wires. 


The experiments described above were carried out at the 
University of Leeds. 
CONCLUSIONS. 


The results of the experiments with copper, iron, 
duralumin, and brass wire give definite support to the 
opinion that truly elastic strain is quite independent of any 
other form in development as well as origin, and show that 
it is possible to effect with certainty a separation in stress- 
strain relations between the elastic and non-elastic com- 
ponents of strain. They suggest moreover that elasticity 
is a definite inherent property of materials which is not 
destroyed by mechanical treatment and overstrain, and that 
its modulus remains practically unaffeeted by the elastic 
history and condition of the specimen. It will be interesting 
to trace the effects on this constant of heat treatment and 


temperature. 
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XXX. The Variation of Pressure with Temperature in 
Evacuated Vessels. By N. R. CAMPBELL. (Communi- 
cation from the Statf of the Research Laboratories of 


the General Electric Co., Wembley *.) 


SUMMARY. 


Ir a well baked and exhausted glass vessel is carried through a 
cycle of heating to a temperature Tg and cooling to a tempera- 
ture T, a condition is reached rapidly in which the pressures 
Pa, p», at these temperatures are repeated. If T4 is varied while 
Ts is fixed, both pa and p, are functions of Tg which depend also 
in a complicated manner on the constitution and preparation of the 
vessel. 

If to this cycle is now added a stage in which the gas is 
“cleaned up" by the discharge, both pa and p, decrease with 
repetition of the cycle, until final values are reached which are 
again both functions of Ta, but now depend much less on the 
constitution aud preparation of the vessel. If Tg = 120? C., 
T, — 20? C., ps is of the order of 107? mm. 

If the walls of the vessel are coated with a layer of metal 
(Ni, Mo, W)the statement of the first paragraph remains true; but, 
while the clean-up still produces a temporary reduction of pres- 
sure, it does not produce the progressive permanent change 
described in the second paragraph. If, in place of these metals, 
Mg, Zu, Cu, Ag are used, subsidiary complications enter that are 
discussed in the test. 

Attempts to determine by various methods the nature of the 
residual gas involved in these changes were not very successful, 
but mdicate (in accordance with expectation) that H,O and CO, are 
the main constituents. 

The facts relating to the metal-coated vessels seem in accordance 
with existing ideas, but throw no light on the still doubtful 
question what is the means by which the discharge promotes 
adsorption of gas. The more complicated facts relating to the 
bare glass vessels require more explanation. A very tentative 
theory is suggested, according to which the discharge in such 
vessels, besides promoting adsorption, induces a chemical reaction 
involving the glass which leads to the permanent removal of some 
of the gas; at the same time the glass is capable of disolving the 
gas with the formation of saturated solutions which have at the 
temperature T4, the vapour-pressure pa; gas is continually intro- 
duced into the vessel from the outside by diffusion of these 
solutions through the glass, and prevents pa from falling below 
this value in virtue of the removal of gas by the chemical 
reaction, 

* Communicated by the Director. 
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Some practical conclusions arising from the facts described 
are mentioned. Permanent low pressures («10-5 mm.) in sealed- 
off vessels appear to be obtainable only if the glass walls are coated 
with metal. A reason is given why gas adsorbed on a metal 
surface cannot be removed by prolonged baking of the glass vessel 
in which it is contained, although it can be removed with great 
ease and rapidity by heating the metal in the cool glass vessel. 


(1) Outline of the Observations. 


I a glass vessel is baked at a temperature T during 

exhaustion to a low pressure p, sealed off and heated to 
a temperature T' less than T, the pressure will rise and 
approach asymp ey a pressure p greater than p. This 
fact appears to have been established first by Shrader * ; 
some additional facts were recorded in a previous paper 
from these laboratories T. We now propose to describe 
a more detailed study of the changes of pressure associated 
with changes of temperature in well-baked and well-ex- 
hausted vessels. 

The vessels were constructed as ionization gauges. The 
walls were composed of four different glasses, A, B, C, D ; 
the cathode was always a tungsten filament; the grid 
and anode were usually of nickel, but sometimes of moly- 
bdenum or tungsten. These changes in the materials of the 
vessel, which were accompanied by changes of geometrical 
form, had no ascertainable effect on the results, and accord- 
ingly it is not necessary to describe them in detail ; but 
particulars of the four glasses are given in an appendix. 

After the vessels had been well exhausted at a tempera- 
ture not less than 380° C., they were subjected to three 
operations :—(a) heating to a temperature T, which lay 
between 509 and 200? C.; (b) cooling to '*room tempera- 
ture” T, between 13° and 20°C.; (c) “cleaning-up " or 
reduction of pressure to pe by the passage of a suitable 
discharge from the thermionic cathode. 

Since in (a) and (b) the pressure approaches a final 
value asymptotically, a slow change being still perceptible 
after 24 hours, it was necessary practically to fix con- 
ventionally the period of each of these operations. The 
periods ranged from 20 to 44 hours; the effects of 
variation within this range were masked by other irregu- 
larities. Again no significance must be attributed to the 

* J. E. Shrader, Phys. Rev. xiii. p. 434 (1919). 


+ Research Laboratories of the G. E. C., Phil. Mag. xlviii. p. 553 
(1924). 
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exact values of p. ; they depend on the period and conditions 
of the clean-up. So long as pe is considerably lower than 


the preceding p», its precise value is of no importance. 
A typical series of observations is detailed in Table I.; 
the numerals in the first column serve to identify the 


operations and denote their order. 
TABLE I. 


Pressures in 1075 mm. calculated from the reading of an 
ionization gauge, assuming that the gas is nitrogen. 


Pa 
° A EE ~ Ph. Pe 
(T,=200°C.) (T,=120°C.) (T,=13°-20° C.) 
Discos ise m 13:4 ses 
DA gs es - s 06 
doses: — 183 € es 
r PEN es ies 130 = 
bod, - = = l3 
coss = 98 -= E 
ro — — 57 — 
B een — — — 0:8 
Does — 50 — — 
10 2c — — 27 — 
Monis a == = 0'1 
| eae we Jg 55 e 
(EPOR Er = 13:6 E 
E qu NER P -— S 0:1 
ie Les 35 = = 
16 ......... x pa 13:9 um 
v PO - — — 21 
18 ......... s 24 - E 
19:55: E = ]2:8 = 
MW isiicien: 450 Zs imd 2 
DN ERTA si -— 290 EM 
Dd omen: e = — ll 
V ERR 290 T E E 
2. MR axe es 140 -n 
25 ... = — ts 0:8 
26 ......... 190 SEN ES E 
Lr ERN = = 100 € 
DB cre - = T 1:3 
| osa 150 X S — 
30 rusos, ae — 80 EN 
dudas 120 = zs 12 
38 rss ae - 80 = 
$3......... n € as 0:8 
34 ......... 130 = m" m 
15 — 


B 2 


e 
| 
to 


HAIASSEEEXJ 


372 Dr. N. R. Campbell on the Variation of 


Considering first 1 to 4, we see that the first heating pro- 
duces an increase of pressure which is not reversed by 
cooling. (This increase would have been the same if the 
clean-up at 2 had been omitted.) But if, after 4, operations 
a and b had been repeated alternately without c, no further 
prego’ change would have occurred; pa and pa would 
ave repeated themselves, and, apart from minor irregulari- 
ties (which may have been due in part to lack of control of 
the temperatures), the pressure would have appeared a 
definite function of the temperature. But when a clean-up 
is interpolated, as at 5, a permanent change is produced ; 
at 6 and 7 the pressure would again be found to be a 
definite function of the temperature if a and b were 
repeated, but the values would both be lower than before the 
clean-up at 9. Repetition of a, 6, c in cylindrical order 
reduces these pressures further until, from 7 to 19, the 
pressures at the high and the low temperatures reach final 
values whieh are unaltered even if the vessel is cleaned up. 
When the temperature in a is raised, as at 20, the whole 
cycle of changes is repeated. There is first an increase of 
the equilibrium pressure at room temperature. If the vessel 
is heated and cooled, without intermediate clean-up, the 
pressure corresponding to each temperature is fixed; but 
the clean-up reduces these pressures gradually until a final 
state is reached in which the relation between pressure and 
temperature is unchanged by the clean-up. It is to be 
noted that the final pressure at Ty after heating to 200° 
is markedly greater than the final pressure at the same 
temperature after heating to 120? ; the pressure is a definite 
function of the temperature only so long as the cycle of 
heating and cooling remains unchanged. In order to 
recover the lower value after b (e.g. that at 19), it would be 


necessary to repeat the cycle a, b, ¢ several times, with the 
lower value of Ta. 


(2) The Pressure- Temperature Coefficient. Glass Vessels. 


Observations similar to those of Table I. were made on 
a large number of vessels, and attempts were made to 
co-ordinate the absolute values of the pressures. One 
regularity that could be detected is shown in fig. 1. Here 
pa is plotted against pj; in each case Ta was about 120°, 
and pa is compared with the ps immediately following. 

The deviations of most of the points from the line drawn 
through them do not exceed markedly the irregular varla- 
tions shown in Table I. between the values obtained on 
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repetition ef a cycle in which there is no progressive 
change. There is, however,a group of points which diverge 
markedly, all lying well above the line in the region of 
small pressures. It is probable that for these points ps is 
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misleadingly small. For in all cases the reading of the 
ionization gauge involves a change of pressure; there 
is usually a slight rise of pressure, due to the heating 
of the electrodes, followed by a fall, due to the clean-up. 
The pressure recorded is always the first that can beread, and 
normally does not differ markedly from the maximum ; but 
in the discrepant vessels the initial rise is abnormally large ; 
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if the maximum had been recorded in all cases, the dis- 
crepancy would have disappeared. If it is neglected for the 
moment (for there are also normal points in the same region 
of pressure), the experiments shown in the figure indicate 
that there is a relation between pa and p», which may be 
roughly described as defining a temperature-coefficient of 
the pressure, independent of (1) the nature of the glass and 
of the electrodes within the limits investigated, and (2) of 
whether the pressures have or have not been reduced by the 
clean-up. It is not certain that the relation is not also 
independent of Ta ; for observations in which this tempera- 
ture was 200°C. seem to be also near the curve; but the 
number of these observations was so small that it would 
be unwise to base much on them. Here it may be pointed 
out that the experiments are tedious and that each point 
implies a: lapse of at least two days; the experiments of 
Table I. occupied five weeks. 

Many attempts were made to discover a relation between 
the treatment of the vessel on the pump and the value 
of p, after the first heating, but no success was obtained. 
Very high values of p, can be avoided by prolonging the 
period of baking and pumping, but there was no evidence 
that the continuance of these processes for more than a few 
hours had any effect. A vessel which had been baked on 
the pump for 24 days at temperatures gradually reduced 
from 400? C. to 250? C. differed in no way from others 
sealed off after two hours’ baking at 360°. 

On the other hand, the important fact appeared that the 
final values of pa and p, were never very different, what- 
ever were the initial values. The initial pa (7. e. the value 
after the first heating to 1209 C.) varied in these experi- 
ments between 40 and 1:°5x1074mmm. ; the final value 
attained after many repetitions of the cycle a, b, ¢ varied 
between 0:14 and 0:06 x 10^ * (in normal vessels), and there 
was no correlation between the initial and final values. It 
appears that by the repetition of that cycle vessels of this 
type can be reduced to a definite state which is always very 
nearly the same and is independent within wide limits of 
their previous history. 


(3) Metal-coated Vessels. 


In the exhaustion of these vessels discussed so far, the 
electrodes were heated in the usual way to drive off gas, but 
care was taken not to raise the temperature so high that 
there was any appreciable evaporation of the metal and 
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blackening of the walls. In another series of experiments 
the walls were deliberately blackened with evaporated nickel. 

It is well known * that the pressure in a vessel can 
be greatly reduced by this process ; though it was originally 
described in connexion with the evaporation of tungsten, 
the reduction is not confined to this metal. Accordingly, if 
all gas had been caretully removed from the metal before eva- 
poration and the vessel was sealed off immediately afterwards, 
the resulting pressure was very much lower than any that 
could be obtained by mere pumping. But if it had not 
been removed completely, so that the gas was evolved from 
the heated metal during evaporation, the pressure was not 
less, but usually greater, than that in the vessels with 
unblackened wails. 

With vessels prepared in this manner, the results were 
definitely changed. In the first place the clean-up produced 
no progressive change in pa and p, ; the vessel could still, 
of course, be cleaned up by the discharge to a pressure 
less than ps, but, however often the clean-up was repeated, 
the values of pa, ps obtained after the tirst cycle of heating 
and cooling remained unchanged. 

In the second place tbe ratio of pa to ps, represented in 
fig. 2, was considerably higher. The line in this figure 
refers to glass vessels and is transferred from fig. 1; the 
points refer to vessels of which the walls were coated with 
metal; it is clear that they define a temperature-coefficient 
much higher than that of the unblackened vessels. The 
points for these vessels are necessarily fewer, because now 
each vessel will give only one point; several points cannot 
be obtained for the same vessel by means of the clean-up. 
Further, the vessels shown are those in which pa and po were 
relatively high because gas was evolved during the deposition 
of the metal. Those in which this evolution was avoided, 
and consequently the pressure was very low, cannot be 
shown on the same scale. The measurements at these very 
low pressures are somewhat inaccurate, but there was 
no doubt that the very highly evacuated vessels showed 
also the increased temperature-coefficient of the pressure. 
It is ditticult to prepare vessels in which the pressure after 
sealing off and heating will have a prescribed value. 

Exactly similar results were obtained when the walls 
were blackened with tungsten or molybdenum by ex- 
ploding wires, or again when nickel was deposited from the 
carbonyl by warming the walls, instead of by evaporating 


* Cf. S. Dushman, * High Vacua,' p. 172. 
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the anode. In none of the matters discussed here could any 
difference between these three metals be detected. Attempts 
to use silver, copper, magnesium, or zinc failed. When 
silver or copper was deposited on the walls, either by 
evaporation or by chemical deposition, there was no equi- 
librium pressure at 120° or high temperatures ; the 
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pressure increased steadily as long as the heating was 
continued. At the same time, the deposit changed in 
appearance and ultimately became transparent. It is clear 
that, even at this comparatively low temperature, there 
is some reaction between the metal and the glass which 
introduces a new and disturbing factor. With magnesium 
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or zinc again it was impossible to measure the pressure 
satisfactorily on the ionization gauge ; for the clean-up was 
so rapid that the pressure changed materially during the few 
seconds required to take an observation. The clean-up 
proceeds, though more slowly, even when no anode voltage 
is applied ; the mere presence of the hot filament seems 
to cause the disappearance of the gas in the presence of 
these metals, just as it does in their absence when the gas 
is hydrogen. But such measurements as could be made 
indicated again a temperature-coefficient of the metal-eoated 
vessels greater than that for those with bare glass walls. 
This difference is important in the interpretation of the 
results, for it leads at once to the rejection of the most 
obvious explanation of the progressive action of the clean-up 
to the glass vessels. At first this was naturally attributed 
to the gradual formation of a film of sputtered or evaporated 
metal on the walls ; for such a film will produce all the 
effects of a metal-coated surface even when it is invisible. - 
But the marked difference in the temperature-coetticient of 
a glass vessel reduced to its final state by the clean-up and 
that of a vessel known to be metal coated is quite inconsis- 


tent with this explanation. 


(4) Permanence of the Clean-up. 


In this account one feature, common to the glass and the 
metal-coated vessels. has been left unnoticed. The low 
pressure produced in (c) by the clean-up is apparently 
permanent, so long as the vessel remains at room tempera- 
ture ; vessels re-examined a year after they were cleaned up 
have shown no increase of pressure in the interval of as 
much as 1 per cent. On the other hand, the heating in 
(a) reverses completely the effect of the clean-up ; in 
the metal vessels or in the glass vessels in their final state, 
Pa is the same whether it is reached from pos or from 
the much lower pressure pe established at Ts by the clean- 
up. It may be asked, therefore, what temperature inter- 
mediate between T4, and Ts, is necessary to reverse the 
clean-up. 

There is no such definite temperature. When the cleaned- 
up vessel is heated, the pressure rises with the temperature 
more rapidly than it would if the same initial] pressure 
had been established by mere cooling without the clean-up. 
If at any stage the heating is stopped and the vessel 
cooled, the pressure falls; if the heating has lasted a short 
time, or if the increase of temperature has been so small 
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that p has never been reached, then the pressure on cooling, 
though higher than the initial pe, will be less than py. But 
if it has been maintained for a sufficient length of time 
at any temperature at which pressure becomes greater 
than p», then the effect of the clean-up is wholly reversed 
and the pressure will fall on cooling to ps, just as if the 
clean-up had never been performed. 
= If, however, the vessel is cleaned up at a temperature 
ef 120°C., then the clean-up is not permanent; if the 
temperature is maintained the pressure rises slowly again 
to pa. Accordingly, the permanence at room temperature is 
probably illusory. The truth is that the rate at which 
the clean-up is reversed increases rapidly with the tempera- 
ture ; at 20? C. it is to be measured in centuries, at. 120° C. 
in hours. The labour of investigating the matter more , 
nearly has therefore been judged prohibitive. 


(5) Nature of the Gas evolved. 


` The experiments remaining to be recorded were directed 
to determine the nature of the residual gas. It was almost 
certainly not wholly the same in the blackened and in the 
unblackened vessels; for whereas in the former a thoriated 
tungsten filament would readily develop and maintain 
the high thermionic emission characteristic of thorium, 
in the latter the emission was never developed without 
* flashing " and never survived operation (a). But little 
more could be established definitely. The critical potentials 
of the residual gas were examined, absolute values being 
assigned by means of the ionization potential of Hg; 
only one such point could be identified certainly at the 
low pressures to which observations were necessarily con- 
fined ; it varied irregularly between 15:8 and 17:2 volts. 
A comparison was made with vessels filled on the pump with 
H,, CO, CO, H,O. The last three gases all have critical 
potentials within this range, while that of hydrogen is less 
than 14:0 volts. The method would seem, therefore, to 
indicate that hydrogen is never present in considerable 
quantity, but this conclusion is so improbable that it seems 
rather to throw doubt on the validity of the method. 
Again, it was never possible to imitate exactly the current- 
voltage characteristic of the residual gas by means of anv 
one of these gases alone. That gas is therefore probably 
a mixture—a conclusion likely enough, but one which makes 
it almost impossible to discover its composition by this 
method. 
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Attempts were also made to pump away and collect 
the residual gas. Whena vessel is baked on the pump even 
to 120? C., the pressure in it is always notably higher than 
when it is cold; the evolution in these circumstances must 
be continuous. There is no difficulty in collecting gas from 
the high-pressure side of a diffusion pump connected to such 
a vessel, but there is great difficulty in proving that this 
gas comes entirely, or even mainly, from the baked vessel ; 
some certainly comes from the connecting tubes (which 
cannot all be baked) and from the parts of the pump 
itself heated by the stream of mercury vapour. If, on 
the other hand, the gas is absorbed in cooled charcoal 
or even on cooled glass, there is very grave difficulty in 
ensuring that the gas liberated when the absorbent is heated 
js that which has been absorbed, neither more nor less. 
Much time was wasted on this work, and muny methods 
which appeared satisfactory for a time had to be abandoned 
on further inquiry. The only conclusion that can be stated 
with confidence is, that in all experiments of this kind, water 
and carbon dioxide were always found in the gas collected, 
and both may therefore be present in the residual gas 
evolved from the heated vessel, while there was never 
certain evidence of the presence of any other gas from that 
source. 


(6) Discussion. 


Such are the facts; now some interpretation of them 
must be attempted. They are simplest when the vessels ure 
metal coated. Here we may suppose that there is present in 
the vessel a definite quantity of gas, depending on the 
conditions prevailing during the deposition of the metal 
layers and on the maximum temperature to which it has 
since been heated. This gas is partially absorbed on the 
walls, the quantity so adsorbed increasing as the temperature 
falls. The clean-up increases this adsorption ; its effect may 
he described, as in a previous paper", as a decrease of 
the vapour-pressure of the adsorbed gas, the decrease being 
strictly permanent only while the discharge lasts. 

All this is comprehensible and in accordance with ideas 
already put forward. The only important question which 
remains is why the clean-up reduces the vapour-pressure. 
Here the later work has neither increased nor decreased the 
difficulties encountered previously. The ionization of the pas 
must cause it to assume some state in which it adheres 


* Research Staff of the G. E. C. Joc. cit. p. 571. 
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more firmly to solid surfaces, but this state cannot be simply 
that of ionization. 

But in the glass vessels the facts are not so simple. For 
here we have a truly permanent as well us a temporary 
effect of the clean-up. In the final state the conditions may 
be the same as in the metal-coated vessels ; there may be a 
definite quantity of gas present of which merely the 
adsorption is changed. But if so, why is this quantity of 
gas so nearly independent of the history of the vessel and 
especially of the quantity initially present ; if the clean-up 
can remove, gradually but permanently, so large a propor- 
tion of the initial gas, why can it not remove all? An 
answer may be suggested, athough it is admittedly specula- 
tive. 

The permanent reduction of pressure must surely be due 
to some change in the state of the gas, involving the glass 
and possibly, though not certainly, the metal parts of 
the vessel, which is more permanent than adsorption ; let us 
call it by that term of convenient ambiguity, a chemical 
reaction. It is conceivable that only part of the gas initially 
present is capable of this reaction, which ceases when that 
part is exhausted ; but in view of the independence of the 
final on the initial pressure, another view seems much more 
probable. It is known * that some silicates at high tempera- 
tures in contact with water form water-silicate solutions 
characterized by definite equilibrium pressures of the vapour 
phase; itis not unlikely that similar solutions are formed in 
which carbon dioxide replaces water. There is abundant 
evidence that diffusion is possible in glass at temperatures as 
low as 120? C. ; the glass is always in contact with water 
and carbon dioxide on the exterior surface ; the equilibrium 
pressure of the saturated solutions of water and carbon 
dioxide in glass will therefore establish itself on the inside. 
This pressure at T; may be identified with the final pa. If 
there is initially within the vessel more vapour than corre- 
sponds to the pressure, the discharge, in addition to increasing 
the adsorption. as in metal vessels, will remove some of it 
permanently by the chemical reaction ; but when the 
amount has reached that corresponding to the equilibrium 
pressure, any quantity removed by chemical reaction during 
(c) will be restored during the subsequent (a). On the 
other hand, p; does not represent the equilibrium pressure at 
Te for two reasons. First, the rate of diffusion doubtless 
increases enormously rapidly with the temperature; the 


* G. W. Morey, J. Am. Chem. Soc. xxxix. p. 1173 (1917). 
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temperature falls from Ta to T; in a few minutes, and 
during this time diffusion has not time to establish equi- 
librium between the vapour phase and the interior of the 
glass. Second, since the pressure of the vapour on the 
outside of the vessel is much greater than that on the inside, 
the excess of vapour would not be transferred to the outside, 
even if infinite time were allowed ; the superfluous vapour 
would remain inside as a separate phase ; p, represents the 
pressure exerted by this superfluous vapour after some of it 
has been adsorbed on the glass surface; owing to the 
adsorption p, is less than pa, but it will increase with Ta and 
pa, even though T; remains unchanged. 

The objections to the theory are obvious. The complete 
similarity between samples of glass so different in composi- 
tion is striking. Again, according to this view, the 
difference between the glass and the metal vessels is three- 
fold. Metals do not enter into the supposed chemical reaction; 
they do not dissolve the gas; there is no diffusion through 
them. None of these differences are precisely what would be 
expected. Nor is it easy to get fresh confirmatory evidence. 
Of courso an attempt might be made to prepare glass 
wholly free originally from dissolved gas and to prevent it 
from absorbing gas from the air by a vacuum jacket; but 
the experimental difficulties have so far deterred us from the 
attempt ; it must be remembered that the supposed equili- 
brium pressure at 200? C. is only 10 *mm., and that the 
pressure in the vacuum-jacket must be permanently below 
this limit. The only confirmation that can be offered at 
present is a difference in the time required to reach the 
equilibrium pressure at any given temperature; this time 
was distinctly less in the metal-coated vessels, a difference 
consistent with the view that in these diffusion within the 


walls plays no part. 
(7) Consequences for Lligh Vacuum Technique. 


But whatever may be the explanation, there is no doubt that 
there is a difference between glass and metal-coated vessels, 
which may be most important for some practical purposes. 
Our observations indicate that it is impossible to make 
a vessel with bare glass walls in which the pressure will 
remain permanently as low as 1079 mm. in such conditions 
as are likely to prevail in practice. The pressure can be 
reduced below this value by the clean-up; by taking great 
care to avoid heating of the walls of the vessel by the 
discharge used for the purpose, pressures as low as 1075 mm. 


382 Variation of Pressure in Evacuated Vessels. 


can thus be reached ; but a very moderate rise of tempera- 
ture will restore the original value. On the other hand, 
by coating the walls with evaporated metal, and taking care 
that the pressure during the evaporation is as low as possible, 
it is quite easy to obtain vessels in which the pressure at 
20? C. is permanently less than 107" mm. and not more than 
1075 mm. at 120? C. * 

In fact, the impression prevailing in some quarters that 
metals are to be avoided in vessels in which the highest 
vacua are to be obtained, appears to be based on a misunder- 
standing. If metals are present, the gas on their surface 
adsorbed from the atmosphere must be removed (and also 
the gas in the interior i a are ever to be raised to a 
temperature at which this is likely to emerge). Now, this 

as cannot be easily removed by baking the whole vessel, 
Por a reason which these experiments disclose. The adsorp- 
tion on a metal surface varies more rapidly with the 
temperature than that on a glass surface. When the vessel 
is hot, it will be filled with vapour coming from the 
glass; the supply of this gas is inexhaustible; and the 
resulting pressure at a given baking temperature depends 
mainly on the ratio of the area of the glass surface to the 
diameter of the tubes connecting the vessel to the pump. 
Unless this ratio is unusually small, the pressure in the 
vessel during baking at 400° will not be less than 107* mm., 
and usually will be considerably greater. As the vessel 
cools, this vapour tends to be adsorbed on the surface of the 
metal rather than that of the glass, and is evolved thence if 
the temperature of the metal rises in subsequent operations. 
The metal surface can be freed from gas only by making the 
metal hot while the glass is comparatively cold; but it 
can be freed by that method with great ease. 

An illustration of this process is afforded by the difficulty 
mentioned ou p. 373. There is always a rise of pressure 
when the filament of the gauge is heated, because the metal 
portions of it have adsorbed gas during the cooling of 
the vessel which is liberated when they are warmed by the 
filament. In the gauges in which this rise was abnormally 
large, the metal parts were probably in an abnormally 
receptive state, for some reason that is not understood at 
present. 

* Even the smallest of these values are much greater than those 
which other workers appear to have no difficulty in obtaining. 
References to pressures of 10-? are common in the literature, and even 


10-! has been mentioned; but it is never clear whether the vessels in 
which these pressures were found were sealed off from the pump. 
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APPENDIX. 

The following table gives the chemical composition and 
some of the physical properties of the four glasses used in 
the experiments :— 

Characteristics of Glasses used for Vessels. 


A. B. C. D. 
[SiO - xss 56:5 62 720 72:0 
ALO, ...... — -— — 3:0 
PbO .... 30-0 20 — — 
Chemical Composition ; CaO ..... ... — 4 5:6 39:0 
(main constituents only) MgO  ...... — — 3:0 — 
K Oi 52 9 1:0 46 
NaO ...... 6:3 3 16:0 2:5 
(BO, ...... — — — 15:0 
Softening temperatures (relative)...... 4209 C. 52090. 550°O. 620°C. 
Temperature at which resistivity is 
10* ohm/em.?.................. eere 350°C. 4159€. 185°C. 4009C. 
Temperature at which resistivity is 
105 obm/cm? ........  .. MEES 480° C. 550°C. 330°0. 605°C. 


XXXI. A Bath for Observations at Lower Temperatures. 
By W. H. PATTERSON *. 


A BATH of which the temperature is easily controllable, 

so that it can be rapidly cooled, then slowly cooled 
further, heated or kept constant near a particular temperature, 
is useful for many experiments. 

The apparatus described was designed for measuring the 
limits of miscibility of liquid pairs from room-temperature 
downwards. It has also been employed for determining 
"setting points" of many liquids, as a better control of 
purity than the tests usually made. In the latter case, the 
liquid to be teste! is placed in the bath in a tube enclosed 
in a larger one with an air-space between, so that the 
pentane or other thermometer in the liquid may be sensible 
to the latent heat of change of state and indicate either the 
true “setting point," or, in the case of impure liquids, 
the “setting point range." While no novel principle is 
involved f, the apparatus is simple, it has a wide range, and 
even nt the higher temperatures has many advantages over 
the use of ice or salt mixtures. It consists of a Dewar 
flask A, 11 x 4:5 cm., nearly filled with alcohol and provided 

* Communicated by the Author. 

f d'Arsonval, C. R. 133. p. 980 (1901), used a bath of paraffin cooled 
by allowing liquid air to drop into, and evaporate from, a small metal 
vessel ped on the surface, for maintaining temperatures —115° to 
— 194°C, 
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with a cork through which pass a mechanical stirrer B and 
the tube for liquids to be tested C. 

Connexions are made through the cork to a coil of about 
50 cm. No 26 Eureka wire (the electrical resistance of 
which changes but little with the temperature). When the 
ends of the coil are connected to a single accumulator the 
rise of temperature of the bath is about 17:5 per minute. A 
two-way switch is provided for slower heating. 


The cooling is effected by means of the tube E, which is 
wider at the lower end. At the bottom is a wad of cotton- 
wool. Into this tube passes a narrow glass tube with a fine 
orifice leading from the Dewar flask F which contains 
liquid air. The liquid air, in small amounts, is forced 
into E at will by means of a bicycle pump at G. 

The apparatus has been used for temperatures between 
--30? and —120? C. A steady temperature is attained 
within half a minute of breaking the current or forcing over 
the liquid air. The temperature can be reduced, if desired, 
by 100 degrees in 15-20 minutes. Observations of the 
thermometer and liquids tested can readily be made through 
the walls of the Dewar flask, and it is only necessary to 
wipe off the moisture condensed on the outside occasionally, 
even at the lowest temperatures. The use of liquid air in 
the way described is very economical. 
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XXXII. Molecular Association and the Equation of State. 
By M. F. CARROLL, M.Sc. ( Lond.)*. 


[^ a recent paper by Prof. J. R. Partington and the 

author on the “ Specific Heats of Carbon Monoxide and 
Hyvdrocyanie Acid Vapour” T, it was assumed from the 
measurements of Usherwood that hydrocyanic acid vapour 
is considerably associated to double molecules at the tempe- 
ratures and pressures employed by Usherwood f and the 
authors. Further, it was deduced that in the neighbourhood 
of the critical point, hydrocvanic acid consists almost entirely 
of double molecules ; and since the critical constants of this 
compound have not yet been determined, use was made of 
certain empirical relations given by Walden § for calculating 
the critical data. Walden distinguishes between the so- 
called “normal” substances (such as hydrocarbons, ethers, 
etc.) and those described as “abnormal” (such as water, 
ammonia, acetic acid, and the alcohols), on the ground that 
certain physical properties of the “normal” compounds 
bear a simple and constant relation to each other, while 
the “ abnormal ” compounds show considerable divergence 
from this rule. 

Similar evidence for this differentiation between “ normal 
and “ abnormal" substances may be found in the variation 
of the constant f of van der Waals’ vapour-pressure 


equation 
i log Pop = f(T.|T—1), 


where f varies from about 1:8 to 40 for different 
substances. Thus in Landolt- Bórnstein's tables the 
following classification is adopted : 


Group 1. f< 255, RT./P.V. = 3:0 to 3°5 
Group 2. f= 2°6 to 3:2, RT,/ PV. = 3:5 to 4:0 
Group 3. j > 3:2, RT, P.V, > 4:0, 


where f is defined above and K7,/P,V, is the ratio of the 
ideal to the actual value of RT at the critical point. 
Group l comprises the permanent gases, Group 2 the 


* Communicated by the Author. 

f Phil. Mag. xlix. p. 655 (1925). 

1 Journ. Chem. Soc. (T), ccxi. p. 1604 (1922). 
§ Zeit. phys. Chem. lxvi. p. 385 (1909). 


Phil. Mag. S. 7. Vol. 2. No. 8. August 1926. 2C 
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* normal? substances, and Group 3 the “abnormal” sub- 


stances. Another criterion of abnormality is Trouton's 
rule, 


A/T = a constant = c, 


where A is the molecular latent heat of evaporation and 
T the ahsolute temperature. The constant ¢ is approxi- 
mately equal to 21:0 cals./deg. for the “normal.” substances, 
and substances giving a higher value for c are regarded as 
associated, although acetic acid and its homologues, which 
are undoubtedly associated to a large extent, give a very 
low value for c, while a further class of substances corre- 
sponding to Group 1 of the above table, and which we will 
refer to as “ subnormal " substances," give a very low value 
of c, ranging from 12:0 to 17:0 cals./deg. 

The strongest evidence for this arbitrary division is found 
in the rule of Eötvös as modified by Ramsay and Young. 


The latter authors have shown that, in order to account for 
the deviation from the equation 


M23 
dus (Mv)? 


dg en constant = — 2:11 approx., 


a greater molecular weight must be assigned to the “ ab- 
“normal” substances than that obtained from vapour-density 
measurements. This equation is derived on the assumption 
that the “ normal ? substances are quite unassociated in the 
liquid state. Of late, however, this assumption has been 
questioned, although it appears to be generally accepted. 
A closer survey of the physical properties of the ** normal” 
and ** abnormal” substances shows that the division is quite 
arbitrary, the line of demarcation being very indefinite. 

An attempt will now be made to show that association 1s 
common to all substances, and is quite appreciable even 
in the case of the gases of the inert group at low tempe- 
ratures and high pressures. Although water and the 
alcohols are regarded as associated in the liquid state, it 
is usually assumed that in the gaseous state they are un- 
associated. This view is illogical, as mav readily be seen 
from a consideration of the Cailletet-Mathias density- 
temperature curve. Thus, starting from water at its 
boiling-point and proceeding along the liquid-density curve, 
we should expect to find as the curve approaches the critical 
point that the degree of association becomes progressively 
less, since the volume increases. In the case of association 
to double molecules, the dependence of a, the degree of 
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association, upon the volume is given by the equation 


where A is the association constant. Since the change 
is perfectly continuous, as is also the change from liquid 
to vapour at the critical point, we may reasonably assume 
that a decreases progressively with increase of volume ; 
and proceeding thence along the vapour-density curve, 
we see that association should exist in the vapour at the 
boiling-point, or indeed under any conditions, and would 
in certain cases be given quantitatively by the above 
equation. 

The only methods available for the absolute determination 
of association are a measurement of the vapour density of 
the gas and the various methods for estimating the molecular 
weight of dissolved substances. Only those substances ure 
regarded as associated in the gaseous state which, like acetic 
acid and its homologues, give a vapour density considerably 
greater than the theoretical. Variations in the vapour 
densities of other substances are ascribed to deviation from 
the gas laws, and are accounted for by introducing into the 
ideal gas equation some function of P or V which will 
account for these deviations. So far all these equations 
of state, although showing good agreement in particular 
cases, are incapable of general application ; so that of all the 
equations devised, whether theoretical or empirical, not one 
can be used to represent accurately the behaviour of fluids in 
general, or even that of any particular fluid over the entire 
range of its existence. If, however, molecular association 
is assumed to be quite general, it will be obvious that no 
known equation of state can represent accurately the 
behaviour of actual fluids. With regard to liquids, it 
appears to be still assumed quite generally that the mole- 
cular weight of a substance in the liquid state is necessarily 
the same as in the gaseous state—an assumption which is 
clearly unjustified. Such evidence as exists in its favour 
depends on the further assumption that the molecular 
weights of certain “ normal ” substances are identical under 
all conditions. The difficulty in establishing the existence of 
association in the vapours of the '* normal? substances lies 
in the fact that the degree of association is so small that its 
effect on the vapour density is obscured by experimental 
error and by deviations from the gas laws. It should, 
however, be capable of approximate determination— pro- 
vided sufficient accuracy can he obtained in the vapour density 


C2 
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measurements—by the use of a suitable equation of state 
which would represent exactly the deviations from the 
gas laws of an ideally “normal” substance--that is, a 
substance which possesses the same molecular weight under 
all conditions. 


The Equation of State. 


A discussion of the relative merits of the many equations 
of state which have been put forward from time to time is 
unnecessaty in view of the attention which the subject has 
alreudy received, and, in any case, ouly a few of these equa- 
tions possess any real physical significance. Any equation 
purporting to account for the deviation of actual fluids from 
the ideal gas equation P V= RT must take into consideration 

(1) the attraction existing between the molecules ; 
(2) the finite size of the molecules; 
(3) the finite time of contact. 


The latter does not appear to have received the attention 
that it merits, but the effect of (1) and (2) has been treated 
exhaustively in most of the equations of state put forward, 
and of these the equation of van der Waals, 


(P ts) (Vb) = RT, 


is from the theoretical point of view the most attractive. 

Applying the usual methods for the solution of this 
equation at the critical point, we find ET, P. V,zs- 8/8 
for all substances. The main objections to this equation 
are that a and b are not quite constant, and s is not constant 
and equal to 8/3, but varies from 3:1 for helium to about 5:0 
for acetic acid. This variation is undoubtedly outside the 
range of experimental error, in view of the substantial 
agreement obtained by different observers for any given 
substance. This fact has been recognized by Guye, who 
expressed s as a function of the critical temperature, and 
other observers have modified the equation of state to allow 
for this and other variations. The conception of general 
association offers an explanation of this variation, as will be 
shown later. 

The basic assumption made in the present theory is that 
the discrepancy between van der Waals’ equation as applied 
to actual fluids and the true equation of state depends entirely 
upon association, and that for a completely non-associated 
substance van der Waals’ equation holds rigidly—that is, 
a and b are constant and s=8/3. Association is defined ina 
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very broad sense. Thus,if we consider the effect of (3) from 
the standpoint of statistical dynamics, it will be obvious that 
the time of contact determines the number of molecules in a 
given volume. If the time of contact is not zero, it is 
possible that the substance is associated in the chemical 
sense (chemical combination) and groups of molecules are 
in contact for relatively long periods, or that the time of 
contact is small but finite. and oscillations about a centre 
of mass may occur before the molecules separate. This 
difference is clearly one of degree rather than of kind; 
hence both effects are included under the term “association.” 
An ordinary substance, therefore, may be considered as an 
equilibrium mixture of unassociated molecules with the 
various products of association. If the degrees of asso- 
ciation to 2, 3, or 4 molecules etc. are respectivelv 
a, B, y, otc., one gram-molecule of an unassociated substance 
will give (l—a—B—y—...) unassociated molecules and 


(3541 ...) associated molecules. Therefore the number 
of molecules in equilibrium will be (1-5-3-2-...). 
The constant R of van der Waals’ equation is proportional to 
the mean kinetic entropy of the molecules and is purely 
additive; hence, if R' is the absolute gas constant referred 
to N (Avagadro’s constant) individual molecules, 
! 
R- R (1-$-*5-"7_...) == 
where z is the ratio of the actual to the theoretical number 
of molecules. At the crit cal point this relation alone 
determines z for 
R T. 8 d RT. _ 
a P 8. PV 
and therefore x=3/8s. 
It is not possible to state so precisely the effect of asso- 
ciation on a the constant of molecular attraction, or on b the 
limiting molecular volume ; but in general we may write 


a = a'fila, B, y,...) and b=D'f,(a, B, y, ...), 
postulating only that a’ and b' are constants and that the 
functions fi(a, B, y,...) and fola, B, y,...) involve no other 
variable than (a, B, y,...). The modified van der Waals’ 
equation then becomes 


, 


[P+ 2. B 3] (Vila Bn] 
= f(a, B, y, ...) ' T. 
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If for simplicity we confine ourselves to association to 
double molecules, we have 


[P+ Ala) | [P-ta] = (1-3) T. 
Following van Laar, we have for a and b 
a = [a (1—a)-- Va'a” . 2a(1 —a) +007], 
b =b'(1—a)+b" 5. 
The first expression may be more conveniently written 
kE | va (1—a) + vas], 


where a’ and b', a and b” are the constants for the un- 
associated and associated molecules respectively. The 
simplest assumption we can make with regard to these 
constants is that a! =2a' and b" = V 2b = b'/631, which 
gives for all sub-tances 


= a'(1—:2934) and b= b'(1—:369a). 
These expressions are probably too simple, and may vary 
with the nature of the substance. Quite good results have 
been obtained by their use, however, as will be shown later. 
Applving the usual methods for the evaluation of the 
constants of the equation in terms of the critical constants, 


we find 
DENN N 
o fa) (15 860+ 08607) 
b = b — Ve 
faa)  83(0— 369a» 
aud 
ELA : 
(1-5) BT 8 n'T, 8(1—5) 
Ps im 2 or PSU s= — E zd 


from which a and therefore a’ and b’ may be calculated. 
The values of a, a', and b’ calculated from the critical data are 
given in Table I. Columns 2 to 4 contain the most recent 
values of the critical data given in Landolt-Bórnstein's 
tables. Column 5 contains the value of s, and columns 6 to 

the values of æ., a’, and b’ calculated therefrom. Column 9 


contains the values of the association constant K, given by 
the expression 


a — a.) 


Column 10 contains the ratio of the limiting volume to the 
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Associat 


Substance. 
Hydrogen E MuR eauUe de bay 
Helium................. 
Argon ll etm 
Nitrogen ............ Ls 
Oxygen 


*"****tsissetsevevesneseesstssestos 


Methane PR 
Carbon monoxide 
Xenon Wine ie wD Nise oa EA Se Pid T UI 
Carbon dioxide 
Sulphur dioxide .................... 
Carbon tetrachloride eee Oia se 
i-Pentane. Lese ee 
Benzene llic TERENM 
n-Pentane aS esiateouvinease FIL eS 
Fluor-benzene e T 
Ethyl ether ................. 
Methyl acetate 
Ethyl acetate 
Nitric oxide 

Ethyl alcohol 


Pee eer asnasonese es 


9*9*959909^0so06000^2902v96 


**9209592608086 
*"*****t*eeecesoooosssceoe 
*"**959*6éveeascnsoceeqesoso 

*****teeeseoestseeveescuetoo 


*9**59*525s*09800ev20»9022. 5 


Ammonia crc E 
Methyl alcohol SAEPE SEV eai 
Water . 


"**849542069a20-90€040c€ "^*9e6**28 sa nee 


ve — € 8000€ 


T'? abs. Pe 


atmos. 
33:2 12:8 
5-2 28 
150-7 50:0 
126-0 33:5 
154:9 49:7 
190:2 45:6 
184:4 94:6 
289:7 58-2 
304:4 12:0 
430-2 TT 
5563 450 
460:9 32:9 
561°6 47°9 
470:3 43:0 
0597 446 
466:9 35:6 
5068 46:3 
523:2 38:0 
1771 64:0 
516:2 630 
405'6 1135 
5130 . 78:5 
638-0 200:5 


TABLR I. 

Vo 8. 
C.C.8. 
69:08 3:038 
61:55 3:082 
75:15 3:293 
90:07 3:431 
14:42 3:437 
98-56 3:473 
90-03 3:549 
1132 3:011 

91-84 3:615 
124-7 3:646 
2762 3:675 
307:3 3741 
256.9 3-759 
309°8 3°77 1 
971-4 3597 
9819 3:819 
297-5 3:948 
2861 3:952 

57:25 3:966 
167-0 4:029 

7191 4:124 
1176 4:563 

54-71 4-784 


"244 
"269 
“380 
“445 
448 
"464 
494 
'522 
'525 
:537 
'048 
'Di4 
“O81 
"FES 
'595 
603 
645 
“650 
‘G95 
‘676 
‘707 
"832 
'885 


a’ x 10-8, 


:2165 
0282 
1-074 
1-076 
1-095 
1:783 
1152 
3:208 
2751 
5109 
14:65 
13:52 
12-72 
13:87 
14-48 
12°54 
10°96 
14:28 
'067 
8:179 
27733 
5707 
2751 


b. 
C.C.8, 
25°53 
22:80 
20:13 
35'Ul 
29°72 
39°63 
36°67 
46:77 
39°22 
57°82 
1153 
129-9 
108-6 
1307 
116:0 
120:8 
99:5 
1237 
25:17 
14:22 
32°44 
56:57 
21:04 


b'IV, 


231 
233 
244 
251 
252 
208 
357 
261 
261 
22 
363 
206 
267 
267 
269 
270 
271 
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critical volume, a value which increases with the degree of 
association. Assuming that association only takes place to 
double molecules, the limiting volume is therefore equal 
to the volume of the double molecules, which is found by 
putting a= 1 in the expression given on p. 390, whence 


He 6318' ana 2! a 318’ 201  — C68 


Ve V, 3'(1—309ay 

The mean value from Table I. is approximately :260, which 
is the value obtained by D. Berthelot * by extrapolating the 
Cailletet-Mathias mean density line to the absolute zero. 
No great reliance can be placed on this criterion, however, 
since we are in doubt as to the validity of the extrapolation, 
and, besides, we have no reason to assume that all substances 
are completely associated at the absolute zero. Indeed, 
conceding the first point, we may explain the variation in 
the values of b"/V, by assuming that the simpler substances 
are less completely associated, and the more complex 
substances are further associated to triple molecules etc. 
at the absolute zero. 

Table I. contains only those values of the critical constants 
for which reasonable agreement has been obtained by different 
observers, and it is assumed for the sake of comparison that 
association only proceeds to the second stage, which, as will 
be shown later, is not strictly true, especially in the case of 
the “abnormal” substances. The examples given in the 
table may be divided roughly into the three classes mentioned 
above—from hydrogen to carbon monoxide “ subnormal,” 
from xenon to ethyl acetate ** normal,” and from nitric oxide 
to acetic acid **abnormal" substances ; but, as previously 
pointed out, this division is purely arbitrary, as will be seen 
by following the values of s from ethyl ether to methyl 
alcohol and observing the gradual transition from ** normal " 
to “abnormal” substances. 

Young's work, from which most of the data are taken, was 
mainly confined. to the ** normal" substances, the physical 
properties of which fall within very narrow limits—a fact 
which has given rise to many empirical relations which are 
entirely unsuccessful outside this range. 

The equation of state can now be used to calculate the 
degree of association in both the liquid and gaseous state at 
any temperature and pressure. Thus, on any given isotherm, 


* Arch. Neer. (2) v. p. 466 (1900). 
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since the association constant K, is a function of temperature 
only, it should be constant for all values of P and V on the 
isotherm. Tables II. to 1V. contain the values of a and Kọ 
calculated for some representative substances. The degree 
of association wis salealatea by substituting successive values 
of a in the equation of state until a value which satisfied 
the equation was found. The value of the association 
constant was then calculated, assuming that the law of 
mass action holds under these conditions. 


TABLE II. 
Hydrogen *. 
T = 273° abs  a'— 2165x1053. b= 25:53 c.c.s. 

Patmos. — V c.c.s. a. K,- 
100 239-6 184 2:14 
150 1644 039 2°64 
200 1274 036 2:83 
400 71:0 "134 3°58 
600 53°48 ‘216 4°34 
800 44:21 :290 4:98 
1000 38:56 "363 5'87 


TABLE III. 


Carbon Dioxide ". 


a’ = 2751x106, b' = 39:22 c.c.s. 


T = 323° abs. T = 373? abs. 
, au — un a cn a, - ~ PS ee ee, 
Patmos. V ces. a. K,- P atmos, V c.c.s. a. K,- 
50 4215 170 — 1010 50 5409 061 6:12 
100 1101 387. 1064 100 230 9 :132 6:36 
125 10:84 454 . 1041] 135 169:8 165 6:34 
150 | 62602 467 1025 150 1312 191 6:19 
200 | 5606 480 9:97 200 9133 —-241 6:18 
400 4772 487 9:40 400 58:19 ‘345 6:84 
6000 — 4434 "494 9°25 600 51:00 ‘381 712 
1000 — 40:66 520 9°58 1000 4482 428 1:65 


——— M À—— À—M—— 


* Amagat, Ann. Chim, Phys. (5) xxix. p. 68 (1898). 
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TABLE IV. 
Ethyl Ether *. 


a' = 1254 x 107. b = 1208 c.c.s. 


T = 470° abs. 

P atmos. V c.c.8. a. K,. 
13:29 2454 :156 23:16 
11:80 2817 "143 23°42 

9°62 3540 128 24-41 
8:114 4262 "116 25°16 
TOH9 4982 "1028 25°23 
6:207 5102 0930 25:40 
5:551 6419 "0905 26:01 
5:027 7197 "0852 26:96 


It will be seen from the above tables that fairly good 
agreement is obtained for carbon dioxide and ether, but the 
value of K, for hydrogen shows a marked variation. Closer 
agreement can hardly be expected in view of the inaccuracies 
inherent in the determination of the critical data on which 
are based the values of a’ and b', and consequently the values 
of « and K,. The small differences in the results for the 
critical constants obtained by different observers are sufficient 
to cause appreciable error in the value of æ ; hence the exact 
application of the equation of state must depend on very 
accurate determinations of the critical data. 

The equation of state can also be used to calculate the 
value of a and A, on the vapour-pressure curve tor both 


the liquid and gaseous phases. At any given point en the 
curve, A, should be identical for both pliases, or 


aj Vj az; akh “i NS K 
(=a) (1—-a) ^" 

The values of æ and K, on the vapour-pressure curve for 
various substances have been calculated, and a selection of 
the results are given in Tables V. to VIII. The degree 
of association-temperature curve for carbon tetrachloride 


and isopentane has been plotted, and is shown in the accom- 
panying diagram. 


* Ramsay & Young, Phil, Mag. xxiii. p. 435 (1877). 
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Fig. 1.—Degree of Association-Temperature. 


150° 200° 250° 3009 


TABLE V. 
Carbon Dioxide *. 
a' = 2°751x 106. b' = 39:22 c.c.s. 


T? abs. Patmos. V, o.c.s. V, ccs. a, a. K, K 


l g 

273 34:3 48:15 4582 872 :203 17°34 16°39 
278 39:0 49:56 346:8 ‘661 336 16°89 17:15 
2R3 44:2 01:40 330:9 '651 '052 15:58 16:65 
288 50:0 54-06 278:5 '630 '87 15°75 16:93 
293 56:3 57°45 231°6 '611 420 15:21 17:00 
298 03:3 62°59 183:3 78 470 14:33 17:52 
303 1077 73:58 1317 '541 '014 1375 16:93 

304-4 72:9 94-84 “525 14:86 


O°C 50 100° 


* Amagat, loc. cit. 
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TABLE VI. 
Benzene *. 


a = 1372x107. 6’=108-6 ccs. 


T? abs. Patmos, J’) c.c.s. V, c.c.s. ay aa, K, K,. 
343 511 9458 38230 ':817 — 0234 4803 . 3005 
353 p92 957G 28550 814.0228? 4746 2620 
363 1:337 9694 21610 '&ll 0302 46:91 26:34 
373 1769 9840 16580 U8 — 70456 46044 — 2881 
393 2-044 1014 — 10160 "i95 :0868 49:80 32:53 
423 56705 10607 5429 "TTT — 120 4083 — 2897 
443 &387 1109 3737 770 — *144 1017 27:07 
473 14°03 118:3 2200 "752 -213 38:00 2751 
503 223 . 1286 1305 "24 314 34060 29°01 
533 33:39 1464 7544 /— 7675 444 30:59 32:92 
5616 — 479 256:2 “581 31:23 


TABLE VII. 
Carbon Tetrachloride t. 


a’ = 146510", b' = 1153 cc. 


T° abs. P atmos. uf C.C.g. p c.C.8. 


a). ay K, K,. 

343 N08 1029 33700 782 0425 41-14 — 3953 
353 1110 1043 25310 “777 0316? 4037 —? 

363 1463 1058 19330 -772 0630 39:65 7:27 
373 1917 1074 15000 ‘766 -0746 3875 36°23 
383 2479 1090 11790 ‘760 -0838 3793  3£31 
393 3:147 1108 9396 756 0992 87:51 3389 
403 3:950 1126 7560 "78 :1136 3676 | 3307 
413 4901 11455 60160 746 +1250 36:39 31°61 
433 T988 1186 4319 . 737 1362 33°55 2775 


453 10:40 123:5 2941 


"28 "180 34°85 28:02 
473 14°39 129:5 2075 


414 Al 33:62 2946 
493 19:47 137:3 1481 692 -295 31:64 29°65 
513 2583 1474 1052 674 "380 3059 29°52 
^33 33:58 163:7 7116 639 — 424 28:35 3118 
5503 450 276-2 "48 27°22 


— 


* Young, Proc. Roy. Soc. Dubl. (n. s.) xii. p. 374 (1910). 
t Young, loc. cit. 


rn Cae 
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Taste VIII. 


Isopentane *. 
a’ 21352x10;. 6' = 129°9 ccs. 


T° abs. Patmos. V, c.c.s. E c.c.8. a. a K, K; 
283 "514 114:4 43700 -800 0450 784 46:44 
293 754 116-2 30530 797 0594 47°67 45:28 
303 1:073 118:1 21810 77938 0782 46°49 45:34 
323 2:017 122:4 12070 “784 :1068 44°42 40:19 
343 3°489 127°3 71290 773 "1502 4372 38°50 
363 5:503 133°0 4453 765 1814 42:92 3472 
383 8:679 1401 2865 454 234 41:78 33°79 
403 12°77 14931 1879 "4l 297 37°04 34°43 
423 18:17 162:0 1234 "680 '971 32 80 31:02 
443 25:13 184:0 771-1 654 464 3171 35:29 
461 32:96 307°3 514 31:29 


Quite good results are obtained for carbon tetrachloride, 
carbon dioxide, and isopentane; but the divergence due 
to further association becomes appreciable in the case of 
benzene, ether, and alcohol, the latter giving a value of 
a=°92 at the boiling-point, assuming simple association 
only. With water and acetic acid the eflect of further 
association is more marked, and on calculating the degree 
of association for these substances on the above assumption 
a value of a>1:0 is obtained. Attempts to evaluate the 
first and second degree of association æ and @ for these 
substances present considerable difficulties, but approximate 
methods of calculation give for water a value of c=2°3 
and for acetic acid xz=3'0 at the boiling-point. It is 
probable also that association proceeds to the second stage 
even in the case of the simpler compounds given above, 
but the effect is relatively small and does not cause any 
serious error below a='70. Above this the effect of 
further association becomes apparent. It is for this reason 
that such emphasis has been placed on the results for 
carbon tetrachloride, the simplest of the thirty organic 
compounds investigated by Young. The degree of asso- 
ciation of this compound is only °548 at the critical point, 
and the values of K, and K, show very good agreement. 
The effect of discrepancies in the experimental data is seen 
in Table VII. The vapour-pressure of carbon tetrachloride 
at 353? abs. is not given in Young's paper ; hence the value 
given by Regnault f was used instead. The divergence is 
quite marked, as will be seen from the value of a at this. 


* Young, loc. cit. 


+ Mém. des Paris, xxvi. p. 339 (1800). 
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temperature. As would be expected, the values of K show 
a more regular decrease than the values of K,, since a 
determination of the volume of the vapour is attended by 
greater difficulties and is more liable to error than a deter- 
mination of the volume of the liquid. Also the value of 
«, i8 not so seriously affected by inaccuracies in the vapour- 
pressure determination as is the value of a, Hence, in the 
calculation of the heat of association Q,, only the values 
of K, have been used. In the case of carbon dioxide the 
temperature range is too small to give even an approximate 
estimate of the heat of association; but good agreement is 
obtained for the other examples given above if the values of 
a, are used and Q, calculated over a temperature range of at 
least 100? C. Table IX. contains the values of Q, for 
carbon tetrachloride calculated from the formula 


Q, = £571 logy = -rs 
Ov elo K, 1 = Ti 
over the temperature range stated. 
Taste IX. 
max d "Brees Q, cals. Mean Q cals. 
343-443 473°2 
353-453 467°0 
363-463 1677 4184 
373-473 497:5 
383-483 481:0 


As in the above table, Q, is fairly constant for all the 
substances investigated between the boiling-point and the 
critical point; but a slight increase with temperature is 
shown and is to be expected, since, in general, Q, is a 
function of the absolute temperature. No attempt has 
been made to allow for this variation, as the values of A, 
are not considered to be sufficiently aecurate to admit of 
more exact calculation. 

In all cases investigated up to the present it has been 
found that Q, increases with temperature, but is approxi- 
mately constant and equal to 500 cals. for the “normal” 
substances between the boiling-point and the critical point. 
For the “subnormal ” substances it is very much less: e.g. 
for nitrogen, Q,=79 cals. |n general, Q, increases with 
the complexity of the molecule. 


The Latent Heat of Evaporation, 


A further test of the equation of state consists in the 
calculation of the latent heats of evaporation from values of 
P and Von the vanonr-presanre line. 
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Maxwell’s theorem gives the relation * 
y, 
P(VoV)e( p.dV. . ... () 
Fi 


JM 
Substituting in the equation the expression for p derived 
from the equation of state, we have 


y 1-5 RT 


(^ ; RT p ^ RT 


OV .dV 


a (a). dV... 
l pro (3) 


Neglecting the variation of b with a, and substituting dV in 
terins of a, 


aV = K Dau... 2... (4) 


» (pave $E dV4 ("eren 
y, 


® a; 


ral M (1—'586a-F-0864*) dæ, . (5) 


which gives on du us the expression : 


P(V,—- V) = = RT [10g =F) —lo EE] 


(V— °S lc a), 2 
a [1 1 ] f 1 
"ils (ya 328( qL a1) 
—a),1 
— cay) t 2 log GS - + . (6) 


From the Clausius-Clapeyron equation, 


dP " 
A= T (V, 1) 


AT 
Ie =b) g —a) ay — a 
= RT [log T -log (pet J 
2aQ, 


*tENSI "mni is) 


aj 

—:828 (a= 3— a aa) 242 log 1— E (1) 

on’ differentiating the EXDIGMIOB for P(V,—V,) with 
respect to 7. 

* Cf. Partington, ‘ Chemical Thermodynamics,’ Ist edit. pp. 231. 349. 
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From this expression, X can be calculated and compared 
with the value obtained experimentally and with the value 
calculated from the vapour-pressure equation. In the 
differentiation of (6), Q. has been assumed constant, 
whereas, as previously pointed out, it varies with the 
temperature. It would have been more accurate to have 
used the expression 

Q, = Qo—a T. 


This, and the assumptions involving the term (V -—0), 
account for the discrepancies between the calculated and 
experimental results. The results for carbon tetrachloride 
and benzene are given in the following tables :— 


TABLE X. 
Carbon Tetrachloride. 


Q, = 4782 cals. a’ = 1:465 x 107. 


T? abs. al. a K, A cals. A cals. (Young). 
343 "1823 0425 41:14 1450 1210 
353 TTT '0316 40°37 4200 090 
363 "112 "0630 39:65 7010 6955 
373 "766 ‘0746 38:75 6500 ' 6800 
393 756 0992 37°51 6400 6479 
413 “746 125 26:39 5980 6148 
433 "737 "136 38555 5570 5843 
453 A428 "180 34:85 5150 5451 
473 "714 ‘241 33:02 4740 5020 
TABLE XI. 
Benzene. 
Q, = 618:8 cals. a! = 1°372x 10". 
T° abs. a), ag K, À cale. XA cale. (Young). 
363 811 0302 46-91 7870 7310 
373 "808 0456 46:44 7560 7130 
393 795 NE68S 43:80 7035 6760 
423 177 "120 40°83 6470 6300 
473 "152 :213 38:00 5330 5368 


Empirical Relations. 


A comparison of the value of x—the ratio of the actual 
molecular weight to the ideal molecular weight—at the 
boiling-point shows that, as far as can he determined at 
present, the ratios x,/x. and 2i/x- are approximately constant 


Association and the Mquation of State. 401 


for all substances. In other words, the law of corresponding 
states applies also to the degree of association. Hence any 
law or rule which has for its basis the law of correspondin 
states should also include some reference to the degree of 
association. Thus, with Trouton’s rule, the “normal” 
substances which give a constant approximately equal to 
21:0 cals./deg. are precisely those which have approximately 
the same reduced molecular volume and molecular ratio z at 
the boiling-point, and the other constants in the latent heat 
equation (7) are also approximately equal. Therefore 
Trouton's rule should be modified to iaclade some function 
of «. In this connexion it is interesting to note that 
Longuinine * shows that, if in the case of the fatty acids 
he double molecular weight is used in calculating X— ML, 
the same value is obtained for the constant in Trouton's 
expression as for the “normal ” substances. This may be 
expressed by writing 7 


qe a 


where z is defined above. This correction is, however, too 
empirical, and any attempt to modify Trouton’s rule must 
take into account some function of æ for both the liquid and 
gaseous state. | 

The rule of. Eótvós may be treated in a similar manner. 
Thus the “normal” substances give a value for the 
constant d= —2:11. If, however, we allow for association, 


h 
TIUS d.y(Mv. 2) _ 
aT = 


Substituting a mean value of a=‘80 for the ** normal" 
substances at the boiling-point, we find for the ideal asso- 


ciated state : d y Moy? E 

dl! ` 
If we select water as typical of the associated substances, 
we find from the rule of Eötvös that at the boiling-point 
z-1 approximately. Using the value 4—2:44, we find 
z—2:lapproximately, whereas the value of z deduced from 
the law of corresponding states is about 2'3. This assumes 
that x does not vary appreciably over the range used in 


è Ann. Chem. Phys, xiii. p. 289 (1898). 
Phil. Mag. S. 7. Vol. 2. No. 8. August 1926. 2D 
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calculating the constant of the expression, but, as shown 
in the tables above, this assumption is true over a range of 
about 10-20? C. 

The application of the equation of state to the calculation 
of the degree of association of the ‘‘ abnormal" substances 
must be deferred until the variation of the constants a and b 
of van der Waals’ equation, with the degree of association, 
has been further investigated and placed on a more exact 
basis. 


The author is indebted to Mr. J. B. P. Harrison, F.I.C., 
and Mr. A. L. Bloomfield, B.A., B.Sc., of these laboratories, 


for valuable criticisms and suggestions. 
The Research Laboratories, 


A. Boake, Roberts & Cc. Ltd., 
Stratford, E. 15. 
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I. INTRODUCTION. 


l. LTHOUGH, as I have pointed out in a previous 

paper*, Myers and Wilson were not the first to 
suggest that the “ phase-effect" might be due to binaural 
differences of intensity brought about by bone conduction 
across the head, yet, since their statement of the hypothesis 
covers practically the whole field, and since the hypothesis is 
most generally, at least in English-speaking countries, asso- 
ciated with their names, it seemed appropriate that their 
aecount should form the basis of this inquiry. 


II. THe Mvens-WinsoN Hyporgesis. 


2. Myers and Wilson found that one sound was heard 
when the ears were stimulated separately and simultaneously 
by similar sound- waves of a given frequency ; and that the 
localization of this sound depended on the relative phases of 
the vibrations at the ears. 

3. They considered it very hard to believe that the phase 
differences were appreciated directly T, and suggested that 
the localization was actually based on subjective differences 
of intensity. They further showed that these differences of 
intensity might be objective to the inner ear, if certain 
assumptions were made. 


* Phil. Mag. July 1926, p. 144. 
t Brit. Journ. Psych. ii. p. 378 (1908). 
2D2 
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III. PURPOSE or THE PAPER. 


4, In this paper I propose to examine their hypothesis. 
First, I shall discuss the assumptions on which the hypo- 
thesis ís based, and then I shall consider deductions from 
the hypothesis which can be tested experimentally. 


IV. AN EXAMINATION OF THE ASSUMPTIONS ON WHICH 
THE MyERs-WiLsoN HYPOTHESIS I8 BASED. 


(a) The three fundamental assumptions. 


9. Myers and Wilson base their hypothesis on the three 
following assumptions * :— 

(a) The sound entering one ear is transmitted through 
he bones of the head to the internal ear on the opposite 
side. 


(b) The retardation in phase, due to this ear to ear con- 
duction, 1s small. 
(c) The two (direct and transmitted) sets of waves, at 


their meeting in one or other ear, arrive from opposite 
directions. 


ee 


(b) The first assumption. 


6. I have, in a previous paper? considered the evidence 
for the assumption that sound may be transmitted through 
the head, and it is therefore not necessary to enlarge on it 
here. 

7. The cenclusions reached were that there is no trust- 
worthy evidence that aerial sound- waves, of normal intensity, 
exciting one ear, can be transmitted threugh the head to the 
other ear. The only direct evidence for bone conduction 
was obtained twenty-five years ago with dead heads”. More 
recent experiments ? have produced negative results, showing 
that the amount of sound energy which could enter the head 
was too small to be appreciated. Indirect experiments (*^ 6» (D 
are against the assumption. If there were transmission of 
sound through the head, it would still remain to be shown 
that the transmission was due to bone conduction. It 
might, with perhaps more p be set down to 
transmission through the sinuses of the head. 


* Drit. Journ. Psych. ii. p. 378 (1908). 

(1) Phil. Mag. July 1926, p. 144. 

(2 Mader, Sitzungsber. d. Kais. Akad. d. Wissens. Wien, cix. pp. 37- 
75 (1900). 

(8) Nikiforowsky, Zeit. f. Sinnes Physiol. xlvi. pp. 179-197 (1912). 

(4) Cross & God win, Amer. Acad. Arts & Sci. n. s. xix. pp. 1-12 (1891). 

(5) Peterson, Psych. Rev. xxiii. pp. 333-351 (1916). 
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8. So, though there is ample evidence that, if sound 
vibrations are set up in the bone of the head, they are con- 
ducted to the ears, there is no evidence, at present, to 
substantiate Myers and Wilson's assumption * that 


‘it js impossible to stimulate the end organs of one ear 
without at the same time stimulating those of the other 
eur by bone conduction.” 


(c) The second assumption. 


9. The second assumption (that the retardation in phase, 
due to this ear to ear conduction, is small) may be accepted 
if the first assumption (that there is ear to ear “ bone con- 
duction ") is granted, for the velocity of the transmission of 
sound is very much greater in bone than in air. 

10. If, however, there is transmission through the head, 
and if the transmission is through the sinuses and cavities of 
the head, the retardation of phase would very possibly be 
large, for the velocity of transmission through narrow tubes 
is much slower than in the open air. 

11. But whether the retardation is large or small, the 
hypothesis is not substantially affected. If there is trans- 
mission through the head from one ear to the other, and if 
the rate of transmission through the head is different from 
that in the open air, the hypothesis in general holds. If the 
rate of transmission through the air is such that the phase 
retardation is between v and 27, no change of sign, which 
is the essence of the third assumption, need be postulated ; 
if the phase retardation due to the transmission ee the 
head is less than v, the change of sign is necessary. I shall 
demonstrate the trath of this later (para. 30). 

12. At the same time, as Rayleigh pointed out in 1909 t, 
there will be no retardation 


“if we are to suppose that the framework of the skull 


is thrown into vibration by sounds which enter by 
either ear ” 


unless we appeal to “viscous effects," when it ** becomes a 
question whether the propagation across the head.... 
would suffice ” to produce the effects observed. 


(d) The third assumption. 
13. The third assumption—that the direct and transmitted 
sets of waves, at their meeting, arrive from opposite 


* Brit. Journ. Psych. ii. p. 380 (1908). 
t Proc. Roy. Soc. lxxxiii. A, pp. 61-64 (1909); Scientific Papers, v. p. 524. 
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directions—is more difficult to accept, or to criticize, because 
the manner in which the vibrations are supposed to be set 
up in the bone at one side, and finally banded on to the end 
organs at the other side, is not stated. The assumption is, 
admittedly *, made to suit the facts; but its validity is 
strongly stated T. No physiologist 


* will maintain that the vibrations which are thus con- 
ducted, say, from the left ear across the head, reach 
the end organs of the right ear by passing to the 
temporal, parietal, and occipital bones, which cover the 
right side of the skull, and that they then turn in 
towards the right inner ear by way presumably of the 
drum and ossicles, now accompanying the vibrations 
which travel to the right ear directly. There can be 

little doubt that the direct route is the only one which 
it is worth while to consider, the vibrations passing 
from one ear at once to the petrous portion of the 
opposite temporal bone in which the auditory end 
organs of that side are lodged." 


14. Now, Foster { states as follows :— 


“That the vibrations which thus [by hone conduction 
from a fork held between the teeth] reach the internal 
ear are, for the most part, at least, conducted through 
the tympanum, and not brought to bear on the peri- 
lymph directly through the bony walls of the labyrinth, 
is not only indicated by the effect just mentioned of 
closing the meatus, for this could have no influence on 
the labyrinth itself, but may be also proved by experi- 
ment, Ifa style be attached to a stapes laid bare in the 
skull, the vibrations of a tuning-fork brought into 


contact with the skull will lead to corresponding move- 
ments of the style." 


15. It will thus be seen that one physiologist considered 
that sounds heard by bone conduction were communicated 
to the ear vid the tympanic membrane, while later physio- 
logists, e. g. Bezold and Liebenmann §, held the same view. 
If the vibrations are communicated by the direct route, how 
are they to be supposed to act on the end organ? The 
mechanism of the bone conduction has not been outlined by 
Mvers and Wilson with the fullness which is necessary for 


* Proc. Roy. Soc. Ixxx. A, p. 265 (1908). 

+ Brit. Journ. Psych. ii. p. 383 (1908). 

t * Text-Book of Physiology,’ 1891, p. 1339. 
$ ‘Text-Book of Otology,’ 1908. 
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any close criticism. One criticism was raised by Rayleigh *, 
who pointed out in 1909 that the assumption, that two 
vibrations arriving at the inner ear from opposite directions 

co-operate if the phases are opposite and tend to neutralize 
` one another if the phases are the same, is 


* justified if the effect depends upon the velocity of 
vibration, as when aerial waves impinge from opposite 
directions upon a sensitive flame. But if the question 
were the effect upon a resonator of the kind employed 
by Helmholtz, the direction of travel is indifferent, 
and co-operation, in all cases, required that the phases 
be the same." 


16. The change of phase was, it would appear, introduced 
because the vehicle of the transmission through the head was 
supposed to be bone conduction. If the retardation of the 
transmitted wave is small—less than s—this change of 
plase is necessary, otherwise the result of assuming trans- 
mission would make the sound loudest at the ear which lags 
in phase. If, however, the retardation is between m and 27, 
no change of phase is necessary. For a complete exami- 
nation of the hypothesis we should consider the more 
generalized case, assuming that there is transmission 
through the head, and taking account of the two alter- 
natives, when the retardation due to the transmission 
through the head is greater or less than r. | 


(e) Sensitivity to binaural differences of intensity produced by 
cross conduction. 


17. Myers and Wilson appear to consider that the binaural 
differences of intensity produced by the cross-conducted 
sounds are small, for they quote two experiments T to show 
that we are “extraordinarily sensitive” to such differences 
of intensity. 

18. The first experiment is the well-known one due to 
Weber, which they describe as follows :— 


* [f a vibrating tuning-fork be placed on the vertex 
of the skull, its tone will be localized somewhere 
midway between the two ears. But if a finger be 
introduced into one auditory meatus, the apparent 
positiou of the tone is at once changed. It is localized 
on the same side as the auditory meatus into which the 
finger has been introduced." 


* Proc. Roy. Soc. lxxxiii. A, P 524 (1909). 
1 Brit. Journ. Psych. ii. p. 381 (1908). 
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19. The experiment does not, in my opinion, prove any 


_ extraordinary sensitivity. The physical effect of closing the 


meatus is at present very conjectural; while the psycho- 
logical effect has not, so far as I am aware, been studied at 
all. 
our attention to the physical, I do not see how the effect 
could be a small one or one requiring any extraordinary 
sensitivity. If closing the meatus reflects the whole of the 
sound-waves back, the result would be stationary vibrations 
with twice the primary amplitude—1. e., the intensity at that 
ear would be increased four times. If, owing to incomplete 
reflexion or other causes, the increase in intensity were as 
low as 50 per cent. instead of 400 per cent., it would be 
a matter for surprise if the increase were not recognizable. 
W e have no quantitative results to argue on, but, à priort, one 
would be inclined to consider it extraordinary if the binaural 
difference of intensity, produced when the Weber experi- 
ment is performed, were not appreciable, if one of the chief 
effects of closing the meatus is to reflect the waves back 
again, and to set up stationary vibrations in the ear. 

20. If, on the other hand, the physical effect of closing 
the ear is to make the meatus and its covering into a 
resonator, the binaural difference of intensity would again, 
in all probability, be considerable. While, if the tuning- 
fork sets the whole bonv framework of the skull into 
vibration, as shown diagrammatically in fig. L by the whole 


Diagram of pcssible mode of vibration of the skul. 
A, B,C, D, E. One position. 
A’, B, C', D, E. Another position. 


and the dotted lines, then closing one meatus would perhaps, 
as suggested by Dr. Hartridge (personal communication), 
be equivalent to introducing another sound-producing 
apparatus ; for, the tympanum being now prevented from 
moving with the bones of the head, the ossicles in contact 
with it are set into vibration relatively to the cochlea with 


But, ignoring any psychological factors, and confining | 
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a*frequency equal to that with which the bones of the head 
are vibrating. This would obviously cause u large increase 
in the sound at that side (fig. 2). 


Fig. 2. 


As the bone at C (fig. 1) moves to C', the air "ain by the finger 
forces the tympanum from the position F, G, H to F, G', H. 


2]. So, however the physical effect may operate, we would 
expect the results of the Weber experiment to be what they 
are, without it being necessary to assume any great sensi- 
tivity on the part of the aural apparatus. 

22. I have been unsuccessful in my attempt to repeat the 
second experiment, Schafer's modification of the Weber 
experiment, which Myers and Wilson thus describe :— 


** A fork, fixed at some distance from one side of the 
observer is very gently struck. The observer listens 
and notes when the dving tone has become quite in-. 
audible. He then inserts an appropriately attuned 
resonator into the ear which is nearest the fork ; where- 
upon, of course, the tone is at once softly heard again 
on that side, as if it came from the resonator. If the 
meatus of that more distant ear be now closed, the tone 
becomes at once stronger and its localization approaches 
the median plane." 

23. A change is evident in the phenomenal experience 
when the finger is inserted in the ear ; but I am unable to 
discriminate between this change and the change to be ob- 
served when the meatus is closed without the resonator being 
at the other ear. But, if there is bone conduction, which 
might. perhaps be set up by the vibrating resonator inserted in 
the ear, then closing the other ear would probably, as in 
Weber's experiment, produce an appreciable increase in the 
intensity of the sound at that ear, and, in the absence of 
quantitative measurements, it would be improper to deduce 
that the ears are extraordinarily sensitive to small binaural 
differences of intensity caused by bone conduction ; while 
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to assume that any phenomenal change that may occur is 


due to an intensity difference does not appear to be 
warranted. 


Conclusions regarding the validity of the assumptions. 
24. The result of this examination of the assumptions on 


which Myers and Wilson base their hypothesis may be briefly 
summarized as follows :— 


(a) There is no evidence at present for the assumption 
that it is impossible to stimulate the end organs of one ear 
without at the same time stimulating those of the other ear. 
either by bone conduction or otherwise. 

(b) Should there be transmission through the head there 
may be phase retardation. 

(c) 1. If this phase retardation is between 0° and v, the 
waves arriving at one internal ear directly through 
the meatus must be considered as arriving “ from 
opposite directions." 

2. If the phase retardation is between zr and 27, it is 
not necessary to consider that the two sets of 
waves arrive *' from opposite directions.” 

(d) There is no ground for assuming that the ears are 
exceptionally sensitive to binaural differences of intensity 
produced by bone conduction. 


V. MATHEMATICAL STATEMENT OF THE MYERS-WILSON 
HyvorHEsis. 


25. Now let us consider the argument of the Myers- 
Wilson hypothesis. It is as follows :— 

Let OA (tig. 3) represent the physical vibration acting on 
the ear O, at any given instant, in amplitude and phase, and 
let O'A’ Bilan, represent the vibration acting on the ear 
O' at the same instant. Then OC (=p x O'A’) will represent 
the vibration at O at that instant, due to bone conduction 
from O', in amplitude and phase, where p is a constant for 
the sound, and lies somewhere between the limits O and 1. 
The direction of OC will be determined by the fact that the 
sound takes a finite time to travel from O' to O, so that the 
vibration will be later in phase than that at O' by an amount 
which is less than m; and since the sound is travelling 
to the ear from the inside, its phase must be reversed. OR 
will then represent the resultant vibration at O in amplitude 
and phase. In the same way O'R' will represent the re- 
sultant vibration at O’ in amplitude and phase. It is evident 
‘that, if OA leads in phase e an amount less than 7, OR 
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will be greater than O'R'; that is, the sound in the ear O 
will be louder than that in O'. In consequence of this 
resulting difference of intensity the sound will be localized 
on the side O. 

26. The theory might with advantage have been stated 
more fully, for, as Rayleigh * has pointed out, if there is 
bone conduction the sounds must travel from O to 0’, and 
back to O, and so on till they peter out. Put more generally 
then, we might say :— 

Let OA (fig. 3) represent at any given instant the resultant 
effect of all the vibrations, due to the sounds which have 


Fig. 3. 


R 
| 7A N 
o' = f 
C R' 
O C! 


entered the ear O from the outside, when the stationary 
condition has been reached at the ear O in amplitude and 
phase. This will evidently be proportional to the amplitude 
of the vibration of the external force (P). It will be the 
sum of the effect of P and of all the previous waves which 
have travelled from O to O' and back to O, and which arrive 
at O at the same instant. There wiil also be acting on O 
a force, due to the external force (P^), acting on the ear O’. 
This force will be the resultant of all the waves which have 
traversed the various paths from O' to O an odd number of 
times. It may be represented, in amplitude and phase, 
taking account of the assumed reversal of phase, by the 
line OC. 

27. Assuming that the effective force of P on the ear O 
bears the same relation to the external force P, that the 
effective force of P’ on the ear O' bears to the external 
force P’. and that OC =. X (the effective force of P' on 0’), 
and O'C'— pux (the effective force of P on O), where p is a 
constant ; it follows (1) that the difference of phase between 
OA and OA" is equal to the difference of phase between P 
and P'; and (2) that the retardation of the phases of the 
vibrations received at either ear after traversing the skull an 
odd number of times will be later than the phases of OA and 
O'A’ by equal amounts. We may also, in view of the 


* Proc. Roy. Soc. Ixxxiii. A, pp. 61-64 (1909). 
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assumed proportionality between the external forces and 
the effective torces, neglect this constant of proportionality 
and consider P and P' as the effective forces at the ears. 

28. If, now, P is in advance of P', the phase-difference 
being $°, and if 6° is the amount by which the vibrations uP 


and uP’ are behind the vibrations P and P" respectively, the 
resulting intensity at O is 


P'RGQP?*—24.PP'cos(-0), . . . (1) 
and the resulting intensity at O' is 


P?--,4P'—2,.PP'cos($—0). . . . (2) 
If P=P’, we then have 


L2P*(1t-45)—34P?cos(6$40). . . . . . (3) 
= P?[ (1+ 4p?) —2u(cospcosO—singsin@)], . (4) 


Ij = P*[ (1+ 5?) —2u(cos pcos 0--sin $ sin0)]. . (5) 
Subtraeting (5) from (4), we have 


I,—-Ij/-24u.P?.sinó.sinO, . . . . (6) 
which is Myers and Wilson's value for the intensity differ- 
ences at the ears, the perception (or, it may be, the unconscious 
sensing) of which is at the basis of our judgment of direction. 

29. ‘This difference of intensity vanishes for @=0° or r. 
It is greatest when 0247/2, so we see that, assuming trans- 
mission of sound through the head, the intensity at the ear 
leading in phase will always be greater than the intensity at 
the ear which lags in phase, provided the cross-conducted 
wave suffers a retardation of between O° and a, or of 
(n 27)--0, where 0 is between 0° and ~m, and assuming 
a phase reversal. 

30. If the retardation of the transmitted wave is greater 
than 7 but less than 27, i. e. it is equal to (m + 0), it is evident 
that the same result is obtained for the difference of inten- 
sities at the ears, without assuming that the “two (direct 
and transmitted) sets of waves, at their meeting in one or 
other ear, arrive trom opposite directions" ; that is, there is 
no necessity for the change of sign. 


31. In this case, i£ Ô is the whole retardation, the inten- 
sities (1) and (2) become 


P? + P? 4-24P . P' cos (6 +8), 
and P^? + uP? + 24PP' cos (6 —6). 
32. The difference of intensity given by (6) is greatest, for 
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any given value of 0, when $—-/2. The value then is 
Spek? sin: 2 0 2 & ox (9) 


33. The greatest possible value of this will result when 
=7/2. It will then be 


EIE Ph e oo ow xx a (10) 


VI. CALCULATION or Minimum VALUE OF |, FROM 
EXPERIMENTAL Data. 


94. Let us now consider the case where there is a differ- 
ence of physical intensity at the ears, but no phase-difference 
between the vibrations. 

39. If P and P' are the incoming external stimuli, the 
resultant intensity at the one ear is evidently, from 
para. 28 (1), 

P*.UpPP—24P.P'cos0Ó,. . . (11) 
and the intensity at the other is, from (2), 

P.GQQPT'—24P.P'cosQÓ. . . . i; (12) 
The ratio of these intensities is 

P? + w?P?—2uP . P’ cos 0 13 

P5—,P—2,4P.P'cosd'^ * : - (13) 

96. Now, if this ratio of objective intensities produces the 
same angular localization with reference to the median plane 
as the ratio of the subjective intensities when there is a 
difference of phase between the external vibrations, these 
vibrations being equal in amplitude, then these two intensity 
ratios can be equated, if we assume that the ear appreciates 
the two intensity ratios in the same way. 


37. This latter ratio, from equations (3) and (5) (para. 
28) is 


P*(1 + 47?) — 24P cos ($ + 0) i 
P(1r4)-3uP5cs($—8) : : - (4 

38. In a previous experiment * I found that the minimum 
ratio of the intensities of the external vibrations which pro- 


duced the same angular localization as a phase-difference of 
m/2 was 2°50. 


39. Substituting these values in (13) and (14) and equating, 
we get: 
2°30 + 4 —2,X 1:6 x cos 0 
1+ yp? x 2°50—24 x L:6 x cos 6 
_ 1+y7+2ysin 0 
“TFw—2using |o coc (15) 
* Brit. Journ. Psych, xvi. p. 265 (1926). 
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If 0 is greater than 7, and the cross-conducted wave is 
not supposed to undergo a change of phase of m, the 
equations are : 
39-50 +u? +2u x 1:6 x cos 0 
142:504! -- 2u x :6 x cos 

l-F u? — 2, sin 8 
wowetre merry ME (16) 


40. The variation of u *, as 0 increases from 0° to 360°, 
is shown in Table I. and fig. 4. 


TABLE I. 
0 p. 
—- ——-—— 
O or 180 1:0 | 
15 or 195 0:89 
30 or 210 077 | 
45 or 225 0:46 
60 or 240 0:29 | 
90 or 270 020 | 
105 or 285 0:20 
115 or 295 020 | 
135 or 315 0:23 i 
165 or 345 0:42 i 
Fig. 4 
l-Oq Q e 
o e 
0-8 
o 
O'6 
M ` 
O4 p 8 
e e 
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O 30° 60° 90? 120?150? 180° 210? 240?2 70? 300° 330° 360° 
8 


The values of » and 0 which satisfy the equations (15) and (16). 


p= proportion of sound which is transmitted through the head from one 


ear to the other. 
0 = phase-retardation of the transmitted wave. 
z * The method of obtaining the value of p for any given value of 6 is 
given in the Appendix. 
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41. The graph shows very clearly that, if the phase-effect 
is a subjective differential intensity effect, which 1s produced 
by the transmission of the sound through the head from one 
ear to the other, and if this difference of intensity is pro- 
portionally the same as that which is required objectively 
to produce an equal angular displacement of the sound from 
the median plane when there is no difference of phase 
between the external vibrations, the proportion of the sound 
which is transmitted through the Qu will have a value 
between °20 and 1:0, depending on the retardation in phase 
brought about by the transmission. 

42. If the retardation of phase is small, as Myers and 
Wilson assume, e. g. 15°, then ~=0°89. This would mean 
that, if the right ear were stimulated directly, the amplitude 
of the vibration transmitted to the left ear would be 89 per 
cent. of that at the right ear. 

43. Under the most favourable conditions, when the phase 
retardation is about 90? to 120? (or 270? to 300°), the amount 
of sound conducted through the head is about one-fifth. 

44. Now this is the minimum value for p. It is obtained 
by assuming the most favourable value for the phase-retarda- 
tion, and using the smallest value (2:50 : 1) for the intensity 
ratio which would produce the same angular localization as 
a phase difference of 7/2. For the intensity ratio of 
11:8 : 1, the maximum for my observers", the minimum 
value of p, with the most favourable phase-retardation, is 
*35. For Stewart's f figure of 33 : 1 for the intensity ratio 
the minimum value of 4 is greater still. 

45. It seems very improbable that, if 4 has even the 
smallest value (0°20), my previous experiments TJ, when 
I was searching for evidence for the direet transmission of 
sound through the head, could have produced only negative 
results. Also, if there is transmission of this magnitude, 
individuals, deaf in one ear, should have little difficulty in 
hearing with the normal ear sounds, led to the deaf ear: 
but it is stated S that such individuals cannot hear unless the 
intensity of the sound is raised to about 10,000 times that 
required for audition if the sound is led to the good ear 
directly. 

16. This investigation would, therefore, seem to indicate 
that the Wilson- Myers explanation of the phase effect is not 
correct. 


' * Brit. Journ. Psych. xvi. p. 286 (1920). 
t Phys. Rev. 2nd ser. xv. p. 425 (1920). 
t Phil. Mag. July oe 144. 
$ Wegel & Lane, Phys. Rev. xxiii. pp. 266-285 (1924). 
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VII. CHANGE IN THE TOTAL INTENSITY oF A SOUND WITH 
VARIATIONS IN RELATIVE PHASES AT THE EARS. 


(a) Changes to be expected. 

41. If the ears are being stimulated with sounds of equal 
objective amplitude, but differing in phase, the effective 
intensities of the sounds at the ears, assuming transmission 
of the sound through the head from one ear to the other, 
are given by (4) and (5), para. 28. These are: 


P? [(1-- 4?) — 2u (cos $ cos 0 —sin ¢ sin 8) ] 
and P? | (1+ 47) —2p (cos $ cos 0 + sin $ sin 0)]. 
The total intensity of the sound is therefore 


2P*[(1*4*?)—2ucos$.cos0]. . . (17) 

48. For any given individual and a tone of given pitch, 

p. and 8 will be constant. We therefore have that the total 

intensity will vary as the relative phases of the external 
vibrations vary. It will bea maximum when 


2u cos ġ cos 0 isa minimum; . . . . (18) 


and a minimum when 
2u cos $ cos 0 is a maximum. . . . . (19) 


Since p and ĝ are constant, 
2p cos $ cos Q will be a minimum when 


cos $ is a minimum. 
The smallest value of cos $ is —1 when $180? ; 
The greatest value of cos¢ is +1 when $—0?. 


49. So we see that the total intensity of the sound is, 
according to the Myers- Wilson hypothesis, a maximum when 
the difference between the phases of the external vibrations 
is 180? : it is à minimum when the vibrations are in phase. 

50. This same relation holds, if the phase-retardation of 
the transmitted sound (0) is between 7 and 27, if no change 
of phase is postulated. 

51. For other cases (0 less than m, and no change of 
phase ; or 0 between m and 27 and a change of phase) the 
total intensity will be a maximum when the external 
vibrations are in phase and a minimum when their phases 
differ by v. But if the maxima and minima vary ‘in this 
way, the experiment furnishes evidence which is a direct 
contradiction of the Myers- Wilson hypothesis. 
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(b) Changes observed by previous experimenters. 


52. A certain amount of work has already been done on 
the variation in the intensity of binaurally heard sounds 
with change in the relative phases at the ears; but, as I shall 
show, the results do not agree. 

93. The variation of relative phase has usually been 
obtained by leading sound waves from two slightly mistuned 
forks, or other sources of sound, to the ears separately. 
Binaural beats then occur, and the various phenomena con- 
nected with these beats can be observed as the relative phases 
at the ears vary from 0° to m and back again to 0°. 

94. Thompson, 1877.—Thompson * was one of the first to 
remark on variations of intensity so observed. With slow 
beats, less than two per second, he says :— 


*'lhere was no very decided weakening of the 
intensity of the sound comparable to the ‘silences’ 
ordinarily observed between the ‘beats,’ the two tones 
seeming to be going on, but with a difference hardly 
definable in precise terms. When complete difference 
of phase was momentarily attained, there seemed to be 
a slight increase in the intensity of the sound, and the 
octave note (which, it will be remembered, is not 
amongst the upper partials of the fork) was faintly 
heard.” 


So, though he did not find any ** very decided weakening,” 
there still * seemed to be a slight increase in the intensity of 
sound ” when there was a difference of phase of m. A result 
which supports the Myers-Wilson hypothesis. 

55. Rostosky, 1902.— Rostosky T noted intensity variations 
in binaural beats in 1902; but he found the maximum 
intensity was when the sounds were in phase, and that, when 
the beats were slower than one in two to five seconds, other 
maxima appeared just before and just after the opposition 
of phase. These observations are antagonistic to the Myers- 
Wilson hypothesis. The maxima and minima are reversed, 
while secondary maxima occur ! 

56. More & Fry, 1907.—Five years later More and Fry 1 
paid attention 

* to the question whether difference in phase produced 
a change in the intensity of the combined tones. .. .. 
Not one of [14] observers could detect any alteration 
in the loudness of the sounds when the relative phases 
were varied." 

* Phil. Mag. (5) iv. pp. 274-276 (1877). 

t Philos. Stud. xix. pp. 557—593 (1902). 

1 Phil. Mag. [6] xiii. pp. 452-457 (1907). 

Phil. Mag. S. 7. Vol. 2. No. 8. August 1926. 2E 
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These experimenters, I would remurk, used apparatus 
similar to that employed later by Myers and Wilson. They 
obtained their difference of phase by varying the lengths of 
the pathways by which the sounds were led from a single 
source to the ears. They did not study the phenomena of 
binaural beats. 

57. Stewart, 1917.—In 1917 Stewart" published the 
result of an investigation he made into the maxima and 
minima to be observed with binaural beats, with special 
reference to Rostosky's experiments. He remarks * :— 


* One [maximum intensity] occurred at 0? difference 
of phase, one at 180°—6 and one at 180? -- 6, 8 being 
less than 45°. The earlier of the additional maxima at 
180? — 8 phase difference coincided with the localization 
in the ear near the higher frequency, and the latter with 
the localization in the other ear. .... The significant 
fact is that the 0? maximum was always present, whereas 
the secondary oues required a beat period exceeding at 
least a second in order to become cleariy evident. .... 
The localization in the ears as described seemed to 
depend upon the perception of the secondary maxima." 


We see, then, that his observations agree with those of 
Rostosky, but that they disagree with the Myers-Wilson 
hypothesis. 

58. Banister, 1925.—My own results, previous to the 
investigation about to be described—side remarks made by 
observers in other experiments—had shown equal diversity. 
Only once t had an observer specially attended to intensity 
differences. I was then determining the binaural intensity 
ratio which would produce the same angular localization ofa 
tone as a phase-ditference of m/2. This observer correctly 
picked out the **phase-effect," differentiating it from tlie 
intensity effect, because with tne former he could not appre- 
ciate any change in the loudness of the sound. 

59. We see, then, that there is a difference of opinion, first 
of all whether a chanve in the relative phases of the vibrations 
at the ears causes any change in the loudness of the sound 
or not; secondly, whether the maximum, if there is one, is 
when the vibrations are “in phase" or when the phase- 
difference is 180°. 


* Psych. Monogr. xxv. pp. 31-46 (1917-18); Phys. Rev. ix. pp. 502-528 
(1917). 
T Brit. Journ. Psych. xvi. p. 288 (1926). 
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(c) Disudvantages of the **Binaural Beat" method of 
investigation. 


60. Now, though a study of variations in loudness due to 
phase changes is experimentally most easily made by 
listening to binaural beats, phenomenally such a method of 
investigation is fraught with difficulty. The sound is moving 
about from side to side all the time, and the way in which it 
moves is different for different people—some (e. g. Stewart) 
appear to hear the sound outside the head in front for a 
part of the cycle and inside the head for the rest; others 
hear the sound behind instead of in front; others only hear 
the sound inside the head ; with some the sound travels in 
a horizontal plane; with others the same sound physically 
moves in a plane, making an angle of perhaps 60? with the 
horizontal. Again, with some observers the pitch of the 
sound varies with its position, while, more important still, the 
apparent distance of the sound varies from point to point. 
Another most important attribute, very distinct from loudness, 
but yet one which may easily be confused with loudness, is 
volume ; and volume again varies with position, though 
what the relation between volume and phase difference at 
the ears is has not yet been settled. The observations so 
far available—e. g. Wilson and Myers", Peterson f, 
Halverson f—are not sufficient for any generalizations to 
be made. Now it is evident that one and all of these factors 
may enter into our judgment of “loudness”; so that it 
would seem desirable to eliminate them, as far as is possible, 
by using sounds which are not continually changing in 
position. 

61. Another very serious objection to the binaural beat 
method of study is that no controls are possible, and the 
same error, should there be one, will creep in again and 
again, and may perhaps be accentuated by use. 


(d) Necessity of further investigation. 


62. It therefore seemed important that an investigation 
should be made into the variations in loudness produced by 
changing the relative phases of the vibrations of the sound 
waves at the ears, the amplitudes of the vibrations being 
kept constant. 


*' Brit. Journ. Psych. ii. p. 369 (1908). 
+ Phys. Rev. xxiii. pp. 333-351 11916). 
1 Psych. Monogr. xxxi. pp. 7-29 (1922) ; Amer. Journ. Psych. xxxiii. 


. 179 (1922). 
p. 179 (1922) 2E? 
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(e) Experimental determination of the change in intensity. 
(i.) Apparatus. 7 


63. The apparatus was that used in previous experiments * 
and is shown diagrammatically in fig. 5. 


* 


Fig. 5. 


Diagram of Apparatus. 


Bı. High-Potential Battery (54 volts.) Ba. Accumulator (6 volts). 
C. Variable Condenser. G. Milliammeter. I.Inductances. R. Valve. 
S. Switch. sh. Shunt. T. Telephone. V. Voltmeter.  V.R. 
Variable Resistance. Sw. 4-way Switch. 


(ii.) Experimental Technique. 


64. The observer, with head-phones on, sat in the sound- 
proof room ; the experimenter in the annexe. Communication 
was, as before, by microphone from Observer to Experi- 
menter and by speaking-tube from Experimenter to Observer. 
When ready, the observer said “ Ready !”’, and the sounds, in 
phase, were switched on. The sound was then centred and 
switched off. After a short interval the sounds were switched 
on to verify that the sound was still in the median plane ; if 
it were not, adjustments were made. This was repeated, 
if necessary, till the observer reported that the sound was 
in the centre. The current passing through the telephones 
was then noted. (This current is, as I have already shown f, 
proportional to the amplitude of vibration of the telephone 
diaphragm.) The experiment then began. The experi- 
menter switched on the sounds. The observer listened, 


* Brit. Journ. Psych xv. pp. 280-307 (1925); xvi. pp. 265-292; Phil. 
Mag. July 1926, p. 144. 
T Brit. Journ. Psych. xvi. p. 281 (1926). 
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satisfied himself that he had the sound properly under 
observation, signalled to that effect by gently jus Dus the 
microphone, and listened to see if he detected any change in 
loudness. The experimenter meanwhile made a change in 
phase of v, or a S Wes of intensity—either increasing or 
decreasing the intensity—or else he made no change at all. 
The sounds were continued for about four seconds, and then 
switched off. The observer wrote down his observation on 
a specially prepared form, with separate columus for Louder, 
Equal, and Softer, and remarked on any matter of interest. 
The experimenter also noted down what change he had 
made, re-adjusted the apparatus to its initial condition, and 
waited for the “ Ready!” from the observer, when the next 
observation was taken. Since the observer had to judge 
changes in loudness only, the sounds were not centred for 
each observation. Variations in the position of the sound 
were sometimes remarked on ; but, though of interest, the 
observations made are too scattered to justify discussion here. 
The sound was centred before the first and the eleventh 
observations only—/:. e., when the telephones were first put 
on and when they were changed round. The sound used 
was an impure tone of about 220 d.v./sec. 

65. Twenty observations were taken at each sitting, which 
usually lasted for about half-an-hour. 

66. Four observers, two men and two women, took part 
in the experiment. Three of them, A, B, and F, had 
observed for me previously. The fourth, (G), a man, was 
new. The observers were not equally able to give me of 
their time, so the number of observations obtained from them 
is not constant. 


(iii.) Reports of Observers. 


67. The reports are summarized in Table II., which shows, 
for example, that the experimenter decreased the amplitude 
of the vibration at one ear to between 81 per cent. and 
90 per cent. of its initial value eighteen times for observer A, 
who judged that the sound became louder three times, softer 
eleven times, while she detected no change in loudness four 
times. The experimenter made “no change," either of 
phase or of intensity, nineteen times for observer B, who 
reported that there was no change in loudness on twelve of 
these occasions, but that, on the other seven occasions, the 
sound appeared to become softer. 
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68. It will be noticed that every observer reported un 
increase of loudness more often than a decrease when the 
relative phases at the ears were varied from 0° to v, and that 
two (B & G) showed a very marked tendency to judge that 
the sound had become louder. This is, prima facie, evidence 
for the Myers- Wilson hypothesis. 

69. But let us examine the whole data more fully, begin- 
ning with F. F clearly differentiated the ** No iud On 
three out of thirteen such observations he recorded changes of 
loudness—once an increase und twice a decrease. He, also, 
could discriminate and judge correctly when the amplitude of 
the vibration to one side was increased to 111 per cent. or more 
of the initial amplitude, or when it was decreased to 90 per 
cent or less. Out of twenty-four observations, when the 
phase was changed from 0° to m, he reported an increase in 
loudness ten times, **No change” eleven times, and a decrease 
threetimes. This observer had four sittings. Atthe first, his 
report for the phase-change was 5 louder ; 3 equal ; nil softer. 


At the second, he reported 4 , 5293 ,, 31 softer. 
At the third, ‘5 nil TEC 1 » 9 2 99 
At the fourth, T 1 9 ; 4 » 9 nil 39 


He made no introspective remarks of interest. But the fact 
that at his third and fourth sittings he reported one louder, 
five equal, and two softer would seem to point to the possi- 
bility o£ his having learned with practice to discriminate 
variations of loudness from variations in other ways. 

70. (A) discriminated the * No change" fairly success- 
fully, but for the phase-change reported more increases 
than decreases in loudness. She also could, obviously, tell 
when the amplitude of the vibration at one side was increased, 
or decreased, by 10 per cent. 

71. A gave me eight sittings. Her reports, when the 
relative phases were changed from 0° to v, were :— 


Louder.| Equal. | Softer. Remarks by Observer. 


| 


2 4 0 x Equal or softer. 
2 6 0 * Equal or louder. 
2 5 l 

- | 2 la 

]* | 1 la 

5 5 3 

- 5 

z 5 a 
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12. We see that, after her first threesittings, she reported 
changes of loudness only three times out of twenty-four 
observations, and, on each of these three occasions (o£ which 
only one was a judgment of increase), she queried the 
change. 

73. This observer's remarks are interesting. The first 
day she reported much difficulty in forming a judgment of 
loudness when listening to the pliase-change, but none when 
the phase did not change. She ascribed this to the move- 
ment which occurred. Her remarks for the two occasions 
on which she reported an increase were “ Large change in 
position—very muddling.” ‘Very difficult because of 
change in position." But before the end she began to 
differentiate, and she remarked that what she at first thought 
was an increase in loudness was really some change or other 
in what she called * quality "—some change she fonnd it 
difficult to describe. "l'heveafter this uncertainty gradually 
gave way to certainty that there was no variation in 
loudness, but some other change, due somehow or other 
to the change in the position of the sound, which change 
in position she later decided was a movement from one 
peint in the mediau plane to some otler point in the 
median plane. When the sound was at the second position 
in the median plane (phase-difference r), she described it as 
* a curiously exciting noise. It is very thrilling. It gives 


me the impression of going up and perhaps becoming 
clearer. 


74. (A) therefore, if the first sittings are considered, as 
they reasonably may, to be preliminary practice sittings, 
definitely could not distinguish any chanve in the intensity 
of the sounds when the relitive phases at the ears were 
changed from 0° to m, though she could discriminate a 
change in the amplitude of the vibration at one side of 
10 per cent.—which is a change of not more than 10°5 per 
cent. in the total physical intensity of the sounds acting on 
her ears. 

75. But (B) and (G) are different. They both, on the 
average, judged that the sounds had become louder when 
the relative phases were changed from 0° to m; and also 
they judged that the sound became louder even when no 
change whatever was made. (B) came only four times, 


whilst (G) came six times. Their judgments on each of these 
occasions were :— 
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| Relative phases 


No change 
Observer. changed from 
made. 0° to s. 


L s| s r| e| s 
3 a z 1 4 1 
3 4 E 9 1 2 
(B) 1 3 E 5 2 : 
R 5 : 4 9 A 
ME riz) ola] eo] 
6 EP ae ue ue 
2 2 : 5 - z 
2 3 E 4 9. - 
] 4 = 4 2| - 
|] 4 R 4 Qu. x 
| 1l 8| - 5 2| - 
| | 
MEME a ME 
| | o Pe a A 


s |a 


| 


L — Louder. E — No change. S — Softer. 


(G), it will be noticed, judged at his first sitting that the 
sound went louder six times out of the seven times no change 
was made; the next sitting he judged more correctly, and, 
though there was still a tendency to judge that the loudness 
was increased when no change was made in the intensity, he 
discriminated the ** No change " observations with reasonable 
accuracy at his fourth and subsequent sittings. He, how- 
ever, still continued, in no uncertain manner, to judge that 
there was an increase in loudness when the relative phases 
were varied from 0° toa. (B)’s results show a very similar 
tendency. 

76. These two observers are also alike in another respect. 
They judge, as a reference to Table II. will show, that the 
sound increased in loudness when the physical intensity de- 
creased, provided the decrease was not too great. It will be 
seen that, when the amplitude to one side was decreased from 
81-90 per cent., (B)’s judgments for 8 observations were : 
4 louder, 1 equal, and 3 softer ; while (G) judged 15 obser- 
vations to be 8 louder and 7 equal. 

77. In spite of these peculiarities, it might be argued that 
the evidence of these two is in favour of the Myers- Wilson 
hypothesis. It is not a sufficient answer to state that the 
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observers were judging a change in some other attribute of 
situation as an increase of loudness. The obvious course 
was to try the same experiment again, but this time to vary 
the phases the opposite way, from m to 0°. Since the change 
from 0° to m produced an increase in loudness, a change 
from ~ to 0° should cause a decrease in loudness. Unfor- 
tunately, one observer left Cambridge temporarily, while 
the other become ill, so the experiment could not be per- 
formed till six weeks later, when observer (A) also gave me 
two more sittings. The observations then obtained when 
* No change” was made, and when the relative phases were 
varied from ar to 0°, were :— 


| Relative phases ! 
No change changed from 
Observer. made. v-0 | 
| L | E | S L | E | S | 
| 
| — —— ——— 
p 
(2 sittings) 3 8 0 10 3 0 | 
e | | 
G 
(3 sittings) 5 9 1 | 10 10 o | 
| 
ti | 
(2 sittings) 0 10 0 l 14 0 | 


L = Louder. E = No change. S = Softer. 


78. It will be seen that (A)’s report agrees with 
her previous ones. She reported a change of ‘some 
description," but not of loudness when the relative phases 
were changed from v to 0°; while (B) and (G) showed the 
same tendency to report an increase of loudness when ** No 
change” was made, and, instead of the phase-change pro- 
ducing a decrease in intensity, an increase was reported. It 
therefore, I think, appears evident that, in judging the sound 
to have become louder, these two observers were not dis- 
criminating the loudness from the other factors in the 
situation. 

79. It would seem that this is the true explanation of the 
observations of Thompson, Rostosky, and Stewart. In 
judging variations in loudness, they probably did not dis- 
criminate —their experimental method made it almost 
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impossible—between variations in loudness and variations 
in the other attributes of the sounds they used. Also their 
experiments lacked control, as I have pointed out in para. 61. 


(iv.) Conelusion. 

80. The conclusion to which this experiment forces us is, 
therefore, that, if tones of the same frequency are led 
separately to each ear, there is no appreciable difference in 
the loudness of the resulting sound whatever the relative 
phases of the vibrations may be, provided the amplitudes are 
kept constant; while there is evidence that a change of 
10 per cent. in total intensity is discernible *. 


VIII. Summary or THE RESULTS. 


81. Let us now briefly summarize the results arrived at 
in this and other paperst, so far as they bear on the 
hypothesis that the ** phase-effect " is to be explained as an 
“intensity effect" brought about by the transmission of 
sound energv from one ear to the other through the head. 

82. (1) The evidence for the first assumption made by 
Myers and Wilson, that “the sound entering one ear is 
transmitted through the bones of the head to the opposite 
ear," has been examined f. It has been shown that the 
experimental evidence adduced in support of the assumption 
will not stand critical examination. The most refined 
experimental methods, so far used, have failed to demon- 
strate that there is any transmission of sounds of ordinary 
intensities from one ear to the other, either by bone con- 
duction or by any other means, in the living head. 

83. (2) The second assumption, *that the retardation in 
phase due to such internal conduction is small," may be 
accepted. Unless there is some phase-ditference, the trans- 
mission of the sound could not produce any binaural intensity 
difference. At the same time the magnitude of this assumed 
phase-retardation is immaterial to the general argument. 

84. (3) The third assumption, “ that the two sets of waves 
thus received at each ear directly and by bone conduction, 
meet coming from opposite directions," was made to account 
for the facts. It is necessary to assume this change of phase 
if the phase-retardation (assumption 2) is small. If the phase- 
retardation is between m and 27, this change of phase need 

* This 10 per-cent. limen must not be considered as anvthing more 
than indicating that my observers could appreciate this variation 
in intensity with sounds of the loudness used. But it ngrees with the 


value found by Knudson (Phys. Rev. xxi. pp. 84-102, 1923). 
+ Brit. Journ. Psych. xvi. p. 265 (1926). Phil. Mag. July 1926, p- 144. 
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not be assumed. There is a difference of opinion among 
saria ie as to the legitimacy of the assumption, but our 

nowledge of the whole mechanism of the transmission of 
sound through the head, if it takes place, is so nebulous that 
the assumption cannot profitably be criticized. 

85. (4) Binaural difference tones cannot be heard, though 
binaural beats ean. If the latter are due to interference at 
the end organs, due to transmission of the sound through 
the head, it is difficult to understand why binaural difference 
tones cannot be obtained *. 

86. (5) Assuming that the Myers-Wilson hypothesis is 
correct, and that the phase-effect is on analysis an intensity 
effect, experiments were performed f to determine what 
differences of objective physical intensity at the ears, when 
the vibrations were in phase, would produce the same 
angular localization of the sound as a phase-difference of 
7/2 when the intensities of the sounds remained equal. 

87. Two methods were employed: (a) the * Method of 
Production," the relative intensities being varied till the 
sound appeared to occupy the same angular position, with 
reference to the median plane,'as it occupied when the 
relative phases only were changed ; and (5) the ** Method of 
Presentation," the observer reporting whether a given bin- 
aural intensity-difference produced a greater, equal, or lesser 
angular localization of sound with reference to the median 
plane when compared with the deviation produced by the 
pliase-difference. 

88. The two methods show a remarkable agreement for 
individual observers ; but there are great ditferences between 
the various observers. The least binaural ratio of intensity 
required to produce the same angular localization as was 
caused by a difference ¢ of phase of m/2 was 2:5:1; the 
greatest was 11:8 : 1. 

89. (6) If a binaural ratio of intensity of 2:5:1 could 
result from the transmission of sound through the head, the 
minimum value for p (the ratio of the subjective amplitudes 
of the vibrations at the ears when a sound is led to one ear) 
is *20—the phase-retardation would then be about 90? to 
1209. Fora binwural intensity ratio of 11°80: 1 the minimum 
value of p is °35. 

90. It is incredible that such large proportional amounts 
of energy could be transmitted and escape detection. (This 
paper, paras. 34—46.) 

* Phil. Mag. July 1926, p. 144. 
+ Brit. Jourr. Psych. xvi. p. 265 (1926). 
[ Brit. Journ. Psych. xvi. p. 286 (1926). 
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91. (7) If the *phase-effect" is due to transmission 
through the head, the total sound heard should vary in loud- 
ness as the relative phases of the vibrations at the ears vary. 
The total sound will, according to the Myers- Wilson state- 
ment of the hypothesis, be loudest when the vibrations 
differ in phase by 7, and quietest when there is no difference 
in phase. (If the phase-retardation due to the transmission 
lies between 7 and 2 m, the opposite effect will occur.) Care- 
fully controlled experiments produced no evidence for this 
variation in loudness. At the same time,a difference of 
total intensity of 10 per cent. was easily appreciated. (This 
paper, paras. 47-80.) 

92. (8) According to the Myers-Wilson hypothesis, the 
phenomenal effects of varying the bilateral intensities of the 
sounds at the two ears should be independent of the relative 
binaural phases. This is not borne out by experiment. The 
observed facts agree with the hvpothesis that the phase-etfect 
is not an intensity effect *. 


IX. CONCLUSION. 


93. We see, then, that the Myers- Wilson hypothesis has in 
no single instance been supported by e The con- 
clusion is that any hypothesis is wrong which seeks to explain 
the facts, of sound-localization by binaural phase-differences, 
on the assumption that there is transmission of sound from 
one ear to the other through the head, and that this trans- 
mission causes the actual intensity of the sound at the ear 
which leads in phase to be greater than the intensity at the 
ear which lags in phase. 

APPENDIX. 


Method for determining the graph for p as a function of 
0 from equation (15), para. 33 : 
250+ 9i 32 cosÜ 1+y?+2usin 6 
14-2:504/—:3*24c080 — 1+ p?—2usin O° 
2:50 + up? —3'2u cos 0 
Pl tt ; = —————— pil es 
SETBRCUEVOS, 1] l4 2:504? — 3:2y cos 0 
| 1445 —2yu sin 0 
~ 1+p?—2ysin 6 
between the limits u=0 and u—1, for various values of 6. 
The point of intersection of the curves gives, evidentlv, 
the value of u which satisfies equation (15) for the specific 
values of 0 taken 
* Brit. Journ. Psych. xvi. p. 265 (1920). 


and y 
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Let us find the value of p if 0, the phase-retardation in 
passing through the head from one ear to the other, is 60°. 

If 6=60°, sin 82:87, cos 0—:5, so the equations for yi 
and y, may be written 


2:50 4 à — l6, 
V 14 9°50? — L 6p 
L+y?+]T4yp 
L+p?—l-Ttp- 


Evaluating y; and ys for various values of p between 0 
and 1, we get 


Y= 


LAT Ya 
D: iiaiai 2°50 1 
^ pe 27 14 
30 boost nes 2:85 2:0 
e T 2:83 2:9 
LO) c l 14:4 


Plotting these values of y; and yo, we obtain the curves 
of fig. 6. Fig. 6. 


A 


O'I O2 03 04 O'S O6 O7 Q'8 0'9 1:0 
p 
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From which we get, by inspection, the value of u as 0:29 
when 0 = 60°. 

In a similar way we find the following pairs of values, 
which on plotting give the curve of fig. 4, para. 40 :— 


0 .....| 0° 15° 30° | 45° 60° 909 
Ponce l 0-89 0-77 046 0:29 0:20 
| Qo... 1059 | 115° | 135° 1659 1809 
SS pee 
| s 020 | 020 | 023 | 042 1:0 


XXXIV. The Elasticity Coeficients and the Thermodynamic 
Integration Factor for the Solid State. By A. Press, 
Rockefeller Foundation Visiting Professor of Physics, 
Chulalongkorn University, Bangkok, Siam *. 


The Generalized Thermodynamic Equation of State. 


HE work of Griineisen and Ratnowsky, mentioned in 
the text of Andrews’s article on “ The Relation between 
Young’s Modulus and the Temperature” (see Phil. Mag. 
October 1925, p. 667), led to the questioned conclusion 


* that M should be the same function of the corresponding 
T 


temperature for all substances...." Here kr is the iso- 


thermal compressibility, V the atomic volume, and 8 the 
coefficient of cubical expansion. The above formula, be it 
noted, wus derived by Ratnowsky by applying the quantum 
theory to Grüneisen's work ufter the Debye manner. In 
checking up the above formula, it was found that the metals 
Fe, Ni, Zn; Ag, Sn; Au, Pt, Pb, tor example, grouped 
together rather according to the same row ot the periodic 
table than according to the same column, which result was 
quite unexpected. It will be shown herewith, however, on 
theoretical grounds that a density factor d should have 


* Communicated by Prof. I. J. Schwatt, Ph.D. 
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occurred in the formula to justify the observed row grouping 
of the elements. 
It is also to be borne in mind that if at points far removed 


from the actual change of state the ratio B can be made to 


i kr 
conform to a modified Grüneisen-Ratnowsky type of formula, 
for a proper generalized understanding of all the thermo- 
dynamic factors to appear, one and the same covering 
expression for such ratio should obtain for the change or 
state itself. That is to say, the one general formula should 


X l 
lead to the expression z i where X is now the internal 


latent heat of the body. (See Edser, Fourth Report on 
Colloid Chemistry, Brit. Assoc. Adv. Sci. 1922.) It will be 
shown that the generalized thermodynamic treatment bere- 
with satisfies the above two conditions. Indeed, it also leads 
to the further Griineisen condition that the specific heat at 
sufficiently low temperatures is proportional to the thermal 
coefficient of expansion divided by the compressibility. In 
accordance with Debye, it is known that the compressibility 
should also vary little with the temperature. 

The starting-point is therefore to be made with the energy 


equation 3U >U 
dQ SE . dt + (S; +p) dv. 


Instead, then, of employing the more usual integrating factor 
p=1jt, which, in fact, mathematically at least, limits the 
solution considerably, a more general type of integrating 


function 
u= f(t, v) 


will be taken with the understanding that the precise form 
of p is to be deduced theoretically as a consequence of 
experimental fact. Thus applying the condition for a 
complete differential, we have that 


On 


— 


oU p Ov _ oU Ov 
pt 3v tu Ot = $t ET 
ot ot 
The above is to be regarded as a General Equation of State 
applying to all bodies, solid, liquid, or gaseous. It is the 
right-hand term that would be missing with the usual 
limiting mathematical treatment. 
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Since by definition we have that 


kg= C=— : : OF compressibility constant, 


v Op 


B -l 2: = expansibility coefficient, ' 
and therefore a m 9p. 
T t 


Substituting the latter in the general equation of state, it 
follows that 


ou 
B Ov QU l0» fi, pW.oU 
kp pot wae ( at) ar" 
Ov 


The quantity p / en represents the ratio of external to 


internal work performed at constant temperature. 

From the above it i$ seen at once that two important 
limiting conditions are indicated. The one is when the 
body is about to change its state (as at fusion, or boiling, 
Edser-Lewis condition), and the other is when the body is 
far removed from the latter critical condition. Supple- 
mental, therefore, to the work of Griineisen and Ratnowsky, 
it is particularly significant that a general formula can be 
derived thermodynamically to cover both types of conditions 
at one and the same time. 


The Griineisen-Ratnowsky Type of Function. 
At temperatures sufficiently far removed from the change 


of state where the function e is naturally predominant 


over o or the effect of the p-term, we have the limiting 


condition 
8| 1 de dU 
kp]o ^» Ov òt’ 
If, then, with Andrews, we write 
V = atomic volume, 
d = density, 
Phil. Mag. S. 7. Vol. 2. No. 8. August 1926. 2F 
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it follows, on assuming that Dulong and Petit’s law prevails, 
that 
òt Vd’ 
so that on substitution, we have 
kplo Vd “pw Ov’ 


The latter will also lead to the Grüneisen specific heat 
condition 


B QU 
—|sA. 
kl ot ? 
provided it can be proved that 


ooh = constant, 
u Qv 


and not zero as hitherto assumed. It is precisely the former 
condition that is satisfied by the needed grouping of the 
metals according to rows, as Andrews found to be the case. 
The metals Fe, Ni, Zn; Ag, Sn; Au, Pt, Pb, are naturally 
grouped according to atomic weight, so that there was 
experimental justifieation for the statement of Andrews 
(see l. c. p. 667, footnote) “ that to each of the above groups 


the relation E = v | applied separately, as an approxi- 
T 


mation which extends up to half the absolute temperature of 
fusion.” For the exact equation see further. 


The Thermodynamic Integration Factor for the Solid State. 


Integrating the differential equation of condition above, 
we have that 


p = vt). et 
so that the Grüneisen-Ratnowsky type of formula should 
really read 
V8 _6.6A 


p T d s W(t), 


and all * logical difficulty ” is avoided. It is significant that 
the above development has not had to depend on the 


quantum theery and is rather supplemental than in contra- 
diction to it. 
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For the solid state, therefore, we have the equation of 
state 


where s is a function of t only. 


The Edser-Lewis Latent Heat Formula. 
Turning now to conditions about the change of state where 


the term on predominates over ov ; the elasticity function 


ot 


B| ~_1 fi} p\ ov 
an 2: EE 
ot 


Thus, with Edser, writing X for the internal heat per unit 
volume, it is found that practically 


kr o u’ ot 


becomes 


; x : 
In the case of gases forywhichfui = i: We at once arrive at 


the result of Edser-Lewis. More generally, if we assume 


E re $(v) . F(t), 
on integration we obtain 


—lg p = (v) . | Ft . dt = $(v) .lg fit), 
n.f) = (v). 


Clearly for the state ,near the point of ebullition a more 
general type of function would be 


p. = at? , (v), 

which on substitution would give 
B ee TEN 

kplo t 


2F2 
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The Integrating Factor and the Question of Phase. 
According to the above analysis the elasticity function 


B was shown to consist of two parts, of which the one 
a. oU dU | 
depended on 3t and the second on EI primarily. Yet 


according to either limitation, æ consisted of two factors, 
y(t) and (v). If then, for generality, we write as follows: 


p W(t) . $(v), 


it is quite clear that the precise form of y as an integrating 
factor of the thermodynamic energy equation depends firstly 
upon the considered phase of the substance, and secondly on 
the conditions prevailing both at the change of state and 
at points far removed from the change of state. Naturally, 


for the case of a perfect gas, 9 0, and therefore (v) 


would not be present. However, for actual gases near their 
change of state (very low temperatures), the latent heat 


condition involving gg is being approached, so that the 


more general integrating factor pas above given ought to be 
used. This condition should have material influence on the 
specific heat values as a function of the temperature, and can 
be used to explain much of Dr. Giacomini's findings recorded 
in the Phil. Mag. for July 1925, p. 154. 


Dec. 1, 1925. 


XXXV. Fdlymg Flow from Annular Nozzles*. By 
E. TYLER, M.Sc., and E. G Iucuanpsos, B.A., M.Sc., 
Ph.D. (University College, London) t. 


N 1922 a paper 1 appeared by Krüger and Marschner on 
the tones given out by fluid passing through a ring- 
shaped nozzle, formed by the space between the mouth of a 
cylindrical tube and a disk concentric with the tube and flush 
with the mouth. It was thought by the present authors that 
the system of embryo vortex-rings formed in the issuing 


* This work was begun in 1923. The early results and deductions. 
formed part of a Ph.D. Thesis at the Univ. of London, Jan. 1925. 

t Communicated by the Authors. 

t Krüger & Marschner, Ann. der Phys. lxvii. p. 581 (1922). 
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fluid should be mainly governed by the disk, considered as 
an obstacle in the stream, and that the frequency of pro- 
duction, n, of vortices should be related to the velocity, V, 
of the stream by the relation: V/nD = constant, D being 
the diameter of the disk. This relation is that found by 
Strouhal * for a cylinder in a stream, so that the tones 
produced would be, in fact, the ZEolian Tones of a circular 
disk, modified possibly by the proximity of the outer tube of 
the nozzle—the type of nozzle is shown in fig. 1. 

Krüger and Marschner's work dealt mainly with another 
aspect of the subject, i. e., the “ edge tones ” produced when 
the vortices strike a concentric edge placed at a distance 
from the annular slit, but they also gave a few results at 
low frequency for the simple case with no edge, from which 
they maintained the law applying to this case to be 

/nd = a constant (18), (d = width of slit, independent 
of D, the diameter of the disk). As these results seemed to 
Je at variance with what physical notions would suggest, 
lt was decided to examine both aspects of the problem 
further, 

It may be pointed out that the anunlar mouthpiece finds 
‘pplication in certain sources of sound t, in which the air- 
issuing strikes some form of resonator, notable examples 
being the Galton whistle, and the * bell whistle” used on 
locomotives, 


Cylindrical Pipes * blown”? by Annular Apertures. 


The nozzles or mouthpieces used were made to the design 
described by Krüger and Marschner. Each consisted of a 
ollow brass cylinder, about 10 cm. long, narrowed at one 
end for attachment to a rubber tube from the reservoir ; 
a $ in. brass rod formed tne axis of the cylinder and was 
ept in position by two circular plates, perforated with 
holes, The brass rod projected a fraction beyond the mouth 
of the cylinder, and the projection was threaded, so that a 
washer of slightly less diameter than the inside of the 
Cylinder might be screwed down flush with the mouth, 
against a Stop on the rod. There were two mouth pieces, 
one of 1-390 cm, inside diameter, provided with two inter- 
changeable disks, 1:254 om. and 1:200 em. diameter 
respectively ; the other tube of 2:883 cm. diameter, with 
Washers 27700 em. and 2:900 cm. diameter. These were 
eld in a clamp, and a pipe of thin brass tube was filed 


* Strouhal, Ann der Ph 7 
à: . ys. v. p. 216 (1878). 
t First so used by Gripon, Ann. der Phys. viii. p. 384 (1874). 
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down to a bevel at the mouth, corresponding to the upper 
lip of an organ pipe of 1:33 cm. diameter for the smaller 
mouthpiece and 2:80 cm. for the larger. The pipe was set 
co-axially to the mouthpiece, and the distance “ f” between 
nozzle and lip was measured by a travelling microscope. 
The blower consisted of a tall tank into which Tuch: presauce 
water could be run through a regulating tap at the bottom. 
The only outlet for the air driven out of the tank by the 
water was by way of the nozzle formed in the mouthpiece, 
between the bruss disk and the cylinder. This air impinging 
on the lip of the pipe at a suitable speed caused it to sound 
its fundamental or an overtone. The tone was purer than 
that of an average diapason of metal, but not so loud, though 
of sufficient intensity for the frequency to be estimated by 
comparison with a monochord, beats being easy to count ; 
the tone of the pipe, thus excited, could Bs kepi constant for 


TABLE I. 
Air Results with Pipe. 


Pipe D V 
D’. (Disk). d. S. LLA V. nf. 
em. cm. om. em. cm./sec. 


1:390 1:254 *068 


40 553 657 2°97 


42 870 4602.97 

42 500 602 288 

45 502 639 283 

72 186 39 28 

2:82 

$11 

49 — 496 — 52 280 

L390 1200 -095 42 S00 — 4594 — 290 
59 — 948 — 8364 283 

52 — 372 (5 213 

58 312  — 518 266 

28 — 283 — 214 266 

25 = 438 292 240 

43 — 299 — 9240 250 

2883 2700 vos) | 45 — 75 239 — 299 
2:51 

2-55 

240 
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half a minute or more. The tank was provided with a wide 
glass water-gauge, so that by observing the rise in, say, 
10 seconds, one could calculate the volume * v" of air 
delivered in that time through the nozzle of area A. Then 
the velocity of efflux, V 2v/10A. Thus V, n, D, and f were 
all known. | 

The resonance curve is flat, owing to the strong damping, 
although finer adjustment of ini prad is needed than 
that on an ordinary flue pipe. In Table I. the value of V 
given is that which appeared to elicit the given tone most 
strongly. 


Fig. 1. 


600 


200 $ holes 


d nerd, | ^9. 


so 100 150 700 250 300 


These results are shown on fig. 1, where it will be seen 
that they lie fairly on the line given bv V/nf=2°90. As all 
the results for various values of D and d fall on the same 
line, it appears that these quantities have no appreciable 
effect on the non-dimensional quantity, V/nf. That the 
frequency of the pipe was the sume as that of the rate of 
production of vortices was confirmed by mixing smoke with 
the air and examining the motion stroboscopically. The 
same value for V/nf was found by Krüger and Marschner 
using the circular edge, and was explained by them as 
follows. As each eddy strikes the edge, it sends out a wave 
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of compression, which travels back to the nozzle with the 
speed of sound, starting another vortex which travels with 
the fluid to the edge. The distance between successive 
vortices thus becomes equal to f or a sub-multiple of f; 
fis the wave-length of a disturbauce of frequency n, which 
travels from slit to edge. If we assume the translational 
velocity of the eddies to be always a constant fraction a 
of V, then V/nf=a. The pipe and the eddy system are 
accordingly “coupled " in the acoustic sense. Experiments 
in water in which a stream of liquid from a nozzle struck a 
small length of pipe seemed to show that unless the natural 
period of the pipe as resonator coincided with that of the 
vortices, the distance between successive vortices in each 
row was not forced into coincidence with f; at any rate, 
with the adjustment possible in the apparatus, no such effect 
was observed, nor with sinoke in air, except at resonance. 


Results without Pipe—in Water. 


Attention was now turned to the more important case— 
to us—of the frequency of the eddying produced by outflow 
from the nozzle into a clear space. Water seemed more 
amenable as fluid, and previous experiments * on solian 
tones had taught us that viscosity was not likely to influence 
the period of the motion. In order to examine the motion, 
the issuing fluid was coloured with Meldola's Blue, and the 
nozzles submerged mouth downwards in a rectangular tank 
of 10 litres capacity, filled with elear water. V was measured 
by collecting the water from an overflow pipe, which met 
the surface of the liquid normally near the top of the tank ; 
n was found by two methods—(1) by counting (when less 
than 6 per sec.), (2) by looking through a stroboscopic disk. 
The use. of the stroboscope for examining a motion such as 
this, which, though periodic, does not exactly repeat itself in 
space, is difficult, but with practice was found to give results 
in agreement with the first method over the range where 
they were both applicable (vide fig. 2). 

The ptoblem ot the dependence of the eddy freque: cy on 
the dimensions of the nozzle was attacked from two directions. 
At first, disks of different diameter were used in three nozzles 

reviously described ; this meant that both D and d varied. 
Sabscousntly a fixed disk was used, outer tubes of different 


diameters being clamped round it, so that d varied while 
D was constant. 


* Richardson, Proc. Phys. Soc. xxxvi. p. 153 (1924). 
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The graphs show that there is a critical velocity V, for 
each value of d, below which the fluid emerges in a steady 


Fig. 9. 
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stream, From velocities a little above the critical, the 


relation between V and n becomes linear, the slope, mE of 


the line decreasing as d increases, tending to a limiting 
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Fig. 4. 
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constant slope when d reaches 2 mm. The critical velocity 
is inversely as d, and practically independent of the disk. 
This indicates à Reynolds' Number of about 40 as the limit 
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for steady motion in the slit. The graph (fig. 7) includes a 
few measurements of V in air (mixed with magnesium oxide 


smoke), 


Fig. 6. 
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Results without Pipe—in Air. 


It is difficult to draw any conclusions from observaticns 
of air mixed with smoke in the absence of a resonator. 
The periodic heating and cooling of a hot wire, however, 
serves to indicate the period of the eddy production, as 
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was shown by Relf & Simmonds *, who succeeded in thus 
measuring the value of V/nD for a cylindrical rod past 
which air is streaming. The wire is heated electrically 
until nearly red-hot, and is coupled to a shunted vibration 
galvanometer through a transformer. The galvanometer is 
tuned to maximum resonance with the period of heating and 
cooling of the wire, and for determining the corresponding 
frequeney we calibrated the galvanometer with the inter- 
mittent current from a make-and-break of the vibrating 
reed type; the length of the reed was varied, and its 
frequency found by means of the stroboscope. This was 
in place of Relf's method of speeding-up an alternator to 
the de-ired frequency. The range of n in our experiments 
was from 30 to 100. The wire consisted of an inch of 
*001 in. platinum, mounted horizontally over part of the 
annular slit. This method does not lead to such accurate 
results as that o£ visual observation, as the hot-wire system 


is not sufficiently sensitive. Results are shown in Table II., 
and also on fig. 8. 


TABLE II. 
Pipe D d d ev eV. |] 
t ern . - x 10?. =. —— o =~ ¢ 

D'. (Disk). D ón én D 

cin, cin, em. 
2:793 045 161 6:80 9:43 
0-883 2-700 091 337 5:00 1:85 
= 2-500 :191 765 2:54 1-01 
2 Q08 "437 21:90 1:66 "19 
3-253 033 1:63 e 2:65 
3:360 3:198 ‘O81 254 6:60 2-07 
3-157 101 3:21 4:00 1:97 
2-085 AST 695 3:26 1:09 


Explanation of Vin Curves. 

The fact that, when the width of the slit is considerable, 
the slope of the linear part of the V : curve tends to a 
constant limit, eonfirms our earlier suggestion that, when 
the circumference of the disk is at a moderate distance 
from the outer tube, we are observing the æolian eddies 
due to the disk placed in the path of the issuing stream. 


The increase in the slope of these curves as the slit gets 


smaller must then be attributed to the proximi 
outer walls. 


ty of the 
The effect is similar to the i taleitorence " 
due to the walls of a wind-channel encountered in model 
experiments in aeronautics. 

To confirm these conclusions, values of V and n for a disk 
in an open channel were obtained. In default of a proper 
water-channel, a large bowl full of water was made 


* Relf & Simmonds, Phil. Mag. xlix. p. 509 (1925). 
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revolve, while the disk was held below the water and normal 
to the rotating fluid. Blue liquid, fed in behind the disk, 
made the vortices visible ; and V was found by timing dust 
particles in the water. This was a rough method, but the 
results for these disks fell, within the accuracy of the experi- 
ment, on the previous V : n curves for wide slits ‘exceeding 
2 mm.) (vide figs. 2, 3, 5: dotted lines). 

It is of interest to see why Krüger and Marschner were 
led to a wrong conclusion in this respect. By some mis- 
fortune, their results cover just that small part of the curve, 
near the critical velocity (vide fig. 2), where V/nd might be 
considered constant. The more extended results given here 
show that this is an anomalous region, the main range of the 
phenomenon being expressible in terms of Æolian Tones. 


Theory. 


If we regard the phenomenon as an Æolian Tone effect, 
modified by interference of the outer tube of the nozzle, 
we must adopt a forinula of the type 


x. y o (5) — constant. . . . . (1) 
il 
Fig. 8. 
25-0 
£00 
O water Results. 
X Air 
15:0 A Disc Results 


50 100 50 200 25:0 30 


gx 107 
. d : à; 
The form of the function (5) which expresses the in- 


fluence of the boundary, may be determined by plot'ing 
òV 1 "e. E" ta 
ED against D This is done in fig. 3. 

The results then fall onto two curves: one for the disks 
used in the narrow nozzle, and one for those in the wider 
nozzles. (It was impossible to use the set of small 
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disks in the wide tubes owing to the impossibility of getting 
symmetrical flow when d exceeds 4 mm.) That ull the 
results do not fall on an unique curve, tbough each curve 
has the same shape, is due to lack of constancy in V/nD, 
even in the open channel. Cylinders in the form of narrow 
wires exhibit an anomalous high value of V/nD *. To account 
for this, it is usual, following Lord Rayleigh, to multiply 
ôV 1 
ôn D 
need to be included as a factor in equation (1) to make this 
equation universally applicable. Only having the two 
curves, we cannot satisfactorily determine the form of this 
function, but probably the viscous term would only affect 
results for small disks. 


by a function of VDjv, and such a function would 


The relation between ov i E and d for either curve of 
ôn D D 


fig. 8 is approximately ES x 4 = constant, for 


small values of d. So that equation (1) becomes, for narrow 
slits 


Ó DI Sir ` (2) 
and for wide slits, simply 

ôV 1 

in DTE» 


where K, and K, involve XD when the diameters of the 
disks are small. E 

As regards the influence of the circular edge used in 
the acoustic observations, we may accept the sound-wave 
explanation, or we may look for an explanation in the 
* secondary " eddies produced by friction of the fluid on 
the sides of the edge. These appear as vortex-rings, 
alternately one inside and one outside the ring-shaped 
edge, lying between the vortices arriving from the nozzle, 
and rotating in the opposite sense. Karman T has shown 
mathematically that in a series of alternate vortices in a 
double row, A/l must be a constant for maximum stability, 
where l = distance between those in a row, and h = distance 
between the rows (1. e., difference of radii of rings). As the 
vortices recede from the orifice, A and l are seen to increase, 
so that the greater the distance from slit to edge, the greater 
is the separation between the (primary) vortices striking 


* Richardson, /oc. ctf. 
t Karman, Gött. Nach. 1019,*p. 547, 


Eddying Flow from Annular Nozzles. 447 


the edge. As the secondary eddies have to take their places 
between the primary ones, this means that l and A, for the 
set of eddies along the sides of the edge, increase with f. 
This seems to react in some way on the production of the 
primary eddies at the nozzle, particularly when some 
suitable resonator is present. This would account for the 
reduction of n as f increases, and as V/nf is found to be 
constant, it would appear that h and l are always propor- 
tional to f, which implies that the separation of successive 
eddies increases regularly with distance from the slit. 

This is a tentative suggestion, but is confirmed in part by 
photographs of eddies produced when water from a linear 
slit strikes a straight edge*. Such photographs show the 
secondary vortices plainly ; on measuring these photographs 
we find that the eddies along the edge are closer together 
when the latter is near the slit. We find the same effect in 
photographs we have obtained using the annular slit and 
edge. A recent Paper f has shown that the boundaries of 
the eddy tracks open out regularly, in the case of the 
straight slit and edge ; (over a considerable range, h, and 
therefore l, is directly as f). 


Summary. 


The conclusions of Krüger and Marschner on their work 
on the frequency of eddies produced in the flow from annular 
slits require modification. Whereas they ascribe the charac- 
teristics of the motion to the width of the slit, we claim to 
show that the motion once started is governed by the 
diameter of the disk, modified by the width of the slit, when 
the latter is small (less than 2 mm. in those we examined). 
It is, in fact, the ZEolian Tone phenomenon of a disk, modified 
by the outer boundary of the nozzle. There is a critical 
velocity for the commencement of the eddying flow, which 
is governed by the slit ; but a little above this, at another 
critical velocity, tlie pendulation is governed by the size of 
the disk. 

When the eddies strike a circular edge, the results of 
Krüger and Marschner are confirmed ; the distance between 
successive vortices becomes equal to, or a sub-multiple of, 
the distance from slit to edge. This is ascribed to the 
secondary eddies produced at the edge itself. 

[n conclusion, we wish to give our best thanks to Prof. 
A. W. Porter, D.Sc., F.R.S., for putting the necessary 
facilities at our disposal and for encouragement during the 
course of this research. 


* Schmidtke, Ann. der Phys. lx. p. 742 (1919). 
T Benton, Proc. Phys. Soc. xxxviii. p. 114 (1926). 
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XXXVI. Some Considerations of the Reaction Constant 
Equation, and a Simple Method of Determining the End Point. 


To the Editors of the Philosophical Magazine. 
GENTLEMEN,— 


Ó 2: method of determining the énd point and velocity 
. constant of a monomolecular reaction from two 
values obtained at specified times such that one time is half 
the other, which is described by Mr. Robert Christie Smith 


in your issue, 7th ser. vol. i. p. 496 (1926), was previously 


developed by Dr. L. N. G. Filon in a somewhat different 
form, and is described in ‘Investigations on the Theory 
of Photographie Process," by S. E. Sheppard and C. E. K. 
Mees, p. 65 (Longmans, Green & Co., 1907). "The method 


has been in continued use in practical sensitometry since 
then. 


Using Mr. Smith's nomenclature, the equation 


l/tlog s "=p m may be written T=T_ (1—e-*). If 


T, and T,,1 are chosen so that £,4, — 2ta, then 


T,=T (1 — e Mn) ; (a) 


Tari T (L-e +) ; (b) 


and putting e^ “n=, we have from (a) and (b) 


Wa a, l-z 1 EN l 
Ton u (1—2?) = 1 + T 1 Hekin ] 
hence AD = ew btn 


and k= Lio "o 


which gives k, and T, may be obtained by substitution. 

Mr. Smith's deduction of this method is obviously entirely 
independent, and is valuable in drawing attention to it anew 
and commending it to a wider field of utility. 


Very truly yours, 


S. E. SHEPPARD, 
Eastman Kodak Company, Assistant Director of Research. 
Rochester, N.Y. 
10 April, 1926. 
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XXXVII. Temperature Stresses and Deflexions in the Fins 
and Barrel of an Air-cooled Internal Combustion Engine 
Cylinder. By A. M. BINNIE, M.A. Cantab.* 


SUMMARY. 


Iw the following paper an attempt is made to evolve a method of 
calculating the temperature stresses and deflexions in the barrel 
and radial fins of an air-cooled internal combustion engine 
cylinder. For the simple case considered it is shown 

(1) That much weight can be saved by reducing the thickness 
of the fins towards their tips. The decrease in cooling 
power and the increase in temperature stress, which 
ensue, are both negligibly small. 

(2) That the spacing of the fine is of importance. To avoid 
distortion of the cylinder barrel the fins should be 
placed as near together as possible compatible with 
facility of casting. 

(3) That to a small extent the temperature stresses in the fins 
assist the barrel to withstand the internal pressure in 
the cylinder. 


Introduction. 


T avoid complexity, the theoretically perfect case is 
considered, in which a hot cylinder is steadily giving 
out heat solely by radiation to its surroundings and obeying 
Newton’s Law of Cooling. The fin is supposed to be thin 
so that for points equidistant from the cylinder axis the 
stresses and shift are constant. 
In the first instance the fins alone will be considered. 


Fin of Constant Thickness. 
Fig. 1. 


Consider the fin depicted in fig. 1. Taking the element 
whose plan and elevation are shown by AFGC and ABCD 
* Commuicated by the Author. 


Phil. Mag. S. 1. Vol. 2. No. 8. August 1926. 2G 
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respectively, the heat-flow outwards across AB is 


am 
owe dr 3 
where K. is the coefficient of conduction and T the tempe- 


rature at radius r measured above that of the surroundings. 
The heat-flow outwards across CD is 


—K.r.60 


d aT 
—K(r+8r)80.2.5, (T4. n) 

The loss of heat by radiation is 2e.T.r.50.5r where e is 
the coefficient of emissivity. Hence, equating and sim- 
plifying, the T-r relation is given by the equation 

dT 1 dT WT 

dt te dr Ke — 
of which the solution is 


sy of De . J 2e 
T= AJ (rig / 2 +BH,(riy/ 2). 


A and B are constants given by the relations that at r=n,, 


T=T,, and atr, d Y 

For a short fin the loss of heat from the tip becomes 
of importance, and a trial and error procedure is necessary, 
the two constants being chosen so that at r=r,, T —'T,, and 


dT EzT, 


atr, qi 4 In all practical cases, however, this 


further complication is an unessential refinement. 

Proceeding to a consideration of the temperature stresses, 
let u, p, and t be the shift, radial tensile stress, and hoop 
tensile stress respectively at radius r. The fin is assumed 
thin, so that there are no appreciable longitudinal stresses. 
Then the stress-strain relations are given by 


E( 4,1) =P- 
E (t —iT) E if, 


and the equation of equilibrium of the element by 


and 


dp 
p—t+r p 0, 


k being the coefficient of thermal expansion, E Young's 
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Modulus, and m Poisson’s Ratio. Hence, using the 
temperature relation already found, 


p= 9 [Gi IE) em C /29)] T4. 
Kz 


F and D being constants determined by a knowledge of the 
radial pressures existing at the root and tip of the fin. It 
will be noticed that the terms involving F and D are the 
same as those which give the distribution of radial stress in 
a fin whose temperature is the same throughout. Further, 


r 1 
t = F—EkT—p, and u= F | F—p (1+ 1j] 
Fin of Varying Thickness. 
Using the same notation and considering the element 
shown in fig. 2, it is evident that the heat-flow outwards 
across AB is "m 


—K 000.277, 


and across CD is 


— K(r 4 ôr) 86 (2. br) 5 (T4 $7 br). 


dr 


The heat lost by radiation is 2.6r.80.e. T .v, if x: may be 


assumed small. Hence the T-7 relation is 


"c 4.) 4 2eTr = 0. 


2G 2 
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The constants in the solution of this equation are found, as 
before, from the facts that at r=r, Tt and at r=", 


aT 


——— = 


"P =(). If extreme accuracy is desired, the second condition 


should be that at r— r, 2 us e 


Consider in the first instance a fin whose thickness varies 
: : À : 
inversely as the radius. If zm being a constant, the 


equation connecting T and r becomes 


- —PTr=0, where P= ze 


AK' 
The solution of this is 


T= LAJ, (3i Phat) + BJ,(3iPha$)], 
where Aand B are constants ; but a solution in a form more 
convenient in the subsequent stress determinations can be 
found without the aid of Bessel Functions. Let 

T = yt artar? +... + an". 
Then, by equating coefficients of like powers of r, 
p? P^$ ps2 
T-a|lt tq ioa | 

ag | i+ 6 +786 tiago "^*^^ 
Pr Prs po» 
I2 * 501 * 453607 ^] 
a series which is seen to be convergent. 
cases small ™, it is sufficient to take 


Pr 3 
T= a| 1+ v ree [15 |. 


the constants being determined as before. 
The stress-strain relations are again 


+a," L t 


Since P is in most 


Ld 


du "OM t 
E(5, HT) m us 


E(— -2T ) = t— P 


and 


l 
r m 
and the equation of equilibrium 2t = d 


i. (zrp) becomes 


* In the numerical example taken, P 200069639 and the maximum 
value of P?» is ‘50767, 


— —— 
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Eliminating and simplifyiug, the p-r equation is given by 


d? P Pr 
TP arab —p(1+5,)=—rB( ata (14 4))- 
The complete solution of this is 


P = Yyr™ + Yr Start+ Br + rt, 


where — Eka, 
a= -7 " 
ciem EkPay 
B ES 2l , 
— Z EkPa, 
Yy 56'1 ? 


and Y, and Y, are constants. m= 7 l 
Similarly, 


t —7745Y,r5—1:745r7119 + ar + 3873 + dyrt 
and 
u = x 445Y,r/9 —2-045r 7! 35 + Tar + 2:1 Ars 
t3 yr*4- EET J. 


To compare with these results the further case has been 
taken of a fin whose E varies inversely as the square 


of the radius. Taking rah, the general equation becomes 


BH ‘dr Tr, 
of which the solution is 
T = A sinh Fr? + B cosh Fr’, 


where F =,/ oak and A and B are constants. Proceeding 


in a manner similar to that used previously, p is found to be 
given T the — 


SPP P24 1 b 1) 
= —2EkE r(A cosh Fr’ + B sinh Fr’). 


The particular integral of this equation cannot be found 
exactly in a convenient form ; but since F is small, sinh Fr? 
and cosh Fr’ can be expanded and a solution obtained to any 
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desired degree of accuracy *. If the bracket in the right-hand 


2,4 
side of the above equation be taken as A(i4*y )+ BF”, 


then 
p = Yre 4 Y ue 102 + ar? + Brt pear’, 
where A 


a = — l4 2EF, 
B =- 7.5. 2EFE, 
2 
y=- gzs 2EFE, 
and Y, and Y, are constants. 
Further, 


, t = 612Y7:6022—2:612Y,r- 1812 + ar? 3875 + 5yr! 
an 
u = p [312Y r2 2:912Y 7102 4 -Tar + 278 
T 47yr! + EXT]. 

It will be seen that in general it is impossible to determine 
the stresses for any given shape of fin, since it is always 
necessary to solve two dependent differential equations—the 
T-r equation and the p-r equation. 

Curves (figs. 3-12) are shown, giving the temperature and 
stress variations in each of the three forms of fin considered, 
Fin oF Constant THICKNESS. 

Fig. 8.—Cross-section of Fin. 


Volume of Fin = 70°69 c.c. 


Radius ——> 


which are supposed of cast iron. In each case, the inner and 
outer radii are 6 and 9 cm. respectively, the fin thickness at 
its root is 0:5 cm., the fin temperature at its root is 400° C., 
the temperature of the surroundings is 0? C., and the fin is 
assumed to be unconstrained at both root and tip. 

* In the numerical example taken, F=-0054 ; and the maximum value 
of Fr? used is :43632, for which sinh F7? —45030, cosh Fr?=1-09670, 
and (14 F?r*/2)=1:09519. The effect of the approximation on the 
temperatures in the tin is shown in fig. 11. 
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Fig. 4.—Temperature Drop in Fin. 
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Fig. 5.— Radial Compressive Stress. 
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FIN WHOSE ''HICKNESS VARIES INVERSELY AS THE RADIUS. 


Fig. 7.—Cross-section of Fin. 
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Fig. 9.—Hoop Stress. 
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The radial pressure curve for the first cuse only is shown, 
as it is found that this stress varies but slightly with the 
shape of the fin and is in any case negligibly small. 

These three sets of curves are intended to indicate the order 
of the stresses developed, and to show to what extent the 
temperature drops and the stresses increase when the weight 
of the fin is diminished by a reduction in its thickness 
towards the tip. It will be seen that the stresses are in no case 
large and do not increase inordinately when the fin thickness 
is diminished. The amount of heat dissipated in each case does 
not materially alter, varying as it does from 16°73 calories 
per second for the first type to 16°65 calories per second for 
the third, although the decrease in the weight of the fin is 
35 per cent. 

The Physical Constants used are: 

Coefficient of Emissivity 
= '00015 calorie per second per sq. cm. per degree 
centigrade. 
Coefficient of Conductivity 
= 1436 calorie per second per sq. cm. per degree 
centigrade per cm. 
Young’s Modulus 
= 1:25 x 10? grammes per sq. cm., equivalent approx. 
to 8000 tons per sq. inch. 
Coefficient of Linear Expansion 
=10°8 x 107$ per degree centigrade. 


Stresses and Displacements in a Cylinder Barrel. 


After the stresses and shifts in a single fin have been 
determined, it 1s possible by means of an extension of 
Professor Cook’s method * to find the stress distribution 


* Professor Gilbert Cook, D.Sc., “The Distribution of Stress in 
a Flanged Pipe.” Complex Stress Distributions in Engineering 
Materials. Committee’s Report, British Association, 1921. See also 
Von Sanden, ‘ Engineering,’ Jan. 18th, 1924, p. 87, and Feb. 8th, 1924, 


p. 178. 
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and displacements in a cylinder barrel carrying a number of 
these fins equally spaced. (Fig. 13.) 


Let t be the thickness of the barrel assumed small in 
comparison with r, tbe mean radius ; 

„ the radial displacement of tbe wall ; 

the tensile circumferential stress ; 

„ the tensile lonvitudinal stress in the barrel at 
any point distant «æ measured along the axis 
from the fixed point Q ; 

Pi, the internal pressure ; 

29 , the root thickness of the fins ; 

T, „ the temperature of the barrel, which is equal to 
the fin root temperature. 

The stress-strain relation gives 


SQ & 


JY aT) -o- 4. but rem 
E(: I) o m' but TUE 
Hence 

2pgp(Z, E" ) 

?— E( Zee Eh. 


Considering the equilibrium of a longitudinal strip of the 
barrel subtending an angle 8$ at the axis. the load per unit 
length due to the internal pressure is Pri and due to 
circumferential stress is qt6ó ; so that the total load w per 
unit length is P,rj6$ —qtó$. The equation connecting load 
and displacement is 


dA 
872, = WwW, 


where 8 is the flexural stiffness, which in this case is 
2 
m 


1 : i ge 
a E 197196 t3. Hence, equating and simplifying, 


m — 
4 
TY te dnt zb. 
where : 
12 m?—1 
E ———- = 
en Tri m? 
12 m? 1 
d "Eod 1 [Pin (1-35) n e 
an 
b P l j "i T 
Ini i l-5 gp" 1 


= y, the radial displacement of the barre! 
without fins. 
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The solution of this equation is 


y = yit cosnz (A cosh nz + B sinh nz) 
+sin nz (C cosh nx + D sinh na), 


where the four constants can be found from the facts that 
2=0 and r=6, Yao and y= Ņ, the radial displacement of 
£ 


the root of the fin. It is assumed that under the fin the 
barrel is held so that no angular movement is permitted. 
Hence 


y = y1 — (Yı — yo) [cosh ng cos ng — H sinh nz cos nx 


+ H cosh ne sin ne — L sinh nz sin nz], 


where 
cosh nl—cos nl 


~ sinh nlt sin nl’ 
and L= sinh n/— «in nl 
^ sinhnl+sinnl’ 
It now remains to determine yọ. Let the shearing force 


in the barrel at Q be F per unit length measured along the 
circumference, acting outwards on the fin. Then the equi- 


| i 2F 
valent pressure on the fin is P, -- —. 
Žo 
But : mo Ë dy 
ee Ey mi-—]1'12 (2), 


Hence P,, the equivalent pressure, 


3z, nid . t3n3(17) — yo). 
Therefore for any particular cylinder and under given 
conditions of temperature and internal pressure, a curve 
connecting P, and yọ may be drawn. It has been shown 
how, for any of the fins whose stress distributions and shift 
functions have been investigated, a curve mav be drawn 
connecting p; the internal pressure and u,, the displacement 
at the root of the fin. But P, must equal p, and y, must 
equal v,. Hence the point of intersection of the two curves 
will give these four uantities; and when these are known, 
all the stresses and displacements both in the fin and in the 
barrel can be determined. 
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Figs. 14-21 have been calculated for a cast-iron barrel, 
-5 em. thick and 6 cm. mean radius, on which are cast a 


Fig. 14.—Determination of Pressure between Fin and Barrel. 
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Curve A shows relation between Pressure and Deflexion of Cylinder 
Barrel. 


Curve B shows relation between Pressure and Deflexion of Root of Fin. 
Pressure between Fin and Barrel —14:500 grams/sq.em. 
— 1/10 ton/sq. inch approx. 


Fig. 15. —Deflexions of Points midway between adjacent Fins for 
varying Fin Spacings. 
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Fig. 16.--Compressive Circumferential Stress at Points midway 
between adjacent Fins for varying Fin Spacings. 
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Fig. 17.—Deflexion of Barrel relative to Roots of Fins when 
Fins are 1 cm. apart. 
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Fig. 18.--Deflexion of Barrel relative to Roots of Fins when 
Fins are 2 cm. apart. 
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Fig. 19.—Deflexion of Barrel relative to Roots of Fins when 
Fins are 3 cm. apart. 
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number of fins of constant thickness whose dimensions and 
temperature distributions are the same as those of the fin 
considered in figs. 3-6. The barrel and the roots of the 
fins are maintained at a steady temperature of 400? C., 
and the internal pressure is zero. Fig. 14 shows how the 
pressure between tlie cylinder barrel and the root of the fin 
is determined by the intersection of two pressure-deflexion 
curves—one for the root of the fin and the other for the 
barrel. The pressure is found to be about 1/10 ton per 
sq. inch. Fig. 15 indicates the rapidity with which the 
deflexion of the barrel at points midway between the fins 
increases as the distance between the fins increases. This 
illustrates the importance of spacing the fins closely if an 
even surface in the cylinder is to result. At the same time 
it must be remembered that closely spaced fins cause com- 
paratively high circumferential stresses in the barrel, as is 
clearly demonstrated by fig. 16. Professor Gilbert Cook 
has shown that under certain circumstances the deflexion of 
the barrel may exceed the deflexion of the barrel without 


fins, the condition being asim In the example 


under consideration this gives values of z lying between 
3:18 em. and 741 cm., distances which are too large 
to occur in normal practice. In any event, the extra 
deflexion to be expected is not more than 5 per cent. 
Figs. 17-19 show the deflexions of the barrel relative 
to the roots of the fins when the fins are 1, 2, and 3 cm. 
apart respectively. The forms which the barrel assumes 
are similar but of widely differing magnitudes, the de- 
flexion scales being 100:10:1. These forms closely 
resemble those which occur when a barrel of uniform 
temperature reinforced by external flanges is subjected to 
internal pressure *, although there is an important change 
in the stress distribution. For the hot barrel the circum- 
ferential stresses are compressive, and decrease as the 
distance from a fin increases; while in the other case 
the reverse ensues, the circumferential stresses, which are 
tensile, being at a maximum at points midway between the 
fins. And further, increase in the distance between con- 
secutive fins in the former case decreases the circumferential 
stress, and in the latter increases it. Finally, figs. 20 and 21 
indicate the stresses in the fins. 


* Professor Gilbert Cook, loc. cit. p. 304. 
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XXXVII The Photoelectric Emission from Platinum as 
Influenced by Heating. By Lans A. WELO, Ph.D.” 


T paper is intended to be in the nature of a reply to 


occluded gases, My 1 own experiments of 1922, from 
which I concluded that platinum remains sensitive photo- 
electrically, are justly criticised on the ground that the 
temperatures I used ‘were not sufficiently high to secure 
even moderate elimination of the gases. These experiments 
of mine were repeated as long ago as February to May, 


errmann and [ are now, therefore, in complete agreement 
on this question as far as the experimental facts are concerned. 

9 not purpose to discuss the meaning of this result beyond 
presenting rather rough preliminary data on the effect of 
scraping, which may be interpreted as an indication that 
surface impurities are developed during the heating. 

The results to he presented will show that the ease witli 
which platinum may be made relatively insensitive towards 
ultra-violet light is very markedly dependent on the sample 
of platinum employed. My experiments of 1999 were made 
On a foil which retained its maximum sensitiveness after 

eating for many hours at a temperature of 13009 C. In 
the experiments reported on here, a foil was employed which 
decreased in Sensitiveness to about 1/12 of a previous 
maximum after having been heated to slightly more than 
1400 ^, Vata are presented for another foil which decreased 
In sensitiveness to 1/57 of a previous maximum value on 
heating to only 1140? Ç. 
lé possible influence of mercury vapour will also be 
<a "P. Herrmann considers that a certain minimum 
which appears in a curve showing the photoelectric sensi- 
tiveness as atunction of the heating current sent through 
the foil is due to the presence of mercury vapour. It will 
* Communicated by the Author, 


errmann, Ann, der Phys. lxxvii. p. 503 (1925). 
t Welo, Phil. Mag. xlv. p. 593 (1998), 
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be pointed out that this minimum disappears as tlie heating 
is continued or if the temperature is raised, in spite of the 
continued presence of mercury vapour. It will also be shown 
that this minimum appears when somewhat similar experi- 
ments are performed in the open air and under conditions such 
that no mercury vapour can possibly be present. Finally, 
8 few curves are included which show that the effect of 
adding gases after outgassing by heating is dependent on 
the particular sample of platinum in use. 


The Experimental Procedure and the Apparatus. 


The experiments were conducted in the same manner as 
before. The foil was heated with various increasing heating 
currents, and the photoelectric current was measured after 
the metal had become cool. After the first “run” on a new 
specimen, a run was made with successively decreasing 
heating currents. This is indicated by the arrows on the 
figures. Two minutes instead of ten was adopted as the 
standard time of heating with a given heating current during 
a run. 

The tube was similar to that shown in fig. 2 of my previous 
paper *. Its diameter was half again as great. It had two 
side tubes instead of one. The second side tube made 
possible the determination of the temperatures with an 
optical pyrometer which had been previously calibrated so 
as to give the true temperature of platinum. The cylindrical 
receiving electrode of sheet nickel was placed vertically 
within the main part of the tube so as completely to surround 
the foil. Two narrow slits were cut on opposite sides of this 
electrode, which was placed so that the slits were in line 
with the side tubes. The parts of the tube near the foil 
were always baked, while pumping, at 350? C. for two or 
three hours before making the first run on a new foil. When 
heating-currents were sent through the foil the pressures 
increased to as much as 5 x 10-5 mm. of mercury, but when 
the foil was not being heated the pressure while pumping 
was constantly of the order 107° mm., as measured with 
a McLeod gauge in connexion with the tube through a liquid- 
air trap. Liquid air was applied to this trap before inserting 
the foil and sealing up, and was kept in place continually 
until the work with that foil was complete. As the work on 
a foil extended over a long time (35 days in one case) the 
pump was not run all the time. Over-night the pressures 
sometimes rose to 9 x 107? mm., but usually this over-night 


* Loc. cit. 
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increase was to 2x 1075 mm. The lines near 254 py from 
a quartz mercury arc were used exclusively for the work 
reported upon. The foils were 13 cm. long, 0:5 cm. wide, 
and 0:001 cm. thick. 


The Decrease of Sensitiveness on Heating at High 
Temperatures. " 
Fig. 1 shows the results obtained with Foil No. 2, the 
complete history of the feil during the experimental work 
Fig. 1. 


F^hefo- Current — Scale visions 
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being given in the caption accompanying the figure. To 
this history as given in the caption it is only necessary to 
add that between runs 1 and 2 when the foil was being 
heated with 6 amperes, T1050? C., the heating-current 


Phil. Mag. S. 1. Vol. 2. No. 8. August 1926. 2H 
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was accidentally raised to nearly 7 amperes, T-— 1140? C., 
for about three minutes. It is assumed that the greater 
sensitiveness throughout run 2 as compared with the 
maximum of run 1 is due to this cause. It is on this 
assumption that the first part of run 1 is extrapolated along 
the broken line. In this section of this paper, no data are 
shown for Foil No. 1 as it was used in the preliminary 


work of DTE the electrometer sensibility, slit-width, 
high resistance, &c. to convenient values. The general 


Fig. 2. 

350 

300 w 

^ 250 For! No.3. 
$ A-2$4 ^n | 
E , 
N 200 
~ 

S 

S 
e 

| 


150 | 
/ 


100 


Photo- Current 


at J 050° 1140° 119° 


* A T Q- C 2 oe eae 9, 
y o 
Heating Current — Ampere. 
1. Original runs on new foil, 
2. Immediately after total heating of 180 minutes with 6 amperes, 1050° C. 
3. 


p 
[1] 9? 9 


M» LE í ?5 1140? C. 
behaviour was the same as with Foil No. 2. 


After having 
been heated for 150 minutes at a temperature of 1416? C., its 


sensitiveness was still 1/13 of the previous maximum value. 

Foil No. 3, which came from the same supply as Foils 
Nos. 1 and 2, proved to be strikingly different in its be- 
haviour. This foil, too, became less sensitive to X254 up, 
but this insensitive condition could be brought about much 


dmi io reme cm — — 
€". 
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more easily. This isshown in fig. 2. After heating to 
only 1140? C., the sensitiveness was reduced to 1/37 of 
a previous high value. I do not recall nor do my notes 
indicate any conditions different from those existing when 
Foil No. 2 was heing studied. The pressures were about 
1075 while pumping, and the over-night increase was to 
8x10-5, which is slightly less than that observed with 
Foil No. 2 during the early part of the work with that foil. 

It is clear from these results that I cannot now maintain 
my previous conclusion that the photoelectric effect does 
not tend towards zero if platinum is heated in a vacuum of 
the order of 107° mm. of mercury at sufficiently high 
temperatures. On this point, as an experimental fact, I am 
in complete agreement with Herrmann and the other workers 
of the Hallwachs-Wiedemann group. I am likewise in 
accord with Tucker * and Woodruff f, who have conducted 
similar work in this country. The results shown in figs. 1 
and 2 explain much of the disagreement which has existed 
in this field. For example, in my previous work I heated 
at 1300? C. and observed no tendency for the photoelectric 
current to become smaller. I did not go beyond 1300? C. 
because evaporation of platinum becomes marked there, and 
evaporation is to be avoided if one wishes to heat for a long 
time. In the present experiments, heating at 1300? C. 
decreased the sensitiveness to about a third, as shown in 
runs 5 and 5’ of fig. 1. With still another foil, No. 3 of 
fig. 2, the effect had fallen to 1/37 on heating to only 
1140? C. Small amounts of impurities of an unknown 
nature undoubtedly play an important part in the results 
obtained. 


Scraping to remove possible Surface Impurities. 


It is perfectly natural to attribute the smaller photo- 
electric sensitiveness of platinum after heating at high 
temperatures to the smaller concentration of occluded gases, 
in view of the fact that gases are continually being driven off 
during the heating. This has been the usual explanation. 
It is not in complete accord with the manner in which 
photoelectric sensitiveness is recovered, as has recently been 
pointed out by Woodrufff. Nor is it in accord with the 
appearance of a relatively insensitive condition when one 
heats platinum in the region of 100° to 500°, as has been 


* Tucker, ks Rev. xxii. p. 574 (1923). 
+ Woodruff, Phys. Rev. xxvi. p. 655 (1625). 


1 Loc. cit. 
2H 2 
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observed by Herrmann * and myself f when the heating is 
done in a vacuum, and by Zeleny ł and Davidson $ when 
the experiment is conducted out in the open at atmospheric 
pressure. It is hard to avoid a suspicion that some insensi- 
tive surface condition is built up during the heating, in spite 
of the best vacuum conditions and careful choice and pre- 
liminary handling of the platinum. There is wide room for 
speculation as to the structure of this insensitive layer. It 
was with the possibility in mind that the surface might be 
chemically different from the body of the platinum, that I 


Fig. 3. 
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undertook to scrape the metal after it had been made nearly 
insensitive towards radiation of wave-length 7=254 up. 
The tests were made on Foil No. 3 directly after taking 
run 3 of fig. 2. The runs shown in fig. 3 are consecutive. 


* Loc. cit. t Loc. cit. 
I Zeleny, Phys. Rev. xii. p. 321 (1901 ). 
$ Davidson, Phys. Rev. xxvi. p. 1 (1908). 
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It was necessary to make a comparison with the effect of 
mere exposure to air, since the scraping had to be done out 
in the open. To remove the foil, scrape, replace and re- 
exhaust took about an hour, so that previous to the 
comparison runs the foil was exposed to air for about the same 
length of time. Runs 3 and 7 were made after scraping. 
These experiments are admittedly rough, and the results are 
not concordant between themselves. But it is significant 
that after scraping the foil is, on the whole, more sensitive 
than after mere exposure to air. 

This scraping experiment should be done in such a way 
that the metal could be scraped, filed, or polished immedi- 
ately after a low sensitiveness had been attained by heating, 
without removing from the tube or destroying the vacuum. . 
At the time of this work it seemed to be too difficult from 
a mechanical standpoint. It seems now, however, that it 
should be less difficult if the platinum were used in the form 
of a wire rather than in the form of foil. It should be 
possible to draw a wire-drawing die or a sort of hollow, 
closely fitting file along the wire after it has been made 
relatively insensitive, remove the old surface, and form 
a new one of nearly gas-free platinum. 


Does Mercury Vapour cause Low Sensitiveness when Heatiny 


at 100° to 500° C. ? 


When the photoelectric current from platinum is measured 
after heating at various increasing temperatures, one finds 
lower values in the interval of 100? C. to 500? C. Reference 
is made to figs. 3 and 4 of my previous paper". The 
existence of this minimum has been confirmed by Herrmann f, 
who also noted its great persistence. The reader should 
note fig. 7 of his paper. He undertook to trace its origin, 
and concluded that it is very probably due to mercury 
vapour from the pumps. This conclusion is strongly sup- 
ported by the curves 2, 3, and 5 of his fig. 8, these curves 
being obtained after the liquid air was removed from the 
trap, whereas all of the other curves which did not show 
the minimum were obtained when mercury vapour should 
be absent. 

There are two circumstances, however, which must be 
considered before this explanation can be accepted. One 
is the fact that this minimum disappears when a run is 
made after the platinum has been heated for a sufficiently 
long time at a high enough temperature even if mercury 


* Loc.cit. t Loc. cit. 
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vapour is permitted to be present. This is shown in fig. 5 
of my previous paper *, and is also shown by Herrmann 
himself. Curve d of his fig. 7 is perfectly straight and 
horizontal, and he emphasizes the fact that no liquid air was 
used in all of his work shown in fig. 7. 
The other circumstance is that this minimum appears 1n 
some early photoelectric experiments on platinum by Zeleny t 
and Davidson. Their results are reproduced in fig. 4, the 
curves of Davidson being somewhat distorted as to scale. 
Their procedure was different from Herrmann's and from 
mine in that the photoelectric current was measured while 
the metal was hot. The significant thing for us, however, 
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Photoelectric current from platinum as function of temperature when 
heated in air at atmospheric pressure. 


is that the experiments were conducted out in the open at 
atmospheric pressure and with apparatus which did not 
involve the presence of mercury. The only enclosures 
employed were those necessary for electrostatic shielding. 
It is clear then that the minima of the curves showing 
photoelectric sensitiveness as a function of heating-current 
or temperature of heating cannot be accounted for in the 
simple manner proposed by Herrmann. They disappear on 
long-continued high-temperature heating in spite of the 
presence of mercury vapour, and they are found with 
slightly used foils even when mercury vapour must be 
considered to be entirely absent. 


* Loc. cit. 
t Loc. cif. t Loc. cit. 
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Some Experiments on the Influence of Gases. 


After the sensitiveness of Foils Nos. 1 and 2 had been 
reduced to relatively low values, some experiments were 
made to test the influence of gases. Similar work was done 
with Foil No. 3 after the effect of scraping had been looked 
into. The results for all three foils are given in fig. 5. The 
runs are all consecutive, and the immediate previous treat- 
ments are described in the caption. It should be remembered 
that the previous maximum photoelectric current with Foil 
No. 2 was 299 scale-divisions, with Foil No. 3 it was 312 
scale-divisions, and with Foil No. 1 it was over 400 scale- 
divisions. It is seen that in no case did treatment with gas 
fully restore the platinum to its previous maximum sensi- 
tiveness. Itis noticed, too, that Foils Nos. 1 and 2 underwent 
uo change after standing in a high vacuum, in hydrogen, in 
oxygen, or in the “ condensable" gas. By condensable gas 
is meant that portion of the gas removed from the foil, or 
the surrounding parts of the tube, by heating, which had 
condensed in the liquid-air trap. It was roleased by removing 
the liquid-air. Foil No. 3 behaved differently. This foil 
regained sensitiveness on mere exposure to air or to the 
residual gases of low pressure within the tube. In one case 
this recovery was to nearly one-half of the previous maximum 
of 312 scale-divisions. The results of this section bring out 
again the influence of the particular sample of platinum on 
the results obtained in photoelectric work. Foils Nos. 1 
and 2, which had been reduced in sensitiveness only with 
great difficulty, showed no tendencv to recover on coming in 
contact with gases. Foil No. 3, however, which had been 
made insensitive very easily, recovered from a quarter to 
nearly half of its previous high sensitiveness on standing in 
air or in a high vacuum. 

Heating the photoelectrically insensitive platinum to bright 
yellow glow in hydrogen, in oxygen, or in condensable gas 
changes its behaviour when it is subsequently carried through 
a series of increasing temperatures. The two runs made 
with Foil No. 2 after heating in condensable gas are in 
general agreement between themselves, as are also those 
made after heating the foil in hvdrogen. These results of 
heating with hydrogen are in agreement with those of 
Herrmann * in that the maximum appears at the higher 
temperatures. It is not known whether or not this maximum 
sensitiveness could have been made to approach the previous 


* Loc. cit. 
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Foil No. 2.—1. After standing in high vacuum 3 days following run No. 7, 
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fig. 1. 
standing in condensable gas 14 hours, pressure=2 mm. 
beating in condensable gas, pressure=2 mm. 


. Immediately after preceding run. 
. After heating 70 minutes with 11 aurperes, 1422? C. 


" in hydrogen, pressure=3 mm. 


. Immediately alter preceding run. 
. After heating in condensable gas, pressure= 1:5 mm. 
. Immediately after preceding run. 
. After heating 30 minutes with 10 amperes, 1380? C. 


» standing in oxygen 45 hours, pressure— 10 cm. 
» heating in oxygen, pressure 3 mm. 


After heating 90 minutes with 11 amperes, 1416? C. 
» Standing in hydrogen 48 hours, pressure— 14 cin. 
» heating in hydrogen, pressure— [2 cm. 


After heating 120 minutes with 7 amperes, 1140? C. 
» Standing in air 2 hours, atmospheric pressure. 
” o9 ” 8 days, ” »" 
ae » in vacuum 1 day, then in air 4 days. 
heating 105 minutes with 7 amperes, 1140? C. 
» Standing in high vacuum 4 days. 


maximum sensitiveness by choosing other pressnres or other 
temperatures or times of heating. The results of heating 
in oxygen are also in agreement with Herrmann's results. 
After heating in this gas the sensitiveness remains low at all 
heating currents. 


This experimental work was done during the spring of 
1923 at the University of Wisconsin. I am indebted to 


Professor C. 


E. Mendenhall for the opportunity to do it ard 


for valuable suggestions and criticism. 


The Rockefeller Institute for Medical Research, 
New York City, March 5, 1926. 
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XXXIX. The Transference of Eneryy in Collisions between 
Electrons and Molecules. By J. S. TowNsEND, M.A., 
F.R.S., Wykeham Professor of Physics, Oxford, and 
C. M. FockEN, B.Sc., Lincoln College, Oxford *. 


1. HE well-known electrical properties of gases which 

are observed in experiments on currents between two 
electrodes where potentials less than one hundred volts are 
used, have been the subject of many investigations, and 


suggestions have recently been made to account for the - 


increase in conductivity with the force on certain hypotheses 
relating to the transference of evergy from electrons to 
molecules which are said to be required by the quantum 
theory. 

In these explanations of the conductivity no attempt 1s 
made to account for many vf the principal features of the 
phenomena, and there is disagreement on many points with 
the results of the experiments. 

It is of interest therefore to examine the experimental 
evidence which is usually quoted in support of the laws that 
have been adopted with regard to the transference of energy 
in quanta from electrons to molecules. This evidence seems 
to be verv defective, and if the inquiry be extended to other 
experiments on the motion of electrons in gases at low 
pressures, the theory of the transfer of energy in quanta as 
it is generally stated is found to be quite untenable. 

As the theory relates to a large extent to collisions in 
which electrons lose energy in amounts corresponding to 
resonance potentials, and large photo-electric effects which 
are supposed to result from the radiation from molecules, we 
have recently made some experiments with neon and helium 
in order to determine the relative importance of the photo- 
electric effect and the effect of ionization by collision in 
contributing to the conductivity of these gases. The results 
are tle same as those which we obtained by other methods, 
but in the recent experiments a simpler form of apparatus 
was used which gives a more direct method of comparing 
the increases in conductivity resulting from these two 
processes. 


2. The hypotheses relating to the transference of energy 
in quanta are described by Jeans T in his report on the 
quantum theory. In this report it is stated that the general 

* Communicated by the Authors. 


t J. H. Jeans, * Report on Radiation and the Quantum Theory,’ 
second edition, 1924. 
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truth of the ideas relating to the transference of energy 
from electrons to molecules is confirmed by experiments 
made by Franck and Hertz, and some of the results which 
were obtained with mercury vapour are quoted as examples 
of what may be expected to occur in general. The appli- 
cation of the quantuin theory to the conductivity of gases is 
more fully described by Bloch *, and in his book on the subject 
special consideration is given to experiments exhibiting dis- 
continuities in currents due to electrons moving under 


accelerating potentials. The principal hypotheses which 


have been adopted are the following :— 


Electrons moving with small velocities rebound without 
any loss of energy whatever from atoms with which 
they collide, 

As the velocity of the electron is increased a point is 
reached where the electron loses all its energy in a 
collision. 

The only amounts of energy which an electron may lose 
in a collision are the precise amounts corresponding to 
resonance potentials or the ioniziug potential. 


These hypotheses, it will be noticed, are not in agreement 
with the principle of the conservation of momentum. The 
resonance potentials are comparatively large, being of the 
order of 10 volts, so that in many experiments the energy of 
each electron is less than that corresponding to a resonance 
potential of the gas. In these cases, if a molecule be 
supposed to be at rest before a collision, it is also at rest 
after the collision if the electron loses no energy, but the 
momentum of the system is changed owing to the change in 
the direction of motion of the eleetron. 

3. With regard to the first hypothesis it may be stated 
that there are several experiments which show that electrons 
lose only a small proportion of their energv in collisions 
with molecules, but there are no experiments which show 
that the loss of energy is absolutely negligible in collisions 
where the direction of motion of the electrons is changed. 

There are experiments which show that electrons lose 
some energy in these collisions, when the kinetic energy is 
large compared with the energv of agitation of the molecules. 
Collisions also do occur in which the electrons move almost 
exactly in the same direction before and after a collision, and 
in these cases the loss of energy i« negligible in comparison 
with the loss in collisions where electrons are deflected. In 


* L. Bloch, ‘Ionization et resonance des Gaz et des Vapeurs, 1926. 
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the following discussion we shall consider only the collisions 
in which the direction of motion of the electrons is changed. 

The idea that electrons lose no energy in collisions with 
atoms is supposed to have been established by Franck and 
Hertz *, from measurements of velocities of electrons before 
and after collisions with molecules. A little consideration 
shows that the exact amount of energy which is lost in 
collisions cannot be found by this method. The difficulties 
enumerated by Bloch which occur in the determinations of 
critical potentials occur also in the measurements of the 
velocities hefore and after collisions. In helium, for example, 
a series of resonance potentials, Vi, V;, etc. were obtained 
by Franck and Knipping +, which were considered to be in 
agreement with the formula eV =kv giving the resonance 
potentials in terms of the frequencies v of the spectral lines. 
The wave-lengths of these lines were subsequently deter- 
mined by Lyman f. but the results he obtained were not in 
good agreement with the resonance potentials as found by 
Franck and Knipping. This discrepancy has shown that in 
estimating the correction for contact potential and the 
distribution of the velocities of the electrons an error 
amounting to 0:7 volt may occur in the absolute values of 
the resonance potentials. It seems very improbable that 
velocities can be measured by this method to an accuracy 
of one-tenth of a volt. The experiments with the smaller 
velocities may possibly be interpreted as showing that an 
electron does not lose more than about one per cent. of its 
energy in collisions with molecules, but they do not show 
that the loss of energy in a collision is absolutely negligible. 


4. It may also be pointed out that another source of error 
may arise in the experiments on the loss of energy in 
collisions described by Bloch §, as the electric force is not 
zero in a gas contained in a metallic vessel when a stream of 
electrons from a filament is projected through a grid into 
the vessel. The space inside the vessel becomes negutively 
charged and there is a force towarde the surface tending 
to increase the velocity of electrons which may move out 
through an aperture in the boundary. When a space with 
an equipotential boundary contains a gas at low pressure 
the space charge depends on the dimensions of the vessel 
: = T Franck and G. Hertz, Verh. d.D. Phys. Ges. xvi. pp. 457, 512 
(1914). 


t J. l'ranck and P. Knipping, Zeit. f. Phus. i. p. 820 (1920). 
t T. Lyman, * Nature,’ vol. ex. p. 278 (1922). 
$ L. Bloch, loc. cit. p. 32. 
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and the intensity of the stream that enters it. This type of 
apparatus is used in several experiments, but the intensity 
of the stream of electrons which enters the space is 
not mentioned. As the smaller subsidiary currents 
are measured by a galvanometer the original filament 
emission would appear to be several microamperes. The 
following rough calculation indicates the order of the force 
which would be developed due to accumulation ef charge in 
a vessel of ordinary dimensions if the rate at which the 
electrons reach the boundary were due to diffusion alone. 
In order to find the average time during which an electron 
may move about inside the vessel without touching the 
boundary, we may take the case of an electron at a point P 
at a mean distance of two centimetres from the boundary 
moving with a kinetic energy corresponding to three volis 
in helium at 2 millimetres pressure. If there be no loss of 
energy in collisions the kinetic energy remains constant, the 
velocity of the electron being 10% cm. per sec. The mean 
free path of the electron corresponding to this velocity is 
025 cm., so that the rate of change of the mean square of 
the distance R of the electron from the point P is obtained 
from the formula: dR?/dt=5x 10°. Thus the time required 
for the electron to reach the boundary is on an average 
8x10-7 second. If a current of 107? ampere entered the 
space the total charge in the space at any instant would be 
2:4 x 107? electrostatic unit, and if the boundary were a 
sphere of 2 centimetres radius the force at the surtace would 
be 1:8 volts per centimetre. 

If the electrons lose energy ın collision with molecules, 
their velocity of agitation would be reduced, and there 
would be a corresponding increase in the force at the 
boundary. A considerable error may thus be made in 
treating the space inside a metal enclosure as a “ force free ” 
Space, and in drawing conclusions from measurements of 
currents emerging from an aperture it is desirable to take 
into consideration the force due to the space charge. 


9. The hypotheses relating to transference of energy in 
exact amounts involve other difficulties. They imply that 
the number of collisions in which electrons lose energy in 
amounts corresponding to resonance potentials is greater 
than the number of collisions in which molecules are ionized 
under some conditions where large increases of current due 
to ionization by collision are obtained. The question arises 
as to the probability of an electron losing an amount of 
energy equal to eV,, when its energy before the collision 
exceeds that amount: V, being a resonance potential. 
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The evidence on this point as obtained from experiments 
on mercury vapour, is very uncertain, and the results 
obtained by different observers are not in good agreement. 

In an investigation by Franck and Einsporn *, on currents 
depending on the accelerating potential applied to electrons, 
there are fourteen points of discontinuity, in the curve 
representing the currents, obtained by changing the acceler- 
ating potential from 4 to 9 volts, giving fourteen resonance 
potentials between these two points. The curves seem to 
indicate that tlie probability of an electron losing energy in 
any of the critical amounts is small and is of the same order 
for each of the fourteen resonance potentials, but under 
these conditions sharp discontinuities in the current would 
not be expected. 

Also, owing to the distribution of the velocities of the 
electrous emitted from the filament and the effect of the 
retarding field due to the space charge, the electrons collide 
with different velocities, so that even if there were critical 
amounts of energy characteristic of the molecules of the 
gas, abrupt changes in currents would not occur when the 
accelerating potential passes through these points. 

A different result has been obtained by Foote and Mohler f, 
wlio found two critical potentials between 4 volts and 9 volts, 
which seems to indicate that electrons lose energy in a large 
proportion of collisions when they collide with molecules of 
mercury vapour with velocities corresponding to two of the 
critical potentials observed by Franck and Einsporn. 

The theory has also been tested by investigations of 
another kind, where observations are made of the photo- 
electric effect due to the radiation emitted by molecules 
after absorbing energy in amounts equal to the quantities 
eV,, eVa, etc. In the experiments on this principle made 
by Richardson and Bazzonii, a current from a filament 
was sent through mercury vapour, but no photo-electric 
effect was observed when the accelerating potential was less 
than 10:5 volts; also the photo-electric effect with larger 
accelerating potentials was very small compared with the 
current from the filament. This result is in accordance with 
those we have obtained from experiments with helium and 
neon, which showed that the photo-electric effect must be 
extremely small in comparison with the effect of ionization 
by collision. 

* J. Franck and E. Einsporn, Zeit. f. Phys. ii. p. 18 (1920). 

t P. D. Foote and F. L. Mohler, * Origin of Spectra,’ 1922, 


t O. W. Richardson and C. B. Bazzoni, Phil. Mag. [6] xxxii. 
p. 437 (1916). 
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6. The transference of energy from electrons to molecules 
may be determined by a different method from the results 
of experiments on the motion of electrons in a uniform 
electric field. 

In the initial stages of the motion of electrons which 

start with a small velocity, the kinetic energy of the electrons 
increases as they move in the direction of the electric force ; 
and since the direction of motion is changed in the collisions 
with molecules of the gas, the kinetic energy of the electrons 
appears as energy of agitation. After moving some distance 
in the direction of the force a steady state of motion is 
attained where the electrons lose energy in collisions with 
molecules at the rate at which they acquire energy by moving 
in the direction of the force. At this stage the metion of 
the electrons is represented by a mean velocity of agitation 
U and a mean velocity W in the direction of the 
force. 
If it be supposed that the electrons lose no energy in 
collisions with molecules, until they attain the energy 
corresponding to the first resonance potential V;, and then 
lose all their energy, they would again acquire the energy 
eV, after moving a further distance z= V3/Z iu the direction 
of the force (Z). Thus the average energy of agitation of an 
electron when expressed in volts would be a certain fraction 
of the potential Vj. If AV, be the average energy, the 
coefficient A is independent of the electric force and pressure 
provided that the pressure is sufficiently great to ensure 
that each electron makes several collisions with molecules 
while its energy is slightly above the critical value V,. The 
factor A depends on the velocity of an electron in the 
direction of the force during the time its energy of agitation 
rises from zero to V, : the value of A may thus be seen to 
exceed *5, but for the purpose of this calculation this value 
mav be attributed to A. 

Under tliese conditions, if. the first resonance potential in 
helium be taken to be 20 volts, the mean energy of agitation 
of electrons in the steady state of motion would be about 
10 volts for any value of the electric force and any pressure 
of the gas. As no result of this kind has been obtained in 
the experiments on the determination of the values of U, it 
cannot be maintained that the electrons lose no energy 


except in amounts equal to eV}. 


T. The velocity of agitation U and the velocity W in the 
direction of the electric force have been determined for 
several gases over a wide range of electric force Z and gas 
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pressures p in the Electrical Laboratory, Oxford *. In all 
cases the velocities U and W were found to depend on the 
ratio of the electric force Z to the gas pressure p. 

The energy of agitation may be expressed as the product 
of the atomic charge and a potential, and this potential may 
be taken as representing the kinetic energy of an electron 
moving with a velocity U. 

In helium at 20 millimetres pressure the potential which 
represents the energy of agitation is *'42 volt when the 
electric force Z is 4 volts per centimetre. The energy of 
agitation increases when the pressure is reduced or the force 
increased. At 8 millimetres pressure the potential which 
represents the energy of agitation is 1 volt, with the same 
electric force of 4 volts per centimetre. 

Thus not only is there a large change in the mean energy 
of agitation with the pressure, but also this energy is very 
ack less than the energy corresponding to 10 volts. 


8. The fact that the energy of agitation of electrons, 
moving under a small electric force, exceeds the energy of 
agitation of the molecules of the gas (which is approximately 
"037 volt at 15? C.) shows that the electrons lose only a 
small proportion of their energy in collisions with molecules, 
as was pointed out when the first experimentst on the 
energy of agitation of electrons in air were made several 
years ago. 

In order to determine the exact amount of energy lost in 
collisions it is necessary to find the velocity W in the 
direction of the electric force for the same forces and 
pressures as those used in finding the velocity of agitation. 
The proportion X of the energy o£ an electron which is lost 
in a collision is thus obtained from the formula 


A2 2:46 x W2/U?, 


For the range of values of the energy of agitation (from 
48 volt to 3:4 volts) the value of A is approximately constant, 
and equal to 2:5 x 10^* in helium. 

Hence, even when the electrons lose only a very small 
proportion of their energies in collisions, this loss is 
sufficient to control the energy of agitation. This is due to 
the fact that the number of collisions per centimetre in the 
direction of the electric force (equal to U/Wl, where lis 


* The results of the principal experiments, and tables of the velocities 
U and W are given in the pamphlet * Motion of Electrons in Gases,” 
Clarendon Press, Oxford, 1925. 

+ Proc. Roy. Soc. A., lxxxi. p. 484 (1908). 
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the mean free path) is large since U is large compared 
with W. | 

As the electrie force is increased values of the ratio Z/p 
are attained at which the effect of ionization by collision 
becomes appreciable, and for these values of the ratio Z/p 
there is a marked increase in A. In the ordinary notation 
adopted to represent the rate of increase of currents due to 
- ionization by collision the values of a/p are approximately 
*04 and :12 for the values of Z/p, 3 and 5 respectively, and 
the corresponding values of X are 4:15 x 107* and 9:8x 10-4. 

It is important to notice that the change from the small 
values of A, 2°5x 10-4, to the large values as the force 
increases, is accompanied by the appearance of additional 
electrons due to ionization by collision. If there were large 
losses of energy in amounts corresponding to resonance 
potentials which are smaller than the ionization potentials, 
increases in the value of à would have been observed before 
ionization bv collision became appreciable, and no effect of 
ionization by collision would have been observed with values 
of Z/p as small as 3 or 5. 

It may be mentioned that the energy required to ionize a 
molecule cannot be obtained from the rate of increase of X 
with the force by simple calculation. When new electrons 
are generated in the gas the quantity 2:46W?/U? does not 
accurately represent the average loss of energy of an electron 
in a collision. When an electron loses a large proportion of 
its energy the value of U is reduced, but if in addition a new 
electron is set free from a molecule with a small initial 
energy of agitation, a further reduction in the average value 
of U occurs owing to the increase in the number of electrons 
with small kinetic energy. In consequence of these two 
effects there is a large increase in the ratio W?/U? when 
ionization becomes appreciable. 


9. Bloch suggests that the conclusions which have been 
drawn from these experiments with regard to the values of X 
and variations of the mean free path L are unreliable, since 
the Formulze connecting X and L with the velocities U and 
W which are used are obtained on the classical principles 
of mechanics, and large losses of energy in amounts corre- 
sponding to resonance potentials are not considered. | 

As the experiments do not lead to any conclusion which 
is contrary to the principles involved in determining these 
formulze, and as the values of the energy of agitation found 
experimentally are completely different from the value 


Phil. Mag. S. 7. Vol. 2. No. 8. August 1926. 21 
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indicated by the theory of transference of energy in quanta, 
it would be unreasonable to adopt the latter theory. 

In the kinetic theory of gases in its classical form as 
applied to the motion of electrons in gases, it is not necessary 
to assume that the mean free path or the mobility is constant. 
In fact, if the mean free path of an electron be supposed to 
be constant, the mobility must change with the electric 
force. The formula connecting the velocity W in the 
direction of the electric force with the mean free path may 
be written 

Wz ce x E x" 
p mU 
where p is the gas pressure, and L the mean free path at 
1 millimetre pressure. 

In this case, where the electrons move under a uniform 
electric force, the only difficulty in obtaining the formula 
occurs in determining the distribution of the velocities about 
the mean, as the numerical constant depends on this distri- 
bution. But the constants found by assuming different distri- 
butions are not much different from the value ‘815, which is 
the number obtained on the hypothesis that the velocities 
are distributed according to Maxwell’s law. Whatever be 
the correct value of the numerical constant, the mobility, 


815, 


which is proportional to ok. must diminish as U 


increases. Thus, as the theory requires that U should 
increase with the ratio Z/p, it also requires that the mobility 
should diminish as Z/p increases. 


10. The velocities W as found experimentally confirm 
this conclusion in so far as it has been found that W does 
not increase directly as the electric force or inversely as the 
gas pressure. 

The quantity W.U.p/Z is not constant, which shows that 
the mean free path varies with the velocity of agitation. 
When this result was first obtained * in the experiments on 
the motion of electrons in air, it was pointed out that 
collisions between electrons and molecules cannot be supposed 
to be analogous to collisions between elastic spheres. This 
analogy implies that in a collision with a molecule at rest 
the deflexion of an electron is independent of the velocity 
of the electron. Also, with spheres, the mean free path is a 
constant independent of the velocity of the electron, as it 


* J. S. Townsend and H. T. Tizard, Proc. Roy. Soc. A. vol. Ixxxviii. 
(1913). 


Energy in Collisions between Electrons and Molecules. 483 


represents the average distance traversed by an electron 
between two consecutive contacts with spheres of fixed 
radii. 

In the formula for W the shape of the molecules is not 
considered, the length L being defined as the average 
distance an electron moves in a given direction with the 
velocity U before all directions of motion become equally 
probable, when the electric force Z is zero. In all cases the 
length L changes with the velocity of agitation, and in most 
cases, as in air, L increases as U diminishes for a large range 
of values of U. 


11. There are also remarkable diserepancies between the 
conclusions drawn by German physicists from experiments 
on the performance of electrons in diatomic gases contained 
within an equipotential boundary where the space is said to 
be “ force free," and the properties of these gases which may 
be deduced from the determinations of the motion of electrons 
in a uniform electric field. 

The former experiments have been interpreted as showing 
that the loss of energy of electrons in collisions with mole- 
cules of oxygen is much greater than the loss with molecules 
of nitrogen or hydrogen, and it has been concluded that 
molecules of oxygen, and other electronegative gases, are 
surrounded by an intense electric field extending to a con- 
siderable distance which exercises an attractive force on 
electrons *. The only force of this kind which is recognized 
in ordinary mechanics is the force due to an electric charge, 
but as it cannot be supposed that molecules of oxygen in 
their normal state are positively charged, the above state- 
ment implies that there is an attractive force on electrons 
which constitutes a special property of molecules of oxygen. 

If there were any field of force surrounding a molecule of 
oxygen much stronger than the fields of force surrounding 
molecules of nitrogen or hydrogen, the mean free paths of 
electrons would be shorter in oxygen than iu these two 
gases. A comparison of the mean free paths in these gases, 
as deduced from tlie values of U and W, shows that it is in 
hvdrogen that the free paths are the shortest. | 

Usually it is assumed that in the electric field surrounding 
a molecule the force repels electrons in some parts of the 
field and attracts electrons in other parts, the normal in- 
duction through a closed surface surrounding the molecule 
being zero. The intensity and distribution of the force in 
this field depends on the number and positions of the 


* L. Bloch, loe. cit. pp. 17, 33, 
212 
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electrons in the molecule. When the number of electrons is 
small the force in the external field may be greater than 
when the number is large. 

The values L depend on the velocity U, but for a large 
range of values of U, from 3x 10* to 1:2 x 10? em. per sec., 
the free paths are longer in oxygen than in nitrogen or 
hydrogen. The following are tle mean free paths of 
electrons moving with a velocity of agitation 6 x 10’ cm. per 
sec.,in these gases at one millimetre pressure: in oxygen * 
L=:057 cm., in nitrogen L2:029 cm., in hydrogen 
L —:0215 cm. 

Thus the longer free paths are obtained in the gases of 
large atomic weight. It is interesting to observe that a 
similar result was obtained with monatomic gases. The 
velocities U and W have been determined for three mon- 
atomic gases, and the following are the mean free paths at 
a millimetre pressure corresponding to the velocity of 
agitation U 26x 10' : in argon L 775 cm., in neon L=:21 
cm., in helium L 2:048 em. 

The large values o£ L show that in many collisions with 
molecules the direction of motion of the electron is very 
nearly the same before and after the collision, and it is to 
these collisions that we refer in section 3 in stating that the 
loss of energy is negligible. In equating the average loss. 
of energy X to the quantity 2:46. W?/U?, collisions of this 
type are left out of consideration and the total number of 
collisions per second of each electron is taken as U/L. 


12. The experiments on the measurements of the velocities. 
U and W show that the motion of electrons through a gas is 
completely controlled by the losses of energy in small 
amounts when the electric forces are small, so that when 
the forces are increased and ionization by collision begins to 
appear the losses in the smaller amounts cannot be left out 
of consideration. The simplest experiments on the effect of 
ionization by collision are those where electrons move 
between two parallel plates and the currents are measured 
with different potentials between the electrodes. A supply 
of electrons may be obtained by the action of ultra-violet 
light on the negative electrode, or from a filament, which 
may be situated near the negative electrode or in the plane 
of the negative electrode and the mean potential of the fila- 
ment maintained at the same potential as that of the negative 
electrode. 


* The value of L for oxygen is taken from Brose's recent experiments. 
with that gas. H. E. Brose, Phil. Mag. i. p. 586, Sept. 1925. 
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The number of electrons that pass from the negative 
electrode, or from the filament, to the positive electrode 
increases with the potential difference between the electrodes, 
bat for certain values of this potential there are large 
increases in the current between the electrodes which are 
generally attributed to ionization by collision. Usually the 
increase of current due to this cause has been found to be so 
gradual that it is impossible to determine the exact point at 
which a definite effect of ionization by collision begins to 
appear, but according to Franck and Hertz * there is an 
abrupt increase of current in helium when the potential 
difference between the plates is 20 volts and in neon when 
the potential difference is 16 volts. 

According to the original interpretation of these and other 
experiments made by Franck and Hertzf, the electrons lose no 
energy in collisions with molecules of the gus until they 
attain the energy required to ionize a molecule, and immedi- 
ately the electrons acquire that amount of energy they 
ionize the molecules with which they collide. The potentials 
20 ł volts and 16 volts were therefore said to be the ionizing 
potentials in these gases. 

From our point of view these numbers represent upper 
limits of the ionizing potentials, as it has been shown that 
electrons lose some energy in collisions before they acquire 
sufficient energy to ionize molecules, and there is no reason 
for supposing that an appreciable proportion of the electrons 
ionize molecules when they attain the exact amount of energy 
which represents the work done in separating an electron 
from a molecule. 


13. According to the quantum theory of the transference 
of energy in its more recent developinents, electrons lose 
energy in collisions with molecules in amounts proportional 
to the frequency of certain spectral lines. These amounts 
may be expressed in potentials V by the formula 2V = hy, 
where e is the atomic charge, h Planck’s constant, and v the 
frequencv of the spectral line. 

Thus the resonance potentials Vj, V, etc. are found 
accurately from measurements of spectral lines. - According 
to the theory the resonance potentials are less than the 
ionizing potential, so that if a large proportion of the 
electrons lose energy in amounts corresponding to resonance 
potentials, the effect of ionization by collision would be very 

* J. Franck and G. Hertz, Verh. d. D. Phys. Ges. xv. p. 929 (1913). 

t J. Franck & G. Hertz, Phys. Zeits. xvii. p. 420, 1916. 

t The number 20°5 appears in some tables. 
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small in many experiments where large increases in current 
have been found to be due to that process of ionization. It 
is necessary therefore to suppose that in some guses losses 
of energy iu amounts corresponding to resonance potentials 
occur only in a very small proportion of the total number 
of collisions in which the energy of the electron exceeds 
those amounts. | 

But the principal difficulty in connexion with the theory 
is that in some gases the resonance potentials, as determined 
from the wave-lengths of the spectral lines, are greater than 
the ionizing potentials which were determined experimentally.. 
From Lyman’s recent measurements of wave-lengths * the 
lowest resonance potential in helium is found to be 20°55 
volts and the greatest 24:55 volts, the latter according to the 
theory being the ionizing potential. 

[n order to meet these difficulties other experiments were 
made from which it has been concluded that the ionizing 
potential in helium is about 25 volts, and the increase in 
current which occurs at lower potentials is said to be due to 
a photo-electric effect. Similarly in neon the ionizing 
potential in that gas is now supposed to be 21:5 volts instead 
of 16 volts. 

If these conclusions be correct, it is remarkable that in 
Franck’s earlier experiments an abrupt increase of current 
was not observed in helium at the point where the potential 
difference between the electrodes was 25 volts or in neon 
at 21:5 volts, especially as it is claimed that critical potentials 
may be determined bv discontinuities in currents even when 
the gas contains small quantities of impurities. 


14. In the original investigations which were made in 
connexion with the theory of ionization by collision, the 
conductivity of a gas between parallel plates was examined 
very carefully, and it was found that the experiments were 
accurately explained on the hvpothesis that the increases in 
the currents were due to ionization of molecules of the gas 
by collisions with electrons. 

No other process of ionization has since then been 
suggested which gives a consistent explanation of the 
principal experiments on the conductivity between parallel 
plates. 

The question arises as to whether any appreciable part of 
the increases in currents obtained by increasing the potential 
between the plates may be attributed to a photo-electric 
effect. 


* T. Lyman, loc, cit. 
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The experiments which have hitherto been made to detect 
a photo-electric effect of radiation due to small currents in 
a gas, have shown that there is no photo-electric effect 
which is comparable with the effect of ionization by collision. 
This result was obtained by Gill* in experiments with air 
in which the initial supply of electrons was obtained by 
ultra-violet light. A similar result was obtained by a 
different method for currents in helium f, neon, nitrogen, 
and hydrogen f, where the initial supply of electrons was 
obtained from a filament in the space between two parallel 
plates. In these methods of investigation a photo-electric 
effect would have been indicated by the difference between 
two eurrents, so that a small effect comparable with the 
experimental error in the measurement of a current might 
have escaped observation. 

As the question is of importance from a theoretical point 
of view, it was considered desirable to make another investi- 
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S 
gation by a method in which the electrodes are arranged so that 
a small photo-electric effect would be indicated more directly. 

15. In the investigations which have recently been made 
the apparatus was arranged as shown in fig. 1. The 
electrodes were symmetrical about the line joining the 
centres of the plate electrodes E, and F, and the figure 
represents a sectron of the apparatus through this line. Tho 
large electrode F was charged positively and attracted the 
electrons liberated from the electrode E; by a narrow beam 

* E. W. B. Gill, Phil. Mag. xliii. p. 852, Nov. 1921. 

(ion 3. Townsend and S. P. MeCallum, Phil. Mag. (6] xlvii. p. 737 
(dep) P. McCallum and C. M. Focken, Phil. Mag. [6j xlix. p. 1509 
re) . 
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of ultra-violet light. The light, emitted from the spark- 
gap S, entered the apparatus through a quartz window Q 
and passed through a long metal tube T attached to the 
lower plate F. The quartz window was sealed to a short 
length of tubing which dipped into a metal channel, where 
it was sealed in with lead. The aperture H in the plate F 
through which the light passed was 5 millimetres in 
diameter, so that nearly all the light entering the apparatus 
fell on a small area at the centre of the disk Ej. A ring 
electrode E, of internal diameter 3:5 centimetres and 
external diameter 6 centimetres was fixed in the same plane 
as the disk E,. The diameter of the disk was 3:3 centi- 
metres, which allowed a space one millimetre wide between 
the disk and the ring for insulation. A third electrode E;, 
shaped as shown in the figure, extended from the plane of 
the electrodes E; and E, to the plane of the lower plate F. 
The electrode E; was insulated from E, by a narrow space 
one millimetre wide, and from the electrode F by a larger 
distance. | 

The electrodes E, E; and E; were mounted on a quartz 
rod q, of rectangular section, which was fixed at the ends 


Fig. 2. 
== 


to the upper plate A of the case. The electrode F was 
— similarly mounted on two narrow quartz rods, q2, 3, fixed to 
the lower plate B of the case. 

Connexion to the electrodes was made by the rods Ri, Re, 
R, and R, which passed through long glass tubes G, as 
shown in fig. 2. The glass tubes were sealed at both ends 
to copper tubes C and D, and the rods R were soldered to 
disks which closed the ends of the tubes D. The tubes C 
were soldered to the case of the instrument in the positions 
Ci Cy, Cs, and C,, shown in fig. 1. A copper glass seal 
was also used for connecting the glass tubing which led 
from the apparatus to the pressure gauge and the charcoal 
tubes in which the gases were purified. All the electrodes 
and the metal case of the instrument were of brass which 
was silver-plated. 


16. Thus the whole apparatus was made up entirely of 
glass, quartz, and metal parts, and it was possible to heat it 
up to a temperature of about 100° C. to expel gas from the 


E 


= - 
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metal surfaces. The temperature was limited by the melting- 
point of the soft solder which it was necessary to use in 
connecting the tubes C to the case. After exhausting the 
apparatus and heating it for several hours there was found 
to he a very small leak in the case, but it was made abso- 
lutely air-tight by covering the soldered junctions on the 
outside with a hard wax cement. 

Any remaining trace of impurity in the apparatus was 
removed by washing it out with some of the pure gas, and 
when this was done, the effect of impurities from the metal 
surfaces was so small that no change was observed in thie 
electrical properties of the gas after keeping it in the apparatus 
for several days. 

The gases used were helium and neon, from which nearly 
all impurities may be removed by charcoal cooled with 
liquid air. In order to make sure that the gases were free 
from hydrogen, they were introduced into a glass vessel 
with oxygen obtained by electrolysis of barium hydrate, and 
a discharge was passed through the mixture for about 


Fig. 3. 
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twenty hours, The vessel contained phosphorus pentoxide to 
absorb any water vapour which might be formed. The gas 
was then passed slowly over copper-foil heated in quartz 
tubes, to remove the oxvgen, and from these tubes it was 
admitted into a tube containing charcoal cooled with liquid 
air. The gas was then pumped into flasks with mercury- 
sealed taps. Most of this work was done by Mr. McCallum, 
as he also required some of these gases for experiments 
which will be described in another paper. 

The neon used in these experiments was given to us by 
M. Georges Claude. The only impurity in it was a small 
quantity of helium, probably less than one per cent. of the 
neon. 

The apparatus shown in fig. 1 was connected to the tube A, 
fig. 3, leading through small charcoal tubes C; and C; to the 
large charcoal tube C, with mercury-sealed taps T; and T; 
on either side. The apparatus was exhausted through the 
tap T, which led to the mercury gauge and the pump. Gas 
from the containing flask was admitted to the tube C; to a 
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pressure of about 300 millimetres, and the three charcoal 
tubes were cooled with liquid air for about twelve hours before 
the gas used in an experiment was admitted to the apparatus. 
The space between the taps Tj, T, and T, was used for 
taking small quantities of gas from the large tube C;. 

In order that no mercury vapour from the gauge should 
get into the apparatus while taking the pressure, the 
pressure in the gauge was reduced before opening the tap T, 
Thus the stream of gas ulways went in the direction of the 
arrow through the tap T,. 


17. The dimensions and positions of the electrodes were 
determined by the following considerations. The electrodes 
E;, E; and E; were at zero potential throughout, and F at 
a positive potential V, so that when the beam of ultra-violet 
light from S falls on Ej, the electrodes E, and E; may 
acquire positive charges, by positive ions arriving from the 
gas or by the escape of negative electricity due to the 
photo-electric effect of radiation from the gas. The principal 
current flows from E, to F. The stream of electrons set 
free from the centre of E, diverges and falls on a large area 
of the electrode F. When the potential V is increased 
molecules.of gas are ionized, and the positive ions received 
by E; are distributed over a much wider area than that from 
which the electrons were set free. The diameter of E, was 
determined so that in helium nearly all the positive ions 
should fall on this electrode for considerable ranges of the 
electric forces and gas pressures. An approximate estimate 
of the minimum diameter which would satisfy this condition 
was obtained from the results of the experiments on the 
divergence of streams of electrons in helium. The diameter 
3:3 em. may appear to be too small as the distance between 
the electrodes is 2°55 em., but in these experiments the 
electrons start from the negative electrode with very small 
kinetic energy, and with the smaller forces they do not 
acquire the energy of agitation of the steady motion corre- 
sponding to the electric force until they have traversed a 
considerable part of the distance between the electrodes. In 
the first part of the path the lateral diffusion of the stream 
is therefore comparatively small, and in the neighbourhood 
of the electrode F, the electrons are not so widelv distri- 
buted as they are in the experiments where they pass through 
a slit in the negative electrode with the energy of agitation 
of the steady motion corresponding to the electric force. 

The divergence of tlie stream increases as the pressure is 
reduced and is greater in neon than in helium, so that in 
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helium at the lower pressures some of the positive ions are 
received on the ring electrode E,, and in neon they may 
extend to both electrodes E; and E;. 

The solid angles subtended by the electrodes E, Ez, and 
E; at the centre of the plate F are 27 x^17, 24x ‘19, and 
2T x'64 respectively, so that if radiation were given out 
uniformly in all directions from the centre of the plate F, 
these numbers represent the proportion in which the energy 
would be received by the three electrodes. In the initial 
stages of the development of large currents, radiation from the 
gas due to collisions of electrons with molecules would come 
from points near the electrode F, and the number of electrons 
it would set free from the three electrodes would be approxi- 
mately proportional to the above numbers. Thus about the 
same number would be set free from the disk E; and the 
ring electrode E,, and about three times as many from the 
large electrode E;. 


18. Let», ng, and nj be the currents to the three electrodes, 
and N, the current comprising the electrons set free from 
the centre of the disk E, by the beam of ultra-violet light 
from the spark-gap S. The quantity N, increases with the 
electric force and it cannot be found accurately by these 
experiments. The ratio n,/N, for several values of the 
potential V has been found by other experiments, but for 
the purpose of this investigation it is unnecessary to obtain 
the exact value of N,. 

If the increase of current (n; — N;) be due to ionization 
of the gas by collisions of electrons with molecules in the 
path of the original stream N;, then (», — N;) would be large 
compared with ng or ng. 

If the increase of current (n, — N;) be due to a photo- 
electric effect of radiation from the gas then (n,—N;) 
would be approximately equal to ng, and n would be about 
three times as great as (n; — N,) or no. 

The currents nı, nə and ng to the electrodes were deter- 
mined with the plate F at various potentials from 16 to 80 
volts, for different gas pressures. The currents were 
measured by an induction balance, using a sensitive electro- 
meter as an indicator. By this method the potential of the 
electrode does not vary more than one-tenth of a volt from 
the zero potential during the course of a measurement. In 
all cases the current n; was found to be small compared with 
n,, and it is clear that in helium 99 per cent. of the increase 
of current (n,—N,) for the range of potentials used must 
be due to ionization of molecules of the gas by collisions 
with electrons. 


x —a 7m or 
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In neon it is not possible to obtain an upper limit of the 
effect of radiation as accurately as in helium, but it may be 
seen that it does not exceed 5 per cent. of the effect of 
ionization by collision. 

The experiments with helium were made at pressures of 
2, 4, 8, and 16 millimetres. The increase of current with 
the potential V was greater at 4 millimetres pressure than 
at the other pressures. At 16 millimetres the increase of 
current was comparatively small. The currents obtained at 
the pressure 2 mm. are given by the curves fig. 4, and those 
at 8 mm. by the curves fig. 5. The ordinates of the curves 
Nyy ng, and ng are the currents to the three electrodes, the 
absciss:e being the potentials of the electrode F in volts. 


Fig. 4.—Helium. p=2 mm. 
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The principal difference between the results obtained at 
these two pressures is in the current n; to the ring electrode. 
At the lower pressure the stream of electrons from E, is so 
divergent that a larger proportion of positive ions are 
received on the electrode E,. At 2 millimetres pressure 
the current n, is about twice the current N, at the potential 
V —45 volts, as found by other experiments, so that in the 
units in which the currents are given (ni— Nj) is 10. 
Most of the small current nz is due to electrons set free 
from the electrode E; by scattered light from the original 
beam, since a current to this electrode is obtained when 
V is 16 volts. Like the main current n, the small current 
n, increases with the potential V. At the point V=16 the 
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current n; is about °12, and at V=45 about :55. The 
current at the latter potential to be expected from the normal 
increase of the current 12 is about ‘5. Hence at the point 
V=45 volts the current to the electrode E,, which may be 
attributed to radiation from molecules of the gus, cannot 
exceed ‘1, and one-third of this amount represents the effect 
which radiation from molecules of the gas may have at the 
electrode E,. Thus the photo-electric ettect due to radiation 
from molecules of the gas cannot be as much as one per cent. 
of the effect of ionization by collision in increasing the 
current n. 


Fig. 5.—Helium. p=8 mm. 
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At the higher pressures the effect of radiation from 
molecules of the gas is even less than at 2 millimetres. 

The results of the experiments with helium at 4 millimetres 
pressure are given by the figures in Table I., as the currents 
cannot be compared very accurately by the curves. The 
potentials V are given in volts, and the unit of current is 
107? ampere. 

Experiments were also made with neon at the pressures 
2, 4, 8, and 16 millimetres. In this gas the effect of change 
of pressure on the conductivity is not so great as in helium. 
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Also the effect of lateral divergence due to diffusion is 
greater than in helium, as is shown by the comparatively 
large current n; to the ring electrode Es, which at the lower 
pressures was as great at 14 per cent. of the total current. 
The best conductivity was obtained with the gas at 10 milli- 


TABLE Í. 
Helium, 4 mm. pressure. 


Venues 16 | 3 40 48 60 72 
X RE En : 
> I L57 | 294 392 | 471 | 59 71 
DONE, PREES eh edge PE Smee ee (eee eo 
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metres pressure, and the currents ni, n; and ns for this 
pressure are represented in terms of the potential V by the 
curves fig. 6. 


Fig.6.—Neon, p=16 mm. 
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In this gas, although an increase in current due to 
ionization by collision is more marked than in helium when 
the potential V is 20 volts, a potential larger than 45 volts 
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is required to double the initial current N,. At the potential 
_ 55 volts n, is about double N,, so that at this point of the 
curve (n; — Nj) is 7 units, and z is *7 unit. 

As the current n; is an upper limit to the photo-electric 
effect on the electrode E; due to radiation from the gas, 
one-third of this current is an upper limit to the effect of 
radiation from the gas on the electrode E,. So that this 
effect is less than 5 per cent. of the effect of ionization by 
collision in the increase of the current n»,. At the point 
V=55 volts the current n, is 1:4, and ns is *7. The part of 
the current n; due to positive ions generated by the stream 


N, is approximately ("- 3) — 12, which indicates a very 


wide distribution of the positive ions. Consequently a part 
of the current ng must be attributed to positive ions, and the 
actual value of the photo-electric effect may be considerably 
below the upper limit given above. 

The results of the experiments with neon at 8 millimetres 
pressure are given by the figures in Table II., the units of 
potential and current being the same as in Table I. 


TABLE II. 


Neon, 8 mm. pressure. 
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The following conclusions may therefore be drawn from 
these and other experiments on the conductivity between 
parallel plates. A definite increase in current due to 
lonization by collisions may be obtained in helium with 
potentials as low as 21 volts and in neon with potentials as 
low as 17 volts. These numbers are upper limits of the 
ionizing potentials. The increase of current which may be 
attributed to a photo-electric effect of radiation from 
molecules of the gas is small compared with the increase of 
current due to ionization by collision. 
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Summation of Series. By L. B. W. Jonny, M.A. (Chapman & 
Hall. 13s. 6d.) 
HE author has made a very extensive collection of results 
from various mathematical sources, commencing with the 
simple progressions and the sums of powers and products of 
natural numbers. It is interesting to note in this connexion that 
the values of some oscillating series, e. g. 1—3+6—10+4+.... œ, 
are given; the summation is easily made by the method of 
differences. An extreme example of this character occurs. 
on page 164, where Euler’s value of the series 1!—2!+3! 
—4!+....00 is given as calculated from a continued fraction. 
Further series are related to the exponential and logarithmic 
functions and other power series, in some of which the numbers 
of Bernouilli and Euler appear. Nearly half the book is devoted 
to trigonometrical and hyperbolie summation, which should be of 
use in the solution of various technical problems. A passing 
reference is given to the Gamma, Elliptic, Bessel and other 
functions. Blank pages are left for the insertion of further 
results. The bibliography gives a list of the authorities consulted 
in the preparation of this valuable collection. 


Four-figure Mathematical Tables. Kaye and Lasy. (Longmans 
Green & Co. 18.) 

A USEFUL and inexpensive set of logarithmic and other tables. In 
addition to the ordinary tables of logarithms to four and five 
places, the series includes tables of the natural trigonometric 
functions with their logarithms, reciprocals and squares, and a 
table for the conversion of degrees of angles to radian measure. 
Values of some of the simple functions of r and e are also given 
with the logarithms to five places of decimals. 


The Nervous Mechanism of Plants. By Sir Jagapis CHUNDER Bos. 
(Longmans, Green & Co. 1926. 16s. net.) 

Sır J. C. Bose has done important pioneer work in scientific 
biology, and the present volume gives a further instalment of the 
researches which he is carrving on atthe Bose Institute, Calcutta. 
The results of his investigations during the last twentv-five years 
tend to establish the theory that the physiological mechanism of 
the plant is identical with that of the animal. In the present work 
it is shown that not only has a nervous svstem been evolved by 
the plant, but that it has reached a very high degree of perfection, 
as marked by the reflex are in which a sensory becomes trans- 
formed intoa motor impulse. "There is no doubt that the broader 
outlook which regards physiological mechanism as one unified 
class of problems whether they belong to plauts or animals will 
lead to a great advance in physiological research and our know- 
ledge of the irritability of all living tissue. 


[ The Editors do not hold themselves responsible for the 
views expressed by their correspondents. | 
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XLI. On the Condenser- Telephone. By G. GREEN, D.Sc., 
Lecturer in Physics in the Applied Physics Department of 
the University of Glasgow *. 

I 1863, in a letter from Prof. Sir William Thomson f to 

Professor Tait, there is a reference to the sounds pro- 
duced by a condenser when charged and discharged. The 
possibility of constructing a telephone by employing the 
sheets of a condenser as the vibrating mechanism for trans- 
mitting sound was recognized very soon after. Condenser- 
telephones were made by Varley and by Dolbear' about the 
year 1870, and later by Pollard and Garnier. In the years 
fron: 1870 to 1890 numerous attempts were made to produce 
condenser-telephones which might compete with the electro- 
magnetic telephone. These condenser-telephones were 
intended for use as ear-phones, and the capacities of the 
instruments must have been exceedingly small in hand- 
instruments of this type. This in part explains why the 
sounds transmitted by them were feeble compared with 
the sounds transmitted by the ordinary electromagnetic 
telephones, as we shall see in the discussion to be given 
later, Referencesare to be obtained to condenser-telephones 
of the same type at intervals up to the present time, one of 
the chief instruments described being that by Ort and Rieger 


in 1907. 


* Communicated by the Author. 
t Lord Kelvin's Papers on Electrostatics and Magnetism, § 302. 
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From some preliminary experiments * which have been 
made with condensers of a larger type it appeared that the 
condenser could be made au instrument for transmittin 
sound of great efficiency as well as one of exceedingly high 
quality, and the author was induced to carry the investiga- 
tion further. In the present paper it is proposed to give a 
preliminary discussion of the mathematical theory of the 
condenser-telephone when used either as a receiver or as a 
transmitter. The condenser-telephone transmitter has been 
in use now foraconsiderable time, but I am not aware of 
any complete mathematical discussion of the transmitter 
applicable to the type of condensers employed in the 
experiments. 

We take first the case of the condenser-telephone receiver. 
The essential feature required in the condenser is that its 


Fig. 1. 
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plates should be so mounted as to be free to vibrate, and this 
condition can be fulfilled whether the bounding edges of the 
plates be free or fixed. There is thus a large number of 
special cases to be considered depending upon the nature 
of the elastic restoring force acting upon each plate when 
disturbed from its equilibrium position. We wish, however, 
at first simply to investigate the main qualities and possi- 
bilities of the condenser as an instrument for reproducing 
sound and speech, and to indicate the theory used as a guide 
throughout the experimental investigations. For our present 
purpose it is sufficient to take the case of a condenser con- 
sisting of two metal sheets P and §, having a uniform sheet 

* During the early part of the experimental work connected with this 


investigation I had valuable assistance from Alexander J. Younger, M.A., 
B.Sc., of this Department. 
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of dielectric material completely occupying the interspace 
between them. One of the metal sheets, S, may be regarded 
as fixed in position ina vertical plane, with the dielectric 
sheet just in contact with both metal plates, but not exerting 
any force upon either of them, when thc condenser is un- 
charged. In any actual condenser separate sheets of material 
of the type considered would not have pertect contact one 
with the other, and part of the interspace between the plates 
would always be occupied by air, even when the sheets are 
laid horizontally and put under pressure. Thus the force 
acting upon the plate P when disturbed from its equilibrium 
position would not be wholly due to the elastic resistance of 
the dielectric material interposed between the metallic plates 
but in part to the resistance to compression of the layer of 
air included with the dielectric material. The dielectric may 
of course be air alone. Nevertheless, for the sake of simplicity 
in what follows we shall treat the material in the interspace 
as acting when under pressure like an elastic medium having 
a Young’s Modulus Y. 

When the condenser is charged, the metal plates attract 
each other and the dielectric is compressed by an amount 
depending upon the charge upen each plate. If d be the 
original distance apart of the plates, and a the amount the 
pue P moves towards plate S due to a fixed charge Qo, we 

ave 


2mQ$ l 
YAŞ = e e e e . e e (1) 


A being the area of each plate, and & being the specific 
inductive capacity of the dielectric. Let now the position 
of plate P when Q, is the charge upon each plate be taken 
as origin, and let w denote the distance of plate P from the 
origin at any later time, æ being positive for a motion of 
plate P towards plate S. Assuming now that the total 
charge on each plate at any instant Q is represented by 
Q=Q +q, where q is a small quantity of the type 
b sin (ext +e), we have to determine the corresponding motion 
of the plate P. This motion will be resolvable into a series 
of simple harmonic motions about a mean position, each of 
which motions is communicated to the air on the open side 
of the plate P. It is easy to show that the force app ied by 
the air in contact with the plate is equivalent to a resisting 
force which can be represented by æ, where « is a constant 
which we shall determine later from hydrodynamical con- 
siderations. The equation of motion of plate P can now be 
2K 2 
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written in the form 

atr Q, 5 
d I2 ^ Ak — 0, . . . (2) 

where m is the total mass of the plate. As we employ 

electromagnetic units below, we now replace Q by Qv, where 

v is the velocity of light. In virtue of equation (1) the 

above may be written in the form 


4AvQui 2m? "C ; 
Ap 47 ART =%- (3 


q being a quantity which remains to be determined by con- 
sideration of the electrical conditions obtaining in the 
condenser circuit. 

A typical condenser-telephone circuit would consist of a 
condenser, whose capacity when the plate P is at the origin 
we may represent by C, a transformer secondary coil of 
inductance L in series with the condenser, and a battery of 
e.m.f. E, the total resistance of the circuit being represented 
byR. Ifweassume that a small variable e.m.f. esin wt is 
applied to this circuit by means of the transformer, the 
equation determining the total charge Q at any instant on 
each condenser plate is given by 


d^Q d : 
L ip R i + - = E +esin wt . è Š (4) 


má-4-kd-4-YA 


mü-- kà-- YAZ, — 


If we take Q,— OE, the charge on each plate produced by 
the battery e.m.f. E acting alone, we have Q=Q +g and g 
is determined by 
d?q dq Qo 4-9 Qo Z: á 
L dt? +R lt + MCN — C, = esm ot. . . (9) 
At any instant t, the moving plate P is in the position 2, 
and the capacity of the condenser is then given by 


C Ak (1+3? ) 


= Am(d —a-— sjh? ~ d—a 


so that the equation to determine g is finally obtained in the 
form 


dg ydq, q _ " E 
L ja th; Pi SDODTI. ue . . (6) 


We may assume that x can be represented by 


xr = Xsin(ot- e), 
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and the solution of this equation can then be written 
down as 


q=a fesinott 5 sin CEDE 


—B f ecosot JA. cos (wt +6) } : 


where 
P Co(1 — Leow?) = C, cos 0 
(C= LG! 4 Bd!) 7 Vi LO) t RiGfo!]" 
B= o ROe C,sinü — — 
(U= LU) + RO} — {(1 = LO?) + UG] 
and u» RC 
tan 0 = (1— Le") "D . e (7) 


The value of q is accordingly obtained as 


eO, sin (wt = 0) 2K BE : 8 
1 = V -LOey3 iw] t daa” ed-a)^ © 
V1(—LO,o?)*- HAC?) (da) (d—a) 
and we have to insert this value of q in equation (3) above, 
and determine the corresponding value of x. _ 
As we have assumed that g is a small quantity of the first 
order of smallness compared with Qo, we at present omit the 


€ 2 
term om q? in equation (3). When we insert the value of g 
z E ; ; 
given above, and replace m by a this equation 
becomes 
£+Keée+n32 = Bsin (ot—9), 

where | 

FOU S. 

^ Lin * em(d—a) w ((1— LÜ) + RC a} 

Be[YAL V Oeo or. 
7 E m(d —a)* V ((1 — LU ow’)? + R?Cjo?] 


B = —— M10 EE . (9) 
m(d —a) y 1(1— LCyw?)? + R?C 7m} 
The solution of equation (9) takes the well-known form 
B 


= ee 1 —0— 3 ta = 
E N {(n? — o)? + Koy e $) ii 


Ko 
(13 —o?) 
(10) 


for the case where n* is a positive quantity. We are 
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a 
concerned chiefly with the amplitude of the motion of the 
plate P, which is accordingly represented by 


eEC, 
ZR ————————————————————————————M—————— — n 
m(d — a)u ((1— LC o)? +R? Cho?) { (nu? — w) + Kw} 
2. . AD 


The above solution applies to the most important case in 
practice ef the use of a condenser as a receiver, namely, that 
in which a considerable steady voltage is applied to the con- 
denser plates in addition to the varying voltages applied 
through the action of the transformer coil in transmitting 
electrical vibrations from the primary to the condenser 
circuit. The corresponding results for the case where Ez 0 


amp. 


2 
and where the term one. is retained, can readily be obtained 


from the equations given above. 

Before entering into the discussion of the above solution 
it is convenient to derive the corresponding solution for the 
case of a condenser used asa transmitter. In this case we 
assume that an external force represented by Msinot is 
applied to the plate P of the condenser, and the problem is to 
determine the amplitude of tie electrical vibrations thereby 
produced in the condenser circuit, and transmitted to a 
secondary circuit by thetransformer. Instead ofthe equation 
of motion of plate P given by (3) above, we have now 

PP x nQo., 2T 
Instead of the circuit equation given by (6) above, we have 
now 


v!g? =M sin ot. (12) 


d*g dg, q | E 

D Lr M gam” P (13) 
so that the value of q the variable part of the condenser charge 
is again given by equation (8) with e equal to zero. The 
equation to determine z corresponding to equation (9) 
above is 


ee M *. 
v tKètnr =— sinoat, . . . (14) 
mM 


where K and n? have the values indicated in equation (9). 
The solution of (14) gives x the displacement of plate P at 
time ¢ in the form 


_ M : Ko 
r= s [GE a ER OA i nd = as 


(15) 
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and the variable charge on the condenser, q, arising from 
nie application of the external force M sin et is represented 
y 

_ MEC, sin (ot — $ —0) 

q m(d —a) V ((1—LOC,0*)? +R Cw} { (n? — o^)? + Ko?) 

. . « (16) 
From this the value of the current in the condenser circuit 
can be readily derived, if required. The corresponding 
solution for the case where E 0 can be worked out from 
the above equations, but it is not of so much value in 
practice. 

The main results with which we are concerned are con- 
tained in equations (9), (11), and (16). These equations 
show that the best conditions of working of a condenser- 
telephone either as a receiver or as a transmitter depend 
upon the values chosen for the frequency of mechanical 


vibration represented by z , and for the frequency of 
electrical vibration of the condenser circuit represented by 
the value of 5 which makes {(1—LC,w*)?+R?C,?w"} a 


minimum. In what follows we shall confine our attention 
to the case of the receiver as indicated by equations (9) and 
(11), as it is easy to derive the corresponding results for the 
transmitter from equations (15) and (16). 


Wo 
We may regard o4, ^9 the natural frequency of the 
condenser circuit, where LC,w,?—1. If the vibrations 
imposed upon the condenser circuit are of frequency 2 we 


have electrical resonance and cos@ is then zero. The fre- 
quency of vibration of the condenser plate is then given by 


n 1, [Ya 
9m 2T md ’ 


in which Y is a constant depending upon the elastic resist- 
ance of the dielectric material to compression and upon the 
resistance to compression of the air imprisoned between 
the plates of the condenser. As the values of Y have not 
yet been obtained experimentally, we may estimate that a 
lower limit for its value would be obtained by taking the 
dielectric to be air completely imprisoned between the plates. 
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This gives Y=ymr, where m is atmospheric pressure, or 
Y2L142 x 106 dynes per square centimetre. In a condenser 
composed of tinfoil sheets of mass ‘005 gram per sq. cm. set 
so as to be ‘003 cm. apart, n? is of the order 9x10". 
When the condition for electrical resonance is uot fulfilled, 
the term in cos Ó must be included in evaluating n?. As the 
frequency of the imposed vibrations rises above resonance 
frequency, the value of n? increases, and as the frequency of 
the imposed vibrations falls below resonance frequency the 
value ofa? decreases. In this way the mechanical frequency 
of the condenser plate tends to accommodate itself to suit a 
wide range of frequency in the vibrations imposed upon the 
condenser, so that it is impossible for any sharp resonance 
conditions to exist at any given frequency of the applied 
vibrations. The electrical frequency of the condenser circuit 
can be made to agree with the frequency of the most powerful 
tones of the human voice without any of the usual effects of 
resonance being evident *. 

Consider now the resistance coefficient K. Of the total 
resistance to the motion of the condenser plate at any 
instant mKż, the part æ represents the force communicated 
by the moving plate to the air in contact with it. The 
motion communicated to the air in the problem which we 
have been considering consists of a progressive train of 
waves which may be represented by a velocity-potential 
$-—acos(e(r—V1)), where V indicates the velocity of 
sound in air. From this we can easily obtain the velocity 
of an air particle as — wa sin (e(z— Vt)), and the pressure 
increase per unit area at plane x by — epyVasin (e(z — Vt)), 
where p, is the density of undisturbed air. Thus the force 
acting on any plane of area A at zis Ap, V and the value of 


the coefficient ^ is therefore Bat. which is equivalent to 
42A ii 

m^ 
unit area of the plates. The remaining part of the coefficient 
K represented by the term containing sin @ has clearly a 


This can be increased by diminishing the mass per 


maximum value at the frequency 2s which is 


1 
27 V LO, 
the frequency at which there is electrical resonance. The 
value of the term containing sin@ in the coefficient K 
rapidly falls off as the frequency passes away from the value 


* See “ Analvsis of Energy Distribution in Speech," by Crandall & 
McKenzie, Physical Review, xix., 1922. 7 
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e . . . L] e 
o corresponding to the condition of electrical resonance. 
At very high frequencies the term in sin@ is zero, and 


practically all damping of the motion of the plate is then 
due to the communication of sound vibrations to the air. 


At frequencies below the resonance frequency x , the term 


in sin Ó diminishes as w diminishes, rapidly at first and then 
gradually, reaching the constant value dn when w=0. 


The damping coefficient accordingly varies with the fre- 
quency of the imposed vibrations, and is of importance over 
the whole range of frequency with which we are chiefly 
concerned in reproducing the human voice. It is to be 
noted, however, that the variation of the coefficient of 
resistance is favourable to the formation of a curve of ampli- 
tude against frequency which is exceedingly uniform over 
the range of frequency referred to above as the resistance 
falls off as the frequency of the applied vibrations passes 
away from the resonance value on either side. 

Consider now the manner in which the amplitude term B 
of equation (9) varies with the capacity of the condenser, 
for all values of'w, subject to the condition that the fre. 

1 


aie #o 1 4, 
quency of the circuit Ia Oe VEČ, has a certain value 
assigned to it. When o? is exceedingly large, B is propor- 


tional to Cj. When œ= Es which corresponds with the 
Q 


condition of resonance, B is proportional to z. When 
Wo 


o? is less than @,? and is tending toward the value zero, 
B tends to become proportional to Cy. Thus when the fre- 
quency of the imposed vibrations is in the neighbourhood of 
the frequency of the condenser circuit, the amplitude of the 
motion of the condenser plate is independent of the value of 
the capacity of the condenser Cy. When, however, the 
imposed vibrations are of low frequency, the amplitude of 
the motion of the condenser plate depends directly on the 
value of the capacity of the condenser. This then is the ex- 
planation why the early condenser-telephones could only 
respond feebly to the human voice, for the capacities of the 
condensers used were exceedingly small and the lower and 
more important frequencies in the sound issuing from the 
condenser plates correspondingly weak. In the case of 
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the receiver and also of the transmitter, the value of the 
capacity of the condenser Cy must be properly chosen to 
keep the correct relation between the low and high frequency 
sounds of the transmitted speech. When the value of the 
LO IE EN 1 
2m 2T y LG,’ 
already fixed for a given type of condenser, the determina- 
tion of the most suitable value to use for the capacity of the 
condenser is a matter for experiment. With C, very small 
low frequency sounds are teebly reproduced, and with C, 
very large the low frequency sounds may be too strongly 
reproduced, as compared with sounds of high frequency. 

If a curve be drawn to show the relation between ampli- 
tude and frequency as indicated by equation (11), the curve 
would in general have two maxima corresponding approxi- 


frequency of the condenser circuit, is 


mately with the value of w given by œ? = and œ? = n? 


1 
LU 
respectively. These two values or frequencies giving a 


Fig. 2. 
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maximum value to the amplitude can be made to coincide 
so as to give a single maximum of increased value. The 
two values of w? referred to should be chosen if possible 
within the range of frequency which is of greatest import- 
ance in relation to the frequeucies contained in ordinary 
speech, so as to make the amplitude curve as nearly as 
possible a uniform straight line over the important range of 
frequency. Examples of the curves of amplitude and fre- 
quency given by equation (11) are shown in fig. 2 for the 
frequency range 0 to 1000. ‘These curves show only one 


1 
maximum corresponding to w? =m’ the maximum corre- 
M 
sponding to w?=n? being much beyond frequency 1000 for 
condensers with air as dielectric to which the curves 
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refer. The curve marked 1 1 corresponds to the conditions 


Qo, m . Loy 
517356, i = 005 grm., Co = 2 mÉ, 


E = 150 volts, R = 300 ohms, 


and the maximum ordinate of the curve represents a dis- 
TeE . 10-778 f 
——-———— ems. The curves marked 2 2 and 
m(d—a) 
3 3 are for condensers made of the same material, and having 
the same voltage applied to the plates, but the frequency 
of the condenser circuit is now 534 instead of 356. These 
curves show the effect of increase of capacity on the 
form of the amplitude curve, at a given frequency of the 
condenser circuit. The curve 2 2 corresponds to a capacity 
of -4 microfarad and tlie curve 3 3 to a capacity of 1 micro- 
farad. When the capacitv is very small the amplitude curve 
has a fairly sharp maximum at resonance frequency. When 


placement of 


1 
C, is increased up to the value determined by C, = Ro, the 
0 


amplitude curve becomes practically a uniform straight line 
parallel to the frequency axis for the range of frequency 


from zero to beyond the value 2, which can of course be 


2r 
chosen to include any desired range of frequency. Increase 


in amplitude can be obtained by increasing the value of AR 


thus bringing down the frequency corresponding to w =n? 
nearer to the frequencies of ordinary speech. 

The average amount of energy communicated to the air at 
any given frequency per unit of time, by a vibrating plate 
of area A, can be found from the expression $p)>Vw?A 
x (amplitude)?. The sound emitted by a condenser accord- 
ingly depends directly on the area of the plate, and the 
advantage to be obtained by using condensers of large area 
and therefore large capacity becomes still more apparent 
than before. The theory which we have been discussing 
obviously applies with certain modifications to the case of 
a condenser consisting of a pile of alternately positive and 
negative plates. In this case the uppermost plate may be 
regarded as having a displacement approximately n times the 
displacement of a single plate relative to its nearest neigh- 
bour, where n is the pal number of plates assumed Jarge. 
The above expression shows that the energy communicated 
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to the air by a pile of plates n in number would be n? times 
the amount of energy communicated by a single plate of the 
same area: and much more energy would be delivered to 
the air by a condenser of given capacity if its plates were 
arranged to form a pile than when the condenser consists of 
only two parallel plates. 

The above preliminary discussion of the properties of the 
condenser-telephone seems to indicate that the instrument 
has, when properly designed, the most important quality 
required in a telephone, namely, that of reproducing the 
vibrations delivered to it uniformly and equally over a very 
great range of frequency. On the other hand, condenser- 
telephones of low capacity show decided resonance effects 
and may be used in bridge-measurements or in heterodyne 
reception of continuous waves. ‘The results contained in 
equations (11) and (16) have been verified generally for a 
considerable range of values of capacity and of voltage, but 
the experimental verification is still incomplete. The high 
quality of the reproduction of speech and music by the 
condenser-telephone has also been amply demonstrated by 
the experiments which are in progress, and of which I hope 
to give an account later. Condenser-telephones have also 
been tested for nearly two years in their use as Loud- 
Speakers for wireless reception with very satisfactory 
results. The author hopes to continue the mathemntical 
and experimental investigation of the condenser-telephone, 
and of questions relating to the condenser circuit, in a later 


paper. 

I wish to take this opportunity of acknowledging my 
indebtedness to Messrs. Brittains Ltd., Cheddleton Paper 
Mills, near Leek, Staffordshire, who have very kindly pro- 
vided me with material for the experimental investigation. 
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XLII. Note on the High Frequency Oscillatory Discharge in 
Rarefied Gas. By R. C. Ricuarps, M.Sc.* 


[ Plate VIII.] 


Te familiar experiments which can be carried out by 

passing a high-tension discharge through rarefied gases 
are too well known to need any description, and it occurred 
to the writer to try the effect of a high-tension discharge, of 
an alternating character, of high frequency. 


* Communicated by Prof. Alfred W. Porter, D.Sc., F.R.S. 
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The thermionic valve provided a ready source of high fre- 
rad oscillatory potential, which can be applied to the 

ischarge-tube in the usual way. The diagram indicates 
the general method of connexion. 

The power valve is provided with an inductance and 
capacity (L C) in the plate circuit, in series with a steady 
source of high potential of about 1000 volts, produced by a 
battery of small accumulators. The grid circuit consists of 
a reaction coil which can be so coupled to the inductance in 
the plate circuit as to set up powerful undamped oscillations 


Fig. 1 
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in the plate circuit (LC), their frequency being given 
approximately by the formula 1/27 VLC. The oscillating 
circuit is connected to the electrodes of the discharge- 
tube, and when this latter is exhausted to a sufficient degree, 
luminous discharge takes place. 

A special form of discharge-tube was used, with one fixed 
and one movable electrode. Thus the distance between the 
electrodes could be varied. The tube was used in a vertical 
position, the bottom electrode being fixed. At the top end 
of the tube an ordinary tap was sealed, the tap barrel having 
a groove filed in it earrying a thin copper wire from which 
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was suspended the moving electrode. Thus the tap acted as 
a winch, winding up the wire and drawing up the electrode, 
or vice versa, a device due originally to Aston. Contact was 
made through the top of the tube remote from the discharge- 
tube, by means of a brush, touching the wire coiled on the 
tap barrel (fig. 2). 

Fig. 2. 
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: Contact 

: : brush. 

: Tap used as 
a winch. 


Details of upper 
moveable electrode. 


40 S.W.6. - 
Copper Wire, 


The appearance of the luminous discharge is characterized 
by its symmetry, having the same features as the ordinary 
direct discharges, in its relation to the pressure of the residual 

as. 

Both electrodes appear to be cathodes, having the usual 
negative glow and dark spaces, the positive column occupying 
the central region of the tube, if the electrodes are far enough 
apart. If they are relatively close together, the appearance 
of the discharge is that given by photograph I. (Pl. VIII). 
For relatively high pressures, separating the electrodes will 
cause the appearance of the continuous positive column. 
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The most interesting effects are obtained by having the 
pressure so adjusted as to give a striated positive column. 
Photograph II. shows the appearance of the tube when 
the electrodes are so far apart that the striated column is 
just appearing. It is seen that the striation is “ double,” 
consisting as it were of two striations placed back to back. 

Hydrogen was the gas used in the tube, and the colour of 
this double striation was striking, having a pink edge to the 
usual blue colour of the hydrogen striation. Further separa- 
tion of the electrodes produces more of these double striations, 
which seem to grow from the central pair as the electrodes 
are separated (photograph III.). 

Photograph IV. shows the tube with the electrodes widely 
separated, and a whole series of double striations in [the 
central column, the discharge about the electrodes being still 
characteristic of a cathode. 

If the hand is placed near one end of the tube, the effect 
is altered considerably, indicating what a large effect the 
charges on the walls of the tube have on these discharge 
phenomena. 

Photograph V. shows the appearance of the tube, with the 
hand placed near one end. It appears to cause a slight 
rectifying effect, for the luminosity round the electrode near 
the hand is very much diminished, and the striations have 
completely lost their double appearance. 


Speculation on the nature of the double striation is rendered 
difficult, in the absence of any really decisive information as 
to the nature of the more frequently observed single stria- 
tions. There is no doubt that they are of the same nature 
as these latter, and we may infer that one set belongs to the 
discharge when passing in one direction, and the other set is 
generated by the corresponding inverse discharge, the sharp 
convex surfaces being turned towards the corresponding 
cathode. The distance between the two members of the 
double striations can probably be regarded as the distance 
travelled by the positive ions in the tube during a half-period 
of the discharge, the frequency of which was of the order of 
10°. 

The experiment described here is of a purely qualitative 
nature, but it opens up anew the question of the nature of 
the striated discharge, and further experiments on this point 
are now in progress. 


Carey Foster Laboratory, 
University College, London. 
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XLIII. On the Theory of the Absorption of X-Rays. By 
Dr. R. A. Hovsrovs, Lecturer on Physical Optics in the 


University of Glasgow * 
Introduction. 


T is possible, on the basis of the usual theory of dispersion, 
to calculate the number of electrons per molecule 
concerned in the production of an absorption band, such as 
the absorption bands in the spectra of the aniline colouring 
matters. I made this calculation in 1909 f, and found that 
these absorption bands were produced by one electron in 
each molecule and that the theory seemed to apply well 
in this case. When the formula was applied to inorganic 
salts such as cobalt chloride, the result suggested that in 
this case the vibrating sy stems were ions, though potassium 
permanganate was difficult to place. In 1919 ¢ I applied 
the same theory to the characteristic absorption of X-rays 
in nine elements, and found that there was one electron per 
atom concerned in the K absorption, and more—the results 
varied from two to four—concerned in the production of the 
L absorption. A. H. Compton § has since made calculations 
on the same lines. There is considerable doubt in the minds 
of many workers as to whether the ordinary theory, or, as it 
is sometimes called, the classical theory, can be applied to 
the absorption of X-rays, and as we have now additional data 
available, and I havearrived at a elearer understanding of the 
points involv ed, I desire to return to the subject here. 

Proof of T ondas — Let a plane wave be passing through 
an absorbing medium. Let [dv be the energy contained 
within the range of frequency (reciprocal of the period) dv, 
which passes through one square centimetre per second, 


and let 


e "^ 


represeut the rate of diminution of the intensity of the wave. 
pis termed the “absorption coefficient." 

The energy received on a parallel plate distant dz from 
the first one is 


Idve-"4, 


* Communicated by the Author. 

t “On the Mechanism of the Absorption-Spectra of Solutions,” Proc. 
Roy. Soc. A, Ixxxii. p. 606 (1909). 

I “The Absorption of X-hays," Proc, Roy. Soc. Edin. xl. p.534 
1919). 
$ “Secondary Radiations oe by X-Rays,” Bulletin of the 
National Research Council, 1922 
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and the energy absorbed in the layer of 1 sq. cm. surface 
and thickness dz is 


Idv(1—e-##) =I dv udz. 


Let N be the number of molecules per cubic centimetre. 
Then the number of molecules in the layer is N dz and the 
amount of energy absorbed per molecule is 


Idv . " 
s soe ad we te Ven XL) 
$ Let us suppose that in the medium there are a number 
of electrons which execute vibrations about their mean 
positions under the influence of the wave. Then the motion 
of a tvpical electron may be represented by 


Px dæ 
dm Ta Tfr--—eX, e . . (2) 


where m is the mass of the eleetron and X the electric 
intensity in the wave. The second and third terms represent 
the frictional resistance and the “quasi-elastic” force. 
Now the absorption of energy by the electron can be treated 
in two different ways. We may assume that the free 
vibration has died down, and that each of the Fourier com- 
ponents into which X can be resolved produces its own 
forced vibration. Consequently the electron never gains 
energy ; it is being taken away from it as fast as it receives 
it. This is the usual method of the theory of dispersion, 
and it leaves the nature of the friction term a mystery. 

On the other hand, we may suppose that there is no 
friction term, that initially the displacement and velocity of 
the electron are each zero, and that its kinetic energy 
gradually increases under the influence of the light-wave. 
Then there is a collision or atomic change that reduces its 
energy to zero, and the process starts over again. In this 
way the energy is removed from the electron discontinuously, 
not continuously. Strange to say, when the intensity I of 
the wave is given, the expression for the energy absorbed 
comes out the same on both assumptions. 

§ It is not necessary to perform the calculation in the 
Second case, for a similar calculation has already been 
performed by Planck, and our result can be obtained from 

is. Planck shows* that the energy absorbed by an oscillator 


* < Vorlesungen über die Theorie der Warmestrahlung,’ $$ 148-9. 


Phil. Mag. S. 7. Vol. 2, No, 9. Sept. 1926. 2L 
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per second is 


RI 
4L’ 
where L corresponds to m/e and 55 is defined by 
X?= | dv, 
SD 
(cf. eqne 2). The whole energy received per unit area is 
4m ^ 
where c is the velocity of light. Consequently 


15- 
e 0 


I= jr 
and the energy absorbed per electron per second is 


eee. pare so 
Let us suppose that there are p electrons per atom con- 
cerned in the absorption. ‘Then from (3) and (1) 
mc me (' 
p= JANU or p= sex! pdv, . . (4) 


if we integrate over the whole absorption band. We have 
i assumed that e is measured in electrostatic units. 
$ If we retain the friction terin in (2) and assume forced 
vibrations, and X = A cos 27rvt, we find 
— Ae cos (2vvt — tan! 2myh|( f — 4m*v*m)) 
((f —4m*y?m)? + Amy? 33) 
The rate at which work is being done on the electron is 


d 
— Xe dt . 


If we substitute in this expression for X and dv/dt, and 
take the average value, we obtain 


A?90?y?e?] 
(f — 4m?y?m)? + Aq??? 
Let us assume now that v varies and graph the above 
expression as a function of v. It will be found that the 


curve falla away rapidly on both sides of a maximum, the 
position of which we shall denote by vm, and that the only 
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term of importance is the first one in the denominator. We 
may therefore substitute Ym for v in the other term in the 
denominator and for one of the »'s in the numerator. 
Multiply by dv and integrate in order to find the energy 
absorbed from all the Fourier components of the original 
wave. Then we obtain 


"o PAWww)hdy _ APT iai S ) 
0 (J —An*y'm)? -+ Am Ym h G TV)? 
Ate? 
^ 8m? 


since f is large compared with 2zv,4. We assume that the 
intensity of the spectrum of the incident light does not vary 
rapidly with the wave-length. 

If Idv, as before, represents the energy contained within 
the range of frequency dy, which passes through one square 
centimetre per second, 

_ cA? 
=>, 
since A*/8m is the rate of change of the mean value of the 


energy per unit volume with frequency. Consequently the 
energy absorbed per electron per second is 


I 


me'l 
mc 


a 


the same result us was obtained by the other method in (8) 
above. The free period of vibration of the electrons does 
not enter into the result. The proof is naturally given in a 
shortened form here; it will be made clearer by consider- 
ation of the passages referred to in Planck's * Würmestrah- 
lung.' 

Ón the one way of deriving the result we assume that the 
electron starts from rest and that a large number of periods 
elapse before it loses its energy ; as, however all possible 
combinations of displacement and velocity may occur, and 
as the energy increases simply with the time, the initial 
condition does not attect the result. On the other way, the 
electron is losing energy uniformly all the time. We 
cannot prove that the formula holds for the intermediate 
case—iscontinuous losses of energy at short intervals. 

Application of the Formula.—The diagram (fig. 1) repre- 
sents u as a function of v for platinum schematically, the K 
absorption being exaggerated for the sake of a clear diagram. 


2L2 
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There are two sharply marked L and K edges from which 
the absorption gradually falls away in the direction of 
increasing frequency, and inside the L absorption there are 
two other edges. 

In order to apply formula (4) to calculate p, i. e., the 
number of electrons per molecule associated with each 
absorption, it is necessary first to determine | ay, i. e., the 
portion of the area of the curve associated with each 
absorption. This is not easy. In the first place, the obser- 
vations at eur disposal are not numerous, and it is necessary 
both to interpolate and exterpolate. Second, it is difficult 


Fig. 1. 
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to know how much of the area to allow to each band. The 
dotted lines show how I have done this, and there is a 
certain amount of arbitrariness attaching to the proceeding. 
Table I. shows the results I have obtained. 

I have taken the data for Ag, W, Pb, Bi, and the K ab- 
sorption of Pt and Au from the paper by S. J. M. Allen*, the 
data for Al from Siegbahn's ** The Spectroscopy of X-Rays,” 
the data for Mo from A. H. Compton’s “ Secondary Radi- 
ations produced by X-Rays” (Bulletin of the National 
Research Council), and the remaining data from the 
tables in Kaye’s “ X-Rays.” The columns marked “ Area” 
are the areas \u/pdv, where p is the density of the material, 
since the tables give u/p and not u, and they are in each 
ease a first attempt. The value for Br is obtained 
from ethyl bromide. The last two columns give the number 
of electrons per atom worked out by the formula. The mean 
result for the thirteen K absorptions is 1:03. 


* Phys. Rev. xxiv. p. 1 (1921). 
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TABLE I. 
Area. No. of electrons. 
Element. -  -—- —————————— 
K. | L. K. L 
Sbeos s d 91510" | L52 | 
i TA 303 1:06 
SERENA PINO 275 | 101 | 
|», t 247 | '98 
P esses 252 1:02 | 
DE aood 109 | E: | 
M uus 221 1:32 | 
7T ATORE 248 | 1:68 | 
M onu | ^97 | rm | 
EB nando 75 400 x 10°? ‘91 48 | 
aie bake ELAN PSS aa Se | 
E-U ey 65 390 | ‘79 4'8 
E a ZATRE 55 "71 | 
m MNA | 39 ol | 


| Í 
| TS EC NEM | 


This result must be significant. The value of the area 
varies all the way from 915 x10'5 in the case of Al to 
39 x 10! in the case of Bi, and yet the result comes out 
approximately constant, showing that we have to deal with 
a true correlation and not a chance agreement. In the 
light of the final result the areas might have been appor- 
tioned so as to give a much better agreement. There are 
not enough observations for the L-absorption to state what 
the 4:8 is an approximation for. 

It seems desirable that more measurements should be made 
of the absorption coefficients, so tbat the formula may be 
tested more thoroughly. 

Discussion of the T'heory.—Theories of the absorption of 
X-rays have been given from a radically different stand- 
point *. It is not claimed that the assumption made in this 
paper of slightly damped electronic oscillators of natural 
frequencies distributed between the critical absorption 
frequency and infinity, which are all absorbing energy all 
the time, constitutes a theory in itself. It is only part of 
the mechanism. We shall proceed to consider the reasons 
which lead to this conclusion. 

The motion of an electron oscillating about a position of 
rest may be represented by 


d? 
"A +fxe=0. 


* L. de Broglie, Jour. de Phys. et Rad. iii. p: 83 (1922); C. R. clxxi. 
p. 1137 (1920). H. A. Kramers, Phil. Mag. xlvi. p. 836 (1923). 


Digitized by Google 


518 Dr. R. A. Houstoun on the 


Owing to its motion the electron will radiate energy s 
allowing for the back pressure of the radiation in the 
equation, we obtain 
Gre 2e! d'z 
Mt 3 3 a + fz=0. 


If the frequency is v, this may be written 


dæ 2e dz _ 


So the equation has the same form as the left-hand side 
of (2), if 
2e? A 
Let us assume that x=lsin 2rvt. 


Then the rate at which energy is being radiated is 
h (m) = hi*(2mv)! cos? 2myt 
dt i 


the mean value of which is 2A/?z*s?, On substituting for h 
the energy radiated in one-half period is 


8 melt 


— 


3 cd 
The maximum value of the kinetic energy is 
imP(2mv). 
So the fraction of the energy radiated in one-half period is 


2 
; in r =1:2 x 1077. 
mc 


Hence the rate of decay of the energy of the electron 

may be represented by 
exp. (— 2:4 x 107?3y't). 

If the frequency is that of Na light, the energy falls to 
one-tenth of its value in 3:8x 1075 sec. For the case of 
X-rays of wave-length 1 À.U., the energy is lost 3:6 x 107 
times as fast. 

According to (3) the rate at which an electron absorbs 
energy is 


mel 


— — = 02621. 
me 


Suppose that the frequency of the electron is in the 
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visible spectrum, and that it is exposed to an illumination of 
1 metre-candle. The energy received by a surface at a 
distance of one metre from a Hefner lamp is 2:15 x 1075 gm. 
cals. per sq. cm. per sec. About 1 per cent. of this is 
radiated as light. The difference in frequency between the 
ends of the visible spectrum is 3°75 x 10'*. Consequently, 
taking the average value for the visible spectrum, 


I- 2:15 x 1077 x 49 x 10° 
g 375x LU! ] 


and the energy absorbed per second is 
*0262 x 2:41 x 1071522 6:35 x 10-* erg. 


= 241x107", 


If we take 3°6 x 107? as the average value of the quantum 
for the visible spectrum, the time required to absorb one 
quantum is about 157 hours. The time required to lose 
nine-tenths of a quantum is only 3:8Xx 107? sec. Clearly 
the balance between emission and absorption takes place at 
a very small fraction of the quantum. Let us denote this 
fraction by æ. Then its value is obtained from the following 
equation 


6°35 x 10715— 23:6 x 1079 x 24 x 107353, 


which gives z —2:43 x 107». 

Thus, if the electron were exposed to the light-wave its 
energy would gradually increase and the radiation loss 
would simultaneously increase, until the energy reached a 
value somewhat greater than one-billionth of a quantum. 
Beyond this there would be no increase. The chances of 
the electron acquiring a quantum of energy must be much 
worse in the X-ray spectrum, since both the quantum and 
the radiation loss are much larger in that region. 

But we know that the photo-electrons excited by X-rays 
have one quantum of energy. The energy must therefore 
be taken from the absorbing electron and transferred to 
some other system, while the radiation loss from the former 
is still a long way below its rate of absorption, and must 
pass from this other system to the photo-electron. 

We thus arrive at the escapement theory of Sir Joseph 
Larmor *. He regards the electronic radiator as analogous 
to the pendulum of a clock driven bv the energy of a coiled 
spring which is fed into the motion by an escapement, only 
his model is reversible; the pendulum may feed its energy 


* Phil. Mag. xlii. p. 592 (1921). 
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back through the escapement into the spring. This analogy 
applies to our problems well. 

he question arises as to the extent of spectrum from 
which each electron absorbs its energy. Let us go back to 
equation (2) 


dx dæ 
mg t^ + fa=—eX, 


assume that we are dealing with one free period, and define 
the breadth of the band in the absorption spectrum as the 
difference between the wave-lengths for which the coefficient 
of absorption has half its maximum value. Then it may be 
shown (cf. my book on * Light,’ p. 433), that this is equal to 


ci 
2mTc' 
If we assume that the loss of energy is wholly a radiation 
loss and substitute the appropriate value of h, this becomes 


4m e 
3 me?’ 


o 
the numerical value of which is 1:16 x 107* A.U. This isa 
breadth much too small to observe. l 

Now we know that the radiation loss is only part of the 
loss. The “h” must cover in addition the removal of energy 
by the *escapement." Hence its value must be greater 
than the figure we have assumed, but not very much greater, 
and consequently the bands, broader than the breadth we 
have arrived at, but not much broader. 

To conclude: the picture at which we arrive at is this. 
If we take, for example, the case of Fe, within the region of 
the K absorption, 25 of its 26 electrons are taking energy 
from the incident rays and “scattering” it, losing it by 
resonance radiation. The remaining electron absorbs energy 
from a narrow region somewhere between the head of the 
band and infinite frequency; it scatters a small proportion 
of this energy but transmits most to another system of 
which we know nothing. Its own energy never becomes 
more than an insignificant fraction of the appropriate 
quantum. Outside this limited region the remaining electron 
* scatters” as well as the others. 


April 2, 1926. 
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XLIV. The Magnetic Stability of Permanent Magnets. 
By RosERT CocHRAN Gray, M.A., D.Sc.* 


Introductory. 


PIECE of steel, after magnetization, experiences a 
gradual loss of magnetism, the rate of loss tending to 
zero only after the lapse of several months. The process of 
ageing, either by heat treatment, vibration, or partial demag- 
netization, or by all of these, represents an attempt to bring 
the magnet into its final stable state in a few hours instead 
of months. This paper gives the ettect of each of these 
treatments on the magnetic stability of a magnet. 


Mechanical Stability and Magnetic Stability. 


It is important to distinguish carefully between mechanical 
stability and magnetic stability. Strains in the material 
gradually disappear, and partial recrystallization takes place, 
altering the nature of the material; and during these 
changes, and because of them, the magnetic quality alters. 
This mechanical stabilization should be complete betore the 
material is magnetized. In magnetic stabilization the 
principle is that of subjecting the magnet, before use, to 
a treatment equivalent to that which it will experience when 
in use. How the nature of this experience may be evaluated 
will be indicated later. This paper refers to materials 
already mechanically stable ; such materials were available 
for test in the form of cylindrical maynets that had been in 
use in a first-year students’ laboratory for from ten to 
forty years. 


Effect of Demagnetization. 


The only safe method of demagnetization is to subject the 
magnet to an alternating field, beginning at a definite value 
to be here called the demagnetizing jield, and to reduce this 
gradually to zero. If we magnetize a specimen to satura- 
tion, and then apply a small demagnetizing field in this way, 
we remove a smal] amount of the magnetism ; each successive 
increase in the demagnetizing field (see fig. 1) causes an 
additional loss. The greatest loss of magnetism for a given 
small increase in the demagnetizing field occurs when the 
demagnetizing field is slightly less than the saturation 
coercive force (Hos) of the material. The figure gives the 


* Communicated by the Author. 
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curves obtained from three materials A, B, C, of coercive 
force 113, 60, 34 respectively. Material A was permanite. 
The application of a demagnetizing field equal to the coercive 


Fig. 1.—Showing decrease in magnetism for various alternating 
demagnetizing fields. Materials A, B, C had coercive 
force 113, 60, 34 units respectively. 
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force of the material results in a reduction of the residual 

induction by over 50 per cent., and near this field the curve 

is steepest. Thus, it is most important that material for per- 

manent magnets should have, in addition to a high residual 
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induction, as high a coercive force as possible. The 
percentage loss of magnetism for different demagnetizing 
fields is given in fig. 2, where the effect of high coercive 
force in Teenis down the loss is more apparent. For 
example, a demagnetizing field of 50 units reduces the 
residual induction by 19, 48, 75 per cent., for the materials 
of coercive force 113, 60, 34 units respectively. Further, 


Fig. 2.—Showing percentage loss of magnetism for various 
alternating demagnetizing fields. 
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it is quite possible that a material of high coercive force 
and comparatively low residual induction may possess, 
when stabilized by the proper demagnetizing field, a larger 
amount of magnetism than a material of much higher 
residual induction but of lower coercive force. Reference 
to fig. 1 will show that material B, of initial residual 
induction only 75 per cent. of that of material C, retains 
after the application of fields greater than 20 units more 
magnetism than material C ; this effect is due to the higher 
coercive force possessed by material B. Such material of 
higher coercive force will be less affected in practice in the 
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event of its experiencing larger demagnetizing fields than 
had been expected ; this is indicated by the smaller gradient, 
for moderate fields, of the curve of B compared with the 
gradient of the curve of C. 

If a demagnetizing field of, say, 50 units has been applied 
to a magnet, no subsequent demagnetizing field of «mount 
less than 50 units will have any effect on the magnetism. 
On this fact is based the method of magnetic stabilization by 
partial demagnetization. The stabilizing field, i. e. the initial 
value of the demagnetizing field, should be that likely to be 
experienced by the magnet when in use. The demagnetiza- 
tion curve is then of the type shown in fig. 3, where the 


Fig. 3.—Showing the magnetic stability due to partial demagnetization 
by an alternating field of 47 units. (Continuous line.) 
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stabilizing field is 47 units. The first portion of the curve 
is horizontal, representing magnetic stability ; the remainder 
of the curve bevond the stabilizing field follows the original 
curve. 


Effect of Steaming. 


Stabilization against variations of temperature consists of 
keeping the specimen at 100? C. for an hour, then at room 
temperature for an hour, and continuing this alternation 
until the magnetism attains a steadv state, usually after three 
or four such cycles. The changes in volume, and slight 


~v 


FP- 
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softening, alter the fields controlling the elemental magnets, 
with the result that part of the residual induction disappears. 


fields have a small but appreciable effect (see fig. 4) ; this 


Fig. 4.—Showing the effect of steaming a magnet, 
(Continuous line.) 
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field M was about 29 units. The Important point here is 
that if the material, before steaming, is demagnetized by a 
field greater than M, steaming has no effect: the partial 
emagnetization has stabilized the materia] against variations 
of temperature. 


Effect of Vibration. 


The effect ot Vibration on the magnetism of a specimen is 
Véry similar to that of Steaming. A rod was magnetized, 
then dropped fifty times, on alternate ends, a height of 
one foot, on toa stone floor, and caughtontherebound. The 

emagnetization curve is shown in fig. 5 ; it will be seen 
that the curve Joins the original curve ata field of about 

2 units. When the material was initially demagnetized by 


———— — —À — 
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a field greater than this, vibration had no effect. Thus 
stabilization against vibration, like stabilization against 


Fig. 5.—Showing the effect of vibrating a magnet, 
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small variations in temperature, may be carried out most 
easily by demagnetization by a suitable field. 


Effect of Time. 


All the specimens, except the permanite, used in these 
tests had been magnetized some years ago, and each had 
lost a proportion of its original magnetism. The demag- 
netization curve of a typical specimen in this “ naturally 
aged" state is shown in fig.6. It will be seen that for this 
specimen the curve meets the main curve, which was taken 
after subsequent re-magnetization, at a field of about 53 units. 
This field lay, in every case, between 52 and 57 units, the 
averago being 55, which is the equivalent therefore of the 
demagnetizing treatment experienced in practice by an 
ordinary binnacle magnet treated with little care. But 
while this “field of experience” was nearly constant, the 
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percentage loss of magnetism varied within the wide limits 
of 35 and 60 per cent. It is interesting to note that the 
permanite specimen, magnetized by the makers, and stabilized 
partly by them, presumably, and partly by two yeurs' use, 
showed a field of experience of 54 units and a percentage 
loss of 20 per cent. Comparison of the loss and the coercive 
force in all these cases showed that the law that “ the per- 
centage loss is inversely proportional to the coercive force” 


Fig. 6.—Showing the effect of time on a magnet. 
(Continuous line.) 
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is approximately true within the conditions covered by these 
tests; if this law held for a coercive force of 225 units, we 
should expect a loss of magnetism of only 10 per cent. after 
the lapse of years. The rule in magnetic stabilization should 
therefore be partial demagnetization by a definite field, rather 
than the removal of a definite percentage of the residual 
induction. It is extremely probable that our specimens, if 
magnetized to saturation und then demagnetized by a field 
of 55 units, would show no appreciable loss of magnetism 
with time 
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Effect of Partial Magnetization in the Opposite Sense. 

It might be expected that the reduction in magnetism that 
is necessary for stabilization might most easily be effected by 
applying a field, of properly chosen amount, in the opposite 
direction to the original magnetizing field. This method 
cannot be recommended. Fig. 7 gives the demagnetization 


Fig. 7.—Showing the effect of applying a weak field to a magnet, 
in the direction opposite to the original magnetization. 
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curve of a specimen that had been magnetized in one direc- 
tion by a field of 280 units and had then been exposed to a field 
of 34 units in the opposite direction. It will be noticed, 
apart from the peculiarity that for low fields the process of 
“demagnetization " actually increases the magnetism of the 
specimen, that the magnetism is affected even by small 
demagnetizing fields. A comparison of figs. 3 and 7 will 
show the decided advantage in stability attained by partial 
demagnetization by means of an alternating decreasing field. 


Conclusion. 


It has been mentioned that these rod magnets had experi- 
enced, when in use, demagnetizing fields averaging 55 units. 
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One of these magnets partially demaguetized by a field of 
29 units was unuffeeted by steaming; another, partially 
demagnetized by a field ot 12 units, was unaffected by 
moderate vibration. Hence for complete magnetic stability 
of these magnets it is necessary and sufficient that a 
demagnetizing field of 55 units should be applied. Steaming 
and vibration are probably necessary in order to stabilize 
the material mechanically, and thus will affect indirectly the 
magnetic constants (e.g. coercive force); but they have no 
direct use in magnetice stabilization after mechanical stabili- 
zation, since their effect is more than covered by the partial 
demagnetization necessary to render the material immune to 
the effects of the demagnetizing fields likely to be experienced 
by the magnet when in use. 


Summary. 


A distinction is made between the stabilization of the 
material intended for permanent magnets, and the stabiliza- 
tion of its magnetism. After the material has been mech- 
anically stabilized, it should be magnetized to saturation and 
then demagnetized by an alternating decreasing field whose 
maximum value is slightly above that of the field likely to 
be experienced when the magnet is in use. A method of 
finding the value of this latter field is given. This partial 
demagnetization stabilizes the magnet not only against 
demagnetizing fields, but also against temperature variations 
and against moderate vibration. The importance of a high 
coercive force is indicated ; the percentage loss of magnetism 
with time is, approximately, inversely proportional to the 
coercive force. 


XLV. Absorption and Resonance Radiation in Excited Helium 
uni the Structure of the 3889 Line. By W. H. McCurpy, 
Ph.D., National Research Council Fellow in Physics *. 


Plate IX ] 
INTRODUCTION, 


ASCHEN t observed that a column of weakly excited 
helium showed marked absorbing power tor light of 
wave-length equal to that of the first term of the principal 
* Communicated by the Author. 
t Paschen, Ann. d. Phys. xlv. p. 625 (1914). 
Phil. Mag. S. T. Vol. 2. No. 9. Sept. 1926. 2M 
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series of both systems of the helium spectrum, 10830 À and 
20852 À respectively. Further, that resonance radiation of 


wave-length 10830 A was produced in the weakly excited gas 
by the monochromatic radiation of that wave-length from a 
second helium discharge tube. Absorption of light of 
wave-length corresponding to transitions from other than 
the normal state of the atoms involved has been frequently 
observed. Ladenburg * and others have observed marked 
absorption of the Balmer series in a strong discharge in 
hydrogen. Compton and Turner f. have observed absorption 
of several lines of which the initial state in absorption is 
2p and the final a higher s state. 

More recently Meissner f has made a more detailed study 
of the absorption in weakly excited neon. He has observed 
absorption of twenty-six lines having initial states in 
absorption 2s;, where i varies from 2 to 5 inclusive. He has 
not observed any absorption for lines of which the initial 
state is a p level. 

The following is a report of an investigation of a more 
general nature of the optical properties of excited helium. 


The absorption of most of the helium lines between 6678 A 
and 3614 A has been investigated, and photographs showing 
the existence of resonance radiation of wave-length 3889 A 
have been obtained. 

METHOD. 


The arrangement of apparatus used in the work is shown 
diagrammatically in fig. 1. The capillary C served as 


Fig. 1. 
\ C 
L——— hil Q = 
| ~~~ E ——— © 
e d 


D Ti T 


source of light, and the larger part of the tube A served 
as the absorbing column, which was about 80 cm. in length. 


* Ladenburg, Verh. d. Deutsch. Phys. Ges. x. p. 580 (1908), & xii. 
p. 54 (1910) ; also Kimura and Nakamura, Jap. Journ. of Phys. ii. p. 53 
(1923), and Hulbert, Phys. Rev. xxvi. p. 124 (1925). 

t Compton and Turner, Phys. Rev. xxv. p. 606 (1925). 

1 Meissner, Ann. d. Phys. ]xxvi. p. 124 (1926). 


Radiationin Excited Helium and Structure of 3889 Line. 531 


The two portions of the tube could be excited independently 
by means of the two transformers T), T,’ giving 6000 to 
10,000 volts on the secondary, with 120 volts 60 cycle A.C. 
on the primary. The current in either tube could be varied 
at will by means of a resistance in series with the primary 
of the transformer without appreciably influencing the other. 
The electrodes were of aluminium foil and were freed from 
hydrogen by running a discharge for some time before 
introducing the helium. The helium used was stored over 
water and dried by phosphorus pentoxide and purified 
by standing for some time in charcoal immersed in liquid 
air. No trace of hydrogen could be observed visually in 
examination of the tube spectrum. 

The end of the capillary C was focussed on the slit of the 
spectrograph S by means of thelens L placed as near the 
end of the tube as possible, thus eliminating the radiation 
from the absorbing column as much as possible. It is, 
of course, impossible to eliminate this completely, but the 
above arrangement appeared satisfactory. The observing 
system consisted of a glass echelon grating of twenty steps 
each of thickness about 6mm. A glass prism of about 7 em. 
base was used to separate the lines. In making the photo- 
apum a four-foot photographic objective was used and 

ammer rapid plates for the spectral region in which they 
are sensitive. 

The object of using this method was to avoid the necessity 
of making photometric determinations of the density of the 
plates obtained, since the absorption appeared as the reversal 
of the line observed. As an indication of the degree of 
absorption the width of the reversal was observed. This 
method would of course not be satisfactory for detailed or 
accurate investigation, since the maximum width of the 
reversed portion of the line is equal to the width of 
the emission line in the absorbing column, whichis probably 
less than that of the line from the capillary due to the lower 
temperature of the absorbing column and also to the lower 
field strengths in the larger absorbing tube. ‘This, however, 
is probably sufficient for the approximate results desired, 
especially since no extreme care was taken to eliminate all 
impurities from the helium, which obviously detracts from 
the theoretical values of the results. All that can be said is 
that there was not sufficient impurity present to show 
spectroscopically, in visual observations. 

À series of exposures of equal times were made on one plate 
with gradually increasing current in the absorbing column, 
starting from zero. By this ME the effect of the current 

2M2 
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in the absorbing column was quickly and easily determine. 
The process was repeated for most of the lines between 


6678 A and 3614A and for pressures of helium between 
9:8 mm. and 0:8 mm. Owing to the fact that it was impossible 
to eliminate completelv the glow in the absorbing column 
with this arrangement of apparatus, it was never possible to 
obtain a photograph of the unreversed 3859 line. 


RESULTS. 


It was found that not only the 18—mP and lo—m7 
series, but also the LP—mD and lz—mó showed strong i 
absorption. It was found impossible, however, to detect any 


trace of absorption in the case of tlie 1P—mS or Iz —mc 


series. Table I. has been prepared showing the results that 


were obtained at a pressure of 4mm. 


The amount of the 


absorption is estimated from the width of the reversal 


of the line as already indicated. 


TABLE I. 


Absorption of the helium lines in a column of helium of 
length about 80 cm. excited by A. C. Current density 
of the exciting current about 100 m. amps. per cm’. 


Pressure of the helium 4 mm. 


Wave-length. Line. Absorption. 
6678 A. ]P--2D Weak (only under 
extreme conditions), 
4022 1P—3D Very weak (only under 
extreme conditions). 
4357 1P—4D Not detectable. 
5016 1S—2P Strong. 
3964 1S —3P Weak. 
3614 1S—4P Very weak. 
3R89 lo— 2r Very strong. 
3187 lo—37 Strong. 
5276 ]z—96 Strong. 
4471 ]z - 3é Fair. 
4026 1z—44 Wenk. 
Very weak. 


2819 17—5? 


No absorption was to be found for any other lines in the region considered 


o 
etween 6678 and 3187 A. 


It will be observed that the principal series of both 
systems shows a greater absorption for corresponding terms 
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than does the subordinate series. This is to be expected, 
since the principal series are stronger in emission than are 
the suvordinate series. It is also to be expected that the 
1P—mS and lz—oc series should show little absorption 
since they are comparatively weak in emission. The 
result shows very clearly, however, that there are two factors 
involved in the consideration of the emission and absorption 
spectra of gases. Since both subordinate series have the 
same initial state, the number of the atoms in a state to 
absorb the two series is the same. Still the one series 
shows strong absorption while the other shows none. Thus 
the factor involving the probabilitv of a given transition 
must play fully as important a róle as the concentration 
of atoms in a state initial to the transition considered. ‘This 
is still further emphasized by the results on ditterent lines of 
a given series. 

Eject of Excitation on the observed Absorption.— igs. 1, 
2, 3, 4, 5, and 6 (PI. IX.) show the absorption of ditterent 
lines under different pressure conditions. Diagrams a 
to d are taken with increasing current in the absorbing 
column. It is apparent that the width of the reversal of the 
line increases with the current in the absorbing column. 
At high current densities in the absorbing column, 
however, the width of the reversal appears to decrease. 
This is probably due to the contribution of the absorbing 
column to the observed radiation. If this could be entirely 
eliminated, it ix probable that the width of the reversal 
would increase with the excitation of the absorption tube 
until the state was reached where the reversal was equal in 
width to the emission line of the absorbing column. The 
results show, however, a marked increase in the absorption 
with an increase in the excitation of the absorbing column. 

Absorption of Series.—In the case of the 1S—mP series 
Paschen * observed absorption of the first term of the series. 
The present investigation has shown observable absorption to 


the fourth term 3614 A. The width of the reversal is found 
to fall off rapidly as the higher terms of the series are 
studied. In reproducing the ‘results in enlargements only 
the second and third terms have been used. Comparing 
this with the observed reversal of the 1P — m D series, it was 
found that reversal could be observed onlv to the ‘second 
term, and only with intense excitation in the absorbing column. 
Observations on these were made visually since the first term 
is in the red, 6678, which require the use of red sensitive 


* Paschen, loe. cit. 
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plates. Thus it appears that the rate at which the absorption 
falls off is less for the principal than for the subordinate 
series. The same would probably be true in the case of the 
doublet system also if observations were sufficiently extensive. 


In fig. 5 (Pl. IX.) is shown the reversal of the 3964 À line 
under conditions comparable with those under which the 
results on the 5016 À line shown in fig. 3 were obtained. 
Fig. 6 shows the reversal of the yellow line 5876 A, but 


it is not comparable with the photographs of the 3889 A line 
shown in figs. 2 and 4 (P1. 1X.). In the case of the doublet 
system observations showed absorption to the fourth term 
of the subordinate series while, up to the present at least, 
observations have been made only on terms up to the 
third of the principal series, so no conclusions can be drawn 
from the comparison of the results on the two series. 

Effect of Pressure.—F igs. 1 and 2(P1. 1X.) show the reversal 
of the correspondiny lines of the two systems 5016 A and 
3889 A respectively at 9-8 mm. pressure, and figs. 3 and 4 
the same at *8mm. pressure. Though the enlargements 
do not show the results as distinctly as the original pl:tes, 
still it mav be observed that the reversal in the case of the 


= Ue M ; 
line 3889 A is wider at the higher pressure while the reverse 


is true of the line 5016 A. Thus it appears that the pressure 
has a great effect on the absorption of the different series. 
It is as should be expected from the emission spectra of the 
gas under different pressures. At high pressures the 
doublet system is predominant, giving the discharge a dis- 
tinctly yellow colour, while at low pressures the singlet 
svstem predominates and the discharge has a greenish tinge. 
Thus it is to be expected that the singlets will be absorbed 
more strongly at low pressures and the doublets more strongly 
at high pressures. 

As was stated in the preceding paragraph it was possible to 


reproduce the reversal of the 3964 A line only at low 
pressures. A similar result was obtained in the case of the 
doublet system, in which it was found that the absorption 
appeared to fall off more rapidly at low pressures than at 
higher ones. Detailed investigation of this sort, however, 
would be justified only with the use of very pure helium 
and under conditions more reproducible than is possible 
using transformer excitation and ordinary purification 
processes. 

Effects of Impurities.—The effect of hydrogen on the absorp- 
tion is clearly shown by comparison of figs. 4 and 7 (Pl. IX.) 


e 
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Fig. 7 (Pl. IX.) shows the reversal of the 3889 A line when 


the spectrum of the discharge showed the Balmer lines 
of hydrogen distinctly, while fig. 4 shows the reversal of the 
same line under similar pressure in helium, pure enough to 
render the Balmer lines invisible. It is apparent that 
hydrogen greatly reduces the absorption. This is in agree- 
ment with the results obtained by Paschen * and Meisnerf. 

The effect of the impurity is probably a reduction of the 
life of an excited atom. The assumption that this was 
the case was made recently in considering the cause of 
striations in the positive column of a discharge f, and this 
appears to be a partial confirmation of that hypothesis. 
In this case the excited atom of helium contains sufficient 
energy to ionize the hydrogen in collisions of the second 
kind. 


STRUCTURE OF THE 3889 LINE. 

Examination of the photographs of the reversed 3889 
line showed that the reversal was not symmetrical, indicating 
an unresolved component on the short wave-length side of 
the line. It was thus decided to look for another component 
to the line. For this work a quartz Lummer-Gehrcke 
plate was used and the tube which served as the source 
of light was cooled by wrapping it with cotton which was 
kept wet with liquid air. This, together with a very low 
current in the tube, produced a line much narrower than 
was observed in the absorption experiments. 

An enlarged photograph of the fringes produced by the 
line is shown in fig. 9 (Pl. IX.). This shows, as was expected, 
that there is a weak component on the short wave-length side 
ot the line. The separation of this component from the 
main component of the line as calculated from the dimensions 


of the plate was found to be ‘044 A. This was checked by 
use of a second plate of different dimensions. Thus 
assuming the wave-length of the line as given in the tables 
to be that of the strong component, the wave-length of the 


weak component comes out to be 3888:602 À. 


RESONANCE RADIATION IN THE WEAKLY ExciTED HELIUM. 


The extremely strong absorption in the excited helium of 

Q 
the 3889 A line indicated the possibility of detecting 
resonance radiation of this wave-length, if the weakly 


æ Paschen, loc. cit. + Meissner, loc. cif. 
t McCurdy, Phil. Mag. xlviii. p. 898 (1924). 
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excited gas was subjected to strong monochromatic radia- 
tion of this light. Paschen observed resonance of the first 
line of this series by means of a thermopile and it was 
considered worth while to attempt to photograph resonance 
of the second line. 


Method. 


The method used needs little description. The apparatus 
is shown diagrammatically in fig. 2. The capillary tube E. 
filled with helium to about 4 mm. pressure served as a source 
of monochromatic radiation, while the tube R, filled to 
36mm. pressure, served as resonance tube. The two tubes 
were excited by means of transformers as in the previous 
work on absorption. 


Fig. 2. 


T 


The light from the capillary E was focussed along the axis 
of the resonance tube R by means of the cylindrical lens C. 
The radiation from the resonance tube was focussed on the 
wide slit of a small quartz spectrograph S by means of 
the lens L, placed at a considerable distance from the tube 
in order that as much of the length of the tube as possible 
should contribute to the observed radiation. In order to 
eliminate, as far as possible, light reflected from the sides of 
the trbe, theend was drawn off as shown and painted black. 
Since the light from the emission tube was focussed along 
the axis of the resonauce tube, any resonance radiation 
should be observed as an inerease in the intensity of tlie 
light from the central portion of the tube. 
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In making the observations, three exposures of equal time 
were made on a single plate. Thus no errors were intro- 
duced in the process of developing. The first exposure was 
made with a weak discharge flowing in the resonance tube 
and the light from the capillary screened off by placing a 
black screen between the two tubes. This exposure gave 
the intensity of the radiation due to the electrical excitation 
of the resonance tube. "The second exposure was taken with 
the same current flowing in the resonance tube but with the 
screen removed. Thus the radiation observed in this case 
consisted of that due to electrical excitation and also that 
due to the resonance produced by the light from the emission 
tube E. Athird exposure was made with no current flowing 
in the resonance tube but with the emission tube running 
and the screen removed, This would prove whether or not 
there was an appreciable amount of scattered light from the 
emission tube reaching the spectrograph. 


Results. 


Fig. 8 (Pl. IX.) shows the results of the experiments. 
It was found that no trace of scattered light was to be 
observed on the plates. The exposures were of only 
90 seconds and the scattered light was not cf sufficient 
intensity to be observed. The results show, however, a 
distinct increase in the intensity of the light when the 
radiation from the tube E is incident on the resonance tube. 
This must be due to resonance produced by the light of 
the same wave-length, 3889 A, from the emission tube. In 
fig. 8, a is the 3889 line of the resonance tube alone and b is 
with the screen removed. The central portion of the line in 
fig. 8b is seen to be increased in intensity in comparison 
with fig. 8 a. ; 

Visual observations were made on tlie green line, 5016 A, 
but it was found that no apparent increase occurred under 
the action of the light from the tube E. It is possible that 
observation of resonance radiation of this wave-length may 
be successful under more favourable conditions. These 
should consist of very low pressure and extremely pure 
helium, in order that the absorption for this light may be 
very strong. It is very probable that resonance radiation 
of wave-length 3187 A would have been detected had the 
apparatus used been of quartz, but is was not considered 
advisable to construct tubes of quartz for the work. 
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SUMMARY. 


Result: of these experiments on the optical properties of 
excited helium may be summarized as follows :— 


(1) Excited helium shows marked absorption for terms 
of both the principal and diffuse subordinate series of the 
two systenis of the helium spectrum. 

(2) Resonance radiation of wave-length 3889 A has been 
observed in the weakly excited gas under the influence 
of monochromatic radiation of this wave-length. 

(3) Examination of the structure of the 3889 line of 
helium has shown it to be a doublet in agreement with the 
rest of the spectral system. The second component is 
weak and of wave-length 0:044 A less than the main 
component. — 


In conclusion the author wishes to express his thanks 
to Prof. R. W.: Wood for his suggestions throughout the 
work, and also to the National Research Council for the 
award of a Fellowship which made the investigation possible. 

Johns Hopkins University, 

Baltimore, Md., 
February 20th, 1926, 


ALVI. On the Determination of the Velocity Constant of a 
Unimolecular Reaction. By E. A. GUGGENHEM™, Wollaston 
Student, Gonville and Caius College, Cambridge *. 


qus rate of a chemical reaction is frequently determined 
. by observation of some physical property of the 
system, whose value is a linear function of the concentration 
of a reacting substance. In the case of a unimolecular 
reaction, wheiher reversible or irreversible, if v is the 
* reading " at time t and if vp and v, are the initial (£20) 
and final (£290) readings, then the relation between 
v and t is 

vo v= (r, toe . . . . (1.1) 


or loge 9—--ER-0, . . . . (1.2) 


t. — vo 


where & is the velocity constant (in the case of a reversible 
reaction k is the sum of the constants of the two opposed 
processes). For the sake of definiteness we shall assume 
that v increases with ¢; if this is not the case it is only 
necessary to replace e by —r, vy by — tro and v, by —r,. 
We shall thus treat v, — as essentially positive. 

* Communicated by Prof. R. H. Fowler, F.R.S., Cambridge. 
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To determine the value of k it is usual to plot log (v, — v) 
against ¢ and measure the slope of the straight line so obtained. 
Other commonly used methods of treatment, such as calcu- 
lating A from v, and various pairs of values of v and then 
averaging the values of k so obtained, are substantially 
equivalent to the above. They are all alike in giving to 
v, à weight at least approximately equal to the sum of the 
weights given td all the other readings, and an error of +e 
in v, affects the value obtained for & in the same way as 
a systematic error of —e (in the same direction) in all the 
other readings. This treatment is justifiable only if v, is 
known with appreciably greater accuracy than the other v’s. 
This may be so if the final value is observed over a long 
period after the reaction has practically reached completion. 
If this is ever carried out in practice, it is the exception 
rather than the rule. 

Not infrequently it is inconvenient or even impossible to 
observe the end-point directly at all; in such cases it is 
usual to obtain a value for it by extrapolation. If this is 
done by any straightforward method the value of v, so 
obtained will at the best be no more accurate than any of the 
directly observed values of v. The best value for k will then 
not be obtained by any of the usual methods which give 
great weight to v,- 

Equation (1.1) or (1.2) regarded as that of a v-t curve 
contains three parameters, k, vo, and v, ; hence three points 
(t, ti), (vs, t2), (*5, t3) are theoretically sufficient to fix the 
curve and so determine the values of all three parameters. 
In a recent paper in this journal * Mr. R. Christie Smith 
has shown that if the three points be so chosen that the 
time-interval (t,—/,) between the former pair is equal to 
that (t,—1,) between the latter pair, then it is easy to 
eliminate k and v, and so obtain v, as an explicit function of 
vj, tg, v3 The equation obtained becomes in our notation 

=. (r,—) 
v, =v + D so. way 12) 

If the values of vı, vo, v were known exactly this would 
be a neat way of evaluating v,. Actually, owing to the 
inevitable inaccuracies of the individual readings, it would 
be essential to apply the process to a large number of such 
sets of three points and then average somehow : it is not 
easy to see how this is to be done giving equal weights to all 
the observed readings. Failing this, the value obtained 
could not satisfy the criterion of being more accurate than 


* Phil. Mag. vol. i. (Feb. 1926). 
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any of the other readings, aud so would not be suitable for 
the ordinary method of plotting. 

In any case it would seem a more natural procedure, 
instead of eliminating k and v, to eliminate v, and va, so 
obtaining directly for k the very simple formuia 


l 
k = ^i log, e te (3) 
where At=t,—t, =t3— ty. o. 
- w The following treatment is in principle somewhat similar 
to this, but is more convenient in practice. : 

Suppose vj... ti ... tQ are.n readings taken at times 
ti, e. ty... GG (without any restriction as to the intervals), 
and that n more readings, vj... vi, ... Un, be taken at 
times t£ 7, ... fi 7, ... (4 T each a constant time T after 
one of the previous set. Then we have the equations 

Uo cr UT (v, =v )e i 


2... (41) 
. (4.3) 


M —wz (v, te. 


By subtraction 


vy — t= (ty —t)(l—e y P . . (4.3) 
or taking logarithms, 


kt; + log, (v — v) = log. ((v, —e)(1—e7*)j 
= constant . . . . . . . (44) 


Hence we have only to plot logi;(v; —"7) against t£ ; the 
straight line so obtained wiil have a gradient — k logie. 
lt is to be especially noted that in this treatment every 
actually observed reading is used once and once only and 
there is no extrapolation. The longer the constant interval T 
the greater the value of v’—v for a given t and the more 
accurate the method. Provided 7 is several times as great l 
as the time of half completion of the reaction, the accuracy E 
will be of the same order as in taking n ordinary readings 
and further taking n readings of the end-point spread over 
an interval of time equal to that spent ou the ordinary 
readings ; in fact it is equivalent to obtaining a very 
accurate end-point and using it in the usual manner. 
This method has been used for some time in this laboratory. 
Its value may be gauged from the two tables which give 
ihe results from an actual experiment. The individual 
readings are correct to ‘01. The observed end-point was 
6492-01; the value obtained by simple extrapolation is the 
same, and it is doubtful if any more elaborate method could fix 
it more exactly without first determining k. In Table I. the 


a S ** 
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data are treated in the usual way using the values 6:48 and 
6:50 for the end-point. It will be observed that the values 
obtained for & differ from each other by 2:3 per cent. In 
Table II. the same data are treated by the new method 
using for T the periods 14 hours and 2 hours ; the two values 
obtained for k agree to within 0:3 per cent. The values of k 
given in the tables were obtained by plotting logio (v, — v) 
and logi, (v' —v) against t on a large scale. In every case a 
good straight line was obtained with no visible trend. As 
a small scale reproduction of the plots would be of no 
interest, we give Instead, in the columns headed (v, — v) calc. 
and (v'—v) calc. the values corresponding to the straight 
lines of our plots. 

Incidentally the end-point is probably obtained most 
accurately by intrapolation between the two assumed end- 
points using the value for & obtained by the new method. 
We thus find v= 6:187 +002. 


Laboratory of a iere Chemistry, 
Polytechnic Institute, Copenhagen. 


XLVII. The Basis of Acoustic Measurements by Reverberation 
Methods. By A. H. Davis, D.Sc., Physics Department, 
The National Physical Laboratory *. 


ABSTRACT 


Forrowiwe a short account of the derivation of the theoretical 
equations of reverberation, and a resumé of the experimental 
laws established by W. C. Sabine, the physical phenomena 
involved in reverberation measurements are discussed. Con- 
clusions are drawn as to the conditions under which measure- 
ments may be made. 

The measurement of transmission through partitions by rever- 
beration methods is also discussed, both for the case where the 
transmitted sound is observed just after passing through the 
partition, and for a modification in which it is studied in a 
reverberant condition in a large room. 


INTRODUCTION. 


ite connexion with the design of chambers for the test, by 

reverberation methods, of the acoustic properties of 
materials and of sound sources, a short account is available! 
of the construction of the laboratory designed by Sabine for 
this purpose. Information concerning the basis of the work 


* Communicated by the Author, 
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is, however, somewhat scattered, and the present paper sets 
out a short critical survey of the theoretical and experi- 
mental considerations upon which reverberation tests are 
based, and the conditions under which measurements may 
be made. 

When a source of sound is started in a room, it gradually 
fills the room with sound of increasing intensity ‘until the 
Increasing absorption of sound energy by the walls just 
balances the emission of the source, and a steadv state 
is established. The general intensity of this steadv state 
depends upon the strength of the source and of the absorbing 
power of the room. “Owing to interference phenomena, 
there is a complicated distribution of maxima and minima of 
sound throughout the space, and this makes it difficult to assess 
the average acoustical energy in this steady state. Sabine, 
however, “established that it could be assessed from the 
duration of audibility of the sound within the room after 
the source has ceased. Naturally, the sound dies away in 
* waves" due to shifting of the interference system; but the 
ear is able to ignore these fluctuations by concentrating npon 
averages over finite short intervals, and so gives a measure 
of the duration of audibility largely unaffected by the inter- 
ference phenomena. The evidence for this will be considered 
later. Sabine also established that the intensity so assessed 
depended in a simple manner upon the strength of the 
source and upon the absorbing power of the room. He was 
thus led to use the method in measuring on the one hand 
the absorbing power of material, and on the other the rate 
at which sound entered through a small test partition into 
an otherwise soundproof room. 

THEORY. 

Theories correlating the duration of audibility with the 
strength of the source and the nature of the room have 
been given by W. C. Sabine’, Jaeger? and Buckingham * 
In all cases it is recognized that a sound suffers some two 
or three hundred reflexions before it finally dies away, and, 
in consequence, it is assumed that through random arrange- 
ment the sound-energy rapidly becomes uniformly distributed 
throughout the enclosure. ` Interference phenomena are 
ignored, and so results are only valid to the extent to which 
this is justitiable. 

Jaeger's analysis may be summarized as follows :—Sound- 
waves from a simple source of musical sound in an enclosed 
space proceed outwards aud suiler reflexion, diffraction, 
and absorption at the various enclosing surfaces. If fora 
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- ray of sound the mean number of incidences upon the 
surfaces is n per second, and if the mean absorption-coefficient 
(or ratio of absorbed to incident energy) of the surfaces is a, 
and if the mean intensity (energy per unit volume) in the 
room at a given instant is I, then the change of intensity by 
absorption at the surfaces in a time dt is dI = —I.a.n.dt. 

By a statistical method it is shown that for a ray of sound 
in a closed room the mean number of reflexions per second 
is given by n=vS/4V, where 

V =total volume of room, 
S=total surface of room, 
v — velocity of sound. 


If E denote the rate of emission of energy from the source, 
the total rate of change in unit volume of the room is 
given by 

dI/dt = E/V -vaSI/AV. . . . . (1) 
This is the fundamental differential equation in reverberation 
work. 

Buckingham's treatment is slightly different. He assumes 
that the sound-energy is divided up into a large number of 
equal parts, and that in the edd state these energy units 
are uniformly distributed throughout the room both with 
regard to position and direction of motion*. Each is 
assumed to move with the velocity of sound. He shows 
that when the intensity in the room is I (i. e. | energy units 
per unit volume) the number reaching any element of 
boundary surface dS in unit time is ] v.4S.I. On incidence 
a fraction la.v.dS.I is absorbed or transmitted and the 
remainder reflected back into the room. By writing 


8 
( adS=aS, the differential equation (1) is obtained, as 


0 
before, to represent the rate of loss of sound from the room. 


The following solutions of equation (1) relate to special 
circumstances stated :— 


(1) Uniform sound-emission beginning at zero time : 


-— 4E -—vaRt/jAV 
[= vaS (1—e js ). ° e . e. (2) 


(2) Steady state reached by uniform emission : 


4E 
basco 5 (8) 


* Before establi-hing his formula, Buckingham discusses the acoustical 
condition of the air in a closed room rather fully. 
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(3) Emission stopped in steady state (Sabine reverberation 
case). 


4E 
= ~vaBt/4V a — g-vaBt/AV. © e >œ 
Ile m (4) 
Sabine expressed much of his work in terms of the time 
taken for a sound to die away to the threshold of audibility, 
and adopted as his standard initial condition an average 


intensity Imar. equal to one million times the threshold value. 
In this case 


1 eng Sy 
whence, on putting t=T for this standard condition, we have 


T= 552V 


vas ` 


This becomes 
T=0:05V/aS in feet units, . . (5) 


T —0:162V/48 in metre units. . (6) 


In effect, Sabine's own theoretical treatment established 
(4) in the form I2(E/VA)e"^'. He also calculated that A 
is related to the mean free path of sound in a room by the 
equation p=aV/A. If we recognize that p bas the statistical 


value 4V/S calculated by Jaeger, Sabine's equation becomes 
identical with (4). 


SABINE's EXPERIMENTAL WORK. 


After attempts to study the decay of sound in a room by 
instrumental means, W. C. Sabine 5 finally decided to measure 
instead the duration of audibility as perceived by the ear. 
In an ordinary lecture-room, irregularities in observed 
duration of audibility were made surprisingly small by 
working at night. To secure accuracy it was necessary to 
suspend operations on the approach of a street car within 
two blocks, or the passage of a train a mile distant. 
Concerning the accuracy of observations, Sabine states that 
for a certain case individual values differed from the mean 
of twenty observations by not more tlian 0:31 second in an 
case, and by O11 second on the average. The computed 
* probable error" of a mean of 20 observations was 0:02 
second: in ten means the maximum deviation from their 
average value was 0°05 second. Values obtained were 
satisfactorily reproducible. Indeed, observations taken every 
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few nights for two months in the Fogg Museum Lecture 
Room gave values varying from 5:45 to 5°62 seconds, with 
a mean of 5°57 seconds, a result which was again obtained 
after the lapse of one, and then of three years. 


EXPERIMENTAL Laws or REVERBERATION. 


Sabine conducted a number of experiments to determine 
the laws of reverberation. His description of the work is 
historical in form, and the earlier results are not corrected 
for variations in the initial intensity of the sound. How- 
ever, Sabiue later recognizes the need for the correction, and 
then refers back to the earlier werk. 

Sabine found experimentally :— 

(1) The duration of audibility of the residual sound was 
nearly the same in all parts of the auditorium (Steinert 
Hall, Boston). 

(He found 2:12, 2:17, 2:23, 2°20, 2:23, 2°27, 2:20, 2:26 
seconds in various parts of the hall. There was no syste- 
matic evidence of increasing audibility at greater distances 
from the source. The variations are within the limits of 
accuracy of the experiment. Numerous later experiments, 
carried out more accurately but with other objects in view, 
have confirmed the above result.) 

(2) The duration of audibility was nearly independent of 
the position of the source. 

(3) The efficiency of an absorbent was, under ordinary 
circumstances, nearly independent of its position. 

(4) In a number of rooms the relation between rever- 
beration T and introduced absorbent X was hyperbolic 
in form, such that (X + C) T—&, where k was a constant for 
a given initial intensity, and tle constant C presumably 
represented the initial absorbing power (aS) of the room. 

(5) The absorbing powers of various arrangements of 
certain cushions were proportional to the areas exposed. 
The absorbing power of an open window was proportional 
to the aperture area. 

(6) The constant k was proportional to the volume of the 
room (range studied—65 cu.m. to 9300 cu.m.). When 
reduced to standard initial intensity the value of k is 
given by 

k-20164V, . . . . . . (1) 
whence in open- window units, 


| 0-164V 
Tu ed ae & ow 8 
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(7) As expected, the decay of sound in a room was 
exponential in form. It was related to the absorbing power 
aS of the room—as determined in open-window units from 
the hyperbolic law—in a manner which agreed with theo- 
retical considerations. 


This work on the rate of decay of sound is described in 
greater detail below. 


THE RATE or Decay or SOUND IN A Room. 


In the study of the rate of decay of sound in the room, 
Sabine employed his * multiple organ-pipe" experiment. 
Note was made of the duration ¢, of audibility in a room 
when a certain source was used, and of the duration t, when 
a combination of sources having n times the activity was 


employed. |t follows from (4) that a relation should be 
obtained of the form 


log nzA(t—t), . . . . . (9) 
where A, defined by Sabine as the rate of decay of sound 
in the room, has the value vaS/4V according to Jaeger's 
theory. 

Sabine first verified experimentally that such a loga- 
rithmic relation was satisfactory, and from his results he 
determined A. 

The actual experiments were carried out first with one 
organ-pipe, and then with 4 (or 16) similar pipes, each with 
its own wind-chest, sounded simultaneously. Provided 
there was no mutual action between the pipes, the emission 
in the latter case was four times that in the former. 

As regards the technique of the experiment, one, two, 
three, and four pipes were used. The two- and three-pipe 
tests were made with various combinations, and so pre- 
sumably eliminated any interference arising from the 
position of a given pipe. 

Sabine also states that in a certain experiment he used 
four organ-pipes at à minimum distance apart of 5 metres, 
because, if placed near each other, four pipes sounded 
tovether do not emit four times the sound emitted by one. 
Such separation is stated to be particularly necessary for 
large pipes and low tones: much less separation would 
suffice for the higher tones. 

Having ' determined A, Sabine then investigated its 
relation to the absorbing power of the room as obtained in 
open-window units from the hyperbolic law. On the 
assumption tbat.the absorption of sound in a room takes 


^ 
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place on reflexion at tle various surfaces, Sabine expected 
a relation of the form A —(v/pS)aS, where p is the mean 
free path in the room. From a variant of this equation 
Sabine determined the value of p for two rooms, und found 
them to be reasonable and to be proportional to the linear 
dimensions of the rooms. 

With further reference to the absorbing power of a room, 
Sabine states that practically no damping arises from 
viscosity of the air. He quotes experiments conducted 
in two very similar rooms, bare and unfurnished, with walls 
of very small absorbing power and ditfering 35 fold in size. 
Theabsorbing power was found to be accurately proportional 
to areas. He states if the air-damping were even one 
fiftieth of the surface damping, the effect wonld have been 
noticeable. 


DISCUSSION OF THE Laws or REVEHRBERATION. 


Sabine’s experimental propositions lead to the following 
deductions :— 


(1) Since the duration of audibility is practically the 
same in all parts of the auditorium, we may infer that 
reverberant sound is uniformly distributed throughout the 
space, and that the threshold sensitivity of the ear is sensibly 
independent of whether it was initially subjected to the 
loudness of an antinode or of a node. Presumably, however, 
fatigue of the ear would become important with extremely 
rapid decay of sound. 

(2) Since the duration of audibility was nearly inde- 
pendent of the position of the source, we may infer uniform 
mixing of the reverberant sound, and also that the same 
amount of energy was emitted by the source in the various 
positions. This is important because the proximity of 
objects and walls can affect the output from a source to 
some extent by tending to put the air near the source in 
phase or out of phase with theissuing disturbance. Indeed, 
Sabine ® quotes a case where the output of a source was 
considerably affected by alteration of the interference system 
in the room. 

Reaction upon the source would be specially pronounced 
when the frequency, concerned is near one of the resonant 
frequencies of the air of the room or of one of the walls ete. 
The author observed a case in which the pitch of a note 
emitted by a loudspeaker was ultimately sharpened by 
about 0°05 per cent., and thus brought into unison with a 
natural frequency of the room: the struggle lasted several 
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seconds. While it may not be absolutely necessary to avoid 
frequencies of resonance in reverberation work, it appears 
desirable to do so. Regions of marked resonance are always 
narrow in the frequency range. 

(3) Since the efficiency of an absorbent was, under 
ordinary circumstances, nearly independent of its position, 
we may infer uniformity of mixing of the sound, equal 
incidence upon all parts of the boundary of the room, and 
that the output from the source was not affected by cones 
in the interference pattern of the room resulting from the 
introduction of the material. 

(4) That the relation between duration of reverberation 
and introduced absorbent was hyperbolic in form agrees 
with equations (5) and (6), which were based upon assump- 
tions of uniform mixing of sound, both as regards position 
and direction, of constancy of absorbing power for various 
intensities of incident sound, and of constant emission from 
the source. 

(5) That the absorbing powers of various arrangements 
of material or of open window were proportional to the 
areas exposed has the same implications as (4). It is well, 
however, to face the difficulty that—on the ordinary hydro- 
dynamical theory of sound when an aperture is small 
compared with the wave-length of the sound concerned, it 
does not transmit the same amount of energy as that 
crossing an equal area in the primary waves. 

For a circular aperture about 82 per cent. is transmitted, 
but for a long narrow slit whose breadth is small compared 
with the wave-length the energy transmitted may even 
considerably exceed that corresponding to an equal area of 
wave-front in the primary waves. It is important, therefore, 
for correct absolute results tbat areas be not small compared 
with the wave-length. Indeed, P. E. Sabine’, workin 
more recently than W. C. Sabine under the improved 
conditions afforded bv the Wallace Clement Sabine Labora- 
tory, has found that when the dimensions of a highly 
absorbent sample are not great compared with the wave- 
length of the sound, then the apparent absorbing power per 
unit area is a function of the area of the sample, of its 
shape, and also of its location relative to other absorbing 
surfaces. Measurements were made with areas ranging 
from 0:14 to 10:0 square metres. For felt, at the frequency 
for which its absorption is a maximum, namely 1024 d.v., 
the absorbing power per unit area decreased with increasing 
area, the ratio in extreme cases being about 3 to 1. At 
other frequencies the variations were not so great. Long 
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narrow shapes with an area of 3°3 square metres showed an 
absorbing power some 50 per cent. greater than an equal 
area in the form of a square. 

P. E. Sabine also measured the passage of sound through 
rectangular openings, similur in shape, hut varying in size 
from 0°34 to 2-8 square metres. The effect observed was the 
same as in the case of absorption by felt. For example, 
the relative transmissions of C, (512) per unit area through 
the smallest and the largest openings were in the ratio 
11:8. 

The results obviously suggest some qualifications in the 
definition of sound-absorption coefficients. Even if a number 
of materials of equal small area were compared, true relative 
values of absorption-coefficients would not be obtained : 
there would be a correction factor depending upon the 
coefficient observed and due to the difference between the 
absorbing power of the material and the absorbing power of 
the wall in the neighbourhood of the sample. 

Another point also arises here. If very large samples 
are used, it may well prove that with very absorbent 
materials the assumed uniformity of mixing of reverberant 
sound throughout the room may be affected, unless the total 
area of the surfaces of the room is large compared with the 
area of the sample. The need for very large rooms is thus 
clear. Information as to the minimum size necessary is 
not available. 

(6) That the constant k is proportional to the volume of 
the room agrees with the theory indicated. The corre- 
spondence between Sabine’s experimental result k/ V — 0:164 
and the theoretical value 0:162 deducible from equation (6) 
is most striking. Jt implies—if everything else is satis- 
factory —that Sabine's open-window standard had an absor 
tion-coefficient which was almost exactly unity on the 
absolute scale. Indeed, it is probable that if this had not 
been the case, Sabine would have found absorbing power 
not to he proportional to window aperture. 

(7) That the decay of sound was logarithmic in form 
agrees with equation (4). This equation assumes the 
absorbing power of the room to be independent of the 
intensity of sound within it. Departure from the law would 
be expected if the ear were seriously affected by the inter- 
ference phenomena, or if the threshold sensitivity of the ear 
depended markedly upon the initial intensity in the room. 
Sabine's experiments have been repeated over a vastly wider 
range with loudspeaker apparatus which avoids using 
simultaneously a number of different sources which may 
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react upon one another. No departure from the logaritlimic 
law has been observed. 

By conducting experiments with two different initial 
intensities of sound of known ratio, the actual sensitivity of 
the observer's ear is eliminated. 

Summarizing the points raised, it appears that in rever- 
beration measurements of absorbing power the dimensions 
of the sample should be large compared with the wave- 
length of sound, and small compared with the dimensions of 
the room. Large rooms are thus indicated. To average 
out any lack of uniformity of distribution of sound within 
the room, the positions of source, material, and observer 
should be varied: satisfactory rooms should show little 
dependence upon position. Particularly for frequencies 
near resonant frequencies of the air of tlie room or of any 
of the walls, reaction upon the source may affect its output : 
the proximitv of other sources emitting at the same time 
may also affect output. It is thus desirable, to avoid 
resonant frequencies, to use a single source, and in each 
position to vary its output in a known manner. The source 
should be of a type which is affected as little as possible by 
reaction effects. Large rotating reflectors in the room 
would tend to average out errors due to lack of uniformity 
of sound witbin the room, due to reaction upon the source, 
or due to anv effect the interference fluctuations may have 
on the ear during the decay of sound. By conducting all 
experiments with at least two different intensities of initial 
sound—of known ratio—the characteristics of the ear are 
largely eliminated. 


APPLICATION OF REVERBERATION METHODS TO 
TRANSMISSION MEASUREMENTS. 


W. C. Sabine? also applied a reverberation method to 
measuring the transmission of sound through partitions. 
Before discussing the method, we may note that trans- 
mission of sound through partitions may take place by a 
variety of agencies. The sound may pass through cracks or 
pores in the panel, it may be transmitted by true sound- 
waves set up in the material of the panel by incident aerial 
sounds, or by the panel vibrating as a wholelikea diaphragm 
and thus communicating the vibrations to the air on the 
other side. For solid panels the true acoustical transmission 
must usually be negligible owing to the great difference in 
density between the air and tlie panel, and the main trans- 
mission is by means of vibrations as a whole. 
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A vibrating panel will have certain natural frequencies at 
which it will respond and transmit sound more freely. In 
any transmission tests it is thus desirable to use pure tones, 
and to cover a range of pitch. The resonant frequency will 
depend upon the size of the panel and upon its method of 
fixing, so that, while information concerning transmission at 
resonance for particulur panels may be of value, figures 
obtained away from resonance regions will be ot more 
general application. 

In W. C. Sabine's reverberation method of measuring 
transmission, the partitions were built into an aperture 
in the double wall between two adjacent but structurally 
separate rooms. Broadly the method consisted in producing, 
by means of a source in the larger room, a volume of sound 
of which the intensity in terms of threshold audibility was 
known, and then, by stopping the source, allowing the 
sound to decay at the rate natural to the room until it 
ceased to be audible on the other side of the partition. The 
intensity of the sound at this instant was estimated from 
reverberation measurements in the source room, and was 
taken to be numerically equal to the coefficient of trans- 
mission of the partition. In later work carried out in 
the specially designed Wallace Clement Sabine Laboratory 
oË Acoustics, P. E. Sabine determined simultaneously the 
duration, after the source had ceased, of the residual sound 
in the source chamber and in the adjacent test chamber, 
and computed from these results the ratio of intensity 
on the two sides of the partition. 

It is clear that, to obtain a simple transmission-coefficient 
directly from such experiments, the receiving-chamber must 
have absorbent walls in order to ensure that the entering 
sound is heard alone, without any enhancement arising from 
reflexions and reverberation. The listener in this case 
sh ould be situated close to the panel, for there the entrant 
sound has not been enfeehled by spreading. P. E. Sabine? 
observed experimentally that the acoustic condition of the 
room does affect the values of apparent transmission, and 
that the effect was least pronounced when observations were 
confined to positions near the transmitting panel. He 
adopted this position as his normal procedure. 

In such tests the duration of audibility is not heard under 
precisely the same conditions in the two rooms. In the 
source-room the sound-energy is moving to and fro in all 
‘directions ; in the receiving-room it has a general inward 
direction. It seems unlikely that the ear would differ- 
entiate, but experiment alone can decide this. 
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The author? recently derived equations for the decay of 
the reverberant sound in each of two adjacent rooms as used 
for transmission tests, when the receiving-room is not 
completely absorbent. These indicate how the reverberant 
sound in the second room depends upon its acoustic 
condition, and that the reverberant sound may be appreciable 
in comparison with the undiffused entrant sound. 

The equations, however, also suggest an alternative 
method of measuring transmission: namely, by making 
both rooms reverberant and listening in the receiving-room 
tothe diffused reverberant sound rather than to the sound 
near the panel which is just entering the room. While the 
general equations are complicated, they are greatly simpli- 
fied if the transmittance through the panel be small, and 
become very simple if the source-room be sufficiently more 
reverberant than tlie receiving-chamber. 

Simultaneously Buckingham! published equations for 
the case of low transmittance, which correspond exactly 
with a special case of the equations referred to above. 
While he expresses a preference for equal rooms—which 
also give simple relations,—he recommends for accuracy 
that, if the two chambers are not equally reverberant, 
one should be markedly less reverberant than the other. 

Buckingham suggests, however, that the more reverberant 
one should be used as the receiving-chamber, on the ground 
that for a given activity of source the duration of audibility 
in it will otherwise be too short for accurate observation. 
However, there is a somewhat remarkable reciprocal 
property of symmetrical partitions, deducible from even 
the most general relations, that the reverberant sound in a 
room A due to a source in a room B is identical with that in 
the rooia B due to a source of the same activity in A. The 
argument, on the basis of longer audibility, to use the 
larger room as the receiving-room is thus untenable. On 
the other hand, as regards duration of audibility in the 
source -room, it is found to be best to hive the source-room 
the more reverberant—the case studied in my earlier paper. 

This latter arrangement of markedly different rooms also 
gives simpler equations in that the rates of decay in the two 
rooms are the same, whereas if the receiving-room be the 
more reverberant, the two rates of decay would be different 
and the experimental procedure would probably be more 
involved. 

In some conditions, however, equations given for rever- 
berant sound in the receiving-room may not represent the 
sound actually heard at special points (such as near the 
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panel), owing to the sound which is proceeding direct from 
the panel and which has not yet been generally diffused by 
reflexion. When the source-room is the inore reverberant, 
the entrant sound can be made to die away at the same rate 
as the reverberant sound—a possible simplification. If, 
however, the receiving-room be the more reverberant, the 
entrant sound would die away at a greater rate than the 
reverberant sound, and undoubtedly it could be arranged to 
decay so rapidly that an ear in the receiving-chamber would 
ultimately be listening only to the decay of sound which 
had been well diffused by repeated reflexions, and which 
obeyed the reverberation equations. 

If this early suppression of the entrant sound be vital 
for reverberation work —one can hardly say without experi- 
ments,—the advantages associated with a more reverberant 
source-room or with equally reverberant rooms would have 
to be sacrificed. 

Apart from these special points in transmission measure- 
ments, the general conditions necessary for reverberation 
work need to be fulfilled. Large rotating reflectors in the 
source-room are especially necessary in order that, in spite 
of interference phenomena, the average intensity of sound 
against the partition in a series of observations should 
be equal to the average in the room. It was apparently for 
this reason that W. C. Sabine introduced rotating reflectors. 
He also enclosed the observer's seat in a box, so that the 
condition of the room was rendered independent of the 
presence or absence of the observer. Any resonance 
frequency of the connected rooms should be avoided, for 
the information obtained might express the peculiarity 
of the laboratorv rather than a property of the panel. 

As Buckingham points out, in the source-room the 
absorptivity of a feebly-transmitting partition will not 
usually be very different from that of the remainder of the 
walls, and the presence of the panel will not cause any 
serious departure from the uniformity of energy distribution 
assumed in the theory. However, in the rm ceiving-room 
the panel alone is acting as source, and the uniformity 
of distribution will be improved if the area of the walls of 
this room be large in comparison with the area of the panel. 

For panels of high transmittance, however. the area 
which is a source of sound for one room is a sink of sound 
for the other, and both rooms mnst be large. 

Summarizing the position with respect to transmission 
measnrements, conditions in the source-room must generally 
satisfy the requirements set ont previously in connexion 
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with absorption measurements. In particular, rotating 
reflectors or some equivalent appear desirable. If highly- 
transmissive—or very absorbent—panels are tested, the 
source-room will need to be large in comparison with 
the area of the test partition, but for ordinary hard and 
moderately sound-proof partitions this requirement is less 
pronounced. 

If the receiving-room is used after the manner described 
by Sabine, it should have absorbent walls and be non- 
reverberant. It may be small. 

If the receiving-room is reverberant and attention is 
directed to the reverberant sound within, the room must be 
large in comparison with the area of the test panel. 
Simplest relations are obtained if it is less reverberant than 
the source-room ; but to ensure early suppression of the 
sound entering the receiving-room, it may be necessary to 
make the receiving room the more reverberant. 


February 1926. 
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XLVIII. Onthe Effect ofthe Shape ofthe Cathode on the Glow 
Discharge. By W. STEPHENSON, M.Sc., Armstrong 
College, Newe stle-on- Tune *. 


INTRODUCTION, 


[HE effect of the shape of the cathode on the current, 
Crookes's Dark Space (C.D.S.) thickness, and cathode 

fall of potential of the glow discharge, has received attention 

by Aston f and others, and recently by Gunther-Schulze 1 
* Communicated by Prof. Geo. W. Todd, M.A., D.Se. 


tE. W. Aston, Proc. Roy. Soc. A, Ixxxvii. p. 428 (1912). 
t A. Gunther-Schulze, Zeit. für Physik, xix. p. 313 (1923). 
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and Prof. M. E. Hufford *. Gunther-Schulze experimented 
upon a current-increasing effect that occurs under certain 
circumstances between  equipotential cathode surfaces; 
Hufford upon phenomena at a hole in a cathode, and 
discharge between equipotential cathodes. The object of 
this paper is to describe a current-increasing and cathode 
fall of potential decreasing effect, thereby serving as an 
introduction to the general effect touched upon in various 
aspects by the above workers. 

General features of the work can best be stated here. 
The glow discharges are free from positive column, so that 
the voltage across the discharge-tube terminals is nearly the 
same as the fall of potential between the cathode and the 
boundary of the C.D.S. and the negative glow. The glass 
vessels containing the electrodes were large compared with 
the size of the electrodes ; and air, dried by phosphorus 
pentoxide, was the gas through which the discharge was 
passed. The voltage supply was the 480 d.c. city mains, dry 
batteries, and an “ Anode Converter ” which provided about 


500 volts. 


I. EXPERIMENTS WITH CoMPOoUND CATHODES. 


Some striking phenomena occur when the usual simple 
cathode is replaced by a variety of slightly complex cathodes, 
and with compound cathodes, two disturbances of the 
uniformity of the glow discharge are illustrated :— 

(i.) A current-increasing effect, evinced by an increased 
brightness of the negative glow, measurements of current 
density, and reduction in the thickness of the C.D.S. 

(ii.) A reduction in the cathode fall of potential, evinced 
in part by a decrease in the total voltage across the discharge- 
tube terminals, and in part by the appearance of the 
negative glow under ** normal ” conditions (when the voltage 
across the discharge tube remains constant at a minimum 
value, and the current denity is maintained at a constant 
value by self-adjustment of the available cathode area 
utilized in the discharge). 


Two Parallel Wires as Cathode. 


A discharge tube was constructed in which three co-planar 
parallel alaminium wires A, B, and C, each 5 em. long, lem. 
apart, were used as electrodes. A was used as anode, and 
B and C together served as cathode. At pressures in air of 
the order 1 mm. Hg, in the * abnormal" current conditions 


* M. E. Hufford, Phil. Mag. vol. l. p. 1197 (1925). 
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both B and C are surrounded by a uniform cylindrical 
negative glow, the radial C.D.S. thickness being the same 
for Bas for C. The equations 


p.d. =constant,. . . . . . (1) 
I 


-r--constant . . . . . . (2) 


give the approximate relations between the **normal"' C.D.S. 
thickness (da), the “normal” current density (ln), «nd the 
pressure (p). 

At lower pressures, when the ** normal " thickness of the 
C.D.S. for a particular pressure becomes greater than half 
the distance between the wires B and C, the uniformity of 
the negative glow is destroyed, and the space immediately 
between B and C shows a brighter glow, and a smaller 
C.D S. thickness, and therefore a greater current density, 
than the space to the left and right of the two wires. This 
superior brightness persists under the ** normal” discharge 
conditions. At a lower pressure, the bright parts become 
separated, and discharge does not pass in the straight line 
joining B and C. In this case the negative glow for the 
* normal" condition consists of only the bright part of 
the glow, lying between, but above and below, B and C. 
This suggests that the “ normal” cathode fall of potential for 
the bright part of the glow is less than that for the glow to the 
left and right of Band C under the same pressure conditions. 


A Spherical Spiral Cathode. 


A further degree of the same effect is shown in the glow 
discharge of a point anode at the centre of a spirally wound 
spherical cathode. An anode wire, 1 mm. diameter, was 
covered with glass tube to within 3 mm. of its end and was 
placed at the centre of a sphere, made in spiral form from 
the same wire. 

The usual discharge characteristics were obtained at pres- 
sures of the order 1 mm. Hg, and equations (1) and (2) obtain. 
At low pressures the effect occurs that is described above 
for the cathode of two parallel wires ; and at a pressure 
depending upon the distance apart of the adjacent rings that 
constitute the spiral sphere, the “normal” negative glow 
consists of only a continuous bright spiral lying between the 
adjacent wires of the spiral. At still lower pressures, when 
the C.D.S. thickness becomes of the order of the distance 
between the adjacent rings, there are two distinct parts of 
the negative glow :—an inner sphere of negative glow, 
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concentric with the cathode, and brighter than the other, 
and an outer sphere of negative glow. At pressure 0°05 mm. 
Hy, the outer C.D.S. may have a thickness of 2 cm., while 
at the same time the inner C.D.S. is only 0:5 cm. thick. 
Under such circumstances the ** normal ”? discharge condition 
is characterized by complete absence of the onter negative 
glow, and only the inner face of the sphere is utilized in the 
discharge. There are thus two effective conditions at this 
cathode :— 

(A) The current-increasing effect of the concave cathode 
surface of the sphere. 

(B) A current-increasing effect of the same nature as that 
described in the case of the two parallel wires. 

Both are accompanied by a decrease in the cathode fall 
of potential. 

f particular interest is a bright * bead" of glow that 
was situated in the centre of the first spiral of one of the 
spherical spiral cathodes that was used. The first spiral left, 
as it were, a hole in the cathode surface that was wider than 
the distance between the adjacent rings of the cathode. At 
these low pressures this cathode acted in the same way as did 
the cathodes used by Hufford*. The bright * bead" 
increased in length, and decreased in thickness, for decrease 
in the total currrent through the discharge tube; it was, 
under all conditions of current, brighter than any other part 
of the negative glow, and was brighter the greater the 
current through the tube. These characteristics suggest 
that the ** bead " is of the nature of the usual negative glow, 
resulting as a combination of the two current-increasing 
conditions (A) and (B) ; but the round bead-like end was 
always turned away from the anode, and under certain 
conditions its colour suggests that it is of the nature of a 
positive column striation. 


Concentric Cylindrical Spirals as Cathode. 


The two effects (A) and (B) are shown in a cathode 
consisting of two concentric cylindrical spirals that are used 
together as cathode, the anode being a straight wire passing 
down the axis of the cylinders. Such a discharge tube was 
made of 2 mm. diameter iron wire, the cylinders being 4-5 
and 2:5 cm. diameter respectively. 

Using the inner cylinder alone as cathode and the central 


* Loc. cit. p. 1197. 
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wire as ano le, tlie phenomenon occurs that is indicated above 
for the spherical cathode. When both cylinders are used 
together as cathode the effect of the opposing cathode 
surfaces (B) is greater, at a suitable pressure and current, 
than the effect (A) due to the curvature of the cathode. 
After passing through the stages corresponding to those for 
high pressures for the spherical cathode, the condition is 
reached at which the “ abnormal ” currents are represented by 
three negative glows. First, there is a cylindrical negative 
glow surrounding and co-axial with the outer cylindrical | 
spiral; secondly, a much brighter negative glow in the 
annular space between the two cylinders ; thirdly, a negative 
glow that is not so bright as the second, but brighter than 
the first, situated in the inside of, and co-axial with the inner 
cylinder. Under pressure conditions that depend upon tlie 
dimensions of the cylinders, the annular negative glow is 
easily the brightest of the three, and in such a case, as the 
current through the tube is reduced, the outermost glow 
disappears first, then the innermost follows, and the “normal ” 
condition is represented by only the annular negative glow. 
Since the curvature is greater for the inner cylinder than for 
the outer one, the current-increasing etfect due to curvature 
should be less for the annular space than for the innermost 
space between the anode and the inner cylinder. In the 
above case the current density is greater in the annular 
space than in the space between the anode and the inner 
cylinder. Thus the very bright annular glow indicates a 
current.increasing and cathode fall of. potential decreasing 
effect due to the opposing surfaces offered by the inside of 
the outer and the outside of the inner cylinder. The effect 
due to a concave cylindrical cathode surface is a particular 
case ofthe general effect due to two opposing cathode 
surfaces. 

At the time of writing this paper, Hermann Schüler * 
gives, in the January 9th number of the Zeit. für Physik, 


sonf interesting results and uses of the inner glow to a 
cylindrical cathode. 


II. Tug DISCHARGE BETWEEN EQUIPOTENTIAL PLATES. 


The U-shaped Cathode. 


Quantitative work is possible with discharge tubes of the 
above types, but a U-shaped cathode and electrode dis- 
position of the kind used first by Gunther-Schulze simplifies 


* Hermann Schüler, Zeit. für Physik, xxxv. p. 323 (Jan. 1926). 
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description and facilitates measurement of, and more clearly 
exemplifies, the current-increasing effect, while at the same 
time making possible a ready comparison between current 
conditions to a plane cathode and a cathode consisting of two 
equipotential parallel plates. For a detailed account of the 
discharge to a U-shaped cathode one is referred to the work 
by Gunther-Schulze * on the effect of the shape of the 
cathode on the current of the glow discharge in hydrogen. 
The following experiments illustrate the work that is 
possible with a U-shaped cathode in air, 

Two exactly similar strips of brass, approximately 6'0 x 
0°85 x 01 cm., were used as electrodes, one (k) being bent 
to a U-shape, with arms 0:5 cm. apart, and the other (1) 
used flat. One could be used as anode and the other as 
cathode. With the I-electrode as cathode, the value I, of 
the current through the discharge tube when the cathode is 
just completely covered with the negative glow (or the value 
when the voltage across the discharge tube terminals begins 
to remain at a constant ** normal" value, assuming that the 
current is being reduced from “abnormal ” to ** normal" 
values) will give the value I,/A for the “normal” current 
density, where A is the area of the cathode surface. Thus 
I, at all pressures will give relative values of the ** normal 
current densities for those pressures, and if the same 
condition holds for the U-electrode it follows that k,/I, — 1, 
at each value of the pressure, assuming that the U-electrode 
is without effect on the current density. 

At pressures greater than 0°15 cm. Hg, the values of 
I, and k, are almost identical at a particular pressure. 
This equality is what is expected, since the negative glows 
in each case are exactly similar. For very much greater 
pressures, when the negative glow closely wraps the cathode, 
the current k„ becomes less than I, at the same pressure. 
The current to the inside of the U-shape encounters a higher 
resistance in the narrow slit of the U than it does for the 
I-electrode. 

The graph, fig. 1, shows experimental results obtained 
for I, and &, over the pressure range 0°16 to 0:02 cm. Hg. 
Fig. 2 gives the ratio 4,/L, for a similar set of readings. 
It is seen that £, is always greater than the corresponding 
value of I,. The negative glow for the U-electrode as 
cathode is now as shown in fig. 3, a sketch of the glows at 


æ Gunther-Schulze, loc, cif. 
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p 20:06 cm. Hg, the current being * abnormal" There are 
two parts of the negative glow :— 


Fig. 1. 
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(1) An outer glow, with C.D.S. thickness the same as is 
obtained for the [-electrode as cathode, at the same pressure 
and current density conditions. 


(2) An inner negative glow, more brilliant and clearly 
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defined than the outer one, and with a smaller C.D.S. 
thickness: the current density to the inside is therefore 
greater than that to the outside at the same pressure. The 
* normal " condition is represented by complete absence 
of the outer glow, and the various “normal” currents 
are accommodated by only part of the opposite faces of the 
inside of the U being utilized in discharge. As is shown in 
fig. 1, the ** normal" current density to the inside of the U 
is much greater than the ** normal” value that is expected 
from equation (2). At the same time the voltage across 
the discharge tube is less than the “ normal ” value for the 
particular pressure, for discharge to the I-electrode as 
cathode. The increase in £, beginsas soon as the * normal 


Fig. 3. 
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Hetero-norma!' neg glow 


Normal Negative Glow 


I 


(Anode) 


C.D.S. thickness for the outside of the U becomes greater 
than about half the distance between the opposite arms of 
the U, as is shown in Table I. 

At pressures less than 0°02 em. Hg, £, is generally less 
than L, at the same pressure. The C.D.S. thickness for 
these pressures is too great to allow entry of the discharge to 
the inside of the U, and only the outside is utilized in the 
discharge. A 

From the experiments it appears that the ratio £,/I, reaches 
a maximum near the pressure 0:03 cm., and then rapidly 
decreases until, at p=0°02, the ratio is less than 1. The 
decreasing values of the current, however, are obtained 
under different temperature conditions, and for this reason 
it is difficult to determine the course of the curve-near the 
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pressure 0:03 em. Hg. At such pressures the current could 
be one of two values, under the same external circuit and 
pressure conditions, At p=0°032 em. Hg, k, was 425 or 
3028 miero-amperes. The second value existed until the 
inner space became so hot that discharge between the 
opposing arms of the U was impossible, and the current 
dropped to the low value. At the large current densities 


TABLE I. 
Pressure. dicm (idus } pe = diera bie 
ems. Hg. | for inside | for outside "n | 2 of the U. . 
the U. the U. [ctam PORUM 
0124 | O22cm.| 022cm. | 248 | 106 | 14:9 316 
011 0-2 0-26 238 | 97 | 142 311 
0066 | 0-22 0-29 22:3 | 86 | 14-2 318 
0085 | 022 0:33 214 | T8 13:8 321 
0074 | 022 0:34 198 | 62 | 13:6 326 
0005 | 0-22 0-39 180 | 51 12:9 398 
057 | 022 043 160 | 39| 121 345 
0:049 *| 0:22 0:46 = | — — — 
0043 | 022 0°48 126 | 19| 107 385 
0-084 | 0:22 0:52 ae a = - 
0031 | 0-22 0:55] 20:0 | 10) 190 405 


Distance between arms of U-shape 0'5 cm. 


the voltage across the tube increased, as is shown in Table I., 
but the voltages were still very much less (100 volts or so) 
than those obtaining for the low current condition. 

A summary will now be useful :— 

(i. Coincident with the very near approach of the 
boundaries of the C.D.S.’s of two equipotential cathode 
surfaces that are opposing each other, there occurs a current- 
increasing effect. 

(ii.) The resulting large currents pass at a cathode fall of 
potential not greater than the cathode fall for the “ normal ” 
condition for the same pressure and cathode material, but 
for the discharge between a plane cathode and anode. 

In other words, we have au ** abnormal " current passing 
at the usual, or less than the usual, * normal” cathode fall 
of potential (whilst, generally, any increase in current above 
the “normal ” results in an increase in voltage, according to 


Digitized by Google 


Shape of the Cathode on the Glow Discharge. 565 


an equation of the type given by Aston*). These currents, 
and voltages, I propose to name “ hetero-normal." 

(iii.) The voltage increase noted in Table I. shows that the 
“ hetero-normal” effect exists equally well as an “ hetero- 
abnormal? effect. The following experiments will show 
this more clearly. 


III. Tae *‘HETERO-NOoRMAL " EFFECT. 


For further experimentation on the *hetero:normal"' 

effect, a discharge tube should provide :— 

(i.) means for variation of the distance between the 
opposing cathode surfaces ; 

(ii) simplification of the discharge conditions, by getting 
rid of extraneous discharges such as that passing to 
the outside of the U-electrode. | 

A simple discharge tube that satisfies these requirements 

is shown in fig. 4. B and C are brass cathodes, the backs 


Fig. 4. 


MICA p 


SUSPENSION FIBRE 


of which are covered with thin mica. Each is 3:29 cm. 
diameter: leads-in are covered with glass tube, so that 
discharge is confined to the opposing faces of B and C ; and 
a glass tap, with central spindle around which a supporting 
thread runs, affords the means for variation of the height of B 
above C. B was restricted to vertical movement by a sliding 
arrangement between two co-axial glass rods (so that the 
surfaces of B and C werealways parallel to each other) as is 
indicated in the diagram. The anode was a brass rod 5 em. 
long, introduced as shown. The electrodes were contained in 
a 2-litre flask, thus ensuring freedom from ** wall” effects. 
Apart from **hetero-normal" measurements, we have to 


* Aston, Proc. Roy. Soc. A, Ixxix. p. 84 (1907). 
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show that the current-increasing, and cathode fall of potential 
decreasing effect, occurs in the “ hetero-abnormal "' glow 
discharge condition. 


Variation of the  Hetero-normal” Effect with Change of 
Distance between the opposing Cathode Surfaces. 


The ** hetero-normal"' effect is obtained in these experi- 
ments by varying the distance between the cathode surfaces 
B and C (now called distance D), and maintaining the 
current at a value sufficient to just completely utilize the 
available cathode area in the glow discharge. 

An important characteristic of the “ hetero-normal," and 
“ hetero-abnormal ” glow discharge is illustrated in the type 
of negative glow that is obtained for various positions of B 
above C. Fig. 5 (a) shows the “ normal " negative glow for 


Fig. 5. 
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a value of D greater than about twice the ** normal" 
thickness of the C.D.S. at the particular pressure ; for D 
less than twice the C.D.S. thickness, the negative glow is as 
shown in fig. 9(^). We see that the essential difference 
between the “normal” and the “hetero-normal ” glow is 
that the latter is only obtained at the points of intersection 
of perpendiculars from both the opposing eathode surfaces. 
Thus, only the opposing faces of B and € are utilized in the 
* hetero-normal ^ or ‘* hetero-abnormal ”’ discharge, while 
the whole cathode area, the rims as well as the faces of 
B and C, are utilized in the “ normal” or “abnormal” 
discharge. At any pressure, when D is less than twice the 
“normal” C.D.S. thickness (d,), a “normal” discharge 
cannot take place between D and €. However, for any 
value of D it is possible for an ‘abnormal?’ discharge to 
pass in the space between B and C, because at some high 
value of the current density the distance D will be equal to 
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about twice an “abnormal” value (da) of the ©.D.S. 
thickness. The factor that will decide whether the discharge 
is “abnormal” or * hetero-abnormal" is the one of the 
difference in cathode fall of potential, and as this experi- 
ment will show, the voltage across the terminals of the 
discharge tube is always less for the **hetero-normal" or 
‘“hetero-abnormal” discharge than for the ‘ abnormal.” 
Thus, an electron or positive ion movement that is always 
perpendicular to both the opposing cathode surfaces, resulting 
in a decrease in cathode fall of potential, is the chief cha- 
racteristic of the ** hetero-normal ” and “ hetero-abnormal ” 
discharge. 

Table II. gives representative readings of the current (in 
this case proportional to the current density, since the 
cathode area is fully utilized in the discharge in each case), 
the voltage across the discharge-tube terminals at that current 
value, and the corresponding thickness of the C.D.S. for 
various pressures and distances D. The table shows that 


TABLE II.—Showing variation of T, V, and d, for different 
values of D, the available cathode area being just 
completely utilized in the discharge. 


| | 
Pressure D I | V 


d ? | 
cin. Hg. | cm. cin. | a a volts. Remarks. 
| ee | 
0111 | 2:47 039 77 340| “Normal” discharge. 
1:88 0-28, 73 (340 | 
1:31 | 25; 73 340 
0:96 | +28 72 339 | *''Hetero-normal" discharge. 
0:78 | 25 73 330 " " 
i 22| 78 327 
0-55 | 18 100 | 818 
0:45 | :16 133 | 317 | 
0:40 | -15 210 | 311 | 
(031 12 345 | 305 
| 0-28 | -09 690 |310 | 
(024 07 | 1060 | 317 
0:078 | 3:0 0-34 34 | 336 '" Normal ” discharge. 
1:94 | -34 | 34 336 
| 1:48 | ‘37 335 332 | 
|110 | 737. 34 | 830 | 
idi 34 | 39:8 | 330 
0-66 | -29 | 64 399 * Hetero-normal. 
0*55 | -21 120 330 | 
0 -44| “18 240 361 ps Hetero-abnormal." 


0:39| ‘14 370 368 | 
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TABLE II. (continued). 


Pressure D 
cm. Hg.| cm. 


Remarks, 


0:057 | 2°64 052 
1:84 | :54 
1:59 
"34 


“Normal.” 


M pmi 
e 
~J 


" Hetero-normal.” 


aj Oo m 


Qog 
$ooou- 


'! Hetero-abnormal.” 


——— M ee eee 


* Normal.” 


* Heteroenorma),” 


* Hetero-abnormal." 


In, Vn, and d, are approximately constant for the larger 
values of D, but that, as D decreases we have a rapid 
Increase in the current density, together with a decrease in 
the voltage across the discharge-tube terminals. Graph 
fig. 6 shows the I-D curve forthe results of Table II., 
at p=0°042 cm. Hg. The negative glows corresponding to 
the current increases are “hetero-normal” so long as the 
voltage V is less than, or equal to, V,, the “ normal" value 
of the voltage at that pressure. The higher voltages are 
generally ** hetero-abnormal," due to the fact of heating 
at the cathode for these large currents, or because there 
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appears to be a minimum distance apart of the surfaces B and 
C for which a strictly “ hetero-normal ” discharge can pass, 
the discharges being “ hetero-abnormal" for the distances 
smaller than this minimum. 


The Volt- Ampere Characteristics. 


At a particular pressure, D was maintained at various 
constant values, and the volt-ampere characteristics were 
taken as a result of varying the current passing through the 
discharge tube. Table ITI. shows typical results. For large 


Fig. €. 


Smaller valves of D .- 
Doms = I cunts as opposite) 


CURRENT ( 168 mic A. umts. 


20 


values of D the discharges were first ** normal” and then 
“abnormal,” and the glows are as in fig. 5 (a). For the 
smaller values of D, the negative glow is of the fig. 9 (5) 
type, and the discharge is first “ hetero-normal’’ and 
subsequently “‘hetero-abnormal.” It is seen very clearly 
that there is a lowering of the cathode fall of potential in 
the ‘“‘hetero-normal”’ and “ hetero-abnormal”’ discharges. 
The characteristics at all pressures indicate a minimum 
cathode fall of potential V, for a particular value or values 
of D, the average decrease (V, — V,) being 22:5 volts for one 
series of results over the pressure range 0:1 to 0:04 cm. Hg. 
At pressures lower than 0:02 cm. Hg, the size of the 
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cathode becomes of the sume order as the thickness of the 
C.D.S. experimented upon, and the symmetry of the glow 
discharge is disturbed. The empirical equation connecting 


| EN | 
V and wr? of the form given by Aston”, except that 


both the constants E and F are smaller in the ** hetero- 
abnormal ” than in the ** abnormal " discharge. 


TABLE IIT.—Volt-ampere characteristics for various 
values of D. Pressure 0:08 cm. Hg. 


I | 
D s V d 
oms. | (165.10 7 | volts, | cms. 
amp. units). 


Remarks. 


15:0 27 384 52 ) 
40:5 383 46 
53:5 386 39 | 
7 392 34 A Full cathode area utilized. 
94 56 IUETI . MAL 
110 415 30 | i. e. “ abnormal " discharge. 
230 465 24 
310 505 | -25 |j 
540 560 :20 | No “ hetero-normal ” effect. 
1:14 27:5 390 — |) Full cathode area utilized. 
| 52:5 390 42 | 
| 76 392 | -38 | | 
118 415 "S 1l 
140 420 26, | b No “ hetero-normal " effect. 
| 260 442 | 24 | [ 
| 360 480 22 
600 540 20 | 
| | 20 500 19 |J 
sr ae r a Wrem VR T ERE RN 
| 062 | 325 340 | -22 [Only ł area utilized. 
63:5 343 22 
| 94 244 22 | * Hetero-normal,” 
| 117 344 21 
| | 152 352 zd | | 
| | 190 361 ':20 | | Full area utilized. 
| 320 398 a Y a E Hetero-abnorinal." 
| 415 430 | 47 | 
0:50 | 317 342 H |) 
64 | 32 ' -18 || 
. | 
| 2 E = l ** Hetero-norinal." 
| 168 342 18 | 
190 342 CAE 
335 390 16 >) Full area utilized, 
495 408 15 | b“ Hetero-abnormal,” 
560 | 470 12 | 


| 


* Aston, loc. cit. 
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One matter must be referred to at this stage, because it 
may be thought that the voltage decreases and the current 
increases shown in [the above characteristics are due to 
heating effects. 

My introductory work with the compound cathodes has 
been added partly because the work shows the “ hetero- 
normal” effect under conditions that cannot easily be 
criticised from the aspect of temperature changes, resulting 
in the current phenomena. Heat radiation from the cathode 
surfaces B and C is more difficult the nearer the two 
surfaces are together; and the surfaces, and the space 
between them, will heat up more rapidly the nearer they are 
together. That heating is inadequate to account for the 
currents can be shown in various ways. Thus at low 
pressures (corresponding to 0:03 em. Hg, in the case of 
the experiments on the U-cathode above), the energy carried 
up to the cathode for a particular C. D.S. thickness is greater 
than that carried at a higher pressure (because the cathode 
fall of potential is greater for the lower pressure), and 
greater heating is the result. The increased heating results 
in a decrease in current density, and finally discharge to the 
space giving the **hetero-normal" effect ceases. If the 
electrode C is covered with a thin sheet of mica, the heating 
for B should be present just as for when C was used as 
cathode. The discharge from D, however, is ‘abnormal,’ 
with essentially the same characteristics as are obtained for 
larger values of D at the same pressure, and for C covered. 
It heating the cathode was affecting the discharge in any 
way we should not expect the clear confinement of the 
discharge under “ hetero-abnormal ” conditions to the point 
of intersection of perpendiculars from opposing cathode 
surfaces—and this can be tested very conveniently by 
making the electrode B to be displaced to one side with 
respect to C. The definite form that Aston’s equations* take 
for the ** hetero-abnormal ” discharge indicate that heating 
effects are inappreciable except for very high current 
densities, a hundred times or so normal. Further, it is 
likely that heating the gas will result ina decrease in current 
density in the inner space. 


The Thickness of the C.D.S. 


The thickness d, as well as D, was measured on a vertically 
travelling microscopic stand, fitted with a sighting tube. 
The sharp edge of the “ hetero-normal” glow made possible 


* Loc. cit. 
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accurate measurements of d,, the “hetero-normal” 3.D.S. 
thickness, even although the maximum value of d, was only 
in the neighbourhood of 1 cm. The distance from B to the 
nearer boundary of the C.D.S. and the negative glow was 
always the same as the distance C to its nearer glow boundary. 
Fig. 7 shows typical experimental results. 


The relation at 
all pressures is linear, i. e., 
d —mD-r. 


where m and r are constants. 


TT. 


m appears to be the same for 


all pressures, and ris very nearly zero, the best experimental 
conditions giving 


d, 0:44 D. 
An experiment by Gunther-Schulze * suggested that the 


Fig. 7. 


decrease in the thickness d, was inversely proportional to 
the distance between the opposing cathode surfaces : this is 
not incompatible with the above equation, because at the 


small values of D the glows were “ hetero-abnormal " aud 
not “ hetero-normal." 


The Variation of d, with the Current Density. 


Aston has shown that two empirical equations connect the 
magnitudes I, V, d, and p. In spite of the great current 


density differences for various values of D, and for little 
change in V, the equation 


B A 
=e ———— 4- 33 
VI, P 
* A. Gunther-Schulze, Zeit. für Physik, xix. p. 328 (1923). 


d 
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is in agreement with all values of d, and I, in these expe- 
riments. Owing to the “hetero-normal ” discharge, the 
constants B and A are cupable of fairly accurate measure- 
ment with rough apparatus. The relation between d, and I, 
will, however, be left over for a future paper, because of 
the intimate connexion between the relation as obtained 
experimentally and that looked for on the basis of the 
various space-charge equations that have been applied to the 


discharge at the cathode. 


AN EXPLANATION OF THE * HETERO-NORMAL ” EFFECT, 


It is recognized that the boundary of the C.D.S. and the 
negative glow is a region in which positive ions predominate. 
Thus, the recent work by Compton, Turner, and McCurdy * 
(in which Langmuir's f method was used for the determin- 
ation of the ion concentration etc.) indicated that the 
electron concentration at the anode side of a particular 
negative glow was 101, and the positive ion concentration 
91: corresponding concentrations at the middle of the same 
negative glow were 130 and 900 respectively. Let us 
assume that there is a layer of maximum concentration of 
positive ions near, or at, the boundary of the negative glow, 
and that the current through the C.D.S. is carried for the 
main part by positive ions. Then at any particular value of 
the cathode fall of potential, the total current across the 
C.D.S. can be increased in two ways:—(1) The positive 
ions at the layer of maximum concentration might be 
initially at rest in one case; and in the case of the current- 
increase might have initial velocities, thus facilitating 
movement of positive ions across the C.D.S. (2) Or, the 
region of maximum concentration of the positive ions might 
be moved as a whole nearer to the cathode surface. These 
iwo ways might be one and the same, and they amount to the 
same thing, an increase in the current carried across 
the ©.D.S. 

Now in order that the large density of ionization can be 
maintained at the negative glow, electrons, falling from the 
cathode surface region, are assumed to cause ionization bv 
collision with the gas molecules in the negative glow region. 
The ions that are so produced commence life in a region of 
very small field intensity, and the positive ions, in particular, 
will not move far from their initial position of production 
before they are the victims of recombination. The efficiency 

* Compton, Turner, & McCurdy, Phys. Rev. xxiv. p. 097 (1924). 
f I. Langmuir, General Elec. Rey. 1923, p. 731. 
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of the electrons that produce positive ions in the negative 
glow region must therefore be small. If, however, an electron 
passing from the cathode surface penetrates the C.D.S. of 
an opposing cathode surface, such as we might assume in the 
case of the discharge between equipotential plates in the 
* hetero-normal ”? condition, the ions that are produced by 
collision with the gas molecules are initially in a region of 
strong electric field, and the positive ions will immediately 
begin their movement towards the cathode surface in the 
C.D.S of which they are produced. These positive ions will 
thus not be such easy victims of recombination : the efficiency 
of the electrons for effective production of positive ions is 
therefore at a maximum when the ionization takes place 
in the C.D.S. An effect of this kind would explain the 
* hetero-normal" condition, both as regards the current 
increases and the cathode fall of potential decreases. The 
region of maximum concentration of positive ions would, 
in effect, be moved nearer to the cathode surface, so that it 
is possible for a larger number of positive ions to reach the 
cathode surface. Or, the required current density can be 
carried at a smaller cathode fall of potential because of the 
initial velocities of the positive ions. 

In the paper mentioned above, Schüler" explains the same 
effect that occurs in the inside of a cylindrical cathode as a 
result of the ** Prinzip des kleinsten Zwanges.”’ 


PHENOMENA AT A HOLE IN A CATHODE. 


The ‘‘hetero-normal ” effect is germane to part of the 
phenomena described by Prof. M. E. Huffordf. The paper 
gives :—(a) A study of the discharge of electricity between 
parallel and equipotential plates which form the cathode of 
a discharge tube (see Plate xxxiv., loc. cit.. Experi- 
ments were made with different cathode materials, gases, 
and sizes of hole in the cathode, and the following character- 
istics were reported :—(b) The presence of a “ bright bead ” 
passing through the hole. (c) A glow filling the volume 
between P and P’. (See fig. 1, Hufford, loc. cit.) 

(a) Hufford's discharge tube cannot be used to examine the 
discharge between equipotential plates over the range of 
pressures giving the *'hetero-normal" effect. With the 
opposing cathode plates 4:8 em. apart, gas pressures giving 
* normal ” thicknesses of the order 2:4 cm. must be obtained 
before the “ hetero-normal"' effect becomes evident, and at 

* Hermann Schüler, Zeits. für Phystk, xxxv. No. 5, p. 324 (1926). 

t Prof. M. E. Hufford, Phil. Mag. vol. 1. No. 300, p. 1197 (1925). 
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the required pressure it is not possible to have a discharge 
between P, P'. From the point of view of experimental 
work on the discharge between equipotential plates, the 
Hufford type of tube is unnecessarily complex. 

(D Tue “ BEAp."—Consideration of Hufford’s results, 
and my own experiments with tubes such as those used by 
Hufford, indicate that there are two groups of phenomena at 
the hole in plate P. 

(i.) There is **hetero-normal?' or ** hetero-abnormal ” 
discharge from the wall and edge of the hole, resulting as it 
were in a foundation of negative glow in the hole ; 

(ii.) A second glow, superimposed upon the first, with 
characteristics that are those of positive column striations in 
the same discharge tube. | 

In Hufford's tube glow (i.), particularly at high pressures, 
often exists independently of glow (ii.) (examples are given 
on page 1211*). The resistance of the kind described above 
for the U-cathode is overcome at the hole by the negative ` 
glow due to discharge from the wall of the hole, and 
discharge to the inner space between P, P" is the result. 
‘Glow (11.) can be obtained at any similar constriction in the 
path of the Faraday Dark Space, or the negative glow. 
Thus, if P is disconnected from P’, and only P' is used as 
‘cathode, the usual anode being retained, glow (ii.) is obtained 
at the hole in P. Thus the necessary overcoming of the 
resistance at the hole might conceivably be obtained asa 
result of the negative glow, or the glow (ii.). Glow (ii.) can 
exist in the hole without the discharge passing in the space 
PP’. Hence it is suggested that these experimental 
peculiarities, together with the results given by Hufford, 
concerning the pressures at which the bead appears and 
‘disappears in different gases, the dependence of the occur- 
rence of the bead on the size of the hole, the current 
characteristics etc., point to the fact that some part of 
the phenomena at the hole has its explanation in the 
“ hetero-normal ” effect. 

The superimposed glow gives three characteristics of the 
bead, namely, its round bead-like end (always turned away 
from the anode), its not infrequent striated nature, and much 
of its brightness ; its occurrence and shape through and in 
front of the hole are generally determined by the “ hetero- 
normal” or ** hetero-abnormal ” glow on which it is presumed 


o lie. 
An examination of Hufford’s graph fig. 3, p. 1202, 


* Loc. cit. Hufford. 
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showing results for the current passing to each of the plates 
P and P'confirms that the bead has a foundation of negative 
o No matter what the pressure, a definite current 

ensity is demanded for a given thickness of the C.D.S., and 
assuming that a minimum thickness of the C.D.S. must be 
obtained before it is possible for the bead condition to exist 
at the hole, it follows that a certain definite current density 
is similarly required. From Hufford's graph it is seen that 
the total current through the tube is approximately constant 
over the range of pressure 0:70 to 0:25 mm. Hg (for air), 
and that for the same range the current to plate P is nearly 
constant at 8:5 milliamperes. 

The currents used by Hufford to give the bead effect are 
all strongly “abnormal.” For purposes of comparison it 
would have been an advantage had “ normal ” currents been 
used. Itis apparent that the maximum pressure at which 
the bead will occur depends upon whether or not the 
* normal " discharge condition is maintained at each value of 
the pressure, because the maximum thickness of the C.D.S. 
at any pressure is the “ normal" one, and the foundation of 
the bead is a result of the “ overlapping " of the C.D.S.’s. 
of opposing cathode surfaces. With small holes, the 
* hetero-normal" effect appears for ‘abnormal ” values of 
the current to P. Hufford's table I." gives the range of 
pressures over which the bead can be maintained for an 
aluminium cathode, and hole 2:6 mm. diameter. Now the 
pressures at which the C.D.S. is 1 cm. in length, when unit 
current is flowing (:=10-* ampere per sq. cm.) are:— 
0:70, 0:47, and 0°11 mm. Hg for helium, hydrogen, and air 
respectively: for these three gases therefore the “ hetero- 
normal? effect would appear at a particular hole in the 
order: helium at the highest pressure, hydrogen at a lower 
pressure, and air at the lowest pressure. Assuming a 
minimum value of the pressure at which the bead can 
exist at the hole (of the nature of the minimum that is 
obtained for the U-cathode near the pressure 0:02 em. Hg) 
the minimum pressure at which the bead should occur in the 
same three gases follows the same order, helium at the 
highest pressure, hydrogen at a lower, and air at the lowest 
pressure of the three. In general, for a particular hole, 
gases having the greater “normal” C.D.S. thickness pass 
asa bead at a higher pressure than gases having the smaller 
C.D.S. thickness. These considerations of the C. D.S. thick- 
ness applied to the condition for the “ hetero-normal ” effect 


9 Loc. cit. p. 1200. 


— e — —— —————— —— 9 —— o ———Ó— € — 


211 


The Milner and Debye Theories of Strong Electrolytes, 
to occur in a particular hole give the same results as were 
obtained experimentally by Hufford. 

The bead should appear and disappear at a lower pressure 
for the hole of larger diameter. The value 0:42 on p. 1203 * 
ix probably in error (see Table I. p. 1200), but the pressures 
given by Hutford at which the bead disappears (in the same 
table on p. 1203) follow the expected order. Again the 
values of the maximum pressures at which the bead effect 
occurs should be given for “normal” currents so that the 
results are strictly comparable. 

The question of whether the *“ hetero-normal"' and the 
“ positive column glow” can exist together, or whether the 
“positive column glow ” suppresses the **hetero-normal"" one, 
cannot Ee completely answered from the above considerations, 
and an ultimate test will require the measurement of the 
eurrent passing to the wall of the hole, apart from that 
passing to the surface of the plate P. A future paper, it is 
hoped, will deal with this question, together with the 
potential measurements reported by Hufford. 


I am indebted to Prof. G. W. Todd, of Armstrong 


College, under whose supervision the experiments were 
carried out, and to the Department of Scientific and 
Industrial Research for the grant which has enabled me to 


undertake the work. 


M ———— M ——— c ——— 
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XLIX. she Milner and Debye Theories of Strong 
: Electrolytes. By GEORGE ScarCHARD f. 


(Contrioution from the Research Laboratory of Physical Chemistry, 
Massachusetts Institute of Technology, No. 178.) 


I^ a recent paper of this Journal, Pike & Nonhebel and 

Nonhebel & Hartley ł have published comparisons of 
the Milner and Debye theories, with conclusions very un- 
favourable to the latter. On account of the emphasis now 
being placed upon solutions of strong electrolytes, it seems 
desirable to show that the experiments of these authors do 
not necessarily lead to their conclusions. 

Since both of these theories explain the deviations from 
the laws of ideal solutions, their exact forms depend upon 


* Loc. cit. p. 1200. 

t Communicated by the Author. 

] Pike & Nonhebel, Phil. Mag. vol. 1. p. 723 (1925); Nonhebel & 
Hartley, ibid. p. 729. 
Phil. Mag. S. 1. Vol. 2. No. 9. Sept. 1926. 2P 
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the definition of the ideal solution. If this is defined as one 
in which the activity of each component is proportional to 
its mole fraction, the equation of Debye and Hiickel 
becomes 
ieee A oV/2¢ 
EYT T+ a/2e 


in which y is the ratio of the activity, a, to the molality, m, 
in moles of electrolyte per kilogram solvent; ¢ is the con- 
centration in moles per litre; for a uni-univalent electrolyte 


at 25°, A is equal to 249:4/D* (D = dielectric constant of 


solvent); in the same case a equals 2:06 x 10*5/Df (b = mean 
diameter of collision sphere of the ions, in centimetres) ; 
B is a complicated function of the temperature, ionic size, 
dielectric constant of the solvent and rate of cliange of the 
dielectric constant with changing electrolyte concentration. 

Equation (1) contains two constants, « and B, which 
can be determined only approximately by independent 
measurements. Moreover, expansion of the first term on 
the right-hand side in a power series of c shows that the 
two are differentiated only in the coefficients of the three- 
halves and higher powers of c. So the equation may be 
simplified in dilute solutions. In the case of solvents of 
low dielectric constants, such as the alcohols, the term B2c 
may be omitted, and the only effect will be to make the 
value of b calculated from a somewhat too large. In more 
dilute solutions the equation approaches 


—loggfzAJ2e—B'e,. . . . . (2) 


in which f — a/c and B' is a new constant. . At zero con- 
centration the equation approaches 


—logf=AW2e. . . . . . (3) 


The formula of Milner cannot be expressed analytically. 
It gives the same values for all electrolytes of the same 
valence type, and values which do not differ very much 
from two-thirds those calculated from equation (3). 

Nonhebel and Hartley compare the two theories with 
the experimental measurements of electromotive force of 
hydrochloric acid cells in water, ethyl alcohol, and methyl 
alcohol. They find that the Milner formula gives approxi- 
mate agreement and that the Debye theory is much less 
satisfactory. In testing the Debye theory, however, they 
use equations (2) and (2) instead of equation (1). I have 


—B2c-4-log(1-4-0:002mwj),. (1) 
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discussed elsewhere * the comparison of the complete theory 
of Debye and Hiickel with the experimental measurements 
in water, in ethyl alcohol, and in their mixtures, and found 
the agreement to be excellent. So the present discussion 
may be limited to the new measurements in methyl-alcohol 
solutions. Attention should be called, however, to the 
solubility measurements of Brónsted and La Mer f, which 
agree very closely with the Debye theory, but not at all 
with that of Milner. 

Nonhebel and Hartley first test the two theories by the 
constancy of the quantity E, which may be defined by 
the equation 


E, = E +0°1183 (log c+log f) = E —0:0123 
+ 0°1183 (log m+logy), . . . . (A) 


in which —0:0123 is equal to 0:1183 (logc—log m) for 
methyl alcohol at 25°, and E is the measured electromotive 
force. In their test of the Debye theory, log f is determined 
from equation (3). They later compare f, calculated by 
equation (2), with the values computed from the experi- 
mental measurements and the value of E, determined by 
the use of Milner's formula. Both tests are inconclusive, 
because Debye's theory is not represented by either of these 
equations through the concentration range of the experi- 
mental measurements; the second method also uses a 
quantity determined by the use of one theory in the test 
of another theory incompatible with the first. 

The combination of equations (1) and (4), with insertion 
of the proper values for methyl alcohol (D 2:30:2), gives 


E, = E—0°0123 + 0°1183 [log m —log (1--0:064 m)] 
0:17674/2c ! 

1 4 a / 2c. * B2e. . . . e e (5) 
The values of c were computed by me from the approximate 
equation 


m 
"T T2716+ 002m" tot (6) 


If B be given the value zero, which is justifiable in the 
concentration range studied, the experimental data are best 
fitted with a= 1:74. Table I. and fig. 1 give the test of 
equation (5) and the comparison with the Milner formula. 


è Journ. Am. Chem. Soc. xlvii. p. 2098 (1925). 
t Brünsted & La Mer, Journ. T Chem. Soc. xlvi. p. 655 (1924). 
2P2 
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In Table I. the first column gives the values of m; the second 
the values of Ej computed by Nonhebel and Hartley with 
Milner's formula ; the third the deviations of the values of 
the second column from the value of E, accepted by these 
authors; the fourth column contains the values of Ey computed 
from equation (5); and the fifth gives the deviations of the 
values of the fourth column from their average, —0:0226 volt. 
Fig. 1 shows the same results graphically. It differs from 
fig. 2 of Nonhebel and Hartlev in that it extends to higher 
eoncentrations aud in that the ordinates are shown on a 
ten times larger scale. No attempt is made to draw curves 
through the points. Instead, the two accepted values of Kp, 
are represented by horizontal dotted lines. 


TABLE I. 


Electromotive Force in Methyl Alcoholic Hydrochloric: 
Acid at 25°. 


MILNER. DEBYE. 
a ae Mc p a uice — 
n. — E, — E, — 0:02095. — K,. — E,—0:0226. 
0 0004955 0:0208 +0°0003 0:0219 — 0:0007 
0:001652 0:0204 — 0:0001 0:0223 — 0:0003 
0:007363 0:0207 +0:0002 0:0230 4-0:0004 
0:002683 U:0204 — 0:0001 0:0226 0:0000 
0:002930 0:0196 — 0:0009 0:0220 — 0:0006. 
0:003161 0:0210 4-0:0005 0:0235 -F0:0009 
0:004039 0:0202 — 0r0003 0:0229 + 0:0003 
0:005425 0:0204 —0'0001 0:0233 4-0:0 007 
0:007113 0:0194 —0-0011 0:0224 —0:0002 
0:009557 0:0201 —0:0004 0:0232 +0-0006 
0:01444 0:0104 —U' 0011 0:0226 0:0000 
0:01722 0:0197 — 0:0008 0:0229 4.0:0003 
(Y01986 0 0193 —0:0012 0 0225 —0:0001 
0:02363 0:0194 —0:0011 0:0224 —0:0002 
0:02549 0:0192 —0:0013 0:0223 — 0:0003 
0:04261 0:0205 0:0000 0:0228 --0:0002 
0:04356 0:0202 — 0:0003 0:0225 — 0:0001 
0:05312 0:0198 — 0:0007 0:0215 —0:0011 
0:07332 0:0223 +0:0018 0:0228 +0 0002 
0:07333 0:0223 4-0:0018 0:0228 - 0:0002 
0:07507 0°0220 +0:0015 0:0225 — 0:0001 
0:09467 0:0233 +0-0028 0:0223 — 0-0003 
0:1155 ome sas 0-0229 -+ 0:0003 
0:4802 "T MS 0-0234 +0:0008 
0-5574 ix sus 0:0224 —0:0002 
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It is obvious from either the table or the figure that the 
complete Debye equation gives an E, value more constant 
than the Milner formula. Not only is the average deviation 
smaller, even up to 0°04 M, but there is no trend in the 
deviations, and the equation holds equally well up to the 
highest concentrations measured, which are ten times those 
at which the Milner formula begins to deviate seriously. 
It is also apparent that E, calculated from the Debye 
equation is as constant as the consistency of the experi- 
mental data warrants, and —0°0226 volt may be taken as 
the most probable value for Ey. It may be concluded that 


Fig. 1. 


O DEBYE 
@ MILNER 


these measurements, considering the enormous difliculties of 
precise measurement in very dilute alcoholic hydrochloric 
acid, offer very good confirmation of the Debye theory. 

From the value of 1°74 for a, the mean diameter of the 
collision spheres is 465 x 107% cm. Other values for 
hydrogen chloride are: 4°05x 10-8 in water, 4°06 x 1073 
in 50 mole per cent. ethyl alcohol, and 4:57 x 107* in ethyl 
alcohol *. Since the value in methyl alcohol is somewhat 
too large on account of the change in dielectric constant 
being neglected, the agreement is very satisfactory. 

I have shown how the radius of the electrification sphere 
can be calculated from the E, values in different solvents 
with the assumption that all the deviation from ideality is 
due to the electrical work. To account for the behaviour 


* Scatchard, loc. cit. 
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of hydrochloric acid in alcohol-water mixture, it was sug- 
gested that this size might change from 5 to 4 x 107^ cm. 
between 50 and 95 mole per cent. alcohol. From these 
measurements in methyl alcohol and those of Danner in 
ethyl alcohol a value of 3:0 x 107? may be calculated. The 
calculation is not very accurate, because the difference in 
dielectric constants and between electrode potentials in 
terms of mole fractions are both very small. Since any 
change in size is to be attributed largely to the reaction 
H,C* = H+ + H,O, the change between 95 and 100 mole 
per cent. might well be as great as that between 50 and 95 
mole per cent. Considering the breadth of the assumptions 
and the large effect of a small experimental error the 
agreement is quite satisfactory. 


The Milner Formula. 


Although Milner and Debye start with the same funda- 
mental theorems of electrostatics and statistical mechanics, 
the results they obtain do not agree quantitatively. Milner 
states that * It may be shown that, as an approximation, and 
when A * is very small” the value of the virial of the ions is 


1:253, or a/ » that given by the limiting law of Debye, 


equation (3). Yet when h has the value corresponding to a 
concentration of 0:0001 M for a uni-univalent electrolyte in 
water at 0°, his virial is only 0:734 that of the equation (3), 
and the ratio decreases only to 0:656 in 0:2 M solution f. 
Most of this discrepancy may be attributed to inaccuracy in 
the Milner results. Milner himself continually refers to 
them as approximate. It seems probable that all his values 
are obtained by interpolation from the three values given 
in his first paper f. These results are obtained by graphic 
extrapolation from fifteen to infinity. To decrease substan- 
tially the range of extrapolation would require au amount 
of computation several oam times that performed by 
Milner. It is worth while then to re-examine his method 
of extrapolation. 

Since Milner’s tables include data for only one of the 
three pairs of curves, his curves cannot be replotted 
accurately. Fig. 2, however, was obtained photostatically 


* À is a function of the ionic charge, the dielectric constant of the 
solvent, the temperature, and the concentration. By Milners theory 
the virial is equal to RTAf(A). 

T A. A. Noyes, Journ. Am. Chem. Soc. xlvi. p. 1080 (1924). 

I Milner, Phil. Mag. xxiii. p. 551 (1912). 
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without serious distortion. To quote Milner again, ‘“ The 
extrapolation of these curves to the axis is certainly a rather 
violent one, but it may be done with some confidence by 
observing the following points :—(1) The first curve must 
be everywhere below the limit and the second one everv- 
where above it; (2) the two curves must extrapolate to the 
same point on the axis; (3) from the fact that the virial of 
the ions external to the second arrangement is zero, it may 


Fig. 2. 


be inferred that the second curve for large values of m * 
approaches the limit much more closely than the first one, 
and that it probably tends to become parallel to the axis 
as m—3 becomes zero." 

Inspection of fig. 2 shows that the dotted lines fulfil 
these conditions, especially the third, even better than do 
the full lines which represent Milner's extrapolation. The 


* m is tbe number of ions whose effect ou the virial is counted. 


Digitized by Google 
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lowest pair might equally well be extrapolated to a still 
higher value. ‘he results of the two extrapolations and 
the value of the Debye limiting law, equation (3), are given 
in Table II. The last two columns show the corresponding 
concentration of a uni-univalent electrolyte in water at 0° 
and in methyl alcohol at 25°. The most important conclusion 
to be drawn is that the Milner theory does not lead neces- 
sarily to the Milner formula, but may equally well give 
higher values for the slope. The values in the third column 
of Table II., which are shown in fig. 2 to be consistent with 
the Milner theory, were computed from the equation 


ET) 
pes d i Re t cvs ETUR. ds dE 
14+0°35 V 3h (4) 
which at small concentrations must approach the Debye 
limiting law, which corresponds to /(4) = 4/34. 


Hh) = 


TABLE II. 
7 (h) of Milners Theory. 
h. fin. Tih). JU). 
Milner. Eq.4.  Lebye( 434). Cy, o C neoin 
NT Ü 0 Ü 0-0 0-0 

0:109 42 0748 UT (0007 0:00004 
0:3 0-66 O71 Odd ("015 0:00085 
U RO, * 1:0:3 1:03 161 , 0562 0 0206 


There must, however, be a diserepaney between the results 
of Milner and the limiting law ot Debve at finite concen- 
trations, a discrepancy which increases with increasing 
concentration. There are two possible explanations: both 
methods give only approximations of the virial, the ap- 
proximations may not be exactly the same; both methods 
consider the size of the ions in the early stages but ignore 
the size later, and the exact stage at which the size of the 
ions is ignored may influence the effect so that, relative 
to equation (3), the Milner theory may make a partial 
correction for ionic size. It would be an extremely tedious 
task to settle these points for the Milner theory. The Debye 
theory, on the other hand, is so direct in its development 
that the approximation may be improved at any time by 
including more terms in the series used to approximate the 


* To quote Milner again: “ This value of A is so large that the expression 
for the virial obtained in this paper would no longer be valid.” 
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Boltzmann equation. It already gives a method for taking 
into account the size of the ions, and may readily be made 
more accurate in this respect whenever there is discovered 
a law for the repulsive forces between atoms more accurate 
than the rigid-sphere assumption. 


The Determination of Free Energies from the Mutual 
Potential Energies of the Ions. 


Pike and Nonhebel criticize the method of calculating the 
free energy from the mutual potential energy of the ions by 
an equation of the Gibbs-Helmholtz type, and claim that it 
cannot lead to quantitative results. Much of their argument 
is an attack on an equation of Debye and Hiickel, given on 
page 725 between equations (10) and (11). This equation 
does not follow from the Debye theory without additional 
assumptions, and it is thermodynamically incompatible with 
the Debye theory for the free energy of the solutions. 
Although the equation is undoubtedly incorrect, that fact 
cannot effect the validity of the Debye theory. 

Gross and Halpern* have given a justification of the 
method used by Milner and by Debye anu Hiickel, in which 
the relation between the mutual potential energy of the ions 
and the free energy of the solution is obtained by using the 
partial derivative of the free energy with respect to the 
temperature. They have also shown that the relation 
between the total internal energy of the solution and the 
free energy, for which the thermodynamics requires the total 
derivative with respect to the temperature, shows at least 
approximate agreement between the Debye theory and 
thermal measurements if the size of the ions varies slightly 
with the temperature. 

Another confirmation of the exactness of this method is 
obtained from the fact that the same result has been obtained 
by three other methods, none of which depend on an inte- 
gration with respect to the temperature. The first of these, 
used by Milner and by Nonhebel and Hartley, is to take 
the osmotic pressure as equal to the virial. The second, 
given by Noyes f, calculates the vapour-piessure of the 
ions from kinetic theory. ‘These two are applicable only 
in dilute solutions. The third method f makes use of the 
difference in electrical work of charging the ions reversibly 


* Gross & Halpern, Physikalische Zeitschrift, xxvi. p. 403 (19965). 
t Noves, loc. cit. 
t Debye, Physikalische Zeitschrift, xxv. p. 97 (1924). 
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in the solution in question und in an infinitely dilute solution 
It may be applied to solutions of any concentration. 

Gross and Halpern * object to this last derivation on the 
grounds that the potential ef any individual ipn oscillates 
rapidly about the mean potential. This objection could be 
met by the invention of a device which would prevent the 
discharging of an ion and permit its charging only when 
its potential and charge each differ from the average by less 
than some infinitesimal amount. Such a device would 
increase the order of infinity of the time of the charging 
process, but that is unimportant in a purely theoretical 
process, in which the question of practical realizability is 
irrelevant. 

The application of thermodynamic criteria to this step of 
the derivation is entirely beside the point, since one quantity 
involved—the mutual povential energy of the ions—cannot 
be represented by any of the ordinary thermodynamic 
equations; for these equations are incapable cf dividing 
energy between the components of a phase. The final 
results may be tested thermodynamically by the application 
of the ordinary equations. In all tests so far made of the 
Debye theory, an agreement at least approximate has been 
found. 


Cambridge, Massachusetts, 


———— —— ee — — —— — PETI I: 


L. The Milner and Debye Theories of Strony Electrolytes. 


To the Editors of the Philosophical Mayazine. 
GENTLEMEN,— 


UR disagreement with Dr. Scatchard (supra, p. 577) 
with regard to the activity coefficients of hydrogen 
chloride in methyl-alcohol solutions lies in the choice of the 
constant E, in tlie equation E =E, — 0:1183 log cf. The value 
of E, can be obtained without any theoretical assumptions 
by plotting E,’=E+0°1183 loge against the square root 
of the concentration. The values of E, for hydrogen 
chloride in methyl alcohol are found to lie on a straight 
line within the limits of experimental error up to a concen- 
tration of 0-01 N, and they give a value for Ky of — 0:0205 
volt. It was hoped that this quantity would be obtained 
more accurately by using the limiting equations of Milner 
and Debye in the manner described in our paper (Phil. Mag. 
(6) vol. |. p. 729, 1925). Dr. Scatchard has obtained the 
* Gross X Halpern, loc. cit, 
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value E= —0:0226 volt by making use of the complete 
Debye equation and adjusting the value of the mean 
diumeter of the collision sphere of the ions until a constant 
value for E, was obtained. The figure on page 739 of our 
paper shows that this value is incompatible with the extra- 
polation of E,’. 

The constancy of E, values calculated from experimental 
results at higher concentrations, using the Debye equation, 
does not seem to us a sufficient reason for taking a value 
for Ey which is inconsistent with the experimental results in 
less concentrated solutions. 

We have been in correspondence with Professor Milner, 
and with his permission quote the following paragraph from 
his letter :—“ Since I have read Debye’s calculation criti- 
cally, I think that his method of calculation of the effects 
of interionic force is greatly superior to mine. All the 
laborious sumtnations and approximations contained in my 
calculation of 1912 are done away with, without any sacrifice 
of accuracy, by what seems to me a stroke of genius—namely, 
his observation that the average potential at a point of all 
the ions in a sphere containing a positive ion at the centre 
must satisfy Poisson’s equation. Since the two calculations 
are based on the same assumptions and mine contains ad- 
mitted approximations, I am inclined to believe that the 
numerical differences between them are to a large extent 
attributable to these. At any rate, [ think this is the case 


with regard to the : ratio, by which the limiting values 


of the internal energy at h=O differ. In mv footnote on 
this matter I said, *It may be shown that, as an approzi- 


mation, and when A is very small, U = — wh — h? The 


statement was put in that form because it was clear to me 
that the coefficient was only an approximation even in the 
limit. Tbe result was obtained, in fact, by a method which 
assumed that expressions for the average effect of all groups 
on the next ion outside them could be replaced by similar 
expressions for the effect of a group containing the average 
charge of the previously-mentioned groups. An assumption 
of this kind will only give an approximate result for the 
coefficient even in the limit when h=0, although the nature 
of the function would not be affected." 
Yours faithfullv, 
Balliol College, Oxford. G. NoNHEBEL, B.A., 
April 28, 1926. H. Hartiev, M.A. 
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LI. On a Geometrical Presentment of the Constants of 
an Elastic Material. By R. E. GwyrBER, M.A.* 


I^ this paper I propose to construct the general expression 

for the potential function of strain per unit of volume 
in a material, on the assumption that the strain is small and 
that the muterial acts under strain as a conservative system. 
There is a further question, not here considered, as to whether 
the resulting stresses are such as can satisfy the mechanical 
Stress equations. 

The potential function will be a quadratic function of the 
six elements of strain, and it must possess permanency of 
form for any transformation of the coordinate axes, or must 
be au invariant quadratic function. It must also be positive 
for all sinall values of the elements of strain. 


1. The general method which I employ here, as I have 
employed elsewhere, is an adaptation of the method of 
Differential Invariants and Covariants of Curves and 
Surfaces to applv to vectors, stresses, strains, etc., instead 
of purely geometrical subjects. 

Imavine a small rotation of the coordinate axes about 
their own positions indicated by œ, ws, «s respectively, 
the m iterial remaining stationary. 

In consequence o£ this rotation, of which the components 
may be considered separately, there will be an alteration in 
the expressions considered which will depend upon their 
nature—as vectors, stresses, strains, and so forth. Gene- 
rally, quantities showing similar characteristics will, on 
transformation. of coordinate axes, alter in the same 
manner. 

I shall employ 0,, Q, 03 (which will be differential 
operators) to indicate the change consequent upon the 
rotations c, 9», wz respectively, and their expressions will 
be found by forming the coefficients of wi, wz, ws re- 
spectively in the complete change. These operators will 
be distinctive in form for quantities of different kinds. 

For example: 

x will change to c 4- €; — 92, etc. ; 
u will change to u +w, — ose, etc. ; 


—— 


0 Ò 
<— W hange to — - —Osa-, ete.; 
3:5 ill chang 3:* 9 3 92 etc.; 


£ . ò ò 
on will change to Ot ros S Lr) — es +5.) etc. 


* Communicated by the Author. 
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Hence, acting on a vector (u, v, w) or (2, y, 2), 


Lew S =u ð -vð EE 42. 

Q 035 9w oa ou "icu cw 

229. .,9 aig or. C 

ice J37 xx Er. ias ag oy 
, (2) 

Taking the elements of strain from (1) and (2), we find 


Qo Ò Ò Ò , Ò ; 
OQ -—a(zi.—z- —-f)-—cea 46x... 
way a Na a a 8 
The expressions for Q; and Q; may be written down by a 
cyclic interchange. 


As a further example, which I shall make use of later, 
write 


X —a—4fg | Y-2U—4eg, Z= ci—4ef, 
E = 4ae—2bc, n = 4bf—2ac, | € = 4cg—2ab ; 
by using (3), we shall find 


o0 ò Ò ,90,,0 
Q = tyz) tZ- et tap s (D 
which reproduces the form of (3). 

If, again, we write 

X=, Yoy’, Z=, F=2yr, ne2er, £-2ay, 
we again find 

o ð r 0 ,0,,0 
Q0, 2 £(.& -32)*? Z-Y) 9 pa. o 2 45 
= Fay oz) 32-37 trap e O 
reproducing the form of (3) or (4). 

2. IE Az? + By! + Cz? + 2Dyz + 2Ez2+ 2 zy, where x, y, z 
are the coordinates of a point in the material, is to be a co- 
variantal expression retaining permanence of form for any 
transformation of coordinates, then 24, Qs, Q; acting upon 
the terms in the expression must each produce a null result. 


By making use of (5), we find that, acting on the co- 
efficiehts only, 


0, 22D (.S. —9.)  (e— 8) 55 FS. + ESS, ete. (0) 
This is therefore the condition that 


Ax? 4- By? +C? -2Dyz c 2Ezz 2E ey = constant . (7) 


should be the equation to a quadric traced in the material, 
and, retaining the same form in a change of coordinate 
system, may be called the equation to a cevariant quadric. 
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On referring to (3), it will be seen that, under these 


conditions, 
Ae+Bf+Cg+Da+Hb+Fe . . . . (8) 
is an invariant expression. 
While from (4) it follows that 
A (a! —4f9) + B(03 — 4eg) + C(c?—4ef) 
+2D(2ae—be) + 2E(2bf—ac)+2F(2cg—ab) (9) 
is also an invariant expression. 
It is desirable to note that if (P, Q, R, S, T, U} are the 


elements of stress, the expression for Q, when acting on 
these elements 1s 


me. d nd md 
0,=28(s5-sp) tE- 9 3s U T (10) 


and is of the same form as (6). Accordingly, the co- 
efficients (A, B, C, D, E, F} in a covariant quadric act 
on transformation of coordinate axes as the elements of 
stress act, in spite of the difference in dimensions. 


3. We may now proceed to make use ot (8) and (9) 
to construct the general invariantal expression of the 
second degree in the elements of strain, and for this 
purpose I shall, in the first instance, give a geometrical 
aspect to the question. 

Imagine four concentric ellipsoids to be traced in the 
material under strain, arbitrary both as to the magnitude 
and orientation of their principal axes. Indicate their 
equations relative to their principal axes by 


aot" + Boy! + yo = Mo 

at’? t By tyz = M P 

aot? + Boy? ys M, 

ast? +B +ysz7= M, . . . . (1l) 
and their eyuations relative to arbitrarily chosen coordinate 
axes b 
NE te pr? +qy +r27+Qsyz+2tze+2ucy = M, . (12) 
with the proper subscript numbers in accordance with (11). 

As the ellipsoids are fixed in the material, we may form 

invariantal expressions by using (8) and (9). From the 
first of the ellipsoids, I shall use (9) and obtain 


pola? — 1fg) + qob? —4eg) + ro(c? —4ef) 
+ 2s (2ae — bo) + 2t(2b/ —ac) + 2uj(2cg — ab), (13) 


which I shall indicate by A,. 
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This will form part of the invariant function of the second 
degree in strains which it is proposed to find. 

As the ellipsoids are arbitrary, we sball be unable to 
increase the generality of the expression by adding a 
second invariant of the same character, for the sum would 
only amount to the substitution of one arbitrary invariant 
quantity for another. 

From each of the other three ellipsoids we will form 
from (8) the invariant of the first degree, 


Pe tgif 0g sad tb-4uc, ete., 
which I shall indicate by B,, B,, and B; respectively. (14) 


The general invariantal expression of the second degree 
is th 
m" € 2V =Ay+ B,?4- B,? + B». . e e " (15) 


It will be seen that the argument I have used against 
repeating such a term as Ay does not apply to B,?, etc. 

This expression contains 24 coefficients or 24 apparent 
constants, but three of them are introduced by the arbitrary 
character of the coordinate axes. 

As the first ellipsoid is, of necessity, specially treated in 
forming (15), we will suppose that the equations of the 
other ellipsoids are first transformed to the principal axes 
of the first ellipsoid and then to the arbitrary coordinate 
axes, in case that step is necessary. 

But we shall have reduced the constants to 21, if we 
refer the equations of the four ellipsoids to the principal 
axes of the first. The coefficients will then contain the 
12 coefficients in the equations of the four ellipsoids 
referred to their principal axes, and trigonometrical ratios 
of the three sets of three angles (conveniently the 8, $, > 
employed in the Precession of the Equinoxes) which 
express the direction cosines of the principal axes of 
the last three of the ellipsoids referred to those of the first. 
This gives 12 dimensional constants, with tbe trigono- 
metrical ratios of 9 angles, on which the 21 coefficients 
in the full expression for 2V depend. 


4. The geometrical treatment which I have thought 
illuminating is not the only method which might be 
used. 

If we take the equations of the four ellipsoids in the 
form given by (12) referred now to arbitrary coordinate 
axes, we may construct Ao, B,, B,, B; as in (13) and (14), 
and finally 2V as in (15) as before, and then proceed as 
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follows :—By (9) and (10), the coefficients in A,, B, otc., 
transform as the elements of stress transform, and may be 
expressed in terms of quantities corresponding to their 
principal or normal stress elements and the angles these 
normal elements make with the coordinate axes. We thus 
obtain an analysis similar to that obtained by the more 
geometrical method. 


9. In the case of an isotropic material, we only need the 
first ellipsoid and one of the other three ellipsoids, and each 
of these two ellipsoids is to be a sphere, since the material is 
isotropic. Accordingly (15) becomes 


2V zm(e- fg) -tn(a*--0*--c$—4fg—4eg—4ef) (16) 
in the usual form. 


6. This paper does not deal with any physical aspect of 
the argument for reducing the number of elastic constants, 
but I think it throws light upon the discussion on the 
surfaces, based on the general expression for 2V, found 
by Haughton in 1846, and discussed by Rankine and Saint 
Venant *. 

Indicating the terms in 2V by reference to the strain 
elements forming the several terms, we may write 


2V = rye? + 2ryoef + 2A 3¢g + 2X4,6a + 2rigeb 
+ 2r ec + ete., (17) 


where, in the subscript numbers, 1 denotes e, 2 denotes f, 


" 
etc., and po" etc. 


Qe 

The **tasinomie ? quartic is formed bv writing x? for e, 
y? for f, etc., in the expression for 2V, and the ** orthotatic ” 
ellipsoid is derived in the same way from the invariant 
P+Q+R. 

These two surfaces are thus explained by the method 
of this paper. The other ellipsoid, named “ heterotatic,” 
is explained in a different manner. 

The equation given for this surface is 


(X4 — Ms)? F (X55 — Mia y? + (Ass — Ayo) x” 
+2 (Mia — Ase) yz + 2 (Ans — Ase )o” + 2 Age—= Ags ey =1. (18) 


* I cannot give the references. I think they are to be found in 
Todhunter's * History of Elasticity.’ 
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The explanation is tliat, in accordance with (9), 
Qu—33) (a? —4fg) + (Ass — M3) (b! — 4eg) 
+ (Neg — Ma) (c — 4ef ) + 2(Ai4g— Ase) (2ae — be) 
+ 2(Aes— Ags) (2bf—ac) + 2(Age—Ays)(2Zeg—ab) (19) 


is an invariant expression, and is an essential part of 2V. 
It is, in fact, that part of 2V, as expressed in (17), which 
I have denoted by A, in (15), and which certainly appears 
in the simple case of isotropy in (16). 

The reduction of the number of constants is not to be 
found by making the coefficients in (18) and (19) null. 


Kirkland, Newbiggin, 
Carlisle. 


LII. Zntensity Variations in the Spectrum of Neon. By 
Mary R. JouxsoN, M.Sc., and R. C. Jounson, B.A., 
Ph.D., Department of Physics, Queen's University, Belfast *. 


(Plate X.) 


Introduction, 


OMPARATIVELY little experimental work has been 
C done in connexion with the distribution of intensity in 
line spectra and the variations which can be produced under 
different conditions. The reason for this is probably to be 
found in the absence, until very recently, of any theoretical 
work which might serve as a basis for the interpretation of 
the results, and perhaps also in the absence of precision 
methods at all comparable in accuracy with those available 
for the measurement of wave-lengths. Of the various ex- 
perimental devices for measuring the intensities of spectral 
lines, those which are based on the use of a thermopile and 
galvanometer are subject to the serious difficulties involved 
in maintaining a source of light constant in output over a 
considerable time. Photographic methods, on the other 
hand, while involving the peculiarities of the photographic 
plate, provide a simultaneous record of the whole of the lines 
in a spectrum under identical conditions of production. 

One simple mode of procedure consists in the use of a 
neutral tinted wedge of absorbing material mounted in front 
of the slit of a spectrograph. This reduces the photographea 


* Communicated by the Authors. 


Phil. Mag. S. T. Vol. 2. No. 9. Sept. 1926. 2Q 
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spectrum to a number of wedge-shaped lines of various 
lengths, and these lengths can be simply related to their 
* photographic" intensities. The theory of the neutral 
wedge has been largely developed by Merton and Nicholson *, 
and was applied by them to a study of the line spectrum of 
helium under various conditions. 

Another method is described by Ornsteinf which consists in 
passing the light through a series of parallel strips of absorbing 
material of different densities before focussing on the slit of the 
olan ud This would really be equivalent to an echelon- 
shaped * wedge" of absorbing material in front of the slit. 
What isthen measured is not the length of the spectrum line, 
but (by means of a registering micro-photometer) the density 
of the various elements composing it. A graphical method is 
then used to determine the photographic intensity of one line 
compared with another. In both these methods it is neces- 
sary to determine the variation with wave-length of the 
absorbing power of the strips (or the wedge), in order to 
render possible the Soa of spectral lines differing 
appreciably in wave-length. 

In connexion with multiple spectral lines Ornstein and his 
co-workers have been able to show that the intensity ratios 
of the components are a well-defined specific property of the 
emitting atom,—independent of exciting conditions, —and 
they have framed general rules for the formulation of these 
results. These rules are applicable also to the Zeeman- 
patterns of lines, and they have a straightforward inter- 
pretation on the basis of the Quantum Theory. 

There is, as yet, however, no theoretical or empirical formu- 
lation of the energy distribution in a line series or spectrum. 
There are indeed many serious difficulties in the way of any 
attempt to formulate such a theory on the basis of experi- 
mental work. These difficulties arise from the numerous 
factors: type of discharge, current density, pressure of gas, 
presence of other gases, etc., which are all capable of modi- 
fying to some extent the “normal” intensity distribution. 
With this in view Hughes and Lowe f have investigated the 
line spectra of hydrogen and of helium as far as possible as 
a function of one variable, viz., the energy of impact of the 
exciting electrons. They found that a curve expressing the 
variation of intensity with the energy of the exciting electron 


* Phil. Trans. A. vol. cexvi. p. 459; vol. ccxvii. p. 237 ; vol. cexx. 
. 137. 
n t Proc. Phvs. Soc. of London, vol. xxxvii. (5) p. 334 (1925). 
t Phys. Rev. vol. xxi. p. 202 (1923); Proc. Roy. Soc. A. vol. civ. 
p. 490 (1923). 


Intensity Variations in the Spectrum of Neon. 595 


was characteristic in its general form of a particular series ; 
but even under these simple conditions there is no siinple law 
apparent which could be formulated mathematically. The 
whole question of the intensity distribution in a line spectrum 
is therefore very complex, and for the present it would 
scurcely seem possible to do more than collect and compare 
data in the cases of some simple gases. 

The present investigation comprises a systematic record of 
the variations occurring in the spectrum of Neon. It was 
suggested originally by the exceptional variations of intensity 
of the line X 5852, which had been observed visually during 
the course ot some work on the effects of Neon on the spectra 
of other substances with which it was mixed. The very 
conspicuous variations of this line led us to consider the 
desirability of an extensive investigation of the Neon 
spectrum, in the hope that if such effects occurred in this 
case in an exagverated form we might be able to correlate 
them to the series classification of Paschen *, and deduce 
some very general rules. 

We have followed the experimental procedure of Merton 
and Nicholson and used a neutral tinted wedgo throughout 
the work. We have also converted all our photographic 
intensities to absolute values by comparison with the radiation 
from the positive crater of the carbon arc (taken as black 
body radiation at an absolute temperature of 3750 degrees), 
Following the method of these investigators in 1917. These 
absolute values have in each case been referred for con- 
venience to that of X6402 as 100°0. Successive tables 
record the effects of current-density, condensed and ** bulb ” 
discharge, high and low pressure, admixture of hydrogen, 
argon, helium, and carbon dioxide, and the intensity dis- 
tribution as a function of the distance from a flat cathode. 

The whole of the results recorded in the present paper are 
for the visible spectrum only. It was originally intended to 
obtain a complete record for the ultra-violet also, by the use 
of a platinum wedge deposited on quartz as recommended 
recently by Merton f. A number of other things have so 
far prevented this, but it was felt desirable to record the 
fairly extensive work on the variations of the visible spec- 
trum of Neon, deferring full discussion till they can be 
supplemented. 

Reference to Paschen's papers shows that all the strong 
lines in the red, orange, and yellow (which constitute almost 
all the lines which could be photographed through the wedge 

* Ann. der Phys. vol. |x. p. 405 (1919) : vol. 1xiii. p. 201 (1920). 

T Proc. Roy. Soc. A. vol. cvi. p. 378 (1924). 
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used) are the first members of different principal series. 
The second and higher members are mostly below A 3700. 
With the ordinary discharge and normal exposures only two 
diffuse lines and one sharp line appeared, and these were 
comparatively faint. Itis therefore clearly impossible with 
the present data to discuss the intensity distribution along 
a series, or satisfactorily to compare the principal and 
subordinate series together. This must be reserved till ultra- 
violet measurements are available. In the present paper 
discussion is therefore chiefly limited to a comparison of the 
various principal series among themselves (as typified by 
their first members). For this purpose we have grouped 
together the various principal series having a common final 


term: 1°5s9, 1°583, 1:5s,, 1°5s5, ote., and this arrangement has 
been adhered to throughout the various tables. 


Experimental Detail. 
The glass wedge employed was supplied by Messrs. Adam 


Hilger. The processes of calibration, i.e. the determination 
of the density gradient as a function of wave-length, were 
essentially the same as those described by Merton (loc. cit.). 
We have found that a tube filled with helium, when excited 
by an induction coil which was supplied with current from 
storage cells, is a reasonably constant source of light. For 
the process of reducing the light in a known ratio we have 
used copper foil perforated with cireular holes by a punch. 
The optical density of these could be relied on to a high 
degree of accuracy. We found it convenient to use two such 
plates in the calibration of the neutral wedge (optical 
densities 04845 and 0°8216) for the weaker and stronger 
lines repectively. The * photographic" intensity of a line 
is related to the optical density of the wedge (d,), its height 


(h) on the plate, and the magnification (m) of the spectro- 
graph by the formula: 


, 


dh 
I 2 -1 6M, 
(Photo) = logo Ha 
This expression, of course, does not take into account the 
varying sensitivity of the photographic plate with wave- 
length. The conversion of photographic intensities to absolute 
values was done by multiplying by the factor 


[ Absolute Intensity of Carhon are | 
Photographic Intensity of Carbon arceJy’ 


where the positive crater of the carbon arc was recorded on 
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the same plate, and its photographic intensities were deduced 
from measurements of “ A? for various wave-lengths. As 
already mentioned, the absolute radiation for a given wave- 
length was calculated from the formula of Wien :— 


_ 1445 
— > ~5" l 
Tavs. =A e 37500 


taking the value for X2 3888 . 107? cm. arbitrarily as unity 
(as suggested by Merton). The values were, of course, 
corrected for the dispersion of the spectrograph. 

We found it possible to measure the heights of lines 
directly from the negatives taken. We used Ilford Rapid 
Process plates throughout, and “cut” these slightly with 
potassium ferricyanide so as to give a very sharp end point. 

The effect of irradiation, which is large for the strong 
lines, was eliminated by arranging that the cross-wire of the 
measuring micrometer ran from the base of one very weak 
line to the base of another, in both of which the effect was 
apparently negligible. Allowing for these things any error 
in “A” is probably less than one per cent. for most lines. 
Assuming tbe process of “cutting” a subtractive one, as 
seems reasonable, the degree of cutting is immaterial so long as 
the wedge spectrum in question and the spectrum of which 
the absolute intensities are known are taken on the same 
plate, and therefore have the same subsequent treatment. 


For 


10 ^" Me 
0774-2 daha 


10 ^» 10 * 


where z- amount cut off each line. 

It is not, however, permissible to use the photographic 
intensities of the carbon arc from one plate in order to 
deduce the absolute intensities of the lines on another, even 
if taken from the same batch. For if 4,=original height 
of a line of wave-length X and h,=the corresponding height 
in the carbon arc, while «x is the height cut off from the first 
and y from the second: 


d d 25, 

io a “Ae y) 10^? 1 
wu — 10 " d 

~ -A 2-9) ELIT 
10 ™ "10 * 


so that the absolute value of the line in question is in error 


dy 
by the factor 10 x"? As all the lines are referred to 
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some particular one, as 100 say, this error would be elimi- 
nated, but for the factor varying with 4, through the 
spectrum, e. g. with the particular wedge used and assuming 
z—y=} mm. say, the factor is 1:268 at X 6717 and 1:481 
at X 4340. 

The absolute values of the Neon lines in Table I. were 
deduced from a good plate on which the positive crater of 
the carbon arc was photographed in addition to the Neon 


TABLE I. 


Photographic and Absolute Intensities of Neon Lines. 
(Uncondensed Discharge.) 


Abs./ Neon. | | i 
| Neon. Series, 
Photo. Photo. | Ay. Int. 


i | 
Ware- | Abs. Int., Photo. Int, 
of C.arc. Int. 


length. of C. arc., of C. arc. 


7945 | 55°90 | 6557* 18:63 | O55 | RAB — lós,—?3p, 
7174 — 54:09 lr00* — 4:88 042 | 37-0 Lös, — 2p, 
7032 | 5040 31-65" 41:59 | +45 11272. b5s—2pq 
6929 | 47-75 6673 (0715 | 6:29 | R09 1:5s,— 3p, 
6717 ` 4234 | 2108 0901 | 1255 | 454 13, — 35, 
6678 | 4133 | 2541 0:163 2014 . 501 l-5s, — 7p, 
6599 ' 39:38 | 357-6 0:110 | 17:70 | 350 | 1s, -2p, 
6533 | 87-74 | 4492 00840 | 18:09 ^ 273 | L5s—2Jy. 
6506 . 3707 | 4897 00757 4516 61-4 15s, —2p, 
6402 346029 | 6224 Q'0556 '1000 — 1000  ; LAs, —2po 
6383 ` 3419 | 6314 00542 j 4837 | 472 | lós-2p. | 
6334 — 3302 | 6636 00498 ; 4624 | 4l4  ; 158,—2p, 
6305 ' 3234 | 682-2 00474 | 9006 | 171 làós,—2p, : 
6266 ^ 31:5 | 7104 00430 | 2862 | 226  . L5s—?p, 
6217 ' 3034 | 651-0 0-0466 | 1735 | 14:5. o L5s,—2p. 
6182 ; 29:38 | 6801 00432 , 1020| 079 Jp,—93 5s, 
6164 2916 | 694-9 00420 — 1934 | 146  ' Ls —*?p, 
6143 2869 | 7142 00402 — 47:69 | 345 ]:5s,— 2p 


6096 . 2768 | 7228 00383 | 34:99 | 241 Ls —7p, 
6074 ' 2720 | 6879  |00395 | vT23 — 194  — lós-2y, 


6030 | 26:16 645:5 0:040» | O82 `> 7:16 1:55,— 2p, 
5902], 2522,, 5857 (0431), 058); | 2p, —4d, ^ 
5988 | 25:92 1 part | 00431 ?' Q58], O45) p,—4d,; 
5975 | 25:10 | 551:5 (04500 | 806 652 LAs, —2p, 
5945 | 2447 | 5333 |0059 ' 2331 . 192 | là«—?p. 
5009 , 99:61 | 4742 — |OO41D | 144 | L07 | 2p,—355, 
bua | 2317 | 4448 — |00521 | 1329 ^ 124 | L5s,--2p, 
5852 | 2262 | 4155 — [00544 | 41730 409 | lÓs-2y. 
5820 | 2198 | 3758 [00585 | Loe , 112 ! 2p —4d, 


5804 , 2166 358» 00604 | O44 | 048 2p — 4d, 
ATGA | 9U8B | BIT U'0HoR | 1-49 1:76 2p,— 4d, 
h74R | 9056 | 2009 MORI | Q41 O5I 2p,— 4d, 
5401 14:46 1484 0:0074 004 1-65 Las, 2p, 
5343 | Tien 1283) 0106) dd Den ^ 9p,4—4d, 1 
5341] 1354: 1283; [O16 f | 056 1:06 [| 2p, —4d, | 
5331 13336 | 1247 — |010; '! 030 096 | 2p, —4d, 

| | 


* Becoming inaccurate owing to the insensitivity of the plate. 
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wedge-spectrum. By “ordinary " Neon spectrum is meant 
the light from a Pliicker type of capillary tube of about 
1 mm. bore, filled with gas to a pressure corresponding to 
1 mm. dark space. 

Table II. shows the effect of different types of discharge 
on the “ordinary " Neon spectrum. By * bulb" discharge 
is meant the light from the wide bulb part of the tube when 
a very mild condensed discharge was passed. 


TABLE II. 


Comparison of Absolute Intensities in Ordinary, Bulb, 
and Condensed Discharges. 


— —— —M —— MÀ ——— zs c. 


. 2 t | 
Series. n Wave- P. | (a). | (b). | (c). | bja. | cja. | o/b. 


' length. 


6402 | 20:100 100 100 | 100| 100 


lós,—2p, | 9| 1:00 
8' 6334 | 10; 41-4 | 5€8 | 609 | 142| 1-47 | 101 

716217, 15 | 145 | 986 | 328 | 1-97 | 226 | 115 

6 | 6143, 12 | 34:5 | 529 | 64:5 | 153| 187 | 122 

5 5977 | 12| 652196 | 20-4 | 301 | 313 | 104 

4 | 5045 | 10 | 19:2 | 428 | 447 | 223 | 233 | 1-04 

2 | 5881 | 20 | 125 | 285 | 390 | 2-28! 312 | 1:87 

153,-2p, | 8 | 6506 | 15 | 61-4 | 82:3 | 87-2 | 1:34] 1-42 | 1:06 
7 6383 | 12 | 472 | 656 | 802 | 1:39 | 1-70 | 1:22 

6 | 6305 | 6171 | 356 | 390 | 908 | 2-28 | 1-09 

4 | 6096 | 8| 241 | 453 |559 | 188 | 2°32 | 1-23 

3 | 6074 | 10 | 194 , 324 | 456 | 167 | 235 | 141 

2 | 6030 | 10 | 716| 175 | J38 | 244 | 3:32 | 136 

l5s,—2p, | 10 | 7082 | 10/127 [201 146 | 158! 1-15 | 0:726 

7 | 6533! 6 | 27-3 | 489 | 557 | 179 | 204 | Ll4 

5 | 6266 | 15 | 226 | 386 | 509 | 171 | 225 | 1-32 

2 | 6164 | 12 | 146 | 283 | 426 | 1:94 | 292 | 1:50 

t 

158,—2p, | 6| 6929 10 | 809 [124 '127 | 153| L57 102 

56717 ' 2? 454 |735 | 849 | 162| 187 | 115 

4 6678, 9|591 | 869 101 | 147 | 171! 116 

2,6599 15,350 | 571 |763 | 163| 218 | 1:34 

1,5852 50 | 409 | 64-2 | 658 | 1:57 | r61 102 

2p,—3554 | — | 5902' 6! 107| 462! 3:79! 4:32 | 3:54 , 0820 
95»,—4d | — | 5820 10] 112| 500! 381] 4:46 | 3-40 | 0-762 
| 2p ad, | = | S764 15| 176| 776 593, 441 | 337 0704 

| 


P= Intensity according to Paschen. 
a= Intensity of ordinary discharge. - 
b= Intensity of bulb discharge. 

c= Intensity of condensed discharge. 


It will be noted that the various principal series of any 
one group diminish in intensity with diminishing wave- 


length. 
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The bulb discharge enhances all the principal series, the 
degree of enhancement in any one group increasing wit 
diminishing wave-length. The same effect is apparent with 


the condensed discharge, e.g. the s, and s, groups show it 
without exception. The effect c/b is, however, much less 
than b/a. 


These facts account for the intense yellow colour of the 
light from Neon tubes excited by the condensed discharge, 
in contrast with the deep orange colour under normal 
excitation. 

A few lines show anomalous variations, usually in both 
the condensed and bulb discharges (if at all). A 5975, which 
is very weak ordinarily, shows exceptional enhancement 
under these conditions. The intensity of > 6143 appears to 
vary in such a way as to compensate that of its neighbour 
5975. The line A 6305 is unduly weak in the condensed 
discharge, while 15852, a yellow line which shows many 
notable variations—as will be seen later—is enhanced to 
the average extent by a bulb discharge, but left unchanged 
by a condensed discharge. There are two diffuse lines and 
one sharp line (a quartet) recorded under all the conditions 
of excitation. The effect of a bulb discharge on these is a 
very strong enhancement,—over fourfold,—and of a different 
order to that of the principal lines. In further contrast to 
the latter the condensed discharge then reduces the degree of 
enhancement. The two diffuse series show almost identical 
behaviour in this respect, though—as in the case of helium— 
the effect may only be a reduction of the central intensities, 
and not of the energy content of the lines, which are probably 
brcadened. ‘The effects of the bulb and condensed dis- 
charges would therefore be sufficiently different to distinguish 
the subsidiary series from the principal series of a spectrum. 

Table III. shows the influence of high pressure (25 mm.) 
on the development. Referred to the usual standard of 100 
for X 6402, most of the lines are enlianced (vide b/a column), 
although a few in the yellow are reduced. The regularity 
is somewhat broken, but there is a tendency for the less 
refrangible series of a group to exhibit the greater enhance- 
ment (vide the 1'5s,—2p, group). This accounts for the 
deeper orange colour of the high pressure tubes. 

Correlating the c/b column of Table III. with the c/a 
column of Table II., we have a comparison of the behaviour 
of the condensed discharge under different conditions of 
pressure. It is true that the intensity of the condensed dis- 
charge cannot be reproduced in successive experiments, and 
that therefore the broadening of the lines may be different 
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and the central intensities alter as a consequence. Indeed, 
with the 25 mm. tube the condensed discharge was probably 
milder, and therefore for the same energy content of a line 
the central intensity should be more pronounced. It will be 
seen, however, from the respective columns of Tables II. and 
III., that without exception the enhancement due to the con- 
densed discharge is less at high pressure than at low pressure 
for the s5, s,, and s groups. In the s, group the intensities 
are comparable and show an enhancement in some cases. 
Possibly this is accounted for by the above facts. 


TABLE III. 

Influence of Pressure (Absolute Intensities). 
ME MCI ee TEE NE NAE 
Series. n". length: | (a). | (5). | (9. | bja. | cja. | cjb. 

L5s—2p, | 9 | 6402 100 {100 |100 ; 1000| 1-000} 1-000 
8 | 6334 | 41-4 | 426 | 502 | 1-029) 1-212) 1178 

7 | 62171145 | 167 | 25-1 1152| 1-731} 1:508. 

6.6143 | 34:5 | 44-8 | 528. 1-229] 1:529| 1-177! 

5 | 6975 | 652| 589| 17-1 0903| 2623| 2-903 

4 | 5945 | 192 | 19:2 | 353 ; 1-000| 1:836 | 1-836 

2 | 5882 1125 | 125 | 308 , L000 | 2:464 | 2:464 

| 

1 58,—2p, | 6506 | 61-4 | 679 | 850 | 1106] 1:384 | 1:252 
| 6383 | 42 | 673 | 71:3 | 1426 | 1:511 | 1-059 

| 6305 | 17-1 | 158 | 268 | 0924 | 1:567| 1-696 

6096 | 24:1 | 9&3 | 41:5 | 1:174 | 1722 | 1:466 

| 9:4 | 183 | 341 | 0943| 1:758 | 1-863 


Wc KANO (KbDOoOel2z-12) t 


| 6266 | 226 | 29:4 | 409 | 1:301 | 1-810 | 1:391 
| 6163 | 14:6 | 163 | 23:3 | 1-116] 1:596 | 1:429 
1-58, — 2p, 6929 | 809 | 994 |177 | 1154( 2188 | 1:895 
: 6717 | 44 | 586 |114 | L-291| 2:511| 1:945 
| 6678 | 59:1 | 757 |134 | 1281] 2267 1-770 
| 6599 | 350 | 44:8 | 98:2 | 1-280} 2663} 2:080 
| 5852 | 409 | 193 | 55:11 | 0472! 1347| 2:855 
| 
2p,—3-5s, | — | 5902 | 107; — | — | — — i 
| 2p—4d, | — | 5820| 192: — | — |— !-]— 


e e e o — M — — -——-— ——— — oe — ——  — ee 


a=Capillary tube—Ordinary uncondensed discharge. 
b= Capillary tube— Uncondensed discharge--25 min. pressure. 
cz: Capillary tube— Mild condensed discharge—25 mm. pressure. 
As before, A 5975 is a line of exceptional variation, being 
reduced in intensity at high pressure, hut showing exceptional 
enhancement in the condensed discharge. The compensating 
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behaviour of X 6143 is again apparent. AA 6305, 6074 show 
a slight reduction in high pressure, which, however, is 
obscured by the condensed discharge. 25852 again shows 
large variations, being reduced to 0:472 of its value by high 
Wie The condensed discharge, although enhancing it 

y the large factor 2:85, leaves it still of exceptionally low 
intensity as compared with its neighbours in the group. It 
will be seen later that X 5852 is essentially a “ low pressure" 
line. As at “ordinary” pressure, so at high pressure the 
condensed discharge displaces the energy towards the more 
refrangible principal series of a group. 

The lines X 5902 (sharp), and XX 5820 and 5764 (diffuse) 
do not appear at high pressure, even on some comparatively 
strong plates (either with uncondensed or condensed dis- 
charges). "Though it would be unwise to generalize on so 
small a basis, it is possible, therefore, that high pressure tends 
to throw the energy into the principal series at the expense 
of the subsidiary series. 

From the bja column of Table IV. it is clear that the effect 
of low current density (such as would obtain in a tube of 
15 mm. bore compared with a capillary bore of 1 mm.) is to 
displace the energy to the less refrangible principal series of 
any group. With slight irregularities this is noticeable in 
the ss, s,, and s; groups, and it is the reason for the pro- 
nounced red colour of pure Neon in wide bore discharge 
tubes. The effect apparently reverses in the s, group, the 
reversal being similar to that previouslv recorded in con- 
nexion with Table IIT., in which the displacement of energy 
to the more refrangible side by the condensed discharge was 
compared at different pressures. 

The general effect of very low pressure (vide column c/b) 
is to displace the energy towards the more refrangible series 
in any group: the opposite effect of very high pressure. 

The lines AA 61423, 5975, as before, show anomalous varia- 
tions under low current density, the former being reduced 
by comparatively little, and the latter by too much, while 
low pressure has no notable effect. X 5852 is tremendously 
reduced in intensity by low current density, and equally 
notably enhanced at very low pressure. Under the latter 
condition it becomes the dominating line in the spectrum, 
much as the green line X 5015 of helium behaves under 
similar circumstances. It is perhaps noteworthy that A 5015 
is a member of the principal series of singlets of helium. 

The two diffuse lines AX 5820, 5764, of which we saw no 


sign under conditions of high pressure (ride Table IV.), are 
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notably enhanced at very low pressure—viz., by the factors 


6°88, 5:35. The sharp line A 5902 does not appear. 


The low pressure photograph gave the following three 


lines of helium and two of hydrogen with the app 


roximate 


intensities indicated :—AA 5015, (51); 4713, (15); 4471, (13); 
6563, (65); 4861, (11). These gases could only have been 


present, however, in very small proportions. 


TABLE IV. 

Effect of Very Low Pressure and Current Density, 
Series n | Ware- (a) FOL, (c) bja c/a c/b | 
. " length. ° , e " j js ? | 
ee  )  |§ | |__| 
lós—2p, | 9 6402 1 100 (100 | 1-000} 1-000. 1000! 
8 63834, 44 1 249 | 524 | (601 | 1-266) 2:104 , 

7,677 14à | 513, 140 | 0-354] 0-966! 2-729 
6 6143 | 34:5 | 23-9 | 51-6 | 0-693) 1496) 2159. 
5 | 5975! 652, - | 946) — | L451) — | 
4,5945 192 ' 666, 27-9 | 0347! 1453, 41891 
2 | 5882 , 125 , 46,263 | 0397 2096 5-282. 

1-55—2p, | 8 | 6506 lera ‘za [I3] | 1228! 1-971! 1605 
7 | 6383) 472 44:8 | 626 | 0-949! 1:345. 1397| 
6 Í 6305 | 17-1 | 635, 172 | 0371] 1:006, 2-709 | 
4 6096 | 241 ' 9:99) 431 | 0415] 1-788. 4314. 
3 | 6074 | 194 | 673, 32:2 d 1:660 4785! 
2 | 6030 716 260; 102 | 0-263 Dem 3923: 

l5s—2p, | 10 | 7032 197 — 235 = T — i| -— 
7 | 6533 973 221 | 293 | 0810 1-073 | 1:326: 
5 | 6266 | 226 109 | 28:3 | 0482| 1:252. 2-596 
2 | 6163 146 | 531| 194 | 0364| 1329, 3:653, 
| | 
15s,—2p, | 6| 6920, 80-9 563 |156 T 1928. 2771 
5| 6717 | 454 | 281 | 876 | 0619 1-819 29:940 | 
4 | 6678 | 59-1 | 406 136 | (6871 2301 3:350. 
2 | 6599 | 350 ; 24:8 | 63:4 | 0709| 1-811 2-556 | 
1 | 5852 | 40:9 | 441173 | 0108 | 4:230 39-23 | 

| s 

95,3554 | — | 5902 | 107 — , — | — |— — | 
2p,—4d, | — | 5820 | 112) ~- | 686) — 613, — | 
2p, — 4d, 5764 | 176! — | 825| — |469 | — , 
: I PEN 


a — Capillery tube—Ordinary discharge—about 1 inm. pressure. 


b= Wide bore tube—25 mm. pressure. 
c= Wide bore tube—Very low pressure. 


* This tube unfortunately contained a trace of carbon, which may have 
superposed a specific effect. on that due to high pressure Neon in a wide bore 


tu 
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TABLE V. 


Effect of Admixture of Hydrogen. 


| | 
Series. n. length. (a). | (6) | (c). | bja. | c/a | cjb. 
L5s—2p, 9 402 100 100 100 | 1-000. 1000| 1-000 
8 | 6334 | 41-4 | 493 | 262 | 1-046 0:634 | 0:606 
7 | 6217 | 145 | 136 | 21| 0-938 0:359 | 0:383 
6 | 6143 | 345 | 350 | 403 | LUl4 1181| 1-165! 
5 | 5975 2 626| 445| 0:960. 0683, 0711: 
4| 5945 ! 19:2 | 195 | 172 | 1016 0897 | 0-883 
2 2) 125 | 114 | 107 | 0912 0855| 0938 
L:55—2p, 10 | 7245 | 813 | 579 | — |oes7, — | — | 
8 | 6006 | 614 | 592 | 61-5 | 0966' LOOL| 1037 | 
7 | 6353 | 112 | 498 | 355 | 1055 0-752 0712! 
66305, ITL | 179 , 913| 1-047 | 0534] 0:510 | 
4 | 6096 | 211 | 23:2 , 954 | 0963, 1:052 | 1-093 | 
| | 3| 6074 194 | 195 | 170 | 1-007! 0'877 | 0'871 
| 2| 6030 | 7:16) 706| 512| 0986' 0-715) 0725 
5400) L65) 072| — 0438; — | — 
| | 
—L554—2p, | 10 | 70324127 1938 | — |0737, — | — 
| T | 6533 | 203 | 267 | 284 | 0-987 0858 | 0:878 
| § | 6266 | 226 | 243 | 186 | 1-075 0823, 0766 
| 2 oe 146 | 160 | 110 | 1-096, 07755 | 0689 
| 
155,—2p, | 6 | 6929 | 809 | GOS | 668 | 0-748 | 0-825 | 1-104 
| 5 | 6717 | 454 | 365 | 326 | 0-804! 0719 | 0894 
4 | 6678 | 591 | 495 | 57-0 | 0838. 0965| 1:152 
-2 | 6599 ' 350 | 295 | 319 | 0843, 0911| LORI 
1 | 5852 409 |383 26 |0936, 3076| 3285. 
9p, — 3°58, p e182 | o79| ves) — lossil — | — 
Jp, 3'58, |= BW ro raj — jiasi — | — 
2p —4 4 | oe 5 l " 40 i E "HU NAAA 
2p — 4d. mE 045| 0-42 0:933 | 
9p,—4d, | — | 5820 1:12) 109| — |0973! — | — 
2p, —4d, a e 176| 162| — |0920 
2p,,—4d. | — 31. = 
one Adi | — | aati J 108} 098 0:830 
9p,,—4d, | — | 5830! 096| 0-73) — | 0-760 
He |- e82 | — | 13769 | — 
Hg — | 4861 | — — — 
Hy |—|4M40| — | — jere | — 
Hs | 402] — | — | 753) — 


a= Pure Neon. 
b=Neon with a trace of hydrogen. 
c= Neon with a quantity of hydrogen. 


The data of Table V. were obtained by admitting hydrogen 
through a palladium regulator into the Plücker tube con- 
taining “ordinary” low pressure Neon. The admixture of 
a trace of hydrogen produces comparatively little alteration. 
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It is probably true to say that within the limits of experi- 
mental error the effect is negligible on the s; and s, groups, 
with a tendency to displace the energy to the more refran- 
gible series in the s; and s; groups. A quantity of hydrogen 
affects a general reduction of intensity, but there is no 
apparent regularity. The c/b and c/a columns show that the 
reduction is different for the different lines. The greater 
part of the light emission in case (c) arises from the Balmer 
Series: the photographic intensities o£ the recorded Neon 
lines were all comparatively small. The behaviour of X 5852 
is again notable. A quantity of hydrogen affects a three- 
fold enhancement of this line, in striking contrast to the 
other lines of Neon. 

Column (^) of Table VI. exhibits some noteworthy changes. 
The very considerable intensity reduction of all the lines is 
at once apparent. This accords naturally with the fact that 
they disappear completely for greater proportions of argon. 
The reduction, however, is not uniform, but exhibits a pro- 
nounced intensity displacement towards the red end in each 
group. This of course may be due either to the high pressure 
together with the low current density consequent upon using 
a wide bore tube, or to the specific action of argon, or to 
hoth of these causes. A comparison with the b/a column of 
Table IV. (which is reproduced in Table VI.) shows that 
with the possible exception of the s; group the former cause 
accounts for the whole of this. Column c/a shows, with some 
fluctuations, an energy displacement towards the shorter 
wave-lengths. There are, however, five factors concerned 
in this intensity distribution: mild condensed discharge 
conditions, low current density, high pressure of gas, the 
presence of a little hydrogen, and the presence of a trace of 
argon. We proceed to attach weight to these in comparison 
with results already obtained. 

Comparison with the b/a and c/a columns of Table II. shows 
a satisfactory correspondence throughout the s, and s, groups, 
the intensities in question being intermediate between these 
values. In the s; and s3 groups the discharge conditions 
cannot account wholly for the intensities, which arein general 
greater than those of Table II. Consider now the c/a column 
of Table ITI., which includes the same conditions of discharge 
and pressure. Compared with these the intensities of 
Table VI. (column c/a) are uniformly greater and show, 
particularly in the s; and sz groups, evidence of an additional 
energy displacement to the shorter wave-lengths. The effect 
of low current density (vide the b'/a column) is the reverse 
of this. There remain the effects of hydrogen and argon 
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TABLE VI. 


Trace of Argon in 25 mm. Neon (wide bore). 


i | 
| . 
| Series. 5". Mine (a). | (8). | (e). | b’/a. | bja. | c/a. | 
| 15s—92p, | 9 | 6402 [100 [100 {100 1! 1-000] L000| 1-000: 
| 8 | 6334 | 41-4 | 20:0 | 564 | 0-601 | 0483, 1:362: 
7 | 6217 | 145 | — | 201 | 0354| — | 2-008: 
6 | 6143 | 345 | 172 | 59-4 | 0-693} 0:497 | 1-722 
5 | 5975 | 652| — | 203 | — | — | 3117 
4 | 5045 | 192 | 532| 45-1 | 0347 | 0-277 | 2:349 
2 | 5882 | 125 | — | 326 | 0397] — | 20908 
1:5s,—2p, | 10 | 7245 | 843 | — {185 — | — | 2:190 
8 | 6506 | 61-4 | 388 | 84-8 | 1228| 0632| 1:381 
7 | 6383 | 472 | 34:5 | 77-6 | 0:949| 0-731 | 1-645 
6 | 6305 | 171 | — | 309 | 0371| — |1806 
5/6128; — | — | 970 — | — | — 
4.606096 | 241 | 860| 472 | 0415| 0357 | 1-957 
3 | 6074 | 194 | 582| 382 | 0347 | 0300| 1:971 
2 | 6030 | 7T16| — |214 | 0363| — | 2983 
1 | 5400! 165| — | 543| — | — | $291 
l5s—2p4 | 10 | 7032 127 — |254 (|1850| — |1998 
7 | 6533 | 273 | 189 | 66:9 | 0:810, 0:693] 2:449 
5 | 6266 | 226 | 9:63| 509 | 0482 | 0-426 | 2:253 
2 | 6163 | 146 | 412|367 | 0-364] 0-282] 2-514 
Lós—9p. | 6 | 6929! 809 | — [162 | 0-696} — | 2-000 
5| 6717 454 | — {115 | 0619) — | 2-524 
4 | 6678 591 | 490 |138 | 0-687! 0-829] 2-333 
2 | 6599 , 350 | 221 | 88:6 | 0-709! 0-630] 2:530 
115852 409 | — | 94-2 | 0108, — |2304 
— | 6182. 079| — | 2235 2-848 
— ! 5902| 107| — | 514| — | — | 4804 
— | 5991 , E 
ae prec dad — | 241| — | — |5356 
— | 5820 0 112, — | 501| — | — | 4473 
— | 5804' 048! -— | 197| — | — | 4104 
— | Amt: 176, — | 839| — | — | 4-767 
— 6748 , OSL] — 233|] — — | 4:569 
2) FOBT 1 | eee SG) eJ: 
— | 5343 
— |a | 1:06; — 598| — — | 5:649 
— 5331; 096] — | 536| — | — | 5-583 
— | 4710 | a 
— 4709 ie — 0:07 — — a 
—| 4704 — | — | os| — | — | — | 


a = Pure Neon—Capillary tube—Ordinary discharge. 

b — Trace of argon in 25 mm. Neon— Wide bore tube— Uucondensed discharge. 

Mild condensed dise 
charge. 


b' = Pure Neon - Wide bore tube—25 mm. pressure (Table IV.). 


c= m » » 
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admixture to account for the observed values. Taking the 
case of the ss group, which is critical, Table V. shows us that 
while a trace of hydrogen (H,—1:37) gives an intensity 
displacement to the shorter wave-lengths, a large quantity 
(Ha = 691) reverses this. It is a matter of opinion which 
of these extremes the present case (H,=12-95) resembles 
the more closely, and upon the discrimination depends the 
estimation of the effect of a trace of argon. It is clear 
that much more extensive and accurate work will be 
required to differentiate between the various effects. 

It is perhaps worth mentioning that under the conditions 
of column (b) no argon lines appeared, but with the mild 
condensed discharge of column (c) most of the strongest 
lines of “ red" argon were recorded, together with H, (12:95), 
Hg(5:02), H,(2:04). 

Table VII. records the intensities of Neon lines radiated 
from a trace of Neon mixed with 25 mm. of helium in a wide 
bore tube. The light of the uncondensed discharge is a soft 
red colour, the greater part being due to Neon, although the 
strongest helium lines are visible. A mild condensed dis- 
charge yields a very intense yellow light, a very large number 
of sharp and diffuse lines of Neon now being radiated, to- 
gether with the complete arc spectrum of helium (strongly) 
and a few of the helium bands. In the former case H, has 
a strength of 1:7, in the latter case of 320. It was felt that 
it would serve no useful purpose at present to give under 
the respective columns of Table VII. a complete record of 
these lines. The record has therefore been limited to those 
lines which have been recorded in previous tables. The 
intensities of lines in the extreme red, such as AA 7245 and 
7032 are of course subject to considerable errors owing to 
the comparative insensitivity of the photographic plate in 
that neighbourhood. No useful purpose would seem to be 
served at present by discussing the detail of Table VII., as 
there are numerous exceptions to any rules that can be 
framed. There seems to be a tendency to displacement of 
the energy to the shorter wave-lengths. Among the lines 
of exceptional variation are XX 6217, 6074, 0975, and 
5852. 

The recorded results, however, indicate very considerable 
intensity variations, particularly with the sharp and diffuse 
lines. This is of quite a different order to the effect on the 
principal lines; and it shouid, for example, be possible 
to apply this test of the degree of enhancement in the 
presence of high pressure helium to separate a complex 
spectrum into principal and subsidiary lines. 
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TABLE VII. 


Trace of Neon in 25 mm. Helium. 


Series. | 9 Met (a). — (. | (©). | ba. | c/a. 


| length | 

»e-2p, | 9| 6402 100 — 100 100 | 1000| 1-000 
| 8| 6334 | 414 — 507 , 481 | 1225 1-162 | 
7| 6217 5 | 261 | 276 | 1-800 | 1-903 | 
6| 6143 , 345 | 492 | 430 | 1:426 1246 | 

5| 5975 , 652 150 296 | 2301| 4240 

4| 5945 , 192 ' 241 — 264 | 1355 | 1375 

2| 5882 , 125 | 434* 433" | 3472 |3464 

| | 

L5s-2p. | 10 | 7245 | 843 {35 |320 | 4093 | 37796 
8| 8506 | 61:4 112 | 959 | 1824] 1-562 

7| 6383 | 472 |100 | 912 | 2119 | 1:932 

6| 6305 | 171 , ¿8&4 | 377 | 2246 | 2205 

5| 68 | — | — E = = 

4| 6096 | 241 | 480 | 421 | 1992| 1747 

3| 6074 | 194 | 337 | 272 | 1-737 | 1402 

9| 6030 | 716| 186 | 197 | 2:508 | 2-751 

1|5400 | 165| 198, 435| 0-776 | 2:636 
L5s-2p, |10 | 7032 27 380 fai, | 2992 rel 
| 7| 6523 | 273 | 393 | 743 | 1440 | 2722 

| 5| 6266 | 226 , 399 | 41:5 | 1735! 1836 

| 2 | 6163 | 146 | 411 | 3877 | 2815) 2582 

15s,—-2pn | 6 | 6929 | 809 |145 | 225 M 2-781 
| 5 | 6717 | 454 | 853 | 134 1:879 | 2:952 | 
| 4| 6678 | 591 1110  |432* 1:861 | 77310 | 
| 9. 6599 | 350 | 8&5 |109 | 2:599 | 3114 | 
| 1| 5852 | 409 | 502 |108 1:277 | 2:641 | 
2p, — 35s, | E 6182 | O79 | 132 | 188 |1571 |2380 | 
2p,-95« | — | 5902 | 107| 475 247 | 4439 2308 — 
uer, = Pong |] 045| 346| 980 | 7-680 |2198 | 
op 4d, | — | 5890 | 112| 972| 271 | 8679 |2420 | 
2p,—4d, | — | 5164 | 176 | 170 | 534 | 9660 3U34 | 
2p,-3d, |— | 5343 |] vog | 107 | 302 |1009 |2849 
9p — 4d, | — | 534l | | 
3p, —4d, ,--| 5330 | O90 | 863| 267 | 8990/2781 | 


a— Pure Neon—Capillary tube—Ordinary discharge. 
b=Trace of Neon in 25 mm. helium— Uncondensed discharge. 
Mild condensed diecharge. 


c= ?) . ” 


* Helium line A 5875 superposed. 
t T A 6678 ji 


It is perhaps appropriate to mention here that a noticeable 
intensity change induced by helium in a Neon doublet 
AA 143718, 13595 has been recorded by Lyman and Saunders. 


t ‘Nature,’ vol. cxvi. pe 358 (1925), 
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Ordinarily the more refrangible component is the stronger, 
whereas the reverse is true when the pair are developed in 


high pressure helium. 


TABLE VIII. 
Effect of admixture of CO,. 


Series. | "n. his | c/a. 
— o ES = 
1:55, —2p, | 9 | 6402 1:000 
. 8| 6334 0:892 
7| 6217 0:572 
6 | 6143 1:036 
5| 5y75 1:289 
4 | 5945 1:276 
2, 5882 1:062 
los,—2p, | 10, 7245 — 
8 6506 1:493 
7 | 6383 1:092 
6 | 6305 0:934 
5| 6128 = 
4 | 6096 1:277 
3, 6074 1:268 
| 2| 6030 1-076 
1 5400 — | 
l‘is,-—2p, | 10 | 7032 0:878 
7 | 6533 1:043 
5| 6260 1:105 
2 | 6163 1:051 
l55,—2p, 6 | 6929 17799 
6 | 6717 1:624 
4 | 6678 1:917 
2 | 6599 1:538 
] | 5852 10:00 
2p,—3:5s, | — | 5902 — 0-40 | 3:25 — — 
2p,—4d, | — | 5820 — — 3:67 — — 
2p, — 4d, — | 5764 — 0:59 5:31 — zA 


a=Pure Neon—Capillary tube, 25 mm. pressure—Uncondensed discharge. 
(Table III. (2).) 


b—High pressure Neon and CO,—Capillary tube. 
ex Cathode glow. 


35 3» 3? 


The data of Table VIII. were obtained from a tube con- 
sisting of a bulb having a large flat cathode in it, while a 
capillary portion was Joined on to this bulb. The tube was 
filled with Neon to a pressure of about 25. mm. and possessed 
a side bulb of magnesite, by means of which CO, could be 
admitted as desired. The admission of the latter to a pres- 
sure of some mm. caused the cathode glow to contract to a 
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thin bright yellow layer about 1 mm. in breadth. The 
results of an ‘‘end-on” photograph of this are given in 
column (c), while column (b) gives the light from the 
capillary under these conditions. The outstanding feature 
of the spectrum of the cathode glow is the lineX 5852, which 
has a ten-fold enhancement, and gives the glow its charac- 
teristic bright yellow colour. 
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TABLE IX. 


Intensities at various distances from the Cathode. 


Series. n. pier 0 mm.| 1 mm. | 2 mm.,3 mm, 4 inm. | 6 mm. 

1:5s, — 2pq 9 | 6402 |100 108 113 |121 114 82:0 

8 | 6334 | 220 | 246 3944 | 398 ; 256 20:4 

6 | 6143 | 351 | 367 520, 549 | 383 812 

4 | 5945 | 182 | 167 248 | 230 | 166 12:4 

2 | 5832 | 119 | 103 129 | 155 | 124 5:09* 
1:55s,—2p« 8 | 6506 | 570 | 646 | 91:8 | 102 711 53:9 

7 | 6383 | 31:1 | 279 | 409 | 45°7 | 295 | 223 

5 | 6305 | 820, 464" 108| 112 4:64*,  4-64* 

4 | 6096 | 2274 | 21:3 35:8 | 367 | 266 18:6 

3 | 6074 | 165 | 14:9 216 | 218 | 153 12:2 
l5s,—2p4 | 10 | 7032 199 221 284 (316 1258 137* 

5 | 6266 | 16:5 | 187 262 | 268 | 18:3 13:8 

2 | 6163 | 9°35; 114 148 | 145 | 106 TT 
1:5s, — 2p» 6 | 6929 |205 240 318 {406 1257 190 

5 | 6717 | 462 | 504 771 | 839] 54:2 | 413 

4 | 6678 | 76:8 104 108 | 104 18:1 73:33 

2 | 6599 | 177 | 2233 2416 | 286 | 22:0 10°8* 

1 | 5852 | 86:9 | 101 164 | 184 |112 67:0 


* These lines 


were not visible. 


Tle values tabulated are absolute 
intensities corresponding to a photographic intensity =1 in each case 
(i. e. just visible). 


We have also made a study of the distribution of intensity 
in the spectrum of neon, as a function of the distance from 
a flat cathode, similar to work done by Merton and Nicholson 
(loc.cit.). The pressure of gas was such as to give a dark 
space of about 1 mm. The curves representing the intensity 
of emission as a function of distance are somewhat similar 
for the various lines, though the amplitude variations of the 
curves differ. In most cases the maximum intensity of 
emission was about 2:5 mm. from the cathode. We have 
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not thought it desirable to enter into a fuller discussion of 
these results until similar information for a number of sharp 
and diffuse lines is available. 


November 27th, 1925. 


DESCRIPTION OF PLATE. 


1. Positive crater of the carbon arc with “ordinary " Neon spectrum 
in juxtaposition. 

2. Mild condensed discharge through & trace of Neon in high pressure 
helium. Wide bore tube. (Vide Table VII.) 

3a. Uncondensed discharge through a trace of Neon in high pressure 
helium. Wide bore tube. (Vide Table VII.) 

3b. "Ordinary" Neon spectrum. Plückertube. Capillary bore. Pres- 
sure corresponding to about 1 mm. dark space. 

4a. Ordinary spectrum of pure Neon as above. (Vide Table V.) 

4b. Same as above plus a trace of hydrogen. 

4c. Same as above plus a quantity of hydrogen (say 2 or 3 mm.). 

5a. Ordinary spectrum of pure Neon as above. (Vide Table IV.) 

56. Neon at 25 mm. pressure in wide bore tube. 

5c. Neon at very low pressure in wide bore tube. (Fluorescence of 
glass visible: say about 1/100 mm.) 


LIII. Note on the Structure of Cadmium and Zinc 
Resonance Lines. By Prof. R. W. Woop *. 


[Plate XI.] 


qs structure of the 2536 line of mercury was reported 

in this Journal (vol. i. p 762, 1925), but the other, 
resonance line 1849 has not yet been examined. A possible 
method might be to use an echelon by reflexion, mounting 
the entire apparatus in vacuo. I have examined the 
mercury green line in this way, and found the resolution 
of the companion lines fairly good. Since the publication 
of the paper referred to above I have examined the fine 
structure of the 18-2p, and 1S-2P, the analogous lines 
of cadmium and zinc. 

The source of light in each case was a metallic arc 
in a tube of fused quartz furnished with an anode of 
tungsten wire. The tube was continuously exhausted by 
a mercury-vapour pump during its operation, and the cathode 
bulb, which contained the metal, was immersed in water. 

The fine structure of the lines was photographed with the 


* Communicated by the Author. 
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two quartz Lummer-Gelhrcke plates described in the earlier 
paper, but in this case the plates were employed in succession, 
and not erossed. The structure of the 2536 Hg-line, as 
was shown in the earlier paper, is less complicated than the 
structure figured by Nagaoka, whose photographs were 
complicated by absorption. It consists of five lines of 
nearly equal intensity and almost equidistant. The corre- 
sponding lines of cadmium and zine showed a much simpler 
structure, as was to be expected. 

The fringes formed by the interference plates were 
focussed on the slit of a small quartz spectrograph by 
means of a quartz-fluorite objective of 40 cm. focus. 
The structure of the cadmium lines obtained in this way 
is shown on Plate XI., the photographs being reproduced 
as negatives. Figs. 1 and 2 show the 2288 line obtained 
with the thin and thick Lummer plates respectively. The 
constants of the two plates will be found in the paper 
following the present note. It was at first thought that 
the line might be single, but strongly reversed. This, 
however, is not the case, as the appearance is the same 


with the discharge pressed against the front and back 
wall of the tube by a magnetic field. 


In the latter case 
the absorption is very strong, but the lines are merely 


weakened as a whole, with no trace of reversal down the 
centre, as was the case with the five components of 
Hg 2536. The wave-length separation of the lines was 
computed by Dr. MeNair, who extended the work to the 
other lines of the spectrum. The values found were :000 
and :021 (or —':017). In the case of 3261, which is 
analogous to Hg 2536 (18-254). we have a strong and 
easily reversed line accompanied by a faint companion 
on the short wave-length side: separation ‘000 and —:019. 
Figs. 3 and 5 show the line as given by the thin and 
thick plates, and fig. 5 shows the main liue so strongly 
reversed (by driving the discharge against the back wall) 
that the components of the reversed line are not much 
more intense than the faint companion. In the case of 


zinc 2138°6 18-2P was found to be double, like Cd 2288, 
while 3075:9 18-2p, was single. 
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LIV. The Fine Structure of Certain Lines and Energy Levels 
of Cadmium. By Wa ter A. MacNain, National Re- 


search Fellow *. 
[Plate XII] 


Panr I. 


ECENT attempts have been made to obtain the fine 
structure of the energy levels of certain elements 
from the fine structure of their spectrum lines by Ruark, 
Mohler and Chenault f, by Ruark and Chenault f, and by 
Joos§. It is evident that if anything like a complete 
fine structure energy level diagram of any one element 
is to be constructed the fine structure of many lines of 
that element must be obtained. The work reported here 
is the beginning of an attempt to obtain the fine structure 
of the spectrum lines of the elements in the zinc-cadmium 
group, and also the structure of their energy levels. 

The light from a cadmium are was passed through a 
crystalline quartz lens screened bv a vertical slit aboni 
a centimetre wide and ten centimetres long. At the focus 
of the lens the light was passed through a small quartz 
double-image prism and then into a quartz Lummer-Gehrcke 
plate. The fringe systems of all of the spectrum lines were 
focussed simultaneously (usiug the beam polarized with 
the electric vector parallel to the parallel surfaces of the 
Lummer-Gelrcke piate) by a quartz-fluorite achromatic 
lens on the slit of a spectrograph, so that a plate exposed 
in the spectrograph gave the tine structure of all of the lines 
at once. Two different quartz spectrographs and two 
different grating spectrographs were used at various times 
during the investigation. The technique of using Lummer- 
Gehrcke plates in the ultra-violet region has been described 
by Professor Wood in the Philosophical Magazine ||. 

The cadmium are was made of quartz tubing of 8 mm. 
inside diameter. The tungsten-wire anode was sealed in 
at one end by means of hard glass and intermediate glasses, 
and the metallic cadmium cathode, which was about 
15 centimetres from the end of the tungsten wire, was 
kept cool by dipping the cathode end of the arc in running 


* Communicated by Prof. R. W. Wood. 

+ * Natu:e,' cxiv. p. 575 (1924). 

t Phil. Mag. l. p. 937 (1925). 

$ Phys. Zeits. xxvi. No. 10 (1926). 

| Wood, R. W., Phil. Mag. 1. pp. 762-763 (1925). 
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water. The light from the side of the arc several centi- 
metres from the cathode was observed. 

Two quartz Lummer-Gehrcke plates made by Adam 
Hilger & Co. were used. One is £40 mm. thick and 
130 mm. long, and the other is 6°55 mm. thick and 200 mm. 
long. From these dimensions and the optical constants of 
quartz the distance in A.U. between orders of the fringe 
system due to a plate can be calculated, as shown by 
Nagaoka * and by Simeon $. The following table gives 
the values calculated for various wave-lengths :— 


TABLE I. 
A.U. between consecutive orders. 
Wave length. mnM 
440 mm. plate. 6°55 mm. plate. 
2000 A.U. "028 019 
2000 ,, 7040) 033 
300) ,, ‘076 '051 
3500 p :109 '073 
4C00  ,, 145 ONT 
49U0 ,, “LRG "129 
5000 ,, 230 "Pot 
5500 ,, :282 “189 
6000 ,, “341 29 


By comparing three photographs of the fine structure—one 
taken when a maynetic field forced the are discharge against 
the side of the tube nearest the analysing apparatus, another 
when the discharge was against the opposite side, and the 
third when no magnetic field was used—it is seen that the 
main component ot each of the following subordinate series 
lines is reversed under the last two conditions: 5085°9, 
3080°9, 3610°5, 3103:6 (the reversal being more complete 
when the discharge is against the far side of the tube). The 
other components of these lines and all the components of 
the other lines observed did not reverse. Professor Wood 
has reported the behaviour of the resonance lines elsewhere 
in this journal. 

The position of the fringes of each line was determined 
to ‘Ol mm. by observing the plates on a dividing engine. 
Usually the position of the fringes in about ten consecutive 
orders was recorded, The method of computing the sepa- 
ration of two components in A.U. can be explained by 
referring to fig. 1. 


* Proc. Tokyo Math.-Phys. Soc. viii. (Ser. 2) p. 296. 
T Journ. Scientific Inst. i. No. 10 (July 1924). 
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The average of the distances b and c is taken as the 


e e a . 
separation of orders, in millimetres. Then EE times the 


— — 


2 


separation of orders in A.U., as taken from the curves 
drawn from Table I., gives the separation of components 
in A.U. The weaker component in fig. 1 is of shorter 
wave-length than the main component if the pair of 
components separated by a millimetres is taken us a 
complete order, as is assumed to be the case in the above 
illustration. That is, the shorter wave-length components 
appear on that side of the main component toward which 
the separation of orders (in millimetres) increases. In 
deciding to which main component any particular satellite 


LM di dE od I 


belongs, no ambiguity remains after comparing the inter- 
ference patterns due to both Lummer-Gehrcke plates, as will 
be seen by inspecting the reproductions (fig. 2, Pl. XII.) and 
remembering that the thicker plate has about one and 
one-half times the dispersion of the thinner one. This 
simple method is possible when dealing with elements like 
cadmium, the lines of which have a fine structure which 
is not spread over such a range as to intermix the orders 
due to the interferometer so badly that they cannot be 
easily separated. In but two cases of all with which we 
are here concerned have the components of two different 
orders overlapped ; these will be pointed out in some 
remarks on the reproductions. 

There has been some recent discussion by E. Gehrcke * 
and P. H. Van Cittert f as to the accuracy and reliability of 
results obtained with Lummer-Gehrcke plates. G. Hansen t 
has also discussed the question. Since cadmium is much 

* Ann. d. Phys. lxxviii. p. 461 (1925). 
t Ibid. xxvii. p. 372 (1925) ; Ixxix. p. 94 (1926). 
I Thid. lxxviii. p. 558 (1925). 
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heavier than hydrogen, the Lummer-Gehrcke plate fringes 
were naturally much narrower for the former element, 
which eliminated part of the difticulties Hansen had to 
contend with. The accuracy of the work reported here may 
be judged by inspecting Table II., where the observations 


TABLE II. 


ine Structure of the *9, °9, an ‘2 Lines 
Fine Struct f the 5085:9, 4799°9, and 4678°2 L 
of Cadmium. 
5085°9 2p -2s. 
+076 (4); 000(1); —026($?) Janitzki!. 
+0762); 'OVO(I0); —'026(1) — Wuli-Mohammad *. 
+077 (2); '000(10); —:025(2) Takamine’. 
+°077 7); 000 (10); —':025(4)  MacNair. 
7999 2p,-2s. 
+058 (4); .000(1); —:034(ł); 'OR1(4) Janitzki. 
+058 (6); U00 (10); —:034 (3); -'081(6) Wali-Mohaumad. 
-+059 (3); 000 (10); —:033(1); 'U&O(2) Takamine. 
+058 (6); 000 (10); —-034(3); -081(3) MacNair. 
46782 2ps—2s. 
+030 (4); 000(1); —°056(4)  Jauitzki. 
+ 031 (3); .000(10);; -:056(6)  Wauli-Mohammad. 
+'031 (4); '000(10); —:057 (2) Takamine. 
+031 (8); 4 :000(10); —:056 (4)  MncNair. 


1 Janitzka, Ann. d. Phys. xix. p. 36 (1906); xxix. p. 833 (1909). 
* Wali-Mohammad, Ann. d. Phys, xxxix. p. 225 (1912). 
5 Takamine, Proc. Tokyo Math.- Phys. Soc. viii. p. 51 (1915). 


of the fine structure of three lines by four independent 
observers may be compared. The greatest difference in the 
observed positions of any one component is ‘001 A.U. Also 
by inspecting Table III., where the fine structure computed 
from the measurements on the fringe system due to each 
plate is reported separately. Here the greatest difference in 
the computed positions of any one component is *002 A.U., 
so that the final results reported are probably correct to 
'001 A.U. In four cases the thin plate did not resolve a 
close satellite sufficiently to allow a reliable measurement. 
In these cases the results for the thick plate alone are 
reported. 


TABLE III. 
Fine Structure of Cadmium Lines. (MacNair.) 
[In this Table the main component *000(10) has been omitted in each line.] 


Line 3252:5 : 2p,-3s. 
Thick Plate ...... +°031 ; —-:010 
Thin Plate ...... 4:031; = 
A\ (Intensity)... 4:031 (2); —:010 (3) 


Av (cin. 71) ...... —'z08; +095 
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Line 3133:2 


Line 3080-8: 


Line 36144: 


+ 024 ; 
4-:025 ; 
+024 (1); 
—:245; 


+018 
—°137 


1-037 
+038 
T7037 
—:288 


Line 36105 : 


Line 34602: 


Liue 34036: 


4-:031 ; 
4-031; 


4-031 (3); 


—:258; 


Line 298076 : 


Line 2881:2 : 


+021 


++ 022 ; 


+°021 
— 253 


Line 2830:9: 


Line 4413:1: 


+028; 


4-028 
4-028 


—':144; 


Line 3499.9 : 


+018; 
4-:0106 ; 


4017 


—:138; 


2p,-3s. 
—'012; 


—:01211); 


—':032 
—-033 
—:033 (1) 
4-337 


; — 029 
(3; —023 (2) 
; +242 
2p,-3d". 
: — ‘023 
; — 023 
(2); —'U23 (4) 
; 1:176 
2p,—3d. 
— 035 
—:037 
- 036 (3) 
4-21 
2p,-3d'. 
—:016 
—'015 
— '015 (5) 
4-125 
2p,-3d". 
4-017 
7:017 
T7017 (5) 
—':147 
2p,-4d. 
—'025 
— 027 
—-026 (1) 
4:293 
2p,-1d'. 
; —'011 
— '010 
(1); —'010 (5) 
: -+120 
2p,-4d". 
+012 
+011 
+011 (4) 
—:136 
25,-38. 
—:015 
—*015 (3) 
3-077 


(1); 


* 2010 
—:010 (4) 


(2); 
--:082 
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Note.—-Many times during this investigation the fringes of 6438:5 were 
beautifully clear nnd distinct. Several times this line was inspected 
with care, and it always appeared single. | 
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The intensity estimates were made by comparing, under 
a low-power binocular microscope, the density of the com- 
ponents with the densities of a series of spectrograms taken 
with a slit-width about equal to the width of a fringe and 
with exposure times varying from 1 to 10. ‘The density of 
the lines of the spectrogram varied over such a range that in 
most cases a line could be found in the spectrogram of 
exposure 10 which was of the same density as the main 
component of the cadmium line under observation. In 
this case the number to be assigned to the intensity of 
a weaker component was found with ease. While these 
estimates represent fairly well the relative intensities of 
the components as the light strikes the photographic plate, 
it must be borne in mind that the actual relative emission 
intensities may be something quite different because of 
the strong absorption of the subordinate series lines and 
the incipient reversal of the strong component of each. 

In the following tables a component marked +:077 (2) 
is a component which is ‘077 A.U. away from and on the 
long wave-length side of the strongest component of the 
line observed and has an intensity of 2 as compared with 10, 
the intensity assigned to the strongest component. 

Table IV. has been added for the sake of completeness 
and to have the data handy for considerations taken up in 


Part II. 


TABLE IV. 
Fine Structure of other Cadmium Lines. 
Wave- Classi- 
length. fication. Remarks. 


32610 1S-2p, Double, AX —:019 (2), Av 4-179. Wood, 
2288:0 ]S-2P Double, AA +021 (10), Av —:400, Wood !. 
or —:017(10) or 4-:324. 
6433:5 3P-3D Single. Michelson, Fabry and Perot, Hamy ?, 
Janitzki ?. 
6325-2 2P-3d' Double (no separation given). Hamy®, Janitzki?. 
01547 2P-3S Single. Hamy ?, Janitzki?. 
4664-5 2P-4D Single. Hamy ?, Janitzki ?. 
1 Wood, supra, p. 611. 


? Hamy, C. R. exxx. p. 489 (1900). 
3 Janitzki, Aun. d. Phys. xix. p. 36 (1906); xxix. p. 833 (1909). 


Remarks on Reproductions. (Fig. 2, Pl. XII.) 


In preparing the reproductions an attempt has been made 
to show the existence and position of each component ; 
consequently the contrast has been developed as much as 
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possible, so that no great importance can be given the 
relative intensities of the fringes as reproduced. 


5085:9 (Thick plate). The main component appears reversed in two 
orders, The other lines appearing are 4799°9 
and 467872. 


4799-9 (Thick plate). Two components shown by the thin plate are 
overlapped and shown as one fringe by the 
thick plate. 4678-2 appears also. 

4678-2 (Thin plate). 479G°9 appears also. 

4413°1 (Thin plate). The —':018 component is unresolved from the 
main component, 

3614:4 (Thick plate). 3610°5 and 3612-9 appear here very much over- 
exposed. 

(Thin plate). 36105; und 2612*9 have been partially cut away. 

30100 (Thin plate). 36129 and 3614-4 appear also. 

(Thick plate). 3612-9 and 361-4 have been cut away. 


3499-0 (Thin plate), The —:010 component is unresolved from the 
main component. 

340072 (Thick plate). 34678 appears also. 

(Thin plate). — 346778 has been partially cut away. 

3252-5 (Thin plate). The edge of 3261-0 appears. 

313372. Two components shown by the thin plate are 
overlapped and shown as one fringe bv the 
thick plate. 

3080'9 (Thin plate). 3138-2 appears also. 

29806 (Thin plate), — 2981:3 and 2981-9 appear also. 

(Thick plate). 2981:3 and 2981-9 have been cut away. 

2881-3. The reproduction of this line is not as satisfactory 

as the others, so it has been omitted. 


Part II. 


An attempt has been made to account for all the 
observed fine structure of the lines by assigning a certain 
fine structure to each level. Fig. 3 shows the result of 
such an attempt. The separations of the fine structure 
levels of any one level have been adjusted from the 
separations observed in all the lines starting or ending 
on that level. The separations are expressed in wave- 
numbers to the third decimal place, which, in most cases, 
implies an accuracy higher than that actually attained. The 
separations assigned to the p levels are slightly different 
from those assigned by Joos (loc. cit.), and 2p, is more 
complex. 3403:6 may originate from the upper 3d" level 
and 2836:9 from the upper 44" level. 4D and 48 need not 
be anything but single, though they may be double with a 
selection principle operating. Numbers can be assigned to 
the fine structure orbits, and an arbitrary selection principle 
stated so as to allow only those lines which appear. 


62) Fine Structure of Certain Cadmium Lines. 
Fig. 9. 


2065.9 4799,9 4679,2 3652.5 3123.2 


3466.2 6325.2 


or 


2p, has been illustrated incompletely in each case. ia 


The fine structure of 441370, 3499-9, 3261'0, and 
2288-0 may be accounted for in two ways : First, the 
18 level ia double with a separation of 7403, then 2p; 
has a fourth fine structure orbit which 18 221 wave- 
numbers away from one of the three orbits given 
above, and 3S is double with?a separation of either 
144 or '677 and 3D is double with a separation of : 
either (139 or ‘US2; aecond, 15 has a separation of 
324, then zp; has a fourth orbit 145 wave-numbers 
away from one of the three given above, and 3S is 
double with a separati.n of either -077 or 221 and 
3D is double with a separation of either *082 or °221. 
In cither case 2P is single. 


.140 


7ce0.9 


' 
25:6.9 


0272 


(or .120). 


3403.6 
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There may be some significance in the fact that certain 
sets of orbits are similar; for instance, 2s and 3s, 15, 3S 
and possibly 4S, 3d and 4d, 3d" and 4d". It should be 
noted also that 2p, is without doubt much more complicated 
than either 2p, or 2p;. 

The fine structure of the cadmium lines which has been 
observed may be almost as nicely accounted for by quite a 
different arrangement of the fine structure of the orbits. 
In this arrangement the following orbits are the same as in 
the previous arrangement: 2s, 2p,, 2p,, LS (double, with 
separation of either :400 or :324), 3d, 4d, and 34" (double, 
with separations of either -461 or :176). The following 
orbits are single: 3d’, 44", 3S, 48, 3D, and 4D. The 
3s orbit is double with a separation of *243, and 25, has five 
fine structure orbits separated as foliows (starting with the 
separation of the highest two) : :254,:123,:141,:080. With 
this set of fine structure orbits it is possible to account for 
all the components of the fine structure of the lines observed, 
except the double structure of 6325°2 and the 4-095 com- 
ponent of 3252:5. Other possible objections may be that 
2p. is relatively too complicated, and the --:176 component 
of 3614-4 is accounted for by making 34" double while the 
other higher orbits are single. 


I am greatly indebted to Professor R. W. Wood, with 
whom I worked continuously for three weeks in order 
to learn the technique of the Lummer-Gelrcke plate, 
and who has given many suggestions concerning experi- 
mental procedure during the progress of the work. 

The Johns Hopkins University, 


Baltimore, Md. 
June 18, 1926. 
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LV. Note on some Observations of the Nitrogen Afterglow 
Spectra. By R. C. Jounson, B.A., Ph.D., and H. G. 


JENKINS, B.Sc. (Queen's University, Belfast) *. 


Introduction. 


E is very remarkable that there are so few molecules 

capable of yielding an afterglow emission. The familiar 
nitrogen afterglow is of course outstanding among these, 
and its nature and properties are well known to us through 


* Communicated by the Authors. 
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the work of Lewis *, Rayleigh f, and others on the experi- 
mental side, and that of Birge f and many others from a 
theoretical standpoint. The spectrum of the nitrogen after- 
glow, consisting of the so-called a-, 8-, and y-groups, is partly 
in the visible region and partly in the ultra-violet. To be 
more precise, the group, which we believe originates from a 
metastable N, molecule, lies in the red, yeliow, and green ; 
the other groups, originating from a metastable NO mole- 
cule, are chiefly in the ultra-violet. It seems conceivable, 
therefore, that many molecules may radiate afterglows lying 
entirely in the ultra-violet, and unsuspected through having 
no visual accompaniment. We have made a systematic 
search in a number of typical cases, but with negative 
results. At the same time we have used the method 
described below to make an extensive series of observations 
of the nitrogen afterglow, and some of the facts—though 
mostly familiar through Rayleigh's work —were felt to be 
worth recording, especially as they have been the subject of 
controversy. 
Experimental. 


We have used a method the same in principle as that 
described by Lewis. An interrupter of the magnetic type 
was inserted in the primary circuit of the induction-coil. 
The interrupter used had three solenoidal coils corresponding 
to three prongs disposed at 120°, which made periodic 
contact with a mercury surface. A disk consisting of three 
sections of 60° angle was fixed to the axle of the interrupter 
and “tuned” so that observation of the light from the tube 
was possible only at the intervals when the discharge current 
was off (see fig. 1). 

This method was found excellent for a search for after- 
ylows in the ultra-violet, the light of the discharge-tube 
being photographed by a quartz spectrograph after passing 
hrough the disk. It also has a great many advantages 
over the stream method. 

(1) A discharge-tube of practically any length may be 
used, and a light-source of high intrinsic value is 
thus available. It is suggested that this method will 
be found excellent when grating photography of the 
B-group for the purpose of fine-structure analysis is 
attempted. 


* Ast. Journ. vol. xx. p. 50 (1904). Phil. Mag. (6) vol. xxv. p. 826 
(1913). 

+ Proc. Roy. Soc. A, vol. Ixxxv. p. 377 (1911); vol. Ixxxvi. p. 105 
(1912); vol. xciii. p. 254 (1917), etc. 

t ‘Nature,’ Nov. (1924). Ast. Journ. vol. lv. p. 273 (1922). Phys. 
Rev. vol. xxiii. p. 295 (1924), etc. i 
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(2) It permits of the detection and photography of after- 
glows of short duration. 

(3) By adjustment of the speed of the disk and the use of 
suitably placed sectors, it should be possible to 
examine the afterglow spectrum at any particular 
time after its production. (This may be of some 
importance—-as one of us has pointed out (Phil. Mag. 
vol. xlviii. p. 1069, 1924)—in connexion with the 
theory of the a-gronp “ selection.") 

Fig. 1. 


Discharge 
Tube. 


Disc. 


In terrupted. 


The Nitrogen Afterglow. 


The disk method permits of no possibility of stray light 
from the discharge giving spurious results, and definitely 
confirms Rayleigh’s observations of the presence of many of 
the groups of the first positive band spectrum in addition to 


the enhanced * selection." It is equally certain that the 
second positive nitrogen bands are no part of the afterglow 
enrique In all our experiments we used glass tubes of 

e H type fitted with quartz window and side bulbs con- 
taining KOH and P4,0;. Under these circumstances it was 
found that while the 8- and y-groups appeared along with 
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the a-group immediately after having filled the tube, no 
trace of them was found after the discharge had passed for 
two or three hours, the oxygen impurity having presumably 
been removed as oxides of nitrogen into the potash. Sucha 
tube was prepared and fitted with a side bulb containing 
KMnO, for the purpose of admitting oxygen. By admission 
of oxygen into the pure nitrogen, as produced above, the 
B- and y-groups were stimulated with great strength. We 
found them of maximum strength when the a-group had 
been suppressed, and only a faint blue light (due to tlie less 
refrangible members of the 8-group) was visible in the 
tube. Addition of a large amount of oxygen then produces 
the curious afterglow with a greenish-yellow continuous 
spectrum referred to by Rayleigh. 

We have found that the best conditions for its production 
are a little nitrogen in a large quantity of oxygen. Photo- 
graphs of its spectrum yield nothing notable except the 
continuous spectrum above X4300. The mercury line 
X 2536 was notably absent in the presence of this spectrum, 
although it had been conspicuously strong a 'short time 
before in the nitrogen afterglow. This would seem to place 
an upper limit of 4:86 volts to the energy with which this 
curious afterglow molecule is loaded. 

In view of Rayleigh's observations * on the modifications 
of the «-greup in the presence of the inert gases, we have 
used the disk method to examine the 8- and y-groups under 
these circumstances. We have examined the nitrogen 
afterglow produced in the presence of high-pressure helium 
and argon, but there is no apparent change in the intensity 
distribution. 


The Cyanogen “ Tail" Bands. 


On several of our plates a system of bands degraded to 
the red and described by Rayleigh t as “ Tails" of the violet 
CN bands appears. Their presence was due to a trace of 
carbon contamination in the tube. Our observations of the 
intensity variations of the system with the CN bands leave 
no doubt as to its connexion with them. 

In view of our knowledge of the spectra which originate 
from one-valence electron emitters of which CN is the 
prototype, it was thought of some importance to examine 
this system more closely to see whether there was any 
quantum theory relation between it and the two familiar 

* Proc. Roy. Soc. A, vol. cii. p. 453 (1923). 
T Proc. Roy. Soc. A, vol. Ixxxvi. p. 115 (1912). 
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spectra of CN. Table I. gives wave-length measurements 
of the bands on our plates, which are possibly correct to 


TABLE I. 
peg peg rovs gura 

| Wave-no. | A(IA) | P h 
Int. | A (IA). | im vacuo. | King. foliia s. (ee 
e; | 41331 | 234188 | — EN 11 | 13 
3 4079°3 | 24507 — — 10 12 
5 | 40300 | 24807 | — a 9 | 11 
8 3986:3 25079 | 398478 | 250884 8 10 
8 3948-4 25319 | 394476 | 253429 7 9 
8 3914:5 255039 | 3910:30 | 255663 6 8 
7 38893 | 95704 | S ss 5 | T 
v.c. 38698 | 25834 p n - 4 6 
2 3693:4 7068 | — = 7 8 
4 3663-2 27291 3658:19 | 27328-2 6 7 
5 3635-4 27499 | 362891 | 275487 5 6 
7 3612-9 27671 | 297 2971465 4 5 
3 35427 | 28219 | — — | 9 | 2 
6 3502-0 2547 | — = 8 
8 3466-1 28843 | 3405:54 | 98847:3 7 T 
6 34338 | 99114 | 943303 | 291205 6 6 
3e 34072 | 29341 | 340490 | 29361-0 5 5 
1 3386 | 29525 | 338044 | 29573-5 4 4 
ae = — | 830013 | 297522 3 3 
So sae | - 3340:50 | 29927-1 9 2 
s> E ia; 3322-26 | 300914 1 1 
-— -— - 3296:34 | 30328-0 0 0 
9d 3262-9 30645 - — 7 6 
0 3231-9 | 30933 " a? 6 5 
1 3204:9 31193 320371 | 312048 5 4 
0 3182 | 31417 3180:45 | 31433:0 4 3 
eii = ta 3160:19 | 316345 3 2 
— — 314293 | 31808-2 2 1 
d = | si 3127:87 | 31961:4 1 0 


about 0°5 Angstrém unit for the strong heads. Micrometer 
settings were made on the edge of each band, which probably 
accounts for the discrepancy between King’s values and 
our own. In addition, the intensity distribution within the 
bands is different for their production in active nitrogen and 
in the carbon arc. King’s observations * were made on the 
carbon arc. His values also are probably in error by a few 


tenths of an Ångström unit, as shown by an analysis of the 

corresponding wave-numbers, We have assigned vibrational 

quantum numbers tentatively, as indicated in Table I. ; 

but these are subject to a measure of uncertainty, and a 
* Ast. Journ. vol. 14 (1901). 
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closer examination of the bands as produced in the carbon 
arc would be desirable before calculating formule. It will 
be noted that King has observed a large number of heads at 
the more refrangible end of two of the groups, which we 
have not obtained in active nitrogen. If these are definitelv 
present and a part of the system, they correspond to 
transitions from and to the wtates of small vibrational 
quantam number, and the first band observed in active 
nitrogen, X 3182, woald be the (4, 3) band. We have 
assumed that they are genuine in the above assignment of 
(n^, n"). The distribution of energy among the vibrational 
states is then somewhat abnormal. The afterglow develop- 
ment is characterized by the absence of the initial states 
n'=0, 1, 2, and 3, and the final states n” =0, 1, and 2, and 
it is therefore notably a high temperature but non-thermal 
distribution. The production, under the are conditions, of 
the early members of the sequences An=0 and An= —1 only 
(Anzn'—n) will then indicate, according to Lenz, com- 
paratively little interaction between the emitting electron 
and the nuclear vibrations (cf. Mulliken's discussion of 
intensities in the spectra of BO, SiN, and CuI)*. 

Altogether a much more critical examination of the 
8vstem under arc conditions is desirable. Our analysis on 
the basis of available data makes it improbable, however, 
that it is related to either the violet or red CN systems. 
The possibility that it originates in ionized CN (i.e. CN *) 
will have to be considered, though such a molecule would 
be of the inert gas type (cf. BN), and therefore difficult, if 
at all possible, to excite. On the other hand, CN probably 
has a very low ionization potential, for the initial atate of 
the violet CN emitter is only 3:18 volts above the normal 
level. It is therefore not an impossible conjecture that 
active nitrogen may be capable of exciting CN*. 


The B-group of the Nitrogen. Afterglow. 


The so-called 8-group, which occurs along with the 
y-group or third positive bands of nitrogen in the after- 
glow, has been re-measured. Some good photographs were 
obtained by both the disk and stream methods, and Table II. 
records the wave-lengths measured, together with Rayleigh 
and Fowler'sst values. We have extended the system at 
the less refrangible end, and have arranged it in series, 


* Phys. Rev. vol. xxv. p. 259 (1925); vol. xxvi. p. 319 (1925); 
vol. xxvi. p. 1 (1925). 
t . eit, 


TABLE II. 


| 
| Wave-no. jA(Bayleigh).| Int. 


282 


A (IA). 
527011 00 18969-7 = 
52527 J 19032-4 
4912-1 2 203522 | 
4892-1 20435-4 — 
4810-0 | i 207842 
47914. 20864-9 i 
4589-7 5 21781:8 
45725 21863-8 z 
4494:8 3 29211-7 
4479-1 } 22319°7 
4401:5 A | 9227192 | 
4385-7 | 22795-0 | = 
4309-7 3 | 23197-0 4312:3 
4293.7 | 992834 4296:5 
4303-1 3 | 259325 
4288-2 233133 = 
4214-9 4 23718°7 
4199:8 23804-0 "S 
4127:3 4 242221 
4113-0 } 24306-3 = 
40412) | & 24738:2 4042:8 
4072] 248242 40287 
39027] — > 25928-2 
39497 f ` 253112 NS 
38807) > 5 25761:3 ! 

- | l 25843-8 = 
2! 26302-1 3801:9 

red |o: 26391:7 3789-3 

8647-0 27210-6 

3662:4 272961 zi 

36584 } 27326:6 

3047-0 27412-0 T 

3583-2 27900-1 3584-7 

3571-9 27988:3 3572:9 

3456:9 28919:4 

3446-0 } 29010-9 — 

3408:5 29330-0 

3398:9 29412-9 = 

3386-0 295249 3887-2 

33759 29613:3 3376:8 

3364:3 29715:5 t 

3355-2 29796-0 

3340-3 } 29928:8 m 

33307 300151 

3298 6 } 30307 °2 = 

3289-7 30389-2 


TABLE II. (continued.) 


A(IA) | Int. | Wave-no. |A(Hayleigh).| Int. 
3206°9 mud 10 31173-8 3207-4 a 
31974 | > 31266-4 31984 

| 

| +). 

Hei) [sin | ut 4 
3I3F1| | ə | 9319284 
3125-0 ; | 819908 
30427 | 10 | 328560 3043-2 T 
3034:3 | 32947-0 3035-0 
301077 j | 332052 | 
3002-8 | 33:996 | 7 x 

29508 } 3 33879:9 | 2951-2 9 
2943:2 339007 — 29440 
29236 | 4d 341944 | 99238 " 
29156 | 34288-2 2916-2 & 
2892-4 10 34563:3 2893-0 à 
28848 346543 98354 
2809*5 | 4 | 355831 23097 " 
2802-4 | | 356732 2802-7 a 
2786-0 | 4 35883-2 2786-5 2 
27795 35967-1 2780-1 
27542 ) | pg 36297-5 2754-5 "E: 
27473 36388-6 27479 | 
27317 1 365964 2132-9 js] 
91954 36681-0 2726-0 | 
26787 7 7321-2 96788 "E 

722 37410-5 2619-9 | 
2626-5 } 6 38062] 2626-9 id 
26204 38150-7 2620-9 | 
2608:3 6 383277 2608:6 "E 
2602-1 38419-0 2602-9 | 
2557-9 " 39082-9 2558-0 € 1 

2551-8 39176:3 25523 | 
25422 2 ) 393242 2542-8 i | 

obsc. — — 2537-1 
95987 0d 39534-1 | 
25232] 39620°3 ies = 4 

x » = 2509-0 1 | 
2503-2 | 
2493-4 ) 7 40085-7 2493-9 3 | 

24878 40184-0 24883 | 
2433:0 | "d 41089:0 2433-2 R 
24978 411770 24982 
93864 | i 41890-5 2987-0 i 
2381-5 419775 2382-3 
23314 3 42879-5 2331:5 à 
2326:6 42968-0 268 2 

92361 
= | "^ e 2232-2 1 
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assigning vibrational quantum numbers (x, n"). The series 
denoted 8, 8j, 84, and 93, by Rayleigh and Fowler are 
respectively given by »'—0, 1, 2, and 3. The whole 
arrangement is shown in Table III. The assignment of 
final quantum numbers was a matter of some difficulty at 
first. Birge and Mulliken * have stated, however, that the 
8- and y-groups have the same final electronic state—which- 
is the normal state of the NO molecule—so that the assign- 
ment of final quantum numbers to the third positive group 
is of assistance. No very good measurements of this vroup 
are available, and so the system was re-measured. It has 
not been thought necessary to reproduce these measures 
here. The use of Schumann plates made the measurement 
of the system possible down to X 1900, and an analysis of 
these values gives the band at X 2269 as the (0, 0) band of 
the system. <A correct assignment of quantum numbers to 
the -system has therefore been possible. With only four 
initial states a very accurate calculation of the coefficients 
of n' and n? was not possible. We find, however, that the 
system is fairly represented by: 


v= F826 | + (1029 n'— 7-5 n?) — (1889:05 n" —13:962''5). 
There is no doubt from our figures that the doublet separ- 
ation is not constant through thespectrum. The separations 
for the -series (0, n") are a function of n", involving at 
least the first and second powers of 2", so that the formulze 
for the two heads are really different. We have, however, 
used the same coefficients 1889:05 and 13:96 for both heads, 
and also the mean value (90:4 units) of the separation in 
the above formule. The error introduced by doing this is 
only small. 

In connexion with the energy levels of the nitric oxide 
molecule, an interesting letter by Dr. Spooner has recently 
appeared in ‘Nature,’ Jan. 16th, 1926. From this it is 
apparent that Aà 2269 is the (0, 0) band of the third 
positive nitrogen system. In addition, the Birge-Hopfield 
bands in the region 31.1854-1250 are found to have their 
final electronic state identical with the initial state o£ the 
third positive emitter. It seems possible, therefore, that 
there may be another band system found in the nitrogen 
afterglow—in the Schumann region—having for its initial 
state that of the Birge-Hopfield system, and for its final 
state the initial state of the 8-group. This possibility would 
be worth investigating. 

* ‘Nature,’ p. 349, Sept. 6th, 1924. 
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Intensity Distribution in the B-System. 


In addition to the wave-numbers, Table III. records 
estimated intensities. A study of these presents some very 
remarkable features. A discussion of the distribution of 
intensity among the vibrational states has been made for BO, 
SiN, and Cul by Mulliken *, and for the 8-group and other 
systems by Birge”. The distribution has been studied 
by these and other investigators as a function of n' and of 
An, and an advance on the theoretical side is due to Lenz f. 

If the equilibrium is of a thermal type, then the distri- 
bution of energy among the initial states should be propor- 
tional toe “7, if E, is the energy associated with vibrational 
quantum number n. It has then been customary to describe 
the type of energy distribution in a spectrum as a low temper- 
ature or a high temperature distribution according as the 
intensity “ gradient ”—as n’ increases outwards from (0, 0)— 
is in conformity with a small or large value of T. The 


Ångström band system— with n'=0 and 1 only—is, for 
example, typically a low-temperature distribution. On the 
other hand, the term ‘high-temperature distribution ” is 
very wide, and covers such vastly differing cases as the 
violet CN bands and extreme cases like the ultra-violet 
oxygen bands, in which the possibility of the distribution 
being thermal in origin at all is quite ruled out. 

In the case of the 8-group above, it is clear that we 
cannot describe the energy-distribution among n' values as 
characteristic of either * high ” or “low” temperature. If 
the columns from n" —7 to 10 were alone present we might 
say it was “low,” but for very small and very large values 
it is decidedly ‘‘ high " temperature. 

We wish, however, to draw attention to a characteristic 
type of energy distribution which is found in a great many 
spectra. It is more common as a type of distribution 
among the final vibrational states (n”) than among the 
initial states, although it is found in both. Dealing now 
only with the distribution among the final states, Table III. 
indicates a typical high temperature non-thermal distribution 
for n'=0 (using these terms for the sake of convenience). 
For n'=1 there is a characteristic ** instability " of the final 
states which in n’=0 were the most probable. This is still 
more notable for n’=2 and 3, and the effect seems to widen 
almost symmetrically, about n" —9 in the above case. Other 


* Loc. cit. 
t Zeit. für Phys. vol. xxv. p. 299 (1924). 
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such cases may be noted, e. g. the high-pressure CO bands *, 
which are a single n" sequence. The (0,1) band is the 
strongest, (0, 2) is almost absent, while (0, 3), (0, 4), etc., 
increase in intensity. The A and E systems of the Cul 
molecule t show the effect well. The SO, bands 1 also show 
the effect in a very striking manner. In the case of the 
third positive carbon bands we have found for the initial 
states that the sequence n'=0 is strong, »'/—1 is faint, 
n'=2 and 3 are absent, and »' 24 is faint. 

Returning to the -system with this typical distribution 
of intensity among the n" states, we have not found it 
possible as yet to suggest any adequate cause. It seems 
possible, however, that the emitting electron in this case is 
exceedingly sensitive to perturbation arising from vibrational 
motion of the nuclei, so that some distinct internal change 
(such as a change of type of the electronic orbit) takes place 
if one quantum of vibration is acquired. This configuration 
change, whatever it be, is exaggerated for molecules existing 
with two vibrational quanta, and soon. Some such cause 
may account for the difference in behaviour of the n’=0 
sequence from the others, n'=1, 2, and 3 ; but the origin of 
the instability of a number of the n” states is very obscure, 
particularly as the n” level of the 8-system is the normal 
level. If there were a system in the infra-red having its final 
level in common with that of the 8-group (7. e. the normal 
level), then the overlapping of the very extensive final vibra- 
tional levels of the S-group with the initial vibrational 
levels of this hypothetical system might account for the facts. 
This, however, seems unlikely for two reasons: 


(1) The hypothetical system would need to extend into 
the visible region to account for the observed range 
of instability. 

(2) Such an explanation is unlikely to hold generally, 
and the observed phenomenon is characteristic of a 
class of molecules. 

It is perhaps worth noting that in the n'=3 sequence of 
the 8-group (see Table III.) there is evidence of two minima 
in the intensity distribution among the n" values. 

The factors governing the distribution of energy among 
the vibrational states of a molecule provide a very big field 
of investigation both for the theorist and the experimental 
spectroscopist. 


February 6th, 1926, 


* Proc. Roy. Soc. A, vol. ciii. (1923), plate. 
t Phys. Rev. vol. xxvi. diagram, p. 20 (1925). 
t Proc. Roy. Soc. A, vol. cvi. p. 215 (1924), plate. 
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LVI. On the Arc Spectrum of Lead. By Navini KANTA 
Sun, M.Sc., University of Allahabad". 


1. INTRODUCTION. 


AYSER and Runge f were the first to note regularities 
in the arc spectrum of lead. Their results were 
extended by Saunders 1, Zumstein§, and Meissner ||, but the 
first important step towards the classification of the spectrum 
into series was taken by Thorsen T, who studied the arc 
spectrum of lead with quartz spectrographs of high 
dispersion, and was thus able to measure the wave-lengths 
of many weak lines not recorded before. From these data 
Thorsen identified the sharp and diffuse series characteristic 
_ of a triplet system, and found that the limits 2p;, 2p,, and 
2ps of these series had the separations 10810°8 and 2831°8 
respectively, as found by Kayser and Runge. 

The absorp:ion spectrum of lead vapour was first studied 
by MeLennan and Zamstein **, and later on reinvestigated 
by Grotrianfft, and independently by Sur and Sharma ff, 
up to a temperature of 1300? C.  Grotrian, as a result of his 
absorption experiments at different temperatures, introduced 
another term 2p, corresponding to the normal state of the 
atom. According to him the line X—2833:17 Å., which is 
the first line to come out in absorption and which was not 
included in Thorsen's scheme, is produced by the combina- 
tion of 2p, with 2s. This extension of Thorsen's scheme 
leads to the conclusion that X —2170:07 À.,andA — 2053:83 Å., 
which satisfy the combinations 2n, — 3d, and 2p,— 35s respect- 
ively, should also be absorbed simultaneously with 
X= 2833°L7 at the same temperature. (Grotrian was unable 
to obtain these lines in absorption, but the simultaneous 
absorption of X=2833:17 A. and X22170:07 A. at the 
same temperature was noted independently by Sur and 
Sharma $$, who, as well as Grotrian, were unaware of the 


* Communicated by Prof. M. N. Saha, D.Sc., F.I.P. 

+ Kayser and Runge, Handbuch der Spectroscome, Bd. ii. p. 574. 

1 Saunders, Astrophys. Journ. xliii. p. 240 (1916). 

§ Zumstein, Trans. Roy. Soc. Canada, Sec. iii. 59 (1918). 

|, Meissner, Ann. der Phys. lxxi. p. 135 (1923). 
* «| Thorsen, Naturwissenchaften, xi. p. 78 (1923). 

*¢ McLennan and Zumstein, Trans. Roy. Soc. Canada, Sec. iii. 9 

1920). 

tt Grotrian, Zeits. f. Phys. xviii. p. 109 (1923). 

tt Sur and Sharma, Journ. of the Science Association, Marahajah’s 
College, Vizianagram, J. 1, No. 4, pp. 121-124 (1924). Also Science 
Abstracts, xxviii. p. 43 (1925) (Abstract No. 126). 

§§ Sur and Sharma, doc. cit. | 
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work of McLennan and Zumstein *, who had previously 
found that the lines X—217007 A. 1-205383 A, 
1-2833:17 A. and X —2022:64 Å. were absorbed by normal 
lead vapour at a temperature of 750? C. Two other combi- 
nation lines, A=1868°7 Å., v—2p,—4s, and »=1904'9 Å., 
v=2p,—4d,, previously observed by Saunders t, justified 
the existence of the 2p, term, and McLennan, Young, and 
McLay 1, as a result of their investigation of the lead arc- 
spectrum with a fluorite spectrograph, have made important 
verifications of the Thorsen-Grotrian Scheme by identitying 
nineteen more combinations. 

To account for the absorption of 1223683:47 A. at a 
temperature of 1000? C., the 2p; term was introduced by 
Grotrian. The combinations with 2p, are very few in 
number, and Zumstein $ concludes, from a later absorption | 
experiment at high temperatures, that it is uunecessary to 
introduce the 2p, term, and that X 2 3683-47 A. is the first line 
of a series designated by him as the 2p,— m. series, thie 
separation between 2s and 2z being 327, as noted by 
Saunders | and Meissner f. In the same work, Zumstein 
suggests that A= 10650'8 and X 601176 may be 2s—3p, 
and 2s—4p, combinations respectively, and, further, A= 
10291:3 A. and X—5895:68 A. may be the 2z—3p, and 
2xr— 4p, combinations. If this is true, then higher members 
of these two series should be obtained in the region of 
spectrum Az-6000 A—vA=4000 A. This suggested a 
reinvestigation of the arc lines of lead in that region, and 
many new lines of lead have been obtained as reported 
below. 

But before passing on to the results of the present investi- 
gation, it is necessary to mention the important results 
obtained by Gieseler and Grotriau "* in a recent work on the 
series classification of the arc-spectrum of lead, which came 
to hand during the course of the present work. These 
authors have excited the spectrum in the presence of a dense 
rain of electrons, after the method of Whiddington ff for 
exciting the higher members of the Balmer series of 


* McLennan and Zumstein, loc. cif, 

* Saunders, loc. cit. 

t McLennan, Young, and McLay, Trans. Roy. Soc. Canada, Sec. iti. 

xviii. p. 77 (1924. 

§ Zumstein, Phys. Rev. xxvi. p. 189 (1925). 

il Saunders, loc. cit. 
. «| Meissner, loc. cit. 
/.** (Gieseler and Grotrian, Zetts. f. Phys. xxxiv. p. 374 (1925). 

tt Whiddington, Phil. Mag. xlvi. p. 605 (1993). 
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hydrogen, and have thus obtained some higher members of 
the series previously classified by Thorsen and by Grotrian 
himself, and also many new lines not recorded by previous 
observers. As they have recorded their results in terms of 
the new notation given by Sponer*, the relation between 
the new and old systems of notation is shown in the 
following scheme. From the different combinations Sponer 
has fixed the inner quantum numbers of the various terms, 
and following Sommerfeld has named them accordingly. 
Thus :— 

Thorsen-Grotrian... p, ps Pe pı 3d, 3d, 3d, 4d, 

Sponer ............... Po Pı Po P: 9dy 3d, D, LX. 

Gieseler-Grotrian.. pọ pı ps Pz 3d, 3d, 3d, Ads. 


In the new system, the suffixes denote the inner quantum 
numbers of the different terms. As shown in the above 
scheme, Sponer assigus the inner quantum number 2 to both 
the 3d4 and 4d; terms, but Gieseler and Grotrian, for 
reasons mentioned in their paper, call it 3d, and 4d, terms 
respectively. Adopting this notation, Gieseler and Grotrian 
have shown that three higher members of each of the series 
Pe—ms, p,—md, and P,— md, one member of each of the 
series p,— md, P,— mds, and p,—md; series, and two 
members of the series P,— md; are obtained from the new 
lines recorded by them. They have been further able to 
identify the series p,— mfz, P4 —mf,, Po —ms, and P,— md, 
and have thus definitely established the existence of a fifth P 
term, as is to be expected from the theoretical work of Pauli f 
and Heisenberg ¢, Goudsmit §, and Hund |. 


2. EXPERIMENTAL METHOD. 


The arc-spectrum of lead was excited by the method of 
Hemsalech and de Gramont T. The positive pole was a thick 
copper plate, about 10 by 5 cm. in area, with a small 
depression in it to contain the molten lead. For the 
negative pole a rod of Acheson graphite was used, so that 
the impurities in ordinary carbon were avoided to a very 
large extent. A current of about 25 amperes was sufficient 
to produce a dense vapour of lead in the arc, the spectrum 
being photographed in the first order spectrum of a 5-foot 

* Sponer, Zeits. f. Phys. xxxii. p. 19 (1925). 

T W. Pauli, cae Zeita, f. Phys. i & 76 (1925) 

! Heisenberg, Zetts. f. Phys. xxxii. p. 841 (1925). 

$ Goudsmit, Zeits. f. Phys. xxxii. p. 794 (1925). 

| Hund, Zetts. f. Phys. xxxiii. p. 345 (1925). 

€ Hemsalech and de Gramont, Phil. Mag. xliii. p. 291 (1922). 
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concave grating, with a dispersion of 1L:12À. per mm. 
Photographs were taken on Lumiére X.E. orthochromatic 
plates, these being specially sensitive to green and yellow 
regions of spectrum, and exposures of at least twenty 
minutes were necessary to record the faint lines. Six 
plates were measured with a Hilger comparator, and the 
wave-lengths were interpolated in the usual manner, with 
reference to standard lines of iron. Unfortunately, the 
wave-lengths are not as accurate as desired, as the average 
error could not be reduced below :05 A., and in the case of 
very faint lines, designated with intensity 0, the error is 
about ‘08 A. The existing tables of the wave-lengths for 
bismuth, zinc, cadmium, silver, copper, tin, silicon, alum- 
inium, arsenic, sodium, potassium, phosphorus, and antimony 
were compared to eliminate the lines due to possible 
impurities, as chemically pure lead was not available. 
The wave-lengths of the lines measured are given in Table I., 


TABLE I. 
I.A. Int. Wave-nutnber, Remarks. 

5818:56 1 171816 

5750:99 0 175835 

574347 0 17406:3 

5733°40 0 17421°6 

5727:03 4 174563 

5703:52 3 175282 

5692°2U 8 17563:0 Walters (5692:26), Eder and 

Valenta. 
5670:81 2 17629-3 | 
5608:87 8 178240 Walters (5608:85), Eder and 
Valenta. 

5603:40 4h 178414 

5598:76 4 178562 Cd? 

5594:20 5 178707 

5588:68 6 17988:4 

553474 3 180625 

5513:53 3h 18132:2 

5459:3 0h 18312 

54071 Oh 18489 

537275 Oh 18608 

5256:9 0 19017 

5241:48 l 19073:8 

5924:25 5 19136°2 Sn? 

5210:26 2 191876 Recorded in Kayser’s Hand- 
buch der Spectroscopic, vo). vi. 

5200-34 1 192020 

5201:47 10 19219-9 Recorded in Kayser's Hand- 
buch der Spectroscopic, vol. vi. 

5173:01 3 193257 ili ids 

5164:84 lh 19356°3 

5163:07 1 19361°8 G. 

5116:93 0 19537: 5 

5108:62 4 19569-3 G. 
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L.A. Int. Wave-number. Remarks. 

5090-65 8 19638:4 G. 

5086:73 0 196535 

5077:35 l 196598 G. 

5064-02 4- 197417 

5043°57 l 198217 Obtained by Gieseler and 
Grotrian only. 

5035:65 4 19852-9 

5024:43 3 198973 

5019:34 l 199174 

500545 10 199727 Recorded in Kayser's list. 

4999-36 4 19997 0 

4981:30 6 200695 G, but measured as 4980-96. 

4962-21 2 20146°7 

4900°21 2 20401:6 

4885-00 3 20465-1 

487571 4 20508-3 

4870:31 2 205269 

4864+95 3 20549-5 

4851:15 2 206079 

4831°66 2 20691:1 

4826:98 2 207111 

4820:25 l 207400 

4810-71 1 20181:2 Obtained by Gieseler and 
Grotrian only. 

4723:68 3 21164-0 : 

4190-17 2 211798 G. 

4718:59 1 21186:9 G. 

4685:23 0 213311 Obtained by  Gieseler and 
Grotrian only. 

4680-62 0 219587 Obtained by Gieseler and 
Grotrian only. 

4616:68 0 213767 Obtained by Gieseler and 
Grotrian only. 

4664-86 3 21430°6 Obtained by Gieseler and 
Grotrian only. 

4664:66 3 215147 . 

4618:21 2 216474 G. 

4607-17 l 21696:4 Obtained by  Gieseler and 
Grotrian only. 

4602:52 4 217212 , 


" h” denotes that the line is hazy. 


and it is rather surprising that so many new lines could 
escape the notice of the previous observers; but it may be 
mentioned here that Thorsen, McLennan and his co-workers, 
Gieseler and Grotrian, have also obtained many lines not 
previously recorded, and it seems that the arc-spectrum of 
lead still requires investigation in certain regions, which is 
being carried on. 


3. RESULTS. 

The lines of the arc-spectrum of lead, measured within 
the range of the spectrum A=4600—A=5800 A., are noted 
in Table I. Reference is given to the lines, either 
previously recorded or recently by Gieseler and Grotrian, 
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lines having a separation of 328. These pairs have been 
tabulated from the data of the present writer, of Gieseler and 
Grotrian, and of previous observers. The first two pairs of 
wave-lengths of Table II. are noted in Rowland units, and 
have not been converted to international units, as the error 
in measurement exceeds the magnitude of the correction 
involved. 

From Table II. it will be seen that there are four pairs of 
wave-lengths, with a separation of 328, which very approxi- 
mately follow a Rydberg sequence. These are shown in 
Table III. 


TABLE III, 
252224536 22 — 24804. 
m. 25 — mp, 29 — Mp,» mp, (observed). 
2p,— 49173 
 — A= 10650°8 (60) A= 10291°3 (100) 15149:6 
v= 9386°4 v= 97143 
eee 6011-98 (5) 5895-70 (6) 7906:5 
16629:5 16956-9 
Dao 5108-52 (4) 5024:53 (3) 4960:3 
195697 19896:8 
6...... 4718:58 (1) 4646-66 (3) 3349-1 
21186:9 2151477 


The observed value of the limit 2s is obtained from the 
combinations 2p,— 2s, 2p, — 2s, 2p, — 25, 2P,— 25s, the values 
of the terms 2m, 25, 2ps, 2P; being 99821, 52004, 49173, 
38365 respectively. These values are taken from Gieseler 
and Grotrian's paper, as they have been able to calculate 
more accurately the limits by exciting and measuring the 
wave-lengths of the higher members of the different series. 
The value of the term 2s as calculated by Gieseler and 
Grotrian is 23300, whereas the approximate value of the 
limit 28 calculated from the last two lines of the series 
2s—mp, is 24599, which closely agrees with the observed 
value 24536. The formula calculated from the last three 
lines of the series 2s— mp, is 


N 
pz:24703 — 

. * E 1 = 3, 4, 5 m 
{ m-+430251 + 188215 ) (m ) 


The correcting term is unusually large, so that the series 
does not closely follow a Rydberg formula. 
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From Table II., it can be further seen that there are three 
more pairs of wave-lengths with a separation of 328, which 
also closely follow a Rydberg sequence. These are shown 
in Table IV. 


TABLE IV. 
25245236 ; 22 248064. 
m. 25 —mp,. 2r—mp. mp,. 
| 5 ; 2589. 2p,=52004 
doas A= 13101-9 (40) 12563-8 (40) p = 16905-5 
y= 763045 79572 
fi 623544 (4) . 6110°70 (3) 4p,— 850877 
16032 3 16360:6 
$us 5173:01(3) 5086-73 (0) 5p,— 5210 
193257 19053:5 


The approximate value of the term 2s as calculated from 
the last two lines of 2s— p; and Rydberg’s table is 24522. 
The calculated values 24599 and 24522 are in close 
agreement with the observed value 24536. The higher 
members of the series 2s—mp, and 2x—mp, have not yet 
been obtained, and one can only be sure about the correctness 
. of the allocation of the lines to the series when they are 
discovered. 

It will be noted that the third member of the series 
2z—mp, %=5086°73 (I.A.) is very faint. [t may be 
mentioned in this connexion that Gieseler and Grotrian * 
have recorded some anomalies in the intensities of the lines 
of some of the series of the arc-spectrum of lead. For 
example, the line X—3201-467 (3) (1.A.) P,—3s is 
distinctly weaker than the line A=4157°826 (9) (LA.) 
P,—4s. Some other irregularities in the intensities of 
the lines have also been mentioned by them. 

There are two interestinginter-combination lines which have 
not been noted previously. The line A=7330:12 (2) (L.A.), 
y —13638:59 is the combination 2p, —2P; (52004 — 38365 = 
13639), and the new line A= 4618:21 (2) (1.A.), v=21647°4, 
recorded both by Gieseler and Grotrian and the present 
writer, is the combination 2p, — 2P, (52004 — 30355 = 21049). 
The difference between the observed and calculated wave- 
numbers in the latter case does not exceed the uncertainty 
in the value of the limit 2P,, as calculated by Gieseler and 
Grotrian from the new series Py—ms and Po—md,, 
identified by them. 


* Grotrian and Gieseler, loc. cit. p. 386. 
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From the new lines recorded and measured by Gieseler and 
Grotrian in the ultra-violet region, we also find four pairs of 
wave-lengths with a separation of 10806°6 as follows :— 


d (LA.). Int. " ix curi ue ow 
MES 205250 |(0)| 487054 | 108001] 263779 | (4)| 3780933 
Av=328'3 Av=329'3 
LE 2066-43 |(0) | 483771 |10807-1| 2660-91 | (3)| 375700 
ore 2060:52 |(2)! 48515°8 | 10806-1 | 2651-07 | (4)| 377094 
d we | 2061-82 |(1)' — 484858 | 108068. 2653'24 | (5)| 376785 


According to Gieseler and Grotrian, the separation 
between the values of the calculated limits 2p,=49173 and 
2P,—383635 is 10808; hence the above lines can be 
represented as 


2p: n6 al 

p —467-6, ap 195, 
2p . 2p, ; 
: 4 —6575,and 2B | 687-5 

Now the second terms have very small values. The lines 
can therefore be either some higher members of some series, 
or may form a negative sequence analogous to the lines, 
discovered by Russell and Saunders * in the arc-spectrum of 
caleium. The first alternative does not fit in the scheme for 
the known series converging to either 2p, or 2P,, and to 
test the second, further data are necessary, the region of the 
spectrum in which the expected lines are to be found being 
not yet explored. 

It will also be noted that the separation 328 occurs in the 
first two pairs of lines of the above scheme. As it has not 
been yet possible to ascertain either the nature of the 2z 
term, or the significance of the separation 2s — 2: occurring 
in other pairs of lines noted in Table II., it is difficult to 
deeide whether this agreement of separation is real or 
accidental. 

Finally, it may be mentioned that according to the scheme 
of the constitution of the arc-spectrum of the elements, 
carbon, silicon, germanium, tin, and lead of the fourth group 
of the periodic table, as discussed by Hund f, one of the five 
p-terms as given in the Thorsen-Grotrian scheme may be 
a D-term, and the other may be a S-term belonging to the 

* Russell and Saunders, Astrophys. Journ. lxi. p. 38 (1925). 
t Hund, Zeits. f. Phys. xxxiv. p. 801 (1925). 
Phil. Mag. S. 7. Vol. 2. No. 9. Sept. 1926. 2T 
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singlet system. If we identify the P, term with ! D, term 
and P, term with !S, term (Notation of Russell and Saunders), 
then the lines A=7330°12 and X—4618:21 correspond to 
the inter-combinations ?p, —!D; and ?p, —!S, respectively ; 
but there are other difficulties im reconciling this assumption 
with the relations which are already known to exist. 


SUMMARY. 


With a view to obtaining the higher members of the 
Rydberg sequence in the series spectrum of lead, the spec- 
trum has been reinvestigated, using the heavy-are method of 
Hemsalech and de Gramont. Several members of the 
series 2s—mp;,, and 2zr—mp;,$ have been obtained. 
Indications have been obtained that the arc-spectrum of lead 
contains negative terms, similar to those discovered by 
Russell and Saunders in the arc-spectrum of calcium, and 
ascribed by them to the simultaneous excitation of the two 
outer electrons. Two combination lines between the 
principal terms have been obtained. 


In conclusion I wish to record my best thanks to Prof. 
M. N. Saha for his guidance and interest in the work. 
March 3, 1926. 
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LVII. Scattered X-Rays. The J Phenomenon (Part IV.). 


By Prof. C. G. BAn&kLA. F.R.S., and Dr. S. R. KHASTGIR, 
University of Edinburgh *. 


INTRODUCTION, 


Ib a previous paper T we showed that when a heterogeneous 
X-radiation was scattered, the primary and scattered 
diations had eith (1) exactly equal absorbability, or 
MORI dl (2) markedly different absorbability, 


when measured im any particular substance. The one was 
an unmodified, the other a modified scattered radiation. In 
these results we found no support whatever for Compton’s 
theory of quantum scattering. In every feature the difference 
observed between the primary and scattered radiations, when 
it appeared, was found to be due to what we have called the 

* Communicated by the Authors. 

+ “Tho J Phenomenon in X-Rays.—Part II. Application to Scat- 
tered X-Ravs,” Phil. Mag. November 1925. See also Barkla and 
Mackenzie, “ Notes on the Superposition of X-Rays and on Scattering. 
The J Phenomenon (Part II1.),” Phil. Mag. Feb. 1926, and ‘ Nature,’ 
Feb. 13, 1926. 
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J phenomenon. We showed, and we now propose to show 
more completely, that the difference observed depends upon 
the material used to test the radiation, 7. e. upon the material 
used to compare the primary and secondary radiations. 

Thus the ditference between the scattered radiation and the 
primary as observed by us, is not a difference of wave-length 
as generally understood. It is a difference in the properties 
of the two radiations such as we are quite familiar with not 
only between a primary and scattered radiation, but under 
ecrtain conditions between (a) two primary beams pro- 
ceeding from the same source in different directions; 
(L) between two scattered radiations proceeding from the 
same source in slightly different directions; (c) it is a 
difference such as under suitable conditions occurs between 
either a primary or scattered radiation, and the same radiation 
subsequent to the slightest amount of filtering; (d) it isa 
difference such as appears under suitable conditions in a 
beam when a very feeble radiation is added to it *. "These 
are not differences in the length of waves, and though the 
difference we have observed (when it appears) is of the 
magnitude to be expected on Compton's theory for wave- 
lengths in the neighbourhood of that of Mo * K’ radiation, 
this agreement is not general. In fact, beyond this chance 
agreement a comparison of our experimental results with 
Compton's is rather a comparison of contrasts. It is natural 
then to suggest that the occurrence of the J phenomenon 
in the scattered radiation is quite distinct from Compton's 
change of wave-length on re-emission (so-called scattering). 
But different though the Compton effect and the J-trans- 
formation are, both in the laws governing them and in the 
principles apparently underlving them, there is a corre- 
spondence between them which is too remarkable to admit 
of their independence. ln addition, apart from the J- 
transformation of the scattered radiation, no evidence of the 
Compton change of wave-length appears in our experiments; 
it is simply not there. It should be remembered, however, 
that (1) we have experimented upon the scattering of 
heterogeneous beams, and (2) we have measured absorb- 
ability of radiations instead of an angle of diffraction, i. e. an 
angle at which tertiary rays appear from a crystal. The 
advantages of our method have already been stated. 

This paper is principally concerned with three points:— 
(1) We show quite definitely that while the secondary differs 

* (e) and it is possibly, though not so certainly, a difference such as 
occurs between two characteristic radiations from the same substance 
under slightly different conditions. 
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from the primary radiation when its absorbability is examined 
in certain substances, it is precisely like the primary when its 
absorbability is measured in other substances. In other words, 
what to some substances is a modified scattered radiation is 
to others an unmodified radiation. 

It was indeed shown in a previons paper that a difference 
between primary and secondary radiations appeared over 
very limited ranges of wave-lengths when measured in one 
substance, while there was no difference when measured in 
another substance. This, however, is more convincingly 
shown by the experiment described below. This cannot be 
reconciled with a change of wave-length on scattering, for 
that might be expected to be shown by absorption in all 
substances. 

(2) This seemed to suggest the possibility of a change of 
wave-length occurring in the scattered radiation, not in the 
process by which it originated, but later when passing 
through the testing substance which exhibits the difference 
of absorbability. We therefore pursued the matter further 
and found that even after a difference between secondary 
and primary had been demonstrated in one substance, there 
was no difference between primary and secondary when tested 
bv certain substances placed behind the first. That is, 
although the second substance may show the difference 
between primary and secondary radiations, it does not do so 
necessarily, for each testing substance has its own critical 
condition. We are therefore justified in saying that there 
is in our experiments no evidence of change in wave-length 
either in the process of re-emission or in the subsequent 
transmission through matter. 

3) Further, we have found no gradual variation of 
absorbability of a scattered radiation with the angle of 
scattering such as Compton's theory indicates. Frequently, 
no difference appeared between two radiations scattered at 
different angles. Where, however, a difference did appear, 
while it was in the right direction, it was the very precise 
difference which characterizes a “J discontinuity”; it was 
the familiar step between radiations on two sides of such a 
discontinuity ; it was the difference between two well-detined 
absorption levels. 


EXPERIMENTS. 


Dependence on Testing Substance. 
The ratio of the ionizations produced in two similar 
electroscopes by the secondary and primary beams was 
observed, first when the beams were unintercepted and 
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subsequently when intercepted by similar sheets of any 
particular substance (fig. 1). As previously indicated, the 
“ intercepted ratio” S'/P' is frequently less than the “ unin- 
tercepted ratio” S/P, because of the greater absorbability of 
the secondary beam; and as the thickness of the absorbing 
sheets is increased the ratio S'/P' falls. Plotting S'/P' 
against the thickness of absorbing substance, we thus get a 
curve sloping down to the right. A horizontal line would 
in:licate equal absorption of secondary and primary radiations. 
Such a line is frequently obtained *; it indicates unmodified 
scattering, Now observe the results obtained and indicated 
in fig. 2 and Table I.. when the absorbing substances were 
aluminium, copper, silver, tin. It should be noticed that 
equal distances along the horizontal axis represent approxi- 
mately equivalent thicknesses of the various absorbing 


Fig. 1. 


3 


substances for a 450 per cent. absorption of the original 
unfiltered beam, i. e. ‘045 cm. of Al, :0015 cm. of Cu, 
"002 em. of Ag, and :0025 cm. of Sn were approximately 
equivalent in absorbing power, as measured by a short 
air electroscope. Observing the two upper curves, it will 
be seen that aluminium and copper indicated quite con- 
sistently that the secondary (scattered) radiation was more 
absorbable than the primary—S’/P' steadily diminished by 
transmission, and by the same amount in the two substances. 
They thus gave consistent results indicating a modified 
scattered radiation. But from the third line it is seen that 
when measured in silver the secondary and primary radiations 
were identical: they were cut down to exactly the same 
extent by equal absorbing sheets, and the ratio S'/P' re- 
mained constant and equal to S/P. Thus in aluminium and 


* Illustrated in previous papers. 
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copper the difference between secondary and primary was 
shown very markedly; in silver it did not appear at all. 


Fig. 2. 


Showing that what to Al and Cu is a modified scattered radiation is to 
Ag an unmodified radiation, and to Sn is sometimes one, sometimes 
the other. 


Mamiatam 


‘0128 '€1$50 Cms 


=) Thickness OF FILTERS iN. CMS. 


Further, when tin was used the difference between secondary 
and primary appeared in some observations but not in 
others; and the various observations showed either no 
difference between secondary and primary or the well- 
marked difference *. The ditference when it appeared was 
approximately half that shown by aluminium and copper, 


* Bracketed numbers in Table I. show the order in which observations 
were taken. 
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TABLE I. 


Observed exti Secondary 
Absorbing substance, | Thickness of Absorbers. si d Primary 
(arbitrary unita). 


| 00 cm. 100 xz 
'02 » '9 » 
| id '04 » "93 » 
| Aluminium. "M8 ,, "91 (5) ,, 
| "06 99 "90 » 
* '08 , 5 n 
10 »9 "SO (4) 39 
0:0 cm. 100 xx 
'0011 ,. '95 
0022 ,, 9), 
Copper. 0034 ,, Sr oy 
0052 ,, 85 , 
‘0070 ” $2 ‘9 
70089 ,, DO y 
0:0 cm 100 xr 
002  , 99 - 
Silver. 004  ,, ‘YY ie 
006 ,, 100 , 
012  ,, '99 (5) ,, 
(1) 00 eu. 100 xe 
(3) 002 , 98  , 
(9) "002  ,, 9 “as 
| (4) "004 ,, 99 , 
Tin. (5) '004 , 96 
| (8) "00»8 ,, 100 . 
(6) 00583 ,, ON NEUEN 
(2) ‘Ol 5 89 , 
(7) ‘Ol e 100 ,, 


Thus when measured in silver and in some cases wlien 
measured in tin, the absorption of the scattered radiation 
was identical with that of the primary. This may be called 
unmodified scattering. But the same unmodified scattered 
radiation appeared as a modified scattered radiation when 
measured in paper, aluminium or copper, and modified to a 
smaller extent) when measured in tin and gold. Again, 
a natural criticism of the experimental results if they were 
of doubtful accuracy, might be that silver and tin are not 
so sensitive to a change of wave-length of a more or less 
heterogeneous beam because their K characteristic radiations 
have a wave-length within the range of these experiments, 
and thus the diminution of the L, M, N absorptions with 
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increase of frequency might be roughly compensated by the 
appearance of the K absorption. A sufficient answer to 
that is that silver and tin do show the difference between 
primary and secondary when the critical condition is obtained 
in these substances, i. e. when a J-discoutinuity in silver or 
tin is produced. It is perhaps unnecessary to show the 
results of such experiments; the truth is sufficientlv clear 
for tin in fig. 2, though other experiments illustrate it with 
greater accuracy. 

As the scattered radiation differs from the primary when 
measured in some substances, and not when measured in 
others, the question naturally arises, do substances of the 
former class when used to measure the absorbability produce 
the change—say of wave-length—in the secondary radiation 
and subsequently show that change ? It appeared that such 
a transformation might possibly take place, for the J-discon- 
tinuity involving a change of absorption coefficient has been 
shown to be produced by mere filtering of a heterogeneous 
radiation. The answer to this question can be given if we 
can find any one substance which shows no difference between 
these scattered and primary radiations subsequent to these 
having been proved different when measured in other 
substances. In fig. 3 curves are shown giving the relation 
between S'/P' and thickness of absorbing substance, firstly 
when that absorbing substance was alone, and secondly 
when accompanied by a sheet of a second absorbing substance 
which did not show the difference between primary au 
secondary. 

‘hus, curve A shows by circles the value of S'/P' for 
various thicknesses of intercepting aluminium. The slope 
shows the intensity of the secondary to fall more rapidly 
than the primary. But when, in addition to the aluminium, 
sheets of silver ("002 cm. thick) were placed in both beams, 
the ratio S'/P' was absolutely unchanged, as shown by the 
crosses. Transmission through silver produced no further 
change in the ratio of the secondary to primary,—that is 
they were equally absorbable in silver, | 

Curve B was obtained in precisely the same manner, but 
tin was used as the second absorbing substance. In this 
case the tin sheet definitely did absorb the scattered radiation 
more than the primary in two cases, as is shown by the two 
crosses below the circles. But in the other cases transmission 
through tin produced absolutely no change in the ratio of 
secondary to primary: crosses and circles are superposed. 
Thus, in agreement with previous experiments, tin showed the 
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difference in some experiments and not in others, though 
they were all in the same scries. 


Fig. 3. 


Showing that after transmission throu wo substances Al and Paper which 
indicate a “ modified scattered r 
to Ag and sometimes to Sn. 


iation " this is still “ unmodified ” 


——> TuckewurESS of ALUMINIUM FILTERS iN CMS. 
0 02 ‘04 26 O8 
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° faber +A Cousems). 


PEETERS Secondary / PRIMARY. 


——> NuwBER of PAPER SHEETS. 
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Exper. A. Filtering by Al (©); Al with Ag ‘002 em. (X). 
» B. ñ (©); a Sun ‘002 cm. (X). 
uc C. " Paper (©); Paper with Ag ‘O02 em. (X). 
Paper with Al ‘048 em. ( * ). 


Curve C shows by circles the ratio S'[P' after transmission 
through paper of varying thickness ; by crosses a similar 
ratio after passing through silver in addition to the paper ; 
and by dots the corresponding ratios after transmission 
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through aluminium in addition to the paper. The results 
show thatafter transmission through paper. which shows the 
difference between scattered and primary, the difference is 
also shown in aluminium, but is not indicated to the slightest 
extent in silver. Yet silver is quite capable of showing a 
difference when certain conditions are attained, as is indeed 
shown above in the case of tin. 

Thus a change of absorbability of X-radiation by scattering 
is dependent on a relation between the radiation and the 
substance used to test those radiations. There is absolutely 
no difference in the absorbability when tested in some 
substances—even subsequent to transmission through those 
substances which exhibit a difference. How then can there 
be a wave-length change either in scattering or in the 
subsequent transmission of the scattered radiation through 
matter? Can wave-length depend upon the testing sub- 
stance, or can even the evidence of a change of wave-length 
be shown so markedly in some substances and not at all in 
others ? 

Scattering at Various Angles. 


Aecording to Compton's theory of quantum-scattering of 
X-rays the change of wave-length produced by scattering is 
given by 6A=°024(1—cos $) Angstrém units, and thus 
should vary with the angle of scattering $. Again we have 
found no confirmation of this by the absorption method : what 
has been observed has been either absolutely no difference 
or a well-marked difference between the secondary radiations 
proceeding in two directions, and this difference is due to a 
definite step in the activity and absorbability such as is 
characteristic of the J phenomenon. Thus the variation with 
angle occurs only in steps, between which there is no 
variation at all. 

Barkla and Miss Mackenzie* showed that when a difference 
between the two beams scattered at 60? and 120? with the 
direction of propagation of the primary did appear, it was 
in one of two forms (a) or (b). In case (a) the difference was 
not one of. general absorbability, but was shown by sudden 
changes in the ionization produced by the beam at 120° when 
by absorption it reached certain absorbabilities, while the 
beam at 60° did not show these discontinuities. In case (b) 
the beam at 120? was continuously more absorbable tban that at 
609. Case (a) obviously indicated no change of wave-length, 
for there was no difference in absorbability. Case (^) had the 
superficial appearance of a difference in wave length, but 


* phil. Mag. Feb. 1920. 
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other experiments showed that the difference of absorb- 
ability was the precise difference involved in the 
change of level of the activity called the J-transformation, 
and was due simply to a difference in the properties of the 
two radiations depending on something quite different from 
wave-length. This something is a property of the beam as 
a whole and not of its constituent wave-lengths, except as 
they contribute to some kind of average for the whole streum 
of radiation. 

Instead of comparing the two scattered beams directly we 
have in these experiments compared the radiations scattered 
at various angles 30°, 60°, and 90° with the primary 
radiation producing them. This we did, as before, by 
placing equal thicknesses of absorbing aluminium in the 
path of both primary and secondary radiations. Briefly the 
results may be stated thus:— When the difference between 
the primary and secondary is observed, in general it has the 
same magnitude whatever the direction from which that 
secondary radiation proceeds, within the limits of J- 
discontinuities. Any variation with angle occurs in the 
familiar finite steps of the J-discontinuities. In the Barkla 
and Mackenzie experiments it was the scattered radiation 
at 120? which differed from the primary, while that at 60? 
was like the primary (or differed from it by a constant 
smaller amount). 

Fig. 4 shows in its upper section the results of experiments 
by which the scattered radiations at 30? and 90? were 
compared with the primary radiation and with one another. 
As before, the ordinates are values of S'/P' for the various 
values of the thickness of aluminium intercepting both 
secondary and primary beams. The slope of the curve 
measures the difference between secondary and primary 
beams. The circles represent observations made upon the 
radiation scattered at 90?, while the crosses give the corre- 
sponding values for S'/P' when the scattered radiation 
experimented upon was at an angle of 30°. The almost 
perfect superposition of circles and crosses shows that while 
they both differed considerably from the primary, the two 
secondary beams had identical absorbabilities. In the lower 
section of fig. 4 a similar comparison is made between tlie 
radiations scattered at 60? and 90°. In this case again, 
the two scattered beams had identical absorbabilities in a 
number of measurements ; whereas three other measurements 
showed the beam at 60? to be distinctly less absorbable than 
that at 90°. This change is of the kind that would be given 
by Compton's variation of wave-lengths with scattering angle. 
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It indicates, however, only a definite change of the level of 
activity of the radiation governed not by wave-length but 
by a quality of the whole radiation. The difference between 
the primary and scattered radiations is again, shown for 


Fig. 4. 
Comparing radiations scattered at different angles. 
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various angles of scattering in fig. 5. In this case the 
intercepting aluminium was of constant thickness while the 
wave-length of radiation varied. The difference is seen to 
be independent of the angle, i. e. the same for 30°, 60°, and 90°. 
The ordinates show the percentage change in the ratio S/P 
produced by transmission of both primary and secondary 
beams through *048 cm. of aluminium (8//P’). It will be 
observed that for soft radiations (the right-hand side of the 
figure) there was absolutely no difference between secondary 
and primary beams scattered at 90? and 60?, but at the more 
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penetrating end the scattered radiation appeared markedly 
softer than the primary, the percentage change in the ratio 
S'/P’ being about 9 per cent. whatever the original absorbalility 
of the radiation and whatever the angle of scattering. This 
corresponds to a constant difference of absorption coefficient 
between primary and scattered. [See previous paper.] 


Fig. 5. 


Showing the degree of ‘‘ modification" to be independent of 
angle of scattering. 
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9——» ABSORBABILITY OF THE PRIMARY RADIATION 


The difference between secondary and primary when it 
appeared at all was thus independent of the angle of' 
scattering. (It would appear from the results shown in 
fig. 5 that when soft radiation was used the radiation scattered 
at 30° was more absorbable than that scattered at 60? and 90°, . 
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These experiments were, however, made at different times; 
consequently with different radiations. A direct comparison 
at the same time, i. e. with a given primary radiation, has 
never shown the radiation scattered at tlie smaller angle to be 
more absorbable than that scattered at greater angle). Again, 
the phenomenon is simply an illustration of the J-trans- 
formation, 1. e. a change in the level of the activity due to 
characteristics of the radiation other than wave-length. 

It should be noted that Compton's theory indicates a very 
minute change of wave-length by scattering at 30°; for high 
frequencies at this angle our observed change in absorption 
is thirty times that calculated after Compton ; whereas for 
low frequencies when no modification was observed at 90° 
it was less than 1/10 (possibly 1/20) of what would be 
expected on the Compton theory. As previously indicated, 
there is close agreement when a modification does appear for 


wave-lengths in the neighbourhood of that of ** Mo K ” radia- 
tion and the scattering angle is 90°. But the agreement is 
accidental. 


SUMMARY OF EXPERIMENTAL RESULTS. 


The following results, which were obtained and confirmed 
in many experiments, are illustrated in the preceding paper:— 

(1) When a heterogeneous X-radiation is scattered, the 
scattered radiation has either precisely the same absorbability 
as the primary, or there is a well-marked difference between 
the absorbabilities when measured in any one substance. 
(Shown in previous paper.) 

(2) When the scattered radiation is different from the 
primary when measured in certain substances, its absorb- 
ability may be, and frequently is, precisely like that of the 
primary when measured in certain other substances. 

(3) Even after transmission through substances which 
show the difference between primary and secondary ra- 
diations, there is still no difference between the two when 
measured in certain other substances. 

(4) When the scattered radiation is observed in different 
directions making angles of 30°, 60°, and 90° with the 
primary beam, and when these radiations differ from the 
primary in their absorbability in a certain sub:tance, they, 
in general, differ by precisely the same amount. When a 
difference appears with increasing angle of scattering, 1t 


takes place abruptly—by a jump. 


Discussion, S 


The above facts are all explained in terms of the J phe- 
nomenon—that there are different possible levels for the 
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activity of a beam of X-rays, the particular level of activity 
being dependent not upon any constituent wave-length of the 
radiation, but upon a coherence of the whele radiation and 
upon the relation between the average constitution of the 
radiation (closely allied to temperature) and characteristic 
^ temperatures ” of the substance traversed. 

Indeed, in all our investigations upon the scattered ra- 
diation, the difference which we have observed between it 
and the primary is a difference such as also appears through 
operations quite different from scattering. It is a difference 
due to properties of a coherent beam and may under suitable 
conditions be produced by slight filtering, or by the super- 
position of a feeble radiation upon the beam studied, or in 
other ways. These cannot be, or should not be, described as 
changes in wave-length. 

On the other hand, we find absolutely no indication of 
Compton’s wave-length change by scattering, and all the 
Jaws governing the change observed by us—the manner of 
its appearance, its magnitude, its variation with frequency 
and with the angle of scattering—appear entirely at variance 
with Compton’s view. 

All the apparent conflict of results may just possibly be due 
to the fact we have already established—that a considerable 
portion (at least) of the properties of an X-radiation is not 
fundamentally associated with the wave-length, but with this 
“temperature,” measured to a certain degree of approxima- 
tion by absorption-coeflicient,— that Compton measures one 
property; we measure another, a more intimately related 
one; and that these two properties are not related in the 
way which experiments upon homogeneous radiations have 
indicated. But though a change in activity,—a change in 
properties,—is certainly brought about by methods which 
cannot involve a change in wave-length (but only a slight 
change of average wave-length or a change of * temperature ” 
of the whole beam), the assumption that a change of wave- 
length of such magnitude as that of the Compton effect could 
occur without some corresponding marked change in the 
ionizing and penetrating properties of the radiation such as 
we could easily detect, is too revolutionary to accept without 
either experimental or theoretical justification. It wonld 
mean that the properties are practical] y independent of wave- 
length or frequency of the constituent radiations. Yet apart 
from that, there is no alternative to the conclusion that the 
Compton effect does not occur in our experiments on hetero- 
geneous beams and without a diffracting crystal. 

Besides that, in place of the Compton effect we observe the 
J-trausformation, which though governed by different lawg 
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shows a remarkable correspondence with the Compton effect. 
The alternatives thus are :— 


(1) No Compton effect in all our experiments, or 

(2) A complete divorce of the activity of an X-radiation 
from wave-length, and the substitution of an 
entirely new system of laws. 


Briefly then, we find that the difference between a scattered 
and a primary X-radiation is simply expressed by saying 
that the scattered radiation has characteristics of structure 
which make it much more favourable to the J phenomenon 
than is the primary radiation. The fact of coherence suggests 
a reason for this, for coherence implies a certain persistence 
(a continuity of action) such as might be produced by 


(1) a scattered radiation when the primary radiation is 

| too intermittent to cohere ; 

(2) a scattered radiation making a large angle with the 
primary when that making a small angle is not 
sufficiently homogeneous (on a large scale) ; 

(3) a scattered radiation from a thick radiator when 
that from a thin radiator is not sufficiently 
homogeneous. 


The hypothesis would also explain the apparently capricious 
nature of the J phenomenon, for the stream of X-radiation 
might be expected to be sufficiently continuous (sufficiently 
homogeneous) by some methods of excitation and not by 
others. Such a dependence on the details of excitation has 
been found (Barkla and Mackenzie, unpublished). 

This explanation is as yet merely hypothetical and should 
be distinguished from the fact of coherence of the constituent 
radiations in a beam. Of this there can be no possible 
doubt. Quite outside the sphere of speculation is the fact 
that the ionization produced by a beam of X-rays is not 
dependent on 


(1) simple wave-length and intensity on the one hand 
(classical theorv), 
or (2) independent quanta and the number of these on the 
other hand (quantum theory), 
or (3) any combination of these ; 


but, in part at least, upon a quality of the full stream of 
radiation more closely allied to temperature. This is the 
meaning of the J phenomenon, and this forms the basis of 
the explanation of all we have observed in our comparison of 
the scattered and the primary X-radiations. 

The J phenomenon will be further described and discussed 
in later papers. 


LVIII. The Compton Efect and the Reflexion of X-Rays 
by Crystals. By E. J. WinLiAMs, M.Sc., Fellow of the 


University of Wales *. 


§ 1. Introduction. 


T has been found by A. H. Compton that when X- 
radiation is scattered by matter the wave-length of part 
of the scattered radiation is longer than that of the incident 
radiation, the rest of the scattered radiation being unmodi- 
fied. The bearing of this phenomenon on the diffraction of 
X-rays by crystals has, so far, received little attention t. 
In calculating the positions and intensities of the diffracted 
beams, it has been assumed that all the radiation scattered 
by the electrons in the crystal has the same wave-length as 
the incident radiation. It is fuund that the laws of reflexion 
derived on this supposition are obeved by all the radiation 
reflected by a crystal, from which it follows that either (1) no 
modified radiation is reflected bv a crystal, or (2) the modified 
radiation obeys the same laws of reflexion as tbe unmodified 
radiation to within the error of observation. Should (1) 
be correct, it is possible that we must modify the estimates 
of the intensity of reflexion based on the assumption that 
the scattered radiation in every respect obeys the classical 
laws. | Forthetotal amount of radiation scattered, including 
modified and unmodified, corresponds to the amount given 
by the classical theory, so that, if the electrons in the 
crystal seatter modified radiation which is not reflected, only 
part of this amount will be available for building up 
diffraction maxima. It is the purpose of this paper to 
examine these questions, and in particular to investigate the 
effect on the intensity of reflexion. The laws of reflexion 
of the modified radiation will first be considered in order to 
test the possibility of (2). 


$2. Laws oj Reflexion of Modiried Radiation, 


In order to consider a phenomenon of interference it is 
necessary in the present state of radiation theory to assume 
the wave theory. Furthermore, in order that a change 
of wave-length be intelligible on the wave theory it is 
necessary to suppose the scattering electrons to be moving, 

* Communicated bv Prof. W. L. Bragg, M.A., F.R.S. 

+ In a recently published paper (Zeit. für Phys. xxxvi. 2, 1926) 
Kellmann and Mark consider some aspects of the question, and reference 
will be made to their work in the parts concerned. 


Phil. Mag. S. 7. Vol. 2. No. 9. Sept. 1926. 2U 
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in which case a change in wave-length follows as a Doppler 
effect. A supposition of this nature was made by Compton * 
in considering tlie distribution and intensity of the modified 
radiation scattered by an amorphous substance. He showed 
that, if the scattering electrons travelled in the direction 
of the incident rays with a velocity AmA, the wave-length 
of the radiation scattered in any direction would be 
that required by the quantum theory of scattering. Compton 
showed that the calculated distribution obtained in this 
way is in substantial agreement with the observed distri- 
bution, and this result warrants the use of the same method 
in order to obtain the laws of reflexion of the moditied 
radiation. The supposition made here is that the actual 
distribution of the diffracted beams is tbe same as that 
which, on the classical wave theory, would result from the 
scattering of tlie radiation by an electron lattice moving 
with the velocity À/mA. 

LetX-wave-length of the incident X-radiation as mea- 

sured by a stationary observer ; 
oz=direction of incident rays, so that the moving 
scatterers have a velocity A/[mX parallel to oz. 

Then for an observer moving with the scatterers the 
wave-length of the radiation before and after scattering is 
A(l-r 8) where 82 h/mXe, powers of B higher than the first 
being neglected. The angles of incidence and reflexion 
measured by this observer are given by Bragg's law, and we 
have 


2dsin@=nX(1+B), . .. . .(l 


where @ is the common value of the angles of incidence and 
reflexion. 


As the direction of motion is parallel to the incident rays 
the angle of incidence is the same for the two observers. 


The angle of incidence, p; measured by the stationary ob- 
. server 1s therefore given by 


9dsinó;S»A( 4B) . . . . . (9) 


If $, denote the angle of reflexion, then $,+¢, is the 
angle between the reflected rays and the direction of relative 
motion measured by the stationary observer. The angle 
between the reflected rays aud the direction of relative 


motion is 20 for the moving observer, so that from the law 
of aberration t 


cos 20 =cos ($; + ,) —8/1—B cos ($,+,). . (3) 
* Puys. Rev. 2, xxi. (1923). 


+ Vide, e.g., O. W. Richardson, * Electron Theory of Matter,’ p. 306. 
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It follows from (1), (2), and (3), on neglecting higher 
powers of 6, that | 


2dsin$,—nX(l—8-r28sin!'a) . . . (4) 


a denoting the angle of reflexion of the unmodified radiation. 
On substituting for its numerical value, (2) and (4) become 
respectively 

2d sin $, 7 n(X * 024), 

2d sin $, 2 n(X —*024 -- 048 sinte), t - + 6) 


d and X being expressed in Ångström units, 
The common value, a, of the angles of incidence and re- 
flexion of the unmodified radiation is given by 


2dsinazsnA. . . . . . . (6) 


The laws of reHexion of the modified radiation (equation 
5) are thus not the same as those of the unmodified 
radiation (equation 6) and, as will be shown presently, the 
difference between them is such that if the radiation scattered 
as modified radiation by a substauce in the amorphous form 
was regularly reflected by a crystal of the substance accord- 
ing to (5) the phenomenon would have been detected 
experimentally. For such detection (1) the modified and 
unmodified beams must be resolvable; (2) tlie intensity of 
the modified beam must be sufficient. 

The separation of the incident modified and unmodified 


ravs corresponds to a wave-length interval of 024A (cj. 
equations (5) and (6)), which is six times the difference 
between the Ka, and Ka, lines of rhodium. The rhodium 
Ka, and Ka, lines can, however, be resolved by a spectro- 
meter of moderate resolving power, so that the modified 
beams certainly satisfy the condition of resolution. 

In order to discuss the second condition we shall take 
the particular case of a rock-salt crystal and consider the 
reflexion from planes having the structure factor Na + Cl of 
order such that the glancing angle is about 30°. The angle 
of scattering will then be about 60? and the ratios of the 
energies of the modified and unmodified radiations scattered 
through this angle by amorphous Na and Cl are about 1 and 
*5 respectively*. If the ratio of the energies of the reflected 
modified and unmodified beam was of this magnitude, i. e. *5 to 
1, the modified beam would be sufficiently intense to be easily 


æ These values are computed from results of observations on neigh- 
bouring elements made by Compton, Ross, and others. 
U 2 
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observed *. The intensity of reflexion depends on the sizes 
of the orbits which the scattering electrons describe. The 
larger the orbit the less in general is the contribution to the 
intensity of reflexion, and as there are reasons to believe 
that the outer electrons are mostly responsible for the modi- 
fied rays, it follows that the ratio of the intensity of the 
modified reflected beam to that of the unmodified beam 
would be less than the ratio of the intensity of the modified 
radiation to that of the unmodified radiation scattered 
through the same angle by the same substance in the amor- 
phous form. This effect of the distribution of the two 
radiations between the various classes of electrons in the 
atom can, however, hardly affect the order of magnitude 
of the ratio, and as this is about unity it is practically 
certain that the modified radiation if reflected would 
be sufficient to produce a beam of detectable intensity. In 
all the observations which have been made on the reflexion 
of X-rays by erystals no radiation obeying a different law 
from (6) has been detected. It is concluded, therefore, that 
the second alternative mentioned in § 1 cannot be admitted, 
and we are led to the first which states that no modified 
radiation is reflected by a crystal tł. The bearing of this 
result on the thecry of the intensity of reflexion by crystals 
will now be considered. . 


$3. The Compton Fffect and the Intensity of Reflexion. 


The conclusion arrived at in the last paragraph admitstwo 
alternatives : 


(a) No modified radiation is scattered by the clectrons in 
the directions of regular reflexion. 

(b) Modified radiation is seattered by the electrons in the 
same way as if they belonged to amorphous material, but is 
not regularly reflected. 


It would seem at first that the orderly arrangement of 
atoms, which characterizes crystals, ought not to influence the 
initial scattering by the individual electrons and that (a) 
conld accordingly be dismissed. However, the phenomenon 


* The Ne, line of rhodium possesses only a third of the energy of the 
Ke, line and is quite prominent, though separated from the Ke, line by a 
much smaller angle than that which would separate the moditied Ka, line 
from the unmoditied Ka, line. 

f This conclusion depends of course on the validity of the method 
used to derive the laws of reflexion of the modified radiation. 

T kallmann and Mark (doc, cit. p. 184) have independently arrived at 
E conclusion by a process of reasoning essentially the same as that used 

ere. 
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of reflexion from crystals is one in which the electrons co- 
operate in the scattering, and it may be possible that this 
cooperation means a big increase in the effective mass of the 
scattering electrons in so far as encounters between them 
and the incident quanta are concerned The change of wave- 
length, being inversely proportional to the mass of the 
scatterer, would consequently be much smaller than that 
which ordinarily characterizes the modified radiation. In 
other words, the modified radiation, when reflected, auto- 
matically becomes ** unmodified,” owing to the increase in 
the effective mass of the scattering electrons. If the ** modi- 
fied" radiation becomes sufliciently * unmodified” as to be 
able to interfere with the ordinary unmoditied radiation, the 
classical theory of the intensity of reflexion needs no revision. 
It may be, however, that this is not so, in which case there 
is an effect on the intensity of reflexion. This possibility 
will not be discussed any further at present, and the etfect 
on the intensity of reflexion will be considered on the basis 
of the second alternative (b). 

According to (b) the amplitudes of the modified and un- 
modified waves due to the individual electrons in the crystal 
are the same as they would be if the electrons belonged to 
amorphous material, and the amplitude of the reflected wave 
is the vector sum of the amplitudes of the unmodified waves *. 
The inteusity of reflexion will evidently be different from 
what it would be if all the scattered radiation was capable of 

* The number of unmodified quanta that leave a crystal in the direc- 
tion of reflexion is considerably greater than the number that would 
leave an amorphous body in that direction. The radiation scattered by 
an amorphous body is symmetrically distributed about the forward 
direction so that the momentum communicated to the body from the 
radiation is in this direction. [n terms of the quantum theory this 
means that the directions of recoil of the scatterers are symmetrically 
distributed about the forward direction. In the case of reflexion by a 
crystal, the resultant momentum imparted to the crystal as the result of 
scattering is not in the forward direction but has a component perpen- 
dicular to the reflecting planes as well asa forward component. On the 
quantum theory this means that there is a preponderance of scattering 
bodies which recoil with components normal to the reflecting planes 
(on the side remote from the incident and reflected beams). In view of 
this we must suppose that the reinforcement of the scattered waves in 
the direction of reflexion influences the encounters between the quanta 
and electrons in such a way that a preponderance of quanta leave the 
electronsin the direction of reflexion, and the dynamical conditions of such 
encounters may be supposed to be the same as those holding in the case of 
the much lesser number of unmoditied quanta that would be scattered in 
the same direction were the substance amorphous. This intluence must 
not be confused with that discussed in connexion with (a). ‘The suppo- 


sition made there is that the reinforcement giving rise to regular reflexion 
increases the effective masses of the electrons. 
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being reflected, and the effect will now be considered mose in 
detail. 

The formula for the intensity of X-ray reflexion involves 
quantities, F, which represent the ratios of the amplitude of 
the wave scattered by an atom asa whole to that of the wave 
scattered according to the classical theory by a single elec- 
tron. These are the quantities the estimated values of which 
have to be revised in order to allow for the non-reflexion of 
the modified radiation *. The revised values, which we shall 
denote by F,, represent the ratio of the amplitude of the 
unmodified wave scattered bv an atom to the amplitude of the 
wave which a single electron would scatter according to the 
classical theory, and these valnes have been calculated for 
the atoms of certain elements. 

A calculation of F, requires a knowledge of the relative 
amounts of the modified and unmodified scattered radiations 
respectively ł. G. E. M. Jauncey f has developed a quanti- 
tative theory of this partition of energy in the case of 
scattering by amorphous substances. The theory is based 
on the criterion, first suggested by A. H. Compton, that if a 
quantum does not give sufficient energy to the electron 
which scatters it to enable the electron to leave the atom, 
the quantum is unmodified. 

It should be mentioned, however, that the general nature 
of the differences between the revised F curves and the 
classical curves can be deduced directly from the results of 
observations on the relative intensities of the modified and 
unmodified radiations scattered by different elements in the 
amorphous form, and the correction for the Compton effect 
is to this extent independent of Jauncey’s theory. 

Jauncey’s theory refers to, and all observations have been 
made on, the energies of the two types of scattered radiation, 
whilst the quantity which is directly concerned in interference 
phenomena is the amplitude of the radiation. Let us con- 
sider a single electron and let j be the fraction of the energy 
scattered in a given direction which is unmodified, leaving a 
fraction 1—j of modified radiation. Now the coefficient of 


* The values of F according to the classical theory have been caleu- 
lated by D. R. Hartree, Phil. Mag. vol. 1. p. 259. 

+t The allowance for the Compton effect cannot be made directly from 
a knowledge of the fraction of the radiation that is unmodified when 
the substance is in the amorphous form. The relative amounts of un- 
modified and moditied radiations are different for electrons belonging to 
ditterent orbits, and as the diffraction effect js also different for the 
different orbits it is obvious that the correction has to be made separately 
for the various orbits. 


f Phys. Kev. (2) xxv. pp. 314, 723 (1925). 
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total scattering (including the modified and unmodified 
radiations) from light elements in the amorphous form, in 
which case the electrons scatter independently, obeys the 
classical theory *. ‘Therefore, if the energy of the scattered 
radiation from a single electron according to the classical 
theory be denoted by unity, the absolute values ot the 
energies of the unmodified and modified radiations are j and 
l—J respectively. The energy of radiation is proportional 
to the square of the amplitude, and taking the constant of 
proportionality as unity the amplitude of waves scattered 
according to classical theory will be unity. Actually there 
are two trains of scattered waves representing energies j and 
l—j respectively. In deducing the relation between the 
energies and amplitude there are two alternative supposi- 
tions which can be made and which lead to slightly different 
results. We can suppose that the electron is simultaneously 
scattering the two types of radiation having relative energies 
in tlie ratio of j to 1 —j, or alternatively, that the two radia- 
tions are scattered intermittently, the aggregate times being 
in the ratio of 7 to 1—j. On the first assumption the 
amplitudes of the unmodified and modified waves scattered 
by a single electron are vj and s/1—J respectively. Ac- 
cording to the second, unmodified waves of unit amplitude 
will be scattered for a fraction j of the time and modified 
waves of unit amplitude for a fraction 1— j of the time, and 
a3 far as reflexion is concerned this state of affairs is equiva- 
lent to simultaneous scattering in which the amplitudes of 
the unmodified and modified waves are j and 1—j respec- 
tively. Revised values (F,) of F have been calculated on the 
basis of each of the two suppositions. The value of F, 
obtained on the first supposition will be denoted by F, , and 
that on the second supposition by F, . 

The value of j according to Jauncey's theory depends on 
the ionization energy of the electron, the magnitude and 
direction of its orbital velocitv, the wave-length of the 
X-rays, and the glancing angle, 89. The dependence on the 
last two quantities is a function of sin B/A, so that @ and X 
are not involved separately. If B and e denote the orbital 
kinetic energy and ionization energy respectively of an 
electron for which all directions of motion are equally likely, 
then j is given by 

j=5+e/4By -4/4B,. . . (D 
where 4c =2h/me x (sin B/A). 
* This applies to neither of the two radiations separately, the relative 


intensities of the modified and unmodified radiations varying considerably 
with wave-length and angle of scattering. 
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The value of j will be different for different orbits, and in the 
case of non-circular orbits will be ditferent for different parts 
of the orbit ". The same applies to the diffraction effect 
and in calculating the values of F, the different orbits in the 
atom have been considered separately, and in the case of 
non-circular orbits the different elements of the same orbit. 
Hartree f shows, in a paper on * The Atomic Structure 
Factor in Crystal Reflexion,” how to calculate the values of 
F on the classical theory. In calculating the revised values 
considerable use has been made of tables given in this paper. 
Data relating to the porential field of certain atoms have also 
been kindly given to the writer bv Mr. Hartree. 


$4. Discussion of ^ F” Curves. 

The values of F.t, F, . and F,, for different values of the 
glancing angle B, for the calcium ion (Ca++) and the fluorine 
lon (F^) are given in Table L., the values of siu 8 corre- 
sponding to the wave-length Rh.Ka rays (X—'614 Å.). 
Stoner’s distribution of electrons has been assumed. 


TABLE I, 
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The results are showu graphically in fig. 1 together with 
curves which represent the observed values of F deduced 


* In so far as the calculation of F is concerned, a circular orbit is 
equivalent to a spherical shell of electricity, and the effective value of 7 
may be different for different parts of the same shell, being equal at any 
point to the value given by Jauucey's theory for an electron confined to 
move in the plane tangential to the sphere at that point. Such a possi- 
bility has not been allowed for in the present calculations, as an allowance 
for it would have little effect on the numerical results, there being in fact 
no effect when j for the whole orbit has the values 0, *5, and 1. 
+ Loc. cit. 


t The values of F, for Ca++ nre taken from Hartree’s paper (loc. eit.), 
and those for F~ have been calculated by Hartree’s method. 
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from the actual intensity of reflexion by James and Randall *, 
using the reflexion formula. These curves will now be 
compared. 


Fig. 1. 


o Q1 O:2 SinB for Rh Ka 0o: o: 5 0:6 07 


i. Order of magnitude of difference between the Curves. 


The difference between the F, and F, curves is quite 
appreciable in certain regions, the maximum difference 
between the values of F. and F,, in the case of calcium, for 
instance, being about 25 per cent., whilst the values of Fy, 
for fluorine are in some places only half those of Fe and in 


* James and Randall, Phil. Mag., May 1926. 
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other places are twice those values. The difference between 
F, and F,,is still greater but is everywhere in the same 
direction, the curves Fu, and Fu, being very similar. The 
revision of the values of F has, however, not produced a 
radical departure from the classical values. Had the revision 
resulted in such a difference there could not be any agree- 
ment between the revised values and the observed values. 


ii. Initial Values. 


The values of F, and F, are seen to be the same at zero 
glancing angle, being equal to the number of electrons in 
the ion. It can be readily seen why this should be the case. 
For when the angle of scattering is zero the momentum 
communicated to the scattering electron is zero and the 
electron cannot possibly be ejected from the atom. As this 
is the condition for modification, it follows that all the 
radiation scattered in the forward direction is uninodified, 
and consequently the values of F, and F, are the same. 

This result is not entirely dependent on Jauncey's theory, 
but can be deduced in a general way from the observed 
intensities of the unmodified and modified radiations. These 
show that the relative intensity of the modified radiation 
falls off quickly with decreasing angle of scattering and 
would indicate that at zero glancing angle there would be 
no modified radiation scattered, thus making F,-—F, as 
above. 

The actual values of F at zero glancing angle or extremely 
small glancing angles cannot of course be obtained from 
observations on the intensity of reflexion, as there are no 
reflexions at glancing angles less than about sin^! . 1. Asa 
result of determinations of the absolute values of F for 
Na und Cl at this and bigger angles, Bragg, James, and 
Bosanquet * concluded, however, that “the values for F 
when sin 9 —0:1 are of the order to be expected if the curves 
for chlorine and sodium have maxima at about 18 and 10 
respectively." These numbers are the theoretical maximum 
values of F, being the respective numbers of electrons in 
the two ions. 

In the determination of the **observed" values of F for 
Ca and F, James and Randallt chose a value of the 
extinction coefficient which made the observed value for Ca at 
sin —0'1l coincide with the value calculated by Hartree 
on the classical theory. These authors show that the value 

* W.L. Bragg, R. W. James, and C. H. Bosanquet, Phil, Mag. (6) 


xli. p. 334. 
* Loc. cif. 
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for the extinction obtained in this way leads to consistent 
results when intensities of reflexion for planes with structure 
amplitudes Ca + F5, Ca, Ca—F,, are compared, thus showin 
that the value must be nearly correct. In comparing the K 
curves in fig. 1 it must, therefore, be realized that James 
and Randall have made F.and F, coincide at the smallest 
glancing angle at which reflexion is observed, and that the 
better agreement between F, and F, thin tetween F,, or 
Fu, and F, for small angles is not necessarily real. 


ii. Flattening of F curve for Catt in region of sin 82:35, 
and Rise in F curve for F7 after sin 82:5. 

The classical F curves do not fall off uniformly with 
increasing glancing angle over the whole range under con- 
sideration, and in this respect differ from the observed curves 
and the revised curves. In the case of calcium there is 4 
distinct sudden flattening of the F. curve in the region 
around sin 8—:35, and in the case of fluorine the F. curve 
begins to rise after sin@='5. The reasons for the 
presence of these characteristics in the F. curves and 
their absence in the revised curves can be made clear in a 
general way as follows. 

The contribution from the outer orbits 3, and 3, in the 
case of calcium* * falls off very rapidly with sin 8 and then 
oscilates in value, passing through a negative minimum 
value at sin 82:33, and a positive maximum at sin 82:43. 
In the case of fluorine the contribution to F from the outer 
orbits 2; and 2, reaches a minimum value at sin B=°5 and 
then rises again. This oscillation ix due to the relatively 
large sizes of the outer orbits and 1s absent in the contri- 
butions from the inner electrons in the region of glancing 
angles considered. This oscillating nature of the contri- 
bution from the outer electrons is directly responsible for 
the flattening of the F, curve for calcium at sin 82:35 and 
the rise in the F curve for fluorine after sin B='5. Now 
when we come to consider the values of I',, we find that as 
the outer electrons are also more loosely bound the amount 
of unmodified radiation scattered by them falls off rapidlv 
with increasing glancing angle, with the result that the 
contribution to F, from these electrons is small, and does 
not affect the uniform falling off of the F, curve for the 
whole atom *. This result is not wholly dependent on 


* In fact the contribution that these electrons do give to F comes 
from the parts of the orbits close to the nucleus, nnd therefore 
possesses none of the characteristics resulting from large radial distances 
from the nucleus, 
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Jauncey's theory. The results of observations on the 
relative intensities of the modified and unmoditied radiations 
scattered from elements of different atomic numbers show 
that the more loosely bouud the electrons are to the atom 
the less unmodified radiation thev scatter, and therefore 
the contributions to F from outer electrons must be relatively 
unimportant. 

The above argument applies to all atoms and we can 
state, as a general result, that the classical F curve for an 
ion does not fall otf unitormly with increasing glancing 
angle owing to the oscillating nature of the contributions 
from the outer electrons. In the case of moderately heavy 
atoms, such as Cl, K, and Ca, there is a distinct flattening 
of the F, curve when F is about half its maximum value, 
and for light atoms, such as O and F, the curve passes 
through a minimum and then rises. On the other hand, 
the F, curves for these atoms fall off uniformly because the 
contribution to F, from the outer electrons is negligible in 
the region of glancing angles concerned. ‘There is no 
evidence of these characteristics in the ** observed ” curves, 
and in this respect the agreement between the revised F 
curves and the observed curves is much better than that 
between the classical F curves and the observed curves. 


iv. Values of F at relatively large angles. 


The * observed” values of F are not corrected for the 
Debye temperature effect. This effect is almost negligible 
at small glancing angles and becomes appreciable only at 
large glancing angles. The correction would somewhat 
increase the “observed” values at large angles and would 
improve the agreement between them and the values of F,. 


v. Dependence of correction for the Compton Effect on wave- 
length and glancing angle. 


It has already been pointed out that the relative ampli- 
tudes of the modified and unmodified radiations do not 
depend on 8 and X separately but are functions of sin B/A. 
This is so because the criterion for scatteriny with or without 
modification involves 8 and X only in so far as they control 
the momentum imparted to the scattering electron, which is 
represented by 2/hc x (sin B/A). It is interesting to note that 
the correction for the Compton effect thus resembles other 
factors which determine the values of F, and that a curve 
in which F is plotted against sin 8/X will hold for all wave- 
lengths. 
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$5. Power of a Crystal to reflect the modified and unmodified 


radiations scattered by its electrons. 


According to the prevailing theories of the Compton 
effect (due to Jauncey *, Bohr, Kramers, und Slater fj 
there is no fundamental difference between the production 
of the modified scattered radiation and that of the 
unmodified scattered radiation. The difference is incidental 
and depends on whether the scattered quantum gives 
suflicient energy to the scattering electron to enable it to 
leave the atom or not. Certain experimental tacts also 
add conviction to this view. ‘Lhe relative intensities of 
the modified and unmodified seattered radiations vary con- 
siderably with wave-length and scattering angle t. Never- 
theless, the magnitude of the coetticient of total scattering is 
independent of the wave-length over a large range, and the 
variation of the intensity of total scattering with scattering 
angle obeys the simple “1+ cus?@” law. It follows that a 
decrease in the intensity of one type of radiation is always 
accompanied by a balancing increase in the intensity of the 
other. The two radiations are thus intimately dependent on 
one another, and hence cannot be produced by two funda- 
mentally different processes. The reason for a state of 
affairs as described in §3 (b) must therefore be found in 
minor differences between the two types of radiation. 
According to the above theories the ** unmodified ” scattered 
radiation is strictly speaking modified, the change of wave- 
length being, however, very small compared with that 
experienced by the “ modified” radiation. The change in 
frequency of a quantum due to scattering Is inversely pro- 
portional to the mass of the scattering body, and the 
theoretical change in the ** unmodified” radiation, which on 
these theories is the result of encounters between quanta 
and atoms, is too small to be detected, being of the order of 
1075 A. Nevertheless there is ou these theories a change, 
and the ditference between the modified and unmodified 
scattered radiations must be regarded as one of degree 
only. The question is whether this difference in degree 
can account for the non-reflexion of the modified radiation. 
In order to consider this question it is necessary, as 


* Loc. cit. 

T Bohr, Kramers, & Slater, Phil. Mag. [6] xlvii., 1924. 

f The number of recoil tracks produced in oxygen, for instance, shows 
that nt least 80 per cent. of the scattered radiation (A=°6] A) is moditied, 
whilst the spectrum of the radiation scattered by graphite through 
small angles shows a predominance of unmodified radiation, 
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it was in the discussion: of the laws of reflexion of the 
modified radiation, to use the wave theory and assume 
hypothetical scatterers moving in such a way as to 
give the necessary change in wave-length. Compton * 
showed that the change in wave-length of the modified 
radiation follows as a Doppler effect if we assume the 
scattering electrons to be moving in the direction of the 
incident rays with a velocity A/mA. In calculating the 
change in wave-length required by the quantum theory of 
scattering, Compton did not take into account the motion 
of the scattering electrons in their orbits. Jauncey subse- 
quently extended’ the theory so as to take into account this 
motion, and showed that the change of frequency of the 
scattered quantum depends on the magnitude and direction 
of the velocity of the scattering electron at the instant of 
scattering, the change in wave-length being given by 


6X/X 2 2h sin? 8/2/me A+ 2u sin 0/2 .cosd/e, . (8) 


where v is the magnitude of the orbital velocity of scattering 
electron and $ is the angle it makes with the momentum 
lost by the quantum. It follows from (8) that a single 
wave-length primary radiation should be scattered as a 
* band," different changes of wave-length being due to 
different values of ġ and u. This is in accordance with 
observations, and Jauncey has shown that the extent of the 
observed ** broadening" of the modified line is also quanti- 
tatively in agreement with the theory. In view of this 
effect it is not correct to assume a uniform drift of the 
hypothetical scatterers. These scatterers must be assumed 
to be moving with various different velocities, the range of 
velocities corresponding to the range of wave-lengths in the 
modified radiation. There are two hypotheses which can be 
made as regards this motion. We can associate a hypo- 
thetical scatterer with each electron in the crystal, the 
velocity of the hypothetical scatterer at any instant being 
that which would give the change of wave-length required 
by (1), v and ¢ referring to the corresponding electrons at 
that instant, or, we can regard the hypothetical scatterers as 
belonging to a multitude of classes, all the scatterers in the 
same class moving with the same velocity and therefore 
maintaining fixed relative positions. The first of these 
hypotheses will be made the basis of the present argument. 
Let the vector wy be the velocity which gives a Doppler 
change of wave-length equal to that represented by the first 


* Loc. cit. 
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term in (8), and let w be the velocity which gives a change 
of wave-length represented by the second term. Then a 
velocity w +w will give the complete change of wave-length 
required by (8). wọ is the same for all the electrons con- 
cerned, so that the relative positions of the scatterers are not 
affected by this component of the velocity. The value of w, 
however, depends on u and $, which continually vary as an 
electron moves in its orbit, so that u and ¢ at any instant 
may be different even for electrons describing similar orbits, 
and therefore w at any instant is different for the different 
hypothetical scatterers. Now if at any time, f, we suppose 
the relative positions of the scatterers to be the same as 
those of the electrons in the crystal to which they correspond, 
this will not be the case at any subsequent instant because of 
the variation in w. The component wo, as already mentioned, 
does not affect the relative positions und can be left out of 


t 
the distance, at time £, of a scatterer from its mean position *. 
The same argument as the foregoing applies to the un- 
modified radiation, the only difference being that instead of 
(8) we have a similar equation with the mass of the atom 
and its velocity of thermal agitation, instead of the muss of 
the electron and its orbital velocity respectively. The 
velocity of the hypothetical scatterers associated with 
electrons which scatter unmodified quanta can then be 
represented by Wo+W, where Wo is constant and W 
variable, and their displacement from their mean positions 
is given by VW adt. We have now two systems of scatterers, 
the one moving with a uniform velocity wo, its individual 
scatterers being at any instant at a distance Fwdt from their 


mean positions ; the other moving with uniform velocity Wo, 
tbe instantaneous displacement of its scatterers from their 


mean positions being y Wat. The first system scatters 
modified radiation, the second unmodified radiation. Now, 
let us suppose that the value of Ü wdt is large compared 
with the wave-lenyth, A, of the X-rays, and that V W dt is 


small compared with X. Then, in the first case the magni- 
tude of the oscillation of the scatterers about their mean 


* If Lt (jte dt y t is not zero (and equal to w,' say), then fiw dt does 
tpo 


account. Theimportant quantity is K w dt which represents 


not represent the distance from the mean positions and it must be 
replaced by C (t6 — to, ) dt. 
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position will reduce the amount of regular reflexion to a 
negligible value and no modified radiation is reflected, 
whilst in the second case it only causes a small decrease in 
the intensity of the reflexion so that the uumodified 
radiation is still reflected. In the present state of theory it 


is impossible to calculate the values of (Wat and Jude 


without making several and very arbitrary assumptions, 
and such a calculation will not be attempted here. This 
discussion has, however, indicated a plausible way of 
accounting for the state of affairs represented by § 3 (b). 


Summary. 

The laws which would apply to the reflexion by a crystal 
of modified radiation scattered by its own electrons are 
derived by considering an electron lattice moving witha 
velocity that would give as a Doppler effect the change in 
wave-length demanded by the quantum theory of scattering. 
The difference between these and the ordinary Bragg laws 
of reflexion is appreciable, and as all the radiation actually 
reflected obeys Bragg’s law it is concluded that (a) no 
modified radiation is scattered bv the electrons in the 
directions concerned, or (b) modified radiation is scattered 
but is not regularly reflected. The bearing of the Compton 
effect on the theory of the intensity of reflexion by crystals 
is considered on the basis of the second alternative, and an 
outline of the way in which revised ** F-curves”’ have been 
calculated is given. The “classical” F-curves, the revised 
curves, and the “observed " curves are compared. The 
revised l-curves are little "influenced by the contribution 
from the outer electrons because these electrons scatter very 
little unmodified radiation, and as a result they agree much 
better than the classical curves with the curves actually 
observed. The correction for the Compton effect is a 
function of sin§/A, and in this respect resembles other 
factors entering into the theory of the intensitv of reflexion. 

The capacity of a erystal to reflect modified and un- 
modified radiation is discussed. There is no fundamental 
ditference between the modified and unmodified radiations, and 
reasons for the incapacity of a crystal to reflect tlie modified 
radiation scattered by its electrons (if that is the case) must 
be based on minor ditferences between the two. 


In conclusion I wish to thank Professor W. L. Dragg, 
F.R.S., for bringing the subject of the present investigation 
to my notice and for the kind interest which he has taken 


in the work. 
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APPENDIX. 


The contribution to the value of F, for the calcium ion 
from the electrons belonging to the 2, orbit will be con- 
sidered in order to illustrate the way in which the revised 
values of F have been calculated. Hartree has shown that 
a circular orbit is equivalent, as far as the diffraction effect 
is concerned, to a spherical shell of electricity of radius 
equal to that of the orbit, and if all the radiation scattered 
was unmodified the contribution to F, for each electron 
describing an orbit of this type would be that corresponding 
to a single stationary electron multiplied by the factor 


+a 
( cos (47a sin B/X) = , which we shall denote by C(8). 


"The radius of the 2, orbit of calcium according to Hartree's 


formula (loc cit. p. 299) is :134 A, and the values of C(8) 
for different values of the glancing angle, B, are given in the 
second column of the accompanying table. All the radia- 
tion scattered is, however, not unmodified, and the effective 


TABLE II. 


Contribution to F, for Calcium from electrons belonging 
to the 2, orbit. 


Sing. | Cie). ; J. vj. 6x CB) xj b x€(8)x Vj) 6xC(8). 
0 1-00 100 | 100 ' 600 6:00 6:00 
d ‘98 1:00 100 , 588 5:68 5:83 
2 95 '84 92 , 474 522 570 
3 89 '67 82 | S54 4:38 5:34 
“4 ‘81 '57 47b | 2-76 3:66 4°86 
5 10 '50 "1 | 210 3:00 4:20 
6 "il 44 ‘66 | 1:62 2:40 366 
‘7 47 "39 62 | 1:08 174 2 82 


} 
1 


amplitude of the unmodified wave scattered by an electron is 
less than unity, being equal to j or Vj according to the 
supposition made as regards the nature of the scattering, 7 
being the fraction of the scattered energy in the unmodified 
rays. In the present calculations 7 has been taken constant 
over the equivalent spherical shell, having a value equal to that 
given by Jauncey's theory for the whole orbit (equation 7). 
The value of j depends on the binding energy and orbital kinetic 
energy of the electron as well as on the wave-length and scat- 
tering angle of the rays. The values of the binding energy 
and orbital kinetic energy of olectrons belonging to the 2, orbit 
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of a calcium atom are approximately 400 and 1000 volts 
respectively (computed from values given by Hartree for 
atoms of neighbouring elements), and the values of 7 or 4/7 
are given in columns (3) and (4) of the table. In order to 
obtain the contribution to F, the amplitude of the unmodi- 
fied wave leaving the electron must be multiplied by the 
diffraction factor, C(8). According to Stoner there are six 
electrons describing 2, orbits in the calcium atom, and the 
contribution dF, to F, from this class of electrons is there- 
fore 6C(8) or 64/5; C (B), according to the supposition made 
as regards tlie nature of the scattering. The values of ôF, 
are given in the fifth and sixth columns. The contributions 
to F on the classical theory are given in the last column for 
comparison. 

In the case of elliptic orbits different elements of the orbit 
defined by tbe distance of the electron from the nucleus have 
been considered separately, the calculation for each element 
being similar. to that for a circular orbit. The value of F, 
for the whole ion is obtained by adding up the contributions, 
SF., from the various classes of electrons in the ion. 


LIX. Radiation produced by the Passage of Electricity 
through Gases. By Sir J. J. THomson, O.M., F.R.S.* 


[rte Philosophical Magazine for May 1925 I gave an 
account of experiments which showed that the passage 
of the electric discharge through gases at low pressures 
gives rise to the emission of radiations which, like radiation 
in the extreme ultra-violet or very soft X-rays, are absorbed 
with such rapidity that they cannot penetrate more than a 
thin layer of gas unless the pressure is very low ; as they 
give rise to very intense ionization, they are of fundamental 
importance in the theorv of the electric discharge through 
gases. In this paper I describe a series of experiments on 
the sources and characteristic properties of these radiations. 
The experiments described in the earlier paper were made 
on the radiation coming from the space between the anode 
and cathode of a discharge-tube; in this region there are 
both moving electrons and moving positive ions, and their 
radiations are superposed. In the following experiments the 
effects due to the electrons and the positive ions were studied 
separately. For this purpose streams of either cathode or 
positive rays were isolated and sent past the window through 


* Communicated by the Author. 
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which the radiations passed to the apparatus by which they 
were detected and tested. 

The electrodes A and B (fig. 1) for the discharge were 
placed at one end of a long tube. B is a brass or aluminium 
cylinder fitting tightly into the glass tube; a hole is bored 
out along the axis of this cylinder. A was in some cases a 
plane disk with its plane at right angles to the axis of B; 


Fig. 1 
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in other cases it was a tube whose axis was in the same 
straight line as the axis of B. When A is made cathode 
a beam of cathode rays, and when it is made anode a beam 
of positive rays, streams through the boring in the cylinder B 
and excites radiation in the gas. This radiation is detected 
by the photoelectric effect it produces when it falls upon a 
polished metal disk D which is connected with a Dolezalek 
electrometer. In order to screen off from the disk the 
effects which would be produced by ions diffusing from 
the discharge-tube two s have heen employed, which 
2X2 


- 
ee 
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are described on pp. 769 and 762, Phil. Mag. xlix. (1925). 
In the first of these methods the ions are stopped by a strong 
electric field and the radiation has not to pass through any 
solid obstacle, but passes through a slit between two half- 
cylinders insulated from each other and connected with the 
terminals of a battery of storage cells ; there is thus a strong 
electric field across the slit. The geometry of the apparatus 
was such that the beam of rays was parallel to the slit and 
was in full view of the disk D. The details of the electrical 
connexions and the position of screens of wire gauze to 
screen off any electrostatic effects due to the charges on the 
half-cylinders are indicated in fig. 2. 

The efficiency of the screen for stopping the ions and 
electrons coming from the discharge was tested by in- 
creasing the potential difference between the half-cylinders. 
With the potentials used this increase produced no change 
in the deflexion of the electrometer, nor was any difference 
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produced by reversing the direction of the field between the 
slits. 

The other method used to screen off the ions is to place 
the disk D in a brass tube with a very thin celluloid window 
at one end ; the celluloid stops the ions, but allows some of 
the radiation to get through. I showed in the previous 
paper that even the thinnest celluloid obtainable stops all 
but a small fraction of the soft radiation coming from the 
tube. 

Special precautions were taken to isolate the radiation 
coming from the molecules of the gas from that due to the 
impact of the electrons or positive rays against the walls of 
the discharge-tube. A side tube C (fig. 1) about 20 cm. long 
and 5 in diameter was used on to the main tube opposite to 
the testing apparatus, and the slit between the cylinders 
used to produce the screening electric field stopped down 
until the only part of the glass of the tube visible from the 
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photoelectric disk was that at the far end of the tube C, 
which is far out of the path of the electrons. 

The intensity of the stream of cathode or positive rays 
is estimated by the charge they give to the disk E (fig. 1), 
which is connected to earth through a high-resistance 
galvanometer. The disk can be moved backwards and for- 
wards down the tube and can be brought within view of the 
disk connected with the electrometer ; when in this position 
the radiation due to the impact of the rays against the disk E, 
as well as that coming from the molecules of the gas, falls 
upon the testing apparatus, and by comparing the effects 
when E is in this position with those when it is pushed back 
we can estimate the relative intensities of these radiations. 


Radiation due to the passage of cathode rays through 
the gas. 

When the electrode A (fig. 1) was the cathode and a stream 
of cathode rays went through the opening in B past the 
window leading to the testing apparatus, the electrometer 
received a continuously increasing positive charge; this we 
ascribe to the ejection of electrons from the disk connected 
with the electrometer, due to the incidence of the radiation 
excited by the cathode rays in their course through the gas. 
If the stream of cathode rays is deflected by a magnet 
so that it can no longer be seen from the disk connected 
with the electrometer, the deflexion of the electrometer 
ceases, showing that the radiation came from the gas 
traversed by the beam of cathode rays and not from the 
walls of the tube. 

If the target Ej is moved down the tube until it comes 
within sight of the disk connected with the electrometer so 
that the radiation excited by the incidence of the cathode rays 
on the metal target falls upon the disk, the deflexion of the 
electrometer is increased greatly, sometimes more than a 


hundredfold. 


Radiation excited by positive rays. 


When A (fig. 1) is made anode a beam of positive rays 
passes through the gas in sight of the disk connected with 
the electrometer, the electrometer acquires a continuously 
increasing charge of positive electricity, showing that the 
passage of positive rays through the gas excites radiation. 
In fact, when the electric discharge is produced by an 
induction coil the deflexion of the electrometer is greater 
when the induction coil is arranged to send a beam of 
positive rays through the tube than when the coil is 
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reversed, so that cathode rays pass in front of the window. 
The number of positive and cathode rays passing past the 
window in unit time can be ascertained from the deflexions 
of the galvanometer which connects the target E (fig. 1) 
with the earth. Knowing the number of rays and the 
deflexion of the electrometer, we can calculate the de- 
flexion due to one cathode or one positive ray. The result 
depends upon the nature of the screen used. When the 
ions are screened off by the electric field, the deflexion due 
to one positive ray is greater than that due to one cathode 
ray ; when they are screened off by a celluloid film, the 
deflexion due to a cathode ray is much grenter thun that due 
to a positive one. This is, I think, due to the fact that the 
radiation produced by the positive rays is less penetrating 
than some of that produced by the cathode ones, so that a 
much larger proportion of the positive radiation than of the 
negative is stopped by the celluloid window. 

Just as with cathode rays there is a great increase in 
deflexion when the target is brought forward, so that 
radiation from it can reach the disk connected with the 
electrometer ; thus the impact of positively electrified 
particles with metal gives rise to radiation. I showed this 
by a photographic method many years ago. 

The deflexion of the electrometer produced when the 
target is moved so as to be in sight of the disk connected 
with the electrometer is in general a larger multiple of the 
deflexion without the target when the celluloid film is used 
than with the electrostatic screen. This is, I think, due to 
the fact that in the latter case the opening through which 
the rays can pass is a very narrow one while the celluloid 
window has a muchlarger area ; thus a large proportion of 
the rays produced by impact with the target will get through 
the window without any very accurate adjustment of the 
position of the target, while with the narrow opening onl 
a comparatively small fraction of the rays will get chroweh 
unless the target is in just the right position. 


On the Nature of the Radiation produced by Cathode 
and Positive Rays. 


I have used two methods to investigate the nature of 
the radiation: the first was to measure the absorption of 
the metal by thin gold, or aluminium, foil, and the second 
was to measure tlie velocity of the electrons ejected from 
the disk connected with the electrometer when the radiation 
fell upon it. 
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Absorption of radiation by thin metallic films. 


Films of thin gold and aluminium were interposed 
in the path of the radiation in the way described in Phil. 
Mag. xlix. p. 764 (1925), and the consequent diminution in 
the rate of charging up of the electrometer was measured. 
Experiments were made on the influence on absorption of the 
nature of the gases in which the radiation was produced, and 
of the difference of potential between the anode and cathode 
of the discharge-tube. The radiations were produced by a 
stream of cathode rays passing through the gas; as the 
celluloid window was used, the most absorbable rays were 
absent. The discharge was produced by a high-potential 
dynamo made by Evershed and Vignolles, which gave 
steady potential differences up to 5500 volts. 

The thickness of the gold leaf was 7:2 x 10-8 cm., of the 
aluminium leaf 5:3 x 10-5. 


Absorption of rays by Gold leaf. 
Ratio of intensity ot 


Voltage incident to emergent radiation 
between wheu the cathode rays passed through. 
cathode and anode. — , ————— ———-————— ——-— 
Hydrogen. Oxvgen. Argon. 
1500... oisiees de 50 
2000... desees 39:8 3:5 
BOO M—( ids 3:2 
2000... siunmetiees’ 2:6 2:6 2:6 
3500 eee T 2 21 
4000 ... ite 2 2 2:0 
4900. etaed 17 2 
5000 Less [i5] 17 L5 
9000. ee 10 1:6 


In hydrogen the current is very unsteady at voltages higher than 4500, and 
the appearance of the discharge keeps changing abruptly. 


Absorption of rays by Aluminium foil. 
Ratio of intensity of 


Voltage incident to emergent radiation 
between when the cathode rays passed through. 
cathode and anode. Pa a a M pum. 
rogen. xygen. rgon. 
ee i A i 
2000 eieaa 2-0 1'8 
2900 ieoa oon 2-0 
9000... ceie csse sees 1:9 1°6 16 
SAI i riesen A 1:4 
4000 i iii cisese cse 1-4 l3 17 
4900 P— 1:3 1:3 
1:9 
5000 ... esee [22 | 1-4 15 


D900 ersan 8 1:3 


680 Sir J. J. Thomson on the Radiation produced 


The absorbability of the radiation varies, however, with 
the kind of electric discharge used to produce it. When 
an induction coil is used instead of a continuous-current 
dynamo, the radiation becomes less penetrating even though 
the length of the equivalent spark-gap may show that the 
maximum difference of potential produced by the coil is 
greater than that produced by the dynamo. 

We see from the above table that the penetrating power 
of the radiation generated by the cathode rays increases 
with the velocity of the rays, though not nearly so quickly 
as it would if the frequency of the radiation were pro- 
portional to the energy of the rays. It does not seem to 
vary much with the nature of the gas; we shall see, 
however, that the more absorbable radiations, especially 
those due to positive rays which cannot penetrate the 
celluloid film, do vary from one gas to another. The 
penetrating power of the radiation from the gas was found 
to be much the same as that of the radiation produced when 
the same rays were allowed to fal] upon a target. 

The absorption method of measuring the qualities of the 
radiation is not applicable to the very easily absorbed- 
radiation which cannot penetrate the inesi metal foil 
available, and it is this radiation which is the most important 
of all in connexion with the theory of electric discharge. 
I have endeavoured to determine the frequency of this 
radiation by measuring the velocity of the electrons ejected 
from a metal plate by the photoelectric action of the 
radiation. To interpret these experiments it is necessary 
to consider the theory of the ejection of electrons owing to 
the photoelectric effects of monochromatic light. 


Distribution of energy among the electrons emitted from a 
plate by photoelectric action. 


Let homogeneous radiation fall perpendicularly on a plate 
of metal, let the mean free path in the metal of the quantum 
of radiation be A, then the chance that a quantum is absorbed 
at a distance between z and «+6z from the surface of the 
metal is proportional to 


eit 
X 


If all directions of projection of the electron by the quantum 
are equally probable, the chance that the electron is projected 
in a direction making an angle between 6 and 0 4- 60 with the 
normal to the plate is 


4 sin 0.50; 
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hence the chance that an electron should start from between 
£z and z--óx in a direction between 6 and 0 -- 60 is propor- 
tional to R 

T Òx 


€ A 9x sin 0.60. 


If E is the energy of the electron at the beginning of its 
path through the metal, and E, the energy after it has 
travelled a distance /, we know that 


E'— Ej; — Bl, 


where B is a constant depending upon the metal. If the 
electron starts from the depth z in a direction 0, the length 
of its path in the metal will be «sec@ and its energy 
at the end m 

4 E'—8zrsecÓ. . . . . . . (D) 


The experimental method is to find whether the electron 
can escape from the metal and reach an electrode parallel to 
the metal plate against an opposing ditference of potential Vo. 

If it is to do this, the energy due to the velocity of the 
electron at right angles to the plate must be not less than 
Voe ; hence if E is expressed in the form Ve, we must from 


1) have 
x {V%e?—BrsecO}tcos*Ot Ve . . . . (2) 
Putting Vo=rV and d= V?e£3/8, this becomes 
d — « sec 6 ¢ dr? sec* 0. 


Hence the chance of an electron being liberated by the light 
and escaping from the metal is proportional to 


i ffe sin 0. dz . dé, 


where the limits of x and @ are found from the equation 
d—zcsecÓ = dr? sect. . . . . . (3) 
Integrating with respect to z we get the term 


- * -34(1 - r3 sect 0) cos 6 
—4 E 3 


= l (1- een ud 


- 
=n oe ee BO no ~ 
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Now d is the greatest distance the electron can travel in 
the metal, and if, as is usually the case, the penetrating 
power of the radiation is great compared with that of the 


electrons, d/X will be small and the preceding expression is 
approximately equal to 


d 2 4 
| a 77 sect 0) cos 0. 
W e have now to find the value of 


| zi — f? sect 0) cos 0 sin 0 dê. 


From equation (3) the limits of 6 are 0 and cos? zr. 
Using these limits, we find that the value of the integral is 


d 2 
qp Vu? e 
Hence the rate at which the electrons escape is proportional 
to 
d M: 
ÀX (1—7) ° 
If the energy with which the electrons are liberated by the 
light quanta is E, and if opposing their escape there is 


an electric field of potential ditference W, and if in addition 


it requires work measured by P volts to liberate an electron 
from the metal 
| War 


E 


Hence, i£. R is the rate at which the electrons escape from 


lat 
the plate, nac __W+P 3 
T al E ?? 


(4) 


where C is a quantity proportional to the intensity of the 
incident radiation. 

Thus the graph representing the relation between R 
and W is a parabola touching the axis R=0 at the point 
where W+P=K, while that representing the relation 
between yR and W is a straight line. 


If the radiation is not monochromatic, then, if the 
intensity of the radiation having quanta with energies 


between E and E+6E is f(E)8E, then R, the rate of 
estape of electrons from the metal when exposed to this 


by the Passage of Electricity through Gases. 683 


radiation, is given by the equation : 


e d W+P\? 
R= AB) (1-—g ) aE, 


W+P 
dR — (° d KEY, W+P 
w=-\| n EU E ) 2E, 
USO R fT d AD yp 
aw 7 Qd E 
BR d AW +P 
JE) coxa wow d) 


dWs~ T 9n (W+P)? ° 


Now d and X are functions of E. We see from equation (1) 
that d is proportional to E?, and if we suppose that the 
absorption of the radiation like that of Röntgen rays is 
proportional to the cube of the wave-length, X varies as E*. 
On these assumptions, 


ËR S(W+P) 


C J , E ABRE. 
qWws Vries as (WP) 


Thus if we determine by experiment the way R varies 
with W and draw the graph, we can get from it the distri- 
bution of the different types of radiation in the incident 
light ; the place where R vanishes will give the greatest 
frequency occurring in the radiation. If the curve is a 
parabola tlie radiation is homogeneous with this frequency, 
if it is not a parabola the radiation is not homogeneous ; the 
distribution of the intensities can be determined by the pre- 
ceding equation. 

We have assumed that when an electron receives energy 
from a quantum of light it is as likely to start in any one 
direction as in any other. The justification for this is the 
shape of the graphs obtained by experiments. 

Along any parabola whose axis is parallel to the axis of y, 
d'y|dz? is constant and d*y/da? is zero. Hence we infer 
from equation (4) that when the graph (fig. 3) for the relation 
between the rate of emission of the electrons and the 
retarding potential can through a considerable stretch CD 
be represented by a single parabola, there is no radiation in 
the tube whose energy quantum is between the values of W 
at C and D. This gives a convenient method of determining 
the character of the radiation from the shape of the graph. 
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Thus, to take an example, if AD represents the graph, and 
if AU is one parabola and OD another, we know that the 
radiation in the tube will be of two types—one having a 
quantum equal to Wa+P, and the other to Wc+P, where 
Wa and We are the retarding potentials at A and C re- 
spectively, and P is the work required to extract an electron 
from the metal. 

The relation between the rate of emission of electrons and 
the retarding potential will depend upon the shape of the 
illuminated electrode and the disposition of the retarding 
electric field. In our experiments the illuminated electrode 
was a flat plate and the retarding ;electric field was that 
between two parallel plates. If the retarding electric field 

Fig. 3. 


a 


Rate of Emission of Electrons. 


Retarding Potential. 


had been, as in Prof. Richardson’s experiments (Phil. Mag. 

xxiv. p.575, 1912), that between a large sphere and a small 

illuminated electrode placed at its centre, then an electron 

could escape if its total kinetic energy, and not necessarily 

that part of it due to motion in a particular direction, 

exceeded rE, and the relation (2) would be replaced by 
(E? — 8: sec 0)$ > rE. 


Using this relation instead of (2), we find that the rate of 
emission of electrons is proportional to 


d. 
x77) 


ETE 
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instead of, as in our case, 


d W+P 
xG-—g-)  @). 


The graph represented by a is ulso a parabola, but it 
is of the type shown in fig. 4 (x), while the graph for 8 is 


represented by fig. 4 (8). 
With the relation æ the slope of the graph vanishes when 


r=0 and is greatest when r=1, while with the graph 8 the 
slope vanishes when r—1 and is greatest when rz: 0. 


Fig. 4. 


A3te of Emission of Electrons. 


Retarding Potential. 


If the radiation were heterogeneous the slope of the 
a-graph would vanish when r=0, though it would not 
necessarily be greatest at the place on the graph where 
emission vanished. For the 8 graph for heterogeneous 
radiation the slope would vanish when the emission vanished 
and would be greatest when r=0. The graphs in my 
experiments are always of the 8 type, and what I think 
is significant is that though in the majority of cases the 
graph cannot be represented by a single parabola, there are 
a few cases, one of which is the radiation given out by the 
glow next the anode in the discharge through pure oxygen, 
where the approximation to the parabolic form is very 
close. This is what we should expect if the radiation were in 
general heterogeneous, but there are special cases in which 


it is approximately homogeneous. 
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Experiments to determine the Distribution of Energy in 
the electrons emitted by the photoelectric effect of the 
radiation. 


The arrangement used is shown in fig. 2. D is the disk 
connected with the electrometer by the insulated rod R ; 
this rod is surrounded by a metal tube connected with the 
earth to shield off electrostatic effects from the disk and its 
connexions. Jn front of the disk and parallel to it is a 
sheet of wire gauze turned back at the ids as in the figure, 
so as to surround the disk with an equipotential surface 
When the ends were not turned back I found the results 
depended to some extent on the distance between the plane 
of the gauze and that of the disk. I attribute this to some 
of the electrons escaping through the gap between the gauze 
and the disk without coming under the influence of the 
retarding potential. The wire gauze was connected with a 
battery of storage cells, and differences of potential rangin 
up to 400 volts could be established between the gauze ind 
the disk; if the gauze were negative with respect to tho 
disk the electric field tended to stop, if it were positive 
to promote the emission of electrons. The rates of emission 
of electrons for a series of potential differences were mea- 
sured bv finding the deflexion of the electrometer due to 
the exposure of the disk to the radiation for a fixed time. 
The readings with the same difference of potential between 
the gauze and the disk were fairly constant when the 
conditions were good, even when tle radiation came 
from a discharge produced by an induction coil. To stan- 
dardize the readings, the deflexion when there was' no 
potential difference between the gauze and the disk was 
measured at frequent intervals. 

When the coil was working well the deflexions of the 
electrometer were fairly constant with similar conditions. 
These investigations, however, brought to light a striking 
feature of tle radiations produced by the discharge : the 
character of the radiation may change quite abruptly, some- 
times without any appreciable change in the appearance of the 
discharge. I think these changes are due to gases coming 
off the walls of the tube or to incursions of mercury vapour ; 
later on, experiments are described which show that when 
heavy gases are introduced into the tube radiations of much 
higher frequency are added to those already in the tube. 

In order that the discharge should be able to pass through 
the tube the pressure must not be too low; in the great 
majority of these experiments the pressure was above 
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01mm. of Hy, and was thus much higher than that 
occurring in recent experiments on photoelectric action. 

In my experiments a considerable increase in the emission 
of electrons was produced by putting an accelerating potential 
on the gauze—i. e , the emission was greater when the gauze 
was positive to the plate than when the gauze and plate were 
at the same potential. 

Another effect frequently observed was that when the 
gauze was strongly negative to the plate, the plate not merely 
ceased to lose electrons when exposed to the radiation but 
slowly acquired a negative charge. The effect was small 
and soon showed saturation, ?. e. the rate of increase of the 
negative charge soon becomes independent of the difference 
of potential between the gauze and the plate. 

This effect might occur if the gas between the gauze and 
the plate were ionized by the radiation so that a current of 
negative electricity passed from the gauze to the plate ; it 
would also occur if some of the radiation were reflected from 
the disk on to the wires of the gauze so that these gave out 
electrons by photoelectric action. There are, however, grave 
difficulties in accepting one or both of these explanations. 
If the effect were due to the ionization of the gas, then it 
would increase with the amount of gas surrounding the disk 
and exposed to the radiation. The apparatus was designed 
to make this as small as possible, and when the position of the 
gauze was altered so that the distance between it and the 
disk was increased and therewith the amount of ionizable 
gas, the negative effect diminished instead of increasing. 
Again, if it were due to the reflected radiation it ought to 
diminish if the surface of the metal in the wire gauze is 
diminished. I tried the effect of replacing one piece of 
gauze by another made of much finer wire and more open 
mesh, but I could not detect any diminution in the negative 
effect. 

The experiments seem to me to indicate that there is at 
the surface of the disk a layer of ionized gas containing 
positive as well as negative ions, and that when the gauze is 
very strongly negative some of the positive ions are pulled 
out of this layer, so that the disk gets a negative charge. 
The existence of this retrograde current has to be taken into 
account in interpreting the graphs, for when the disk neither 
gains or loses a positive charge it does not necessarily follow 
that the flow of electrons from it has completely stopped ; it 
may be that there is still a small flow from the disk which is 
just balanced by the retrograde current, so that E, the energy 
given to un electron by the light quantum, will be somewhat 
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greater than the value given by the equation 
E= W+P, 


where W is the retarding potential when the disk, neither 
gains nor loses an electric charge. 

The retarding potential was got from a potentiometer 
consisting of 100 resistance coils placed in series. The 
electromotive force on the potentiometer was provided by 
a battery of small storage cells. To allow for possible 
variations in the induction coil, readings of the deflexion of 
the electrometer when there was no retarding potential were 
taken between those for the different retarding potentials. 
A convenient way of detecting changes in the character 
of the radiation is to apply by means of the potentiometer 
a retarding potential which reduces the flow of electricity to 
the disk to zero. When the coil is working well, it is 
possible to get so good a balance that there is not a deflexion 
of one division on the scale of the electrometer in several 
minutes. This balance often remained undisturbed when the 
pressure of the gas in the discharge-tube was altered and 
with it the potential difference between the electrodes, 
showing that the limiting radiation did not change appre- 
ciably with the physical conditions but was determined by 
the nature of the gas. If when it is in this state the liquid- 
air traps which have been used to take out impurities be 
removed, the balance will suddenly change and it will 
require a larger retarding potential to stop the flow of the 
electrons from the illuminated disk, showing that a radiation 
of a harder type has been introduced, probably arising from 
the heavier molecules liberated by the removal of the liquid 
air. This explanation is supported by the fact that the 
change in the retarding potential required to stop the 
emission is much more marked than the change in the rate 
of emission when no retarding potential is applied ; this 
would be the case if a small quantity of radiation of a 
harder type were produced by some impurity in the gas. 


Discussion of the Experiments. 


A large number of experiments on the relation between 
R, the rate of emission from the illuminated copper disk, 
and W, the retarding potential, were made and the results 
analysed to find the nature of the radiation. In some cases 
examples of which are given below, the whole of the graph 
could be very approximately represented by a siugle para- 


bola, so that when VR was plotted against W the result was 
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a straight line. Examples of this are given in figs. 5, 6, 


and 7. 

Fig. 5 is for the radiation from the negative glow in 
argon, the pressure was ‘006 mm., the discharge was pro- 
duced by an induction coil and the equivalent spark-gap 
was 4mm. It will be seen that the graph for VR and W 


is very approximately a straight line and that the emission 


Fig. 6 
ARGUN. 
Negative Giow. 


Pressure O06 mm 
Equivalent spark gap. 4 mm. 


kate of Emission 


Io 6 4 
Retarding Potential in Volts 


vanishes when W —10 volts ; thus E, the quantum of energy 
in the radiation, will be given by 

E = 10 +P +a correction due to the retrograde current. 
Taking W as 3:5 volts, this makes the quantum somewhat 


„greater than 13:5 volts. 
Fig. 6. 


OXYGEN. 
Anode Glow. 


Pressure ‘005mm. 
Equivalent spark gap 2:5 mm. 


kate of Emission of Electrons. 


T3 12 g 
Retarding Potential in Volts. 


Fig. 6 is the graph for /R and W for the radiation from 
the anode glow in oxygen at a pressure of *005 mm. ; the 
discharge was produced by an induction coil and the equiva- 
lent spark-gap was 2:5 mm. Again the radiation is approxi- 
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mately homogeneous, and the emission vanishes when the 
retarding potential is 24 volts. 

Fig. 7 is the graph for the negative glow in oxygen when 
the dis eae was produced by a continuous-current dy- 
namo; the potential difference was 400 volts and the current 
through the tube 2°6 milliamperes, the pressure was 
‘045 mm.; the emission is stopped by a retarding potential 
of 12 volts, so that the quantum of radiation is considerably 
less than in the preceding tase. 

It is only, however, in exceptional cases that the graph for 
a/R and W is a straight line throughout the whole of its 
length ; it much more frequently happens that the results 
for the higher retarding potentials are approximately on a 
straight line, while those for the smaller ones are far from 
the prolongation of this line. 


Fig. 7. 


OXYGEN 
Negative Glow 


Pressure -045 mm 
Continuous current. 400 volts 
Current 2:6 milli amperes 


Fate of Emission. 


10 


6 4 O 

Retardıng Potential in Volts 

Fig. 8 is the graph representing the relation between R 
and W for the radiation from the negative glow in the 
discharge produced by an induction coil through hydrogen 
at the pressure of 01 mm. of mercury ; the equivalent spark- 
gap was4 mm. The unbroken line represents the observations, 
the dotted lines the two parabolas 


26 (10- W): 
7 100 
12 (2— WP 

y-1Q-Wy 
the sum of the ordinates of these is not distinguishable from 
the graph on the scale of the diagram. We conclude 
from this that the radiation was concentrated in two types, 
one having the energy quantum equal«to 10-4 P, and the 


other a radiation of a much softer type with the energy 
quantum equal to 2+ P. i 


and 
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HYDROGEN 


Pressure Olmm 


Rate of Emission of Electrons 


Retarding Potential 
Fig. 9. 


OXYGEN 


Pressure O09 mm. 


Fig. 9 is the graph representing the radiation from the 
Y 2 
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negative glow in the discharge through oxygen at the pres- 
sure ‘009 mm. of mercury produced by a large induction 
coil; the equivalent spark-gap was 4°0 mm. 

The graph can be represented by the superposition of the 
two parabolas 


299, Uy? 
R —3:;00—W), 


R = — (a4—W)t 


This implies that the radiation consists in the main of two 
constituents, one having for energy quantum 20-4-P volts, 
and the other 4+ P volts. 

The graphs for the radiation from the negative and anode 
glows were obtained bv using a piece of gauze placed in 
front of the window through which the radiation passed on 
its way to the disk connected with the electrometer as the 
cathode or anode for the electric discharge. With this 
arrangement the deflexions of the electrometer were very 
large, and capacities sometimes as large as ‘1 microfarad had 
to be connected to the electrometer to reduce the deflexion to 
measurable dimensions. The illuminated disk was in this 
case receiving radiations of the same kind as those which 
fall on the metal surface of the cathode or anode ot the 
discharge-tube, and as the disk emits copious streams of 
electrons, it follows that both the anode and cathode in the 
discharge-tube receive radiation which induces a copious 
emission of electrons. This emission at the cathode gives rise 
to the high-speed cathode-rays; while the emission at the 
anode proceeds until the electrons accumulate in front of 
the anode in sufficient density to produce a retarding 
potential sufficient to stop the tlow of the electrons. This 
potential must be equal to that found in the experiments we 
have just described. The existence of an anode fall of 
potential was proved many years ago by Skinner, and the 
magnitude of it was found to be in the neighbourhood of 
about 20 volts with variations of a few volts depending on 
the gas in the tube and the nature of the anode. It is thus 
of the same order of magnitude as the retarding potential 
necessary to stop the flow of electrons measured in the 
preceding experiments. 

To test whether the effect observed in these experiments 
was wholly due to radiation coming from the tube and not in 
part due to uncharged atoms or molecules in an excited state 
making their way through the ecreen and then giving out 
radiation, the disk connected with the electrometer was 
placed ina side tube so as to be out of the way of radiation 
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from the tube, and by means of a pump a constant stream of 
gas was drawn from the discharge-tube past the disk: there 
was, however, no deflexion of the electrometer. 


Radiation produced hy the passage of Cathode and Positive 
Rays through Gases. 


I have investigated the radiation produced when cathode 
and positive rays pass through hydrogen, helium, and argon. 
When the pressure is not lower than ‘01 mm. the graphs for 
the radiation from the cathode and positive rays are not very 
different; they all showed that the emission of electrons was 
stopped by retarding potentials which rarely exceeded 12 
volts. The analysis of the graphs showed that the radiation 


Fig. 10. 


was by no means homogeneous. The radiation produced 
when the positive rays struck against metals gave graphs 
similar to those due to the radiation produced by the passage 
of positive rays through the gas. At very low pressures 
when the potential difference between the anode and cathode 
is large, there is a distinct difference between the graphs for 
the radiations from the positive and cathode rays. The 
graphs for the positive rays are similar to those at the higher 
pressures and are of the type shown in fig. 10, while the 
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graph for the radiation from the cathode rays is of the type 
of fig. 10 £. 

In both cases we have om the application of a small 
retarding potential a rapid fall in the rate of emission of 
electrons. With cathode rays, however, this initial rapid fall 
is succeeded by a stage where the deflexion diminishes only 
slowly with the retardinz potential, and there may be an 
appreciable emission with a retarding potential as great as 
100 volts. With the radiation from the positive rays we 
have only the stage represented by the rapid fall at the 
beginning, the emission vanishes when the retarding poten- 
tial is only a few volts. This indicates that in the radiation 
from the cathode rays we have a mixture of soft radiation 
with quanta represented by a few volts with much harder radia- 
tion whose quanta may be comparable with a hundred volts. 
With the positive rays the radiation is all of the softer type. 

The production of ionizing radiation by positive rays 
passing through a gus or striking against a solid has an 
important bearing on the question of whether or not positive 
particles ionize by collision. Ionization by positive particles 
has been observed and measured by Pavlow (Proc. Roy. 
Soc. A, xc. p. 898, 1914) and others, and has been interpreted | 
as a proof that such particles as well as electrons produce ions 
by collision. There are, as I have pointed out, very serious 
. theoretical objections to this view, and such results as have 
been obtained may be explained as due to the radiation 
emitted by the particles. This radiation will give rise to the 
emission of electrons from the molecules of the gas and from 
the surfaces of solids in the discharge-tube, and it is to this 
and not to direct collisions that we ascribe the ionization 
observed by Pavlow. 

There is still very much that is obscure about the ioniza- 
tion due to positive rays. Seeliger (Physik. Zeit. xii. p. 839, 
1912) has made quantitative experiments on the subject, and 
these indicate that the total number of ions produced by a 
positive ray is but small, very far below the number which 
would exhaust the kinetic energy of the ray ; he found that 
the number does not vary much either with the speed of the ray 
yr with the pressure of the gas. These results would follow 
1f the ionization were due not to the energy of translation 
of the particle but to energy internal to the particle, such as 
might be represented by supposing the particle to contain a 
limited number of undischarged quanta of radiation, and 
that itis these, and not the translational energy of the particle 
which produce the ionization. d 


by the Passage of Electricity through Gases. 695 


The Electrodeless Ring Discharge. 


A copious and convenient source of radiation of the type 
we are studying is supplie | by the electrodeless ring discharge. 

When a solenoid is placed in tle circuit connecting the 
outer coatings of two Leyden jars, whose inside coatings are 
connected with the terminals A, B of an induction coil, 
when sparks pass between these terminals electrical oscilla- 
tions are excited and the solenoid is traversed by rapidly 
alternating currents. Ifa glass vessel containing gas ata 
low pressure is placed inside the solenoid, the rapidly alter- 
nating currents in the solenoid will by electromagnetic 
induction produce in the vessel closed lines of electromotive 
force, and these when the pressure of the gas inside is low 
produce a ring discharge which is often exceedingly bright. 
The study of the radiation given out by this discharge has 
led to some interesting results. 

The arrangement adopted was as follows: the solenoid 
was placed over the tube C in fig. 1 so that the ring dis- 
charge is well in sight of the disk used to test the photo- 
electric effect due to the radiation. Measurements were 
made on the rate of emission under different 1etarding 
potentials. ‘The results seemed to depend to a great extent 
upon the purity of the gas. With very pure helium or 
hydrogen a retarding potential of about 12 volts was suffi- 
cient to stop the emission of electrons from the illuminated 
disk, while for oxygen a potential difference of about 24 volts 
was required. The magnitude of the limiting potentia] did 
not seem to vary with the pressure of the gas or the frequency 
of the discharge. The analysis of the graphs showed that 
the radiation was not homogeneous. Not infrequently, how- 
ever, abrupt changes took place in the retarding potential 
required to stop the emission of electrons, and instead of 
12 volts being sufficient, in some cases more than 100 volts 
were required, 

These changes sometimes occurred spontaneously ; they 
could generally be brought about by removing the liquid- 
air trap used to free the gas from mercury vapour. Though 
the change in the limiting potentials may be great, there is 
not a correspondingly large change in the rate of emission 
of the electrons when there is no retarding potential. It 
would seem as if the effect were due to the presence of an 
impurity which emits a much harder type of radiation than 
that coming from the pure gas. 
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Radiation from dark electric discharge. 


The luminous rings characteristic of the electrodeless dis- 
charge appear only when the pressure of the gas is within 
somewhat narrow limits; but even at pressures lower than 
those where the luminous radiation appears the electrometer 
gives large deflexions showing the existence of radiation of 
smaller wave-lengths than those of visible light. The analysis: 
of this radiation by the method of the retarding potential 
shows that it is mainly in the region of the radiation which 
has a quantum of the order of the ionizing potential of 
the gas. 

The following experiment supplies direct evidence of the 
existence of currents through the gas even when there is no 
luminosity. 

Fig. 11. 
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is a bulb containing gas at a pressure at which the 
luminous discharge is very bright, it is placed inside 
another bulb B connected with a pump. The coils L L for 
producing the electrodeless discharge are placed outside D. 
When the gas in B is at atmospheric pressure there isa bright 
ring discharge in C ; but when the pressure is reduced so 
that the ring discharge appears in D, that in C disappears. 
The gas in B is a conductor of electricity and the currents 
induced in it shield off from C the effects due to the 
currents through the coils LL. When the pressure in B 
is reduced so that the vacuum in B is a very high one, the 
bright ring discharge appears again in C: the induced currents 
through B are not now sufficient to shield off the effects of 
the primary current. There is, however, a considerable range 
of pressure in which, though there is no visible discharge 
in B, that in C is stopped ; showing that there are sufficient 
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currents passing through B without exciting visible lumi- 
nosity, to shield off the effects of the primary currents. As 
there would be but little shielding unless the currents passing 
through the gas were comparable with those which pass 
through the coil, this experiment shows that large currents 

may pass through the gas under certain conditions without 
exciting visible luminosity, though, as we have seen, they do 
excite radiation of smaller wave- length. 

The following calculation shows that when the effect of 
the primary coil is shielded by the currents in the rarefied 
gas, a large number of electrons must be present in the gas. 

Let us suppose that the coil is a long straight solenoid ; 
consider the free motion of an electron in an exhausted tube 
coaxial with the solenoid. Let r, 0, z be the cylindrical co- 
ordinates of an electron, z being measured parallel to the axis. 
Then, if H is the magnetic force due to the currents in the 
solenoid and gas, the electric force at a point distance r from 


the axis is à d and is tangential. Hence the equations of 


motion of a free electron are 


ld dé 1. dH | Hdr 
"vdt (*2:)- Ei PLOTS be Ez 
Ër d A 
m (5s - (Fr 3] )= f: —Her- . e e r ry e (2) 


where m is the mass, and e the Ma on an electron. 
The first of these may be written in the form 


d dé e d 
a(" à) = 35, 4 He), 
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: 2 
" dt =o rs 
if d6/dt and H both vanish when ¢=0, 
„228 e 
p 
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The velocity of the electron at right angles to r is thus 


e 
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and if p is the density of the electrons, the current per unit 
length of the gas 

e? a 

x. Hp dr, 
where ais the radius of the tube. If N is the number of 
electrons contained between two planes at right angles to the 
axis of the tube and unit distance apart, 


Dos 


0 
thus the currents through the gas are less than 
e’ NH, 
dorm ` 


where Hy is the value of H when r=a, if c is the current 
through unit length of the solenoid, 
H, = irc; 


hence the current through the gas is less than Ne?/m times 
the current through the coil. 1f the current through the 
gas is to neutralize the etfect of that through the coils, 


i 


| 


T 
| 


the magnitude of the gaseous current must not be less than 
that through the coils, hence Ne?/m must not be less 
than unity, since e?/m is 2*8 x 10713, N must not be less than 
36% 10", 

The radiation produced by the electrodeless ring discl arge 
is so intense that it is easy to demonstrate its existence by 
experiments which are suitable for the lecture- room. 
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One of these is the following. The vessel containing the 
gas is shaped as in fig. 12. It is a large spherical bulb with 
a neck about 4 cm. in diameter at one end. The coil for 
producing the electrodeless discharge is placed round the 
neck at B, and the bright ring discharge occurs here. 
Adjoining the ring there is bright luminosity : if the gas is 
hydrogen, this is a light pink in the layers adjacent to the 
ring and shows both the Balmer and the second spectrum of 
hydrogen; this is succeeded by a brilliant red layer showing 
only the Balmer lines, the boundaries of this layer are fairly 
well defined. In oxygen the luminosity in the region ad- 
jacent to the ring is a brilliant blue. This very bright 


Fiy. 13. 


luminosity only extends a few centimetres from the ring ; 
1t is succeeded by fainter luminosity not of the same colour, 
which can be traced as a luminous cone extending right 
through the bulb. The glass of the bulb phosphoresces over 
the area covered by the cone ; this phosphorescence is not 
of the same colour as that due to cathode rays: another 
proof that it is not produced by these rays is that the distri- 
bution of the phosphorescence is not affected when a magnet 
is brought near it. The existence of this phosphorescence 
can be shown by the experiment, fig. 12, where C is a glass 
tube covered with willemite placed along a diameter of tlie 
large bulb in which the ring discharge is produced in a plane 
at right angles to the tube; when the ring discharge passes 
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the tube phosphoresces and the distribution of the phosphor- 
escence is not affected by a magnet. 

The ionization produced by the radiation can be shown 
by the experiment represented in fig. 14. | 
"The ring discharge is produced at B. C is the electro- 
static filter, consisting of two halves of a brass cylindrical 
rod, insulated from each other and connected to the terminals 
of a battery of a large number of small storage cells. D is 
a brass plug fitting closely into the glass tube, a slit is cut 
at the centre o£ this plug so as to be parallel to the space 
between the two halves of the electrostatic filter. This plug 
is kept permanently connected with the earth, its object is 
to shield off any effects due to the high potential of the fiiter ; 


Fig. 14. 


bevond the plug are two parallel brass plates, so far apart 
that no radiation vassing through the plug can strike against 
them ; one of these plates is connected with the earth, the 
other to the gold leaves of an electrescope. When the ring 
discharge is passing at B, the electroscope leaks whether the 
charge in it is positive or negative. showing that the gas 
between the plates has been made conductive by the 
radiation. 


SUMMARY. 


The paper contains an account of experiments on the 
character of the radiation produced when electric currents 
pass through gus ata low pressure. The method adopted 
was to let the radiation fall on a disk of metal and measure 
the variation in the rate of emission of electrons due to 
the photoelectric effect when the emission was retarded by 
an electric field tending to stop the escape of electrons. The 
theory of the variation of the rate of emission with the 
strength of the field is worked out, and methods are given 
for determining from the graph representing the relation 
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between rate of emission and the potential difference in the 
retarding field the spectrum of the radiation. 

The radiation produced by the passage of cathode and 
positive rays through the gas, that from the negative and anode 
glows in hydrogen, oxygen, helium, and argon at different 
pressures are discussed. It is found that the frequencies of 
by far the greater part of the radiation are comparable with 
those corresponding to quanta of the order of the ionizing 
and resonance potentials of the gas, in the case of the radia- 
tion due to the cathode rays these radiations are mixed with 
others of a higher frequency. 

In a few cases the radiation was found to be fairly homo- 
geneous, but in general it is a mixture of radiation having a 
frequency comparable with that of the ionizing radiation 
with other radiation of a lower frequency. 

The electrodeless ring discharge is found to be a very 
copious and convenient source of radiation of this type, and 
various lecture-room experiments are described for demon- 
strating the existence and properties of the radiation. 


I have much pleasure in thanking Mr. E. Everett and 
Mr. Morley for their assistance in making these experiments. 


LX. Electric Double Refraction in Colloids. 
. By YNGvVE BsJORNSTAHL *. 


(From the Laboratory of Physical Chemistry, Upsala.) 
[Plate XIII. | 


B* accidental double refraction is meant the phenomenon 

that a medium, during the action of external agents, 
assumes optical properties similar to those of a uniaxial 
crystal, Thus the behaviour is not characteristic for the 
substance per se in its non-excited state, but is produced, for 
example, by a magnetic or an electric field. 

The magnetic double refraction in liquids was first studied 
by A. Cotton and H. Mouton t. In a previous communica- 
tion the author has given an account of the magnetic double 
refraction in certain colloids f. Analogous to the phenome- 
non in a magnetic field a double refraction also appears in 
an electric field. ‘This action has been subjected to detailed 
investigations and is often called the electric Kerr effect, 

* Communicated by the Author. 
+ C. R. exlv. p. 229 (1907). 
[1 Phil. Mag. xlii. p. 352 (1921). 
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after its discoverer, J. Kerr*. Plane polarized light is 
passed through a medium in a direction perpendicular to the 
lines of force. The azimuth of the plane of polarization should 
then form an angle of 45° with the lines of force. The 
emergent beam is elliptically polarized. The vibrations 
parallel to and at right angles to the lines of force display 
a difference in phase and eventually a change of the ampli- 
tudes, th» two vibrations being absorbed to a different extent. 
There are two circumstances that characterize the electric 
double refraction in ordinary liquids: (1) the retardation is 
proportional to the square of the intensity of the field, and 
(2) no dichroism is found. The exception recorded by 
Meslinf, viz. dichroism in a solution of potassium dichromate 
in carbon disulphide, may be disregarded since the solution 
represents a coarse suspension. The time of disappearance 
of the double refraction in ordinary liquids, t.e. the time 
of relaxation, is very short; according to Abraham and 
Lemoine [ less than 107? sec. 

With reference to colloidal solutions, it is to be noted that 
de Metz $ in his investigations of the Kerr effect in con- 
ducting liquids made certain experiments with a three-per- 
cent. gelatine-water solution. This system at ordinary room 
temperature is a gel, and consequently the nature of the 
double refraction is dubious, It is not until 1915 that we 
can record any experiments in the true sense. That the study 
of the electric double refraction was not begun until so late a 
period is probably due to the fact that the colloidal systems 
asa whole were investigated at a comparatively late date; 
this especially concerns the colloids in dispersion media other 
than water. Dieselhorst, H. Freundlich, and W. Leonardt ||, 
while studying vanadium pentoxide sols, found that the sol 
showed double refraction in an electric field, or in the words 
of the authors: “auch unter dem Einfluss des elektrischen 
Stromes tritt unter geeigneten Bedingungen Aufhellung 
zwischen vekreuzten Nicols auf". The present writer, 
however, was the first to make any measurements on such 
sols. The experiments were continued later in collaboration 
with C. Bergholin **. Some measurements on gold sols were 
also made. 

* Phil. Mag. [4] l. p. 337 (1875). 

t C. H. exxxvi. p. 888 (1903). 

t C. R. exxix. p. 206 (12899). 

$ Journ. de la Soc. Phys.- Chem, Russe, xxxiv. p. 505 (1902). 

|| * Elster-Geitel-Festschrift,’ p. 476. Vieweg & Sohn, Braunschweig, 
1915. 


« L. c. p. 403. 
** Phys. Z. xxi. p. 137 (1920). 
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Although this paper is devoted to colloidal solutions in the 
narrow meaning of the expression, the experiments with 
coarse suspensions made by Meslin * should be cited in this 
short historical survey. He observed “dichroism” in a 
suspension of helianthine crystals in carbon disulphide. The 
experiments were continued by Chaudier f, who studied the 
dichroism with the aid of a Soleil polariscope, and the double 
refraction with a Bravais double-plate. He investigated, for 
example, such systems as powdered mica suspended in ben- 
zene, and gypsum in benzene ł. The experimental methods 
in themselves show only the sign of the double refraction 
and the direction of the maximum absorption. The investi- 
gations of St. Procopiu § on suspensions of various mineral 
powders, such as calc-spar and zircon, follow the same line. 
The double refraction was measured with a half-shade 
analyser, not described in his paper. A positive double 
refraction is ascribed to the difference between the ordinary 
and the extraordinary refractive index of the crystals; a 
negative one to the hypothesis that the particles arrange 
themselves as strings in the field. 


Measurements. 


A large number of colloids are included in the present 
invesligations. Among these may be mentioned the metal 
sols of gold, silver, copper, platinum, mercury, molybdenum, 
tungsten, bismuth, antimony, iron, nickel, and titanium. In 
addition, however, experiments have been made with sols of 
non-metallic disperse phase, such as carbon, sulphur, anti- 
mony trisulphide, arsenic trisulphide, vanadium pentoxide, 
starch and gelatine, and many dyestuffs. As a general rule 
it may be stated that the first of the two above-mentioned 
groups is characterized by an electric double refraction of 
negative sign. As to the non-metallic colloids, on the other 
hand, a rule cannot be given. It cannot be said, however, 
that the electric double refraction is a property characteristic 
of allsols. It is possible to trace an effect, only at a certain 
degree of dispersity. 

With regard to protected colloids, it may be mentioned in 


* C. R. cxxxvi. p. 930 (1903). 

+ C. R. exxxvii. p. 248 (1903). 

t Ann. de Chimie, xv. p. 67 (1908). 

$ C. R. elxxii. p. 1172 (1921). Later on he collected his measure- 
ments in the work: ‘Sur la biréfringence électrique et magnétique des 
suspensions,’ Théses, Paris, 1924, in which he also describes some experi- 
ments with metal suspensions. 
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passing that they show less double refraction than do unpro- 
tected ones. This applies to Au, Pt, Bi, Fe, Mo, W, Ag, 
Cu, Ni, C, Sb, Ti, Sb,S,, As,S,, Fe,O,. A number of alco- 
sols also have been examined. 

An account is given in the following pages of the electric 
double refraction in mercury, gold, and sulphur hydrosols. 


Apparatus. 


Several different experimental arrangements were used, 
one of which is shown in fiv. 1. The lens B throws an 
image of the arc A on the rectangular slit C, and this image 
is projected on the objective of the telescope P by the lens D. 
The light is passed through ihe monochromatic filter E, a 
polarizing Thomson-Glan prism F, the trough G, the com- 
pensator M, the analysing prism O, and, finally, through the 
telescope P. The compensator was of the type designed 


by D. B. Brace* and afterwards employed by many 
scientists. The arrangement consists of two plates of mica. 
The first, the compensator proper, covers the whole field of 
view and is mounted ona graduated circle, the rotation of 
which can be read. ‘The half shade, or the sensitive strip, 
consists of a thin sheet of mica inserted in an azimuth of 
45° and covering only the centre of the field of vision. This 
sheet is mounted in balsam between carefully selected cover- 
glasses free from double retraction. The sensitive strip can 
be placed either before or after the compensator. The first 
method is the most frequently used, and has also been used 
by the author. The principal sections of the polarizing 
prisms were crossed, and formed an angle of 45° with the 
lines of force. The telescope was focussed on the sensitive 
strip, the angle between the principal axis of the latter and 
that of the prism being 45°. The compensator was turned 
so as to obtain a uniformly illuminated field of view, the 
electric field was applied, and the compensator set for a 
match again. 


‘The theory of this compensator has been treated by L. B. 


* Phil. Mag. 6 v. p. 161 (1903. 
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Tuckerman *, L. Chaumont f, and C. Bergholm t. If ¥ is 
the angle between the principal planes of the analyser and 
of the compensator, and if à is the angular retardation of the 
compensator, we obtain 
tan(A45)- ——— SL NE 
^^  1—2sin?2y. sin’ 5 


where A is the unknown phase difference, and e is the phase 
difference of the sensitive strip. If A—0, we obtain 
sin 2yr, sin à Doe ee D 


1—2sin? 2yr sin? : 


where fy represents in this case the angle between the com- 
pensator and analyser. Subtracting (2) from (1), we have 


tan A pi 
€ € 
(1—tan A tan 3 COS 5 


2 sin 8 cos (Y+) sin (9 [1 2sinf2sin 29 sin 2y, | 


(1 — 2 sin? 2, sin? 5) (i — 2 sin? 2, sin) 


C. Bergholm $ has shown that the equation (1) is valid 
independent of the double refraction, being united with the 
amplitude effect ; in other words, if the axis of the ellipse of 
the emergent light has an azimuth differing from 45". If 
suitable approximations are made, we obtain 


tan A = 2sin cos (Y + Yo) sin (qc — po). 


Bergholm has also indicated the range over which this 
approximate formula can be used. If we put ~p—y,=6, 
the rotation of the compensator, the expression may be 
written 


€ 
tan- = 


tan A = 2 sin ô sin 0 cos (23p,3- 0). 
In order to analyse the elliptically polarized light emerging 
from the tube G, it is sufficient to measure first the phase 


* Cf. University Studies, published by the University of Nebraska, ix. 
No. 2. 

+ Thèses, Paris, 1914. 

1 Diss., Upsala, 1916. 

$ L.c. 


Phil. Mag. S. 7. Vol. 2. No. 9. Sept, 1920. —  2Z 
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difference between the components parallel and perpendicular 
to the lines of force, then the azimuth of the major axis of 
the ellipse, the elements of which are defined by this with 
regard to form and position. 

In order to determine the azimuth of the ellipse, a quarter- 
wave plate was inserted between the tube G and the com- 
pensator (cf. fig. 1). The plate is rotated to obtain linear 
polarized light, which is tested with the Brace apparatus. 
The azimuth of tlie quarter-wave plate is read. This arrange- 
ment is described by Cotton and Mouton *, who employed 
it for the study of dichroic circular polarization, by M. G. 
Bruhat f, and independently by Bergholm 1, who has given 
full particulars about the method. If the liquid is considered 
to be a uniaxial dichroic crystal, with the axis along the lines 
of force, then tlie absorptions of the parallel and of the per- 
pendicular components are different. Calling the rotation of 
the quarter-wave plate $ and the specially determined phase 
difference A, we can derive the ratio p of the parallel ampli- 
tude to the perpendicular one, p= 2 from the equation 

-— 
“3° = tan 2$ cos A. 

The usual precautions were taken in order to eliminate the 
error arising from the fact that the quarter-wave plate did 
not show a phase difference of exactly 7/2. The quarter- 
wave plate is turned through an angle of 90? and a new 
reading is taken. The retardation of the plate of mica used 
as a compensator was determined by the aid of a plate of 
mica with a retardation amounting to nearly 4/4. The phase 
difference of these 'A/£" plates was determined using a 
Babinet compensator. The constants of the plate of mica 
used as compensator are recorded in Table I. 


TABLE I. 

Constants of the compensator. 

3 à. QU. 
(A.U.) 
(OOO? Lessixesieses 19 2' 
6200. asocian 79 33' 5? 6' 
9900" uas densos 79 51' 
JLG 9 c erii ies 8? 33' 4° 55’ 
4360 ............: 10° 24! 4° 55’ 


* Journal de Phys. (5) i. p. 8 (1911). 
t C. R. chili. p. 248 (1911). 
1 L.c. 
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In order to define the sign of the double refraction, the 
medium in the field is regarded us a uniaxial crystal the axis 
of which is parallel to the lines of force. 

The sign of the double refraction is considered as positive 
when the refractive index n, for the ray which is polarized 
in a plane at right angles to the principal section in the 
crystal imagined (1. e. at right angles to the line of force) 
is greater than the refractive index n, for the ray which is 
polarized in the principal section. Thus, for a positive 
medium, ne> no; for a negative one, no». In the first 
case the more retarded vibration is propagated in the 
principal section, whilst in the second it is propagated in 
the section at right angles. 

In some experiments the monochromatic filter was 
replaced by a monochromatic illuminator. 

With regard to the experimental methods, it must be 
observed that relative measurements, i. e. comparison of the 
double refraction for a colloid and a normal substance, are 
meaningless cn account of the double refraction not being 
quadratically dependent on the intensity of the field. Other- 
wise, in the question of the liquids here treated, all of which 
are conducting to a certain degree, the relative method of 
Des Coudres * would have been particularly suitable. When 
using this method it is unnecessary to know the voltage. 
High-frequency voltage of unknown wave-shape can be 
used. 

For an absolute determination it is necessary to determine 
the voltage between the plates of the condenser. If such a 
` determination is to have any meaning, the shape of the 
voltage curve must be known. Direct pressure cannot be 
used on account of electrolysis. An alternating electro- 
motive force giving a sine-wave must be employed. Further, 
it is necessary that the frequency be as high as possible. 
Experiments on the decomposition of very dilute solutions 
of electrolytes showed an enormous decrease of the electro- 
lysis when the frequency was increased from 200 to 1200 
cycles per second. The voltage was obtained from a high- 
frequency alternator constructed by Hartmann and Braun, 
Frankfurt am Main. The alternator is supplied with a 
48-pole rotor, which is fed by direct current from a storage 
battery. When the number of revolutions per minute is 
3000, alternating current of the frequency of 1200 cycles 
per second is generated. The alternator is supplied with a 
distance tachometer of Hartmann and Braun's construction, 


* Verh. Ges, Deutsch. Naturforsch. u. Arzte, 1893 ii. p. 67. 
2452 
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so that it is possible to read the frequency at the laboratory. 
The machine is built with special regard to its giving an 
electromotive force wave of sine shape. The electric double 
refraction is dependent on the frequency. One of the first 
tasks was to investigate to what extent the voltage wave 
supplied by the machine was of sine shape. 

If f(t) is the electromotive force wave of the machine, then 
by Fourier's theorem we have 


f(t) = Xa,sin n wt + Eb, cos nwt = Xa? +b, sin (n wt + da) 


er 


n 


In order to find f(t) we must determine the amplitudes 
a/an? + b,? and their time-lags ¢,. In order to measure the 
amplitudes the method first devised by Pupin* was em- 
ployed. The potential difference, the wave of whicli is to be 
analysed, is applied to the terminals of a circuit consisting 
ol a condenser in series with a coreless choke coil. An 
electrostatic voltmeter is placed across the condenser. The 
inductance is varied continuously and the voltmeter reading 
at resonance is noted. In this way it is possible to determine 
the amplitudes of the various harmonics. 

With light load the amplitude of the third harmonic 
reached a value of 15 per cent. of the amplitude of the first 
harmonic. The other harmonics were small and could hardly 
be traced. 

In order to eliminate the higher harmonics, a self-induc- 
tance and a condenser were connected in series and the 
potential difference at the terminals of the condenser was. 
used. The arrangement can be considered as a potential 
divider. At the terminals of the condenser a considerably 
smaller fraction of the voltage corresponding to the higher 
harmonies appears than of the voltage corresponding to the 
first harmonic, answering to the proportion between the 
effective resistance of the capacity and that of the self- 
induetance. This proportion varies with the frequency. 
For the first harmonic the proportion is 1/LCo? ; for the nth 
one it has the value 1/LCi?o?, where Lis the coefficient of 
the self-inductance, C the capacity of the condenser, and e 
is 2v times the frequency. 

For the proportion between the effective voltage across 
the condenser of the nth harmonic and that of the first 


æ Journ. of. Science, B, xlv. p. 325; B, xlviii. p. 379, 
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harmonic, we have the expression 


: ] : 1 
This expression will be a minimum when ṣ— = Co. 


Lo 


The voltage was varied by changing the intensity of the 
current in the rotor, partly by means of an ohmic resistance, 
which served as a potentiometer. 

The capacity consisted of a mica condenser of 1°0 microfarad 
and the self-inductance of a self-inductometer. The alter- 
nator wasreguiated to givea frequencyof 1200cycles persecond, 
and the inductometer was then adjusted for resonafice. 

In order to determine the voltage between the plates of 
the cell, an alternating voltmeter, a dynamometer instru- 
ment from Siemens & Halske, was used first. As it was 
intended for a frequency of about 50 cycles per second, it 
was graduated with the aid of a quadrant electrometer for 


Fig. 2. 


the frequency employed, namely 1200 cycles per second. 
For the measurements the precautions proposed by Orlich * 
were observed. The quadrant electrometer in turn was com- 
pared with a Weston normal cell by means of a potentiometer. 

Some experiments were made using a Bjerknes-Ebert f 
electrometer. In most of the measurements a hot-wire volt- 
meter made by Hartmann & Braun was emploved. This 
was frequently compared with a precision voltmeter manu- 
factured by Siemens & Halske, Berlin. The latter in 
turn was compared with a Weston normal cell by means of 
a compensation method. 

A diagram of the electrical arrangement is given in fig. 2, 


* Z. f. Instr. K. 1903, p. 97. 
t K. Bjerknes, Wied. Ann. xlviii. p. 594 (1893). 
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where G is the trough, C the condenser, W the self-induc- 
tance, S a switch, P the voltmeter, and V a checking device 
for the voltmeter. 


The Trough. 


Through repeated experiments certain colloids were found 
to be less stable in metallic vessels. Hence it was necessary 
to use Jena normal glass as much as possible for the troughs 
employed in the experiments. This material also facilitates 
a more satisfactory cleaning of the trough. The condenser 
plates themselves naturally must be of metal. To reduce to 
a minimum the metallic surface which comes in contact with 
the liquid, experiments were made with glass plates plated 
with silver and then gilded on one side. "The attempt failed 
because common soda glass was used. The idea was dis- 
carded at the time, because glass plates of less soluble glass 
could not conveniently be obtained within a reasonable 


N — 


period. Instead, condenser plates of copper covered with 
thick gilding were made. The opposite surfaces were 
ground to a plane. 

Fig. 3 shows the appearance of one of the troughs in a 
horizontal section (cf. also Pl. XIII.). The plates of metal 
A and B are enclosed in the glass tube D. The plate A is 
fixed to the cylindrical rod C, which is movakle, with some 
play, in the side tube Æ. 

The plates are kept apart bv four small plates of glass 
inserted between them. The plate B is pressed against 
the plaie 4 by the rod G and the spring attachment 7. It 
is evident from Pl. XIII. that the trough is supplied with 
tubes for filling and emptving, together with a tube for the 
thermometer. On aecount of the instabilitv of the sols 
the filling must be repeated for every reading. A con- 
venient arrangement for this was therefore necessary. The 
sol is contained in a glass flask and is pressed into the trough 
by compressed nitrogen. 


Digitized by Google 
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It was very difficult to obtain electrodes free from electro- 
lytes. The galvanically gilded electrodes in particular seemed 
to have adsorbed large quantities of electrolytes. Only after 
repeated washings with distilled water, while the condenser 
plates were subjected to electrical discharges, was it possible 
to remove the electrolvte. 

The distance between the plates is determined by the thick- 
ness of the glass plates inserted. This was measured with a 
micrometer screw gauge, which in turn was checked against 
Johansson gauges. 


Correction of the Length of the Condenser. 


The Kerr constant B is defined by the expression 
A =27rBlE?, . . .. . . (1) 


where A is the phase difference between tlie vibration parallel 
to the lines of force and that at right angles. 
l is the length of the condenser (cm.). 
E is the intensity of the field (electrostatie units). 


At the edge of the condenser plates, however, the field is 
never homogeneous. Let us suppose that the light passes 
through an arrangement corresponding to fig. 4, a vessel of 


lir. 4. 


Bron 
n 


e—a usuaus 


length m, and between the condenser plates of length l and 
thickness ¢. The distance between the plates is d. The 
potential difference between the plates is V. The action of 
the field on a common liquid ean be expressed as follows : 


m 


A=2nBl Ed. .....(» 
This action is equivalent to a homogeneous field of intensity 
E, =* and of length J, : 
[i 


A-3TMBES . . . . .. (3) 
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Thus J) is defined and is evidently independent of the 
potential difference between the plates. 

In the question of the disperse systems treated here, the 
quadratic law is often not applicable, but a more complicated 


one instead, 
A = 2rBI KE). 
Instead of (2) and (3) we obtain 


A= 27B | AE) dy = 27Bf( E) xlo; 


lj; is a function of E, thus one cannot give any corrected 
value. 

In the case of several colloids, however, the deviation from 
the quadratic law is slight, and therefore in order to get an 
idea of the order of magnitude of the correction |, —1, an 
estimate was made on the assumption that the expression (1) 
is valid. : 

In some preliminary experiments a tube very long in com- 
parison with the condenser plates was used. If m —4 (cf. fig. 4) 


is a large quantity, the formula lj —1 = Á of Lemoine * can 
be used. d 

On account of the very strong absorption which frequently 
occurs, it was necessary to work with as short layers of liquid 
as possible ; so troughs were employed, tlie end surfaces of 
which were at a very short distance from the end surfaces 
of the condenser plates. For this case a correction formula 
has been given by L. Chaumont f: 


if d : Jd —3Y 
b—l =O A14 _log(a+ va =1) 


Vat — 
az—1+ W:—1^4at—] 
ds Aoc 


—log 


where z and a are defined by 


_ ie NM oe S 
m l = “4 p + E log (z— - —1) 


Es nr SU NEN 
A ae l ya 3. 


a 4 2 
Val—-l. d 


* C. R. exxii. p. 836 (1890). 
1 Theses, Paris, 1014, p. 161. 
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For the meaning of the symbols, see fig. 4. 
The values of one of the troughs used were as follows :— 


m = 4°04 cm. 
l= 3°94 ,, 
d=015 ,, 
= 010 ,, 
lj—l = 0°33 ,, 
ly = 3°9440°03 em. 


As the correction for the length of the condenser does not 
reach one per cent., it obviously can be neglected when com- 
pared with the other sources of error and with the poorly- 
defined nature of the medium. 


Electric Double Refraction in a Mercury Sol. 


A mercury sol was prepared by the method of pulveriza- 
tion according to Dredig *. The experimental arrangement 
was that described by I. Nordlund f. As dispersion medium, 
water of conductivity 0°8x 1075 ohm7!cm.7! was used. 
The plane mercury surface served as a negative electrode. 
The intensity of the current was about 2:8 amperes. The 
temperature of the water was 1° and at the end of the 
pulverization 5°. Thus a fairly stable sol was obtained. 
On p. 66, fig. lle, of Nordlund's paper the distribution 
curve fora sol prepared according to the same method is 
reproduced. The sol thus obtained was diluted with water 
of the same conductivity as that used in the pulverization ; 
so that the final concentration was 2:0 x 1075 gram per cubic 
centimetre. 

The sol shows negative double refraction in an electric 
feld. For the measurements a trough was used with the 


dimensions: 
l = 4:93 em. 


m= O04 ,, 

d = 0:236 , 
The wave-length used was K=5750A.U. (Filter from 
Wratten & Wainwright.) The data of the measurements 


are found in Table II., where P is the potential difference in 
volts, and A is the phase difference in minutes of arc. 


æ Z.f. Electroch. iv. p. 514 (1808). 
T Inaug.-Diss., Upsala, 1918. 
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TABLE II. 


Electric double refraction in mercury sol. 


Wave-length 25750 À.U. ; Concentration z 2:0 x 1075 gram 


per cubic centimetre. 


A A 
is dni pet Br 

DO. qunisiiste e TO 0:132 3'0 
2| eme 154’ 0:096 36 
DU artna 226' 0:091 4'5 

| MES 261' 0:073 43 
68. arit 280' 0:061 41 
100- aem 330' (033 33 
135: dive 390' 0:019 2T 


As will be shown later on, water exhibits a positive double 
refraction which is a function of the quantity of electrolyte 
in the solution. The mercury sol showed a conductivity not 
greater than 2:5 x 1075 ohm7!cm.7!. As will be shown later 
(cf. Table XII.), a sodium-chloride solution of this conduc- 
tivity shows a positive double refraetion of about 5' in a field 
of about 100 volts per 0236 em. Nothing is known of the 
nature of the electrolyte in the sol. It appears probable 
however, that the double refraction arising from the disper- 
sion medium is slight compared with that in the sol. 

Table II. shows that A increases with the intensity of the 
field, but not quadratically, as is the case in common liquids 
and in gold sols when the intensity is small. It appears 
more likely that the double refraction is proportional to the 
intensity of the field. 

This very strong double refraction of the mercury sol is 
especially remarkable. It 1s generally assumed that these 
particles are spherical. Thus there should be no question of 
any effect of orientation. There is the possibility, however, 
that the particles do not consist of mercury, but of mercurous 
oxide. I. Nordlund * has thoroughly investigated the method 
of preparation. He found in a sol prepared at a temperature 
of 110? that the ratio between the quantity of mercurous 
oxide and the quantity of metal is 1:14,000. Hence there 
is no doubt that the effect should be ascribed to the mercury 
particles. If double particles occur, one might imagine an 
orientation on account of the field. It should, however, be 
remembered that the result of such an orientation should be 
a phase difference which is quadratically dependent on the 


* Inauz. Diss., p. 75. 


Upsala, 1918. 
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intensity. This is not nt all the case. A direct electro- 
optical effect might be possible. It remains, however, to 
take into consideration the electro-capillary phenomenon 
first described by Christiunsen . A mercury drop sur- 
rounded by an electrolyte solution of diluted sulphuric acid 
becomes deformed if a voltage is applied between two elec- 
trodes in the solution. The drop becomes egg-shaped, with 
the pointed end towards the positive pole. ‘The deformation 
increases with the intensity of the current. 

In this connexion the behaviour was observed of a drop of 
mercury under the influence of alternating voltage. In one 
experiment a mercury drop surrounded with water of con- 
ductivity 0:8x 1079  ohm-^! cm.^! was observed. The 
electrodes were of platinum and were placed at a distance 
1:0 em. from each other. The diameter of the drop was 
0:25 cm. The edge of the drop was examined under thie 
microscope. When alternating current of 1200 cycles per 
second and a pressure of 150 volts was used, no elongation 
was noted. (The maximum elongation must be less than 
0:0004 em.) Ina soiution of sulphuric acid of the concen- 
tration 0-223 gram per litre, trembling of the drop was 
obvious when using a voltage drop of 40 volts per cm., but 
no elongation could be detected. In a sulphuric acid solu- 
tion of higher concentration, on the other band, an appre- 
ciable change of shape could he seen. In a solution of 
the concentration 2:22 grams sulphuric acid per litre, an 
elongation of 0:020 cm. was observed when the potential 
difference was 10 volts. 

We may conclude from the experiments that it is the 
intensity of the current and not that of the field which is of 
importance for the elongation. This agrees with our experi- 
ence of the change of tbe surface tension with the intensity 
of the field. 

A possibility exists that it is a question of a directed dis- 
turbance of the double layer of the m‘cell, which is covered 
by a gas-layer on the sides facing the electrodes. The writer 
certainly has not observed any such phenomenon on mercury 
drops of microscopic dimensions. Such a disturbance would 
cause the dielectric constant parallel to the field to be less 
than that at right angles to the field. 


Gold Sols, 


When an attempt is made to obtain, by the same means as 
used with common liquids, an exact value of the phase 


* Annal. d. Phys. [4] xii. p. 1072 (1903). 


716 Mr. Y. Bjórnstàhl on Electric 

difference by the aid of repeated measurements on the same 
portion of colloid, the values obtained gradually decrease. 
The colloid is changed during the influence of the field. A 
provisional explanation of this may be the change of tem- 
perature caused by the flow of current. The phase difference 
should decrease with increased temperature. If the liquid 
in the trough is ailowed to cool, it will be found that the 
original value cannot be reproduced. The colloid must have 
undergone more fundamental change. Coagulation resulting 
from a difference in mobility of the micelle is excluded. 
Investigations on cataphoresis show that the translational 
movements of the particles are independent of the size ". 
These gold sols are characterized by a certain instability when 
they are brought into contact with molar gold. Perhaps 
the diminution of concentration at the electrode plates, 
owing to the precipitation, is the cause of the phenomenon. 
This diminution is perhaps equalized in the whole volume 
of the liquid through diffusion and convection currents. 


For the measurements on the gold sols a trough of the 
following dimensions was used :— 


Length of trough m 


» 0» plates l 


(cf. fig. 4) =4:04 em. 


» » =o ,, 
Distance between platesd ,, p — = O°165 ,, 
Thickness of plates t 5o»  -—010 


?* 
Preparation of the Gold Colloids. 


In order to prepare the gold sols, specially purified water was 
used. Ordinary distilled water was redistilled, first with the 
addition of potassium permanganate and sulphuric acid, then 
with the addition of barium hydroxide, and finally in an 
apparatus of Jena glass. The conductivity of the water 
obtained in this way was about 1 x 107° ohm7! em.*!. All 
the sols were prepared in flasks of Jena glass, which, after 
being carefully cleaned with boiling aqua regia and chromic 
acid, were finally boiled with distilled water. To obtain the 


sols, Zsigmondy’s nuclear method was employed, using the 
following solutions :— 


HAUC lirira 001l mol. per litre. 

KCO; ...... 0'1 mol. per litre. 

H2 amine 30 per cent. (perhydrol from Merck). 

A saturated solution of phosphorus in ether, diluted 
to 1/5. 


* (Cf. The Svedberg and Hugo Anderson: Kolt. Zeitschr. xxiv. p. 156. 
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The first colloid in a series was prepared using the phos- 
horus solution as a reducing agent, the following with the 
aid of the hydrogen peroxide solution. The latter reaction 
has been studied by F. Doerinckel * and A. Vestgren f. The 
sol No. 1 was prepared according to the following scheme :— 


HAuCI, solution ... 1 cubic centimetre. 
K,CO; 99 .. 0:5 99 99 
Water sodes 08:5 ,, 5 
P-solution  ......... 05 ,, B 


After the lapse of about twelve hours the solution was 
boiled in order to remove the ether, and a current of filtered 
air was passed through it in order to oxidize the phosphorus. 
Then a few cubic centimetres of water were added to obtain 
a sol containing 1:96 x 1075 gram gold per cubic centimetre. 
The product was a sol of a characteristically light red colour. 
Starting from this nuclear liquid a series of colloids was pro- 
duced with increasing size of particle. Thus sol No. 2 was 
prepared with the aid of No. 1 as a nuclear sol. Generally 


speaking, if 


r;=the radius of the particles in the nuclear sol (my); 
resulting sol (my); 


TiS y » 9 » 


y= ,, volume of nuclear sol (cubic centimetres); 
"Y 

T= y » HAuCI, » » 

m= ,, » the mixture  ,, » 


C= ,, concentration of HAuCl, (gram gold per cubic 
centimetre) ; 


the nuclear sol ,, is 


Cj— y » 
» resulting sol ,, 2: 


6 GT o. » 


we obtain z and y by the equations 
y=m a(z) 
Ci NT 


T m =). 


* Zeitschr. f, anorg. Chemie, lxiii. p. 344 (1908). 
T Zeitschr. f. anorg. Chemie, xcii. p. 151 (1915). 
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Thus the scheme for the preparation of the sol No. 7 


appears as follows :— 


y cubic centimetres nuclear solution ; 


Jo, T HAuCl, H 
(m—y—2) ,, 5 water ; 
2 drops hydrogen peroxide per 100 cubic centimetres 
solution. 


The sols investigated contained 1:96 x 107* gram gold per 
cubic centimetre. 


TABLE III. 


Electric double refraction in gold sol. 


Wave-length =5900 A.U. ; Concentration = 1:96 x 1075 
gram gold per cubic centimetre; Diameter 2r=106 my. 


A 
($0089 i pe 
79 9"4 015 
11:6 27"9 0:21 
171 05"6 0:19 
21:6 86"1 0:18 
30:0 133' 015 
35:0 lil’ 0:14 
45:0 205' 0:10 
51:2 216' 0°083 
66:0 233! 0-053 
810 242' 0:032 


In Table III. and fig. 5 some data are shown relating to 
the effect of the potential difference on tne electric double 
refraction in a coarse-grained sol, 27-2106 mu *. In fig. 5 
the potential differences P, measured in volts, are plotted as 
abscissze, and the phase differences A as ordinates. A is 
given in minutes of are. The double refraction is negative. 
For small values of the potential difference the phase dif- 
ference is approximately proportional to the square of the 
intensity, but afterwards approaches a saturation value. The 


* mu -millimieronz 1077 cm. 
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© 10 20 30 40 SO 60 70 80 SO 
TABLE IV. 


Electric double refraction in gold sol. 


Wave-length = 5900 À.U.; Concentration = 1'96 x 1075 
gram gold per cubic centimetre ; Diameter 2r= 53 my. 


P. 2% 2 
(volta.) P 

5:2 94 [0-13] 

T8 4^] 0:067 
10-1 9"7 0:086 
148 147 0:067 
21:6 3i"8 0:081 
260 50’ 0:075 
340 89' 0:077 
38:0 105' 0:073 
48:0 164' 0072 
57:5 186' 0:056 


743 188' 0:051 
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measurements,were carried out with the use of the wave- 
length 5900 A.U. Table IV. and fig. 6 represent the values 
which were obtained from observations on a sol of high 
dispersity, 2r=53 mp. Even here saturation sets in. 


Fig. 6. 


240 
220 
200 
180 
/00 
140 
120 
/00 
GO 
60 
40 
20 


O 10 20 30 40 SO 60 70 80 90 


The influence of the size of the particles is very pro- 
nounced. Whereas sols with the particle coefficient 2r= 5mp 
and 2r=15 mp showed hardly any measurable effect at a 
potential difference of 20 volts, for a sol characterized by 
2r=53 mp a value of A=38' was found, and for a sol 
2r=106 mp a value of A=86'. For sols containing par- 
ticles of the size 200 my the double refraction under the 
same conditions attains a value of A=5°, A series of 
measurements illustrating the variation of the effect with 
change in size of particle are recorded in Table V. 

The change of the double refraction with wave-length is 
also striking. Only one diagram illustrating the dispersion 
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is reproduced here (Table VI. and fig. 7). „The effect shows 
a very distinct maximum at about 6000 A.U. The wave- 
length was varied by means of the monochromatic 


illuminator. 
TABLE V. 


Variation of electric double refraction with size of particles. 


Wave-length 425900 A.U.; Concentration —2:0 x 10-5 
gram gold per cubic centimetre ; Temperature 17?:5 C. 


A 
9r. P. SÄ; -4. 
(my.) (volts.) P 
130 136 39"0 0-39 
20:2 1230 0-30 
65 13:4 29"-0 0:16 
: 19:2 59"2 0:16 
32 12:6 5' 0°081 
: 18:6 e' 0°017 
20 18°4 l' 0:003 
TABLE VI. 


Dispersion of double refraction in gold sol. 


Potential difference P —23'9 volts; Diameter 2r=106 my ; 
Concentration —0:98 x 107* gram per cubic centimetre. 


Wave-length. —A. 4/45460, 

(A.U.) 

6700 30' 0°85 
6500 31' 0:08 
6220 40' 114 
5900 41' 1:18 
5460 35' 1:00 
5100 28' 0°81 
4900 122’ 0*61 
4800 21' 0°59 
4700 21 0:60 
4600 20' 0°58 
4500 21' 0:59 


Phil. Mag. S. 7. Vol. 2. No. 9. Sept. 1926. 3 A 
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Sulphur Sols. 


In the following an account is given of some measure- 
ments on a colloid, or more properly, a suspension, with a 
non-metallic disperse phase, viz. sulphur. The sols were 

repared according to Pihlblad’s* homeopathic method. 

he same trough that had been used for the gold sols was 
employed for the measurements. Some data are given in 
Table VII. The double refraction is negative. The suspen- 
sion contained 8°0x 10-5 gram sulphur per cubic centi- 
metre. The particle coefficient was 2r=360 my. The wave- 
length of the light used was 5900 A.U. Here the deviation 
from the quadratic law can be traced.  A/P? decreases with 
the potential difference. 


TABLE VII. 
Electric double refraction in sulphur sols. 


Wave-length= 5900 A.U.; Concentration 2 8:0 x 10-5 gram 
sulphur per cubic centimetre; Diameter 2r— 360 my. 


P. —A. m 
(volte.) p? 
40 0' 0 
7:6 16’ 0:28 
11:6 37' 0:27 
13:6 39° 0:21 
15:4 46! 0:19 
17:1 58’ 0:20 
19:2 67' 0:18 
2:-9 11' 0:10 
20:6 69' 0:10 
16:0 49' 0:19 


* Cf. N. Pihlblad, Dissertation, Upsala, 1918. 
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In Table VIII. some values of the electric dichroism are 
given. The component parallel to the field is mostly ab- 
sorbed. Tables IX. and X. represent data from experiments 
with a more fine-grained sol containing 4:1x 10795 gram : 
sulphur per cubic centimetre and of the particle coefficient 
2r=190 mp. The effect here is considerably less than in 
the previous solution. It should be observed that a maximum 
phase difference exists for a certain potential difference. The 
phenomenon can be attributed to the double refraction of 
water. 


TABLE VIII. 
Electric dichroism of sulphur sol. 


Wave-length=5900 À.U.; Concentration 2 8:0 x 10-5 gram 
sulphur per cubic centimetre; Diameter 2r—360 my. 


P. 9. 
(volts.) 
20:0 0 
34:0 12' 
53°0 48' 
TABLE IX. 


Electric double refraction in sulphur sol. 


Wave-length 225900 À.U.; Concentration 4-1 x 1075 gram 
sulphur per cubic centimetre; Diameter 2r—190 my. 


P. —A. P. — A. 
(volte.) (volta.) 
3:6 0’ 17:5 4' 
56 0’ 210 9 
9:1 0’ 370 12' 
13:0 0’ 45:0 13' 
18:4 5' 26:0 11’ 
21:6 8’ 102:0 9 
274 8 
TABLE X. 


Electric dichroism of sulphur sol. 


P. . 
(volt.) ? 

35:0 4' 

76:0 18' 


3A2 
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P- Azozyphenetol Sol. 


The systems obtained by pouring an alcoholic solution of 
p-azoxyphenetolinto water are characterized by the size of the 
particles, which can be varied by changing the concentration 
of the alcoholic solution, and further by the length of time 
the solis preserved. The nature of these sols is not fully 
established. Does the disperse phase consist of crystals or 
is it still liquid? Certain coagulation experiments seem to 
hint at the possibility of the latter alternative ; the particles 
in the sol would thus consist of liquid—it would be an 
emulsion. Now p-azoxvphenetol belongs to those substances 
which between certain limits of temperature become crystal- 
line liquids. It would then be a matter of a disperse system 
with particles consisting of under-cooled crystalline liquid. 

In an electric field such sols show a very strong double 
refraction of negative sign. which is considerably greater 
than that obtained even with a rather coarse-grained sol 
obtained by the method of Pihlblad *. 


Double Refraction of the Dispersion Medium. 


Àn account has been given in the preceding pages of the 
electric double retraction in gold, mercury, and sulphur sols. 
Only these three typical cases are considered here, for the 
following reasons :— 

When diseussing the double refraction of a colloid it is 
necessary first of all to discuss the effect which arises on 
account of the disperse phase and the dispersion medium 
separately. The Kerr constant for common liquids is, how- 
ever, of such an order of magnitude that the Kerr effect. in 
the weak fields here used can be neglected. Direct experi- 
ments with conductivity water and with very dilute solutions 
showed, however, a number of anomalies. The double refrac- 
tion is strong and a function of the concentration of the 
electrolyte. Probably we ean obtain an idea of the latter in 
a colloidal solution from the electrical conductivity. Unfor- 
tunately the investigations on water were not made until 
after those on the double refraction of the sols were already 
completed. 

It was found, when investigating the double refraction in 
certain gold sols, that the sign of the phase difference was 
negative at first but afterwards became positive. Such a sol 
contains particles of the size 2r=106 mp. Fig. 8 illus- 
trates the phenomenon when the voltage between the 
condenser plates was 36:0 volts. The double refraction first 


* L.c. p. 40. 
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ncreases, then reaches a maximum on the negative side, 
decreases to zero, and lastly assumes a definite positive value. 
The reverse is the case when the voltage ia switched off and 
the plates are grounded, this being illustrated by fig.9. The 
phase difference first increases, reaches a maximum, and 
thereafter falls to zero. The process strikes one as being 
very curious. The form of the curve indicates that there 
are two concurrent phenomena. A systematic fractional 
sedimentation showed that there could be no question of two 
kinds of particles. Hence the phenomenon must be ascribed 


Fig. 8. Fig. 9. 
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to the antagonism between the double refraction of the dis- 
perse phase and that of the dispersion medium. Now it is 
known that water shows positive double refraction *, but the 
results obtained are very dubious on account of the con- 
siderable conductivity. According to W. Schmidt t we 
have for the Kerr constant of water 


B = Bo xX 1:0, 
where B, is the constant for carbon disulphide, for which we 
may assume a value | 
B, = 3:2x 1077 1. 
In a field of intensity E=100 volts per 0°25 centimetre 
we muy expect a phase difference of 


A = 2rBl (55) 


amounting only to about 0°06 [15:0 em.]. It may be said 
that the most characteristic feature of the Kerr effect is its 
* Cf. J. Kerr, Phil. Mag. (5) xiii. pp. 153 & 248 (1882). 
T Annal. d. Phys. vii. p. 142 (1902). 
Cf. L. Chaumont, Thèses, Paris, 1914.! 
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very short time of appearance. Abraham and Lemoine * have 
shown that for carbon disulphide the time of appearance is 
less than 10-3 second. Later on, James f has shown that 
the disappearance of the double refraction may be supposed 
to be instantaneous. Thus the conclusion could not be drawn 
that the form of the curve depended upon the cuncurrence 
between a negative double refraction, due to the colloidal 
ae and a positive double refraction due to the common 

err effect in the dispersion medium. ‘Therefore an investi- 
gation was begun on the behaviour of water in an electric 
field, and some very peculiar phenomena were discovered. 
Common distilled water from the supply of the laboratory, 
with an electrical conductivity of 4°3x 10-5 ohm-! em.-!, 
showed greater double refraction than water prepared with 
special care, the conductivity of which was reduced to 
0°85 x 10-®ohm-!cm.-!. In other words, the phase dif- 
ference is a function of the conductivity of the electrolytic 
concentration. 

Using water of conductivity 0°80 x 1075 ohm-*! cm.-!, 
a series of sodium-chloride solutions of a concentration 
varying between 0 and 5x10-‘N. was prepared, and the 
electric double refraction of these was studied. A trough 
was used with the following dimensions :— 


Distance between plates d = 0:236 centimetre. 
Length of plates / = 494 3: 
Depth of liquid layer L = 5°04 3 


The wave-length of the light used was 5900 À.U. The data 
are reproduced in Tables XI.-XVII. It is evident from 
Table X. that the double refraction of the pure distilled 
water does not reach a definite value at once. "The increase 
with time is here, however, comparatively insignificant. At 
a higher concentration this increase becomes more evident. 
Ina 2:0 x 107* normal sodium-chloride solution, for example, 
the phase difference is 7^8 after a lapse of 5:0 seconds, and 
21-2 after 45 seconds. Now, it must be remembered that 
the solution is heated by the current. Considering the 
influence of the temperature we have, according to Lange- 
vin's f theory, which at least approximately accounts for the 


conditions involved, B— m: where B is the Kerr constant 


and À is a constant independent of temperature T. 
* Cf. C. R. cxxix. p. 200 (1899). 
T Ann. d. Phys. iv. p. 954 (1904). 
I Le Radium, vii. p. 251 (1910). 
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. TABLE XI. 
Electric double refraction of water. 


Wave-length 25900 A.U.; Conductivity =0°85 x 107* 
ohm-! cimn.7! ; Potential difference = 100,volts. 


Time. A 
(sec, ) | 
ID. isis ere 1"6 
OU. uspacsssssscvs 3"1 
45- ioa 2"9 
TS: usse relieta 34 
OO) E REDE 37 
120) E 9"7 
TABLE XII. 


Electric double refraction of 0:1 x 107* normal sodium- 
chloride solution. 


Conductivity = 2:34 x 1075 ohm-! em.7! ; 
Potential difference = 100 volts. 


Time. AY 
(sec.) 
I0: -inciaci iva 5"7 
OU. -ieekpxes oan 81 
A3: Vesiesiseeexés 8"1l 
GO: oosccsdisi sess 1:8 
DO pec 18 
190. arrn 78 


TaBLE XIII. 


Electric double refraction of 0*5 x 10-4 normal sodium- 
chloride solution. 
Conductivity 26:7 x 107 5 ohm^! em.71; 
Potential difference — 100 volts. 


Time. 4 
(sec.) 
ET 4'7 
20 aria 15"2 
OU EE 15'-2 
4D. senis ime 13"8 
OO? cerai 13"8 
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TABLE XIV. 
Electric double refraction of 10 x 107* normal sodium- 
chloride solution. 


Conductivity = 12-3 x 1075 ohm-! em.-! ; 
Potential difference = 100 volts. 


Time, A 
(sec.) 
| Mem 7"38 
LO? iOS 17"6 
BU aaaeei 20"4 
45 oosescxyevvoras 23"0 
OO eweseess cese 20'4 
DO. insectes teri: 17 '8 
120) nnii 20"1 
TABLE XV. 


Electric double refraction of 2:0 x 107* normal sodium- 
chloride solution. 
Conductivity =22°1 x 10-9 ohm-! em; 
Potential difference = 100 volts. 


Time. A 
(sev.) 
Be ed dots "8 
SU. auessitintees 30"8 
AD. aen 27"2 
TO aeran 21"2 
DU. esis vus 23"5 
120 aiena 21^2 
TABLE XVI. 


Electric double refraction of 5 x 107* normal sodium- 
chloride solution. 


Conductivity =50°6 x 107* ohm-! cm.-!; 
Potential difference = 100 volts. 


Time. A 
(gec.) 
OF euis cud 17*5 
30 aseveveccsases 28-0 
90 
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Taste XVII. 


Electric double refraction of 5 x 107* normal sodium- 
chloride solution. 


Conductivity = 50°6 x 1075 ohm^! em.~}. 


Potential difference. A. 
(volts.) 
20:0 7'6 
40:0 13"3 
60:0 19^8 
80:0 266 
100-0 28'"0 


In the case of the common Kerr effect, a decrease of the 
double refraction should occur with increased temperature. 
Thus it must be another phenomenon, and the dependence of 
the effect on the intensity of the field also shows this. 
Table XVII. shows (cf. also fig. 10) that the phase differ- 
ence is nearly proportional to the potential difference, while 
with the common Kerr effect the quadratic law holds true. 
In Table XVII. the phase difference is recorded as measured 
30 seconds after the voltage has been applied. 


Fig. 10. 
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The influence of the conductivity is very surprising. 
Fig. 11 shows the double refraction, measured 30 seconds 
after the voltage has been applied. The phase differences 
are plotted as ordinates and the conductivities as abscissee. 
The double refraction rises with the concentration and the 
conductivity, from the slight value corresponding to the dis- 
tilled water to a value of saturation answering to the more 
concentrated solutions. 

The determinations made are more of an orientating 
character, and it is perhaps premature to advance any 
theory in respect to the phenomenon. It is not probable 
that the Na or Cl ions could directly give rise to double 
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refraction. The concentration of the ions is very insignifi- 
cant. The effect probably is connected instead with the 
hydration of the ions, and the migration of these large 
aggregates through the liquid. The water molecules along 
the path of the aggregates are oriented. The author has 
previously advanced the same hypothesis in regard to certain 
crystalline liquids *. 

On the whole it is a delicate matter to make measurements 
on liquids of a conductivity of this magnitude. As a matter 
of fact, colloids in general coníain a certain, even if a small, 
quantity of electrolyte. It is therefore necessary to find out 


Fig. 11. 
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the behaviour of the dispersion medium with addition of 
electrolytes before attempting to estimate the combined 
effect. 

Through consideration of the very peculiar double refrac- 
tion in water it is easy to explain the strange curves of 
relaxation in the case of gold sols (cf. figs. 8 and 9). 
The negative double refraction which appears when the 
voltage is applied can be attributed to the gold particles. 
Gradually the positive effect from water sets in, and the 
resulting phase difference becomes zero and eventually posi- 
tive, all of which depends upon the gold concentration, the 
degree of dispersity, and the concentration of electrolyte. 
À reverse process takes place when the voltage is cut off. 

There are many ditferent problems which remain to be 
examined, but mention will be made of only one, viz. the 
coagulation. Owing to the conductivity being considerable 


* Cf. Ann. der Phys. (4) lvi. p. 202 (1918). 
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the disturbances are also large. It is necessary to examine 
the double refraction of the electrolytes before the curves 
of the colloids can be discussed. Therefore no values will be 
given here. Perhaps a higher frequency than 1200 cycles 
per second is necessary to prevent the decomposition. 

Further mention may be made of some investigations of 
systems with the same disperse phase bat different dispersion 
media. Here should be obtained a relation with the dielectric 
constant. Other questions are the variation of the effect with 
the wave-length, 7. e. the dispersion and the influence of 
temperature and time. 

In the preceeding tables were given the potential difference 
P and also the distance between the plates d, but not the 
intensity of the field E. For these conducting liquids one 
is not justified, without further investigation, in putting 


E =- for a point in the liquid. A considerable potential 


drop may occur at the electrodes. Some experiments bave 
been made in order to analyse this problem by varying the 
distance d between the plates, but no definite results have 
been obtained on account of the instability of the systems 
used. 

It seems obvious that. the electric double refraction may 
be attributed to an orientation of particles of asymmetrical 
shape or structure. Let us only consider the first case: 
isotropic particles of asymmetrical shape. The influence 
of the forces acting on the particle shouid then be analysed. 
In the field the largest axis of the ellipsoid has a tendency to 
place itself parallel to the lines ef force. This is one possi- 
bility. Now the particle is charged. Cataphoresis takes 
place owing to the influence of the field. We know that 
a body of asymmetrical shape moving in a liquid tends to 
place its greatest axis at right angles to the direction 
of the movement. Thus two concurring forces act upon 
the particle. By comparison with, certain experiments 
on mechanical double refraction " it can be decided that 
a negative double refraction in gold sols points towards 
an orientation of the greater axis parallel to the lines 
of force. “ Points towards" is written intentionally ; 
many sols, for example mercury or platinum, which 
show ‘no trace of flowing effect, still exhibit a pro- 
nounced negative electric double refraction. An asym- 
metrical shape of these particles cannot at present be 
deterinined by experiment and is rather improbable in 


* Cf. Phil. Mag. xlii. p. 302 (1921). 
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mercury sols. It is necessary to conclude that, at least 
in certain cases, an electro-optical effect in the classical 
Sense is not impossible. The experiments carried out on 
double refraction of gold sols with the addition of gelatine 
show tle existence of a time of relaxation. Gelatine sols 
and gels, however, also show electric double retraction, but 
of the opposite sign, and they exhibit, besides, very disturbing 
phenomena: a strong formation of strie. In any case the 
experiments show that orientation plays an important role, 
at least in the case of gold sols. 

A further support tor this is the fact that the dispersion 
curve shows an evident similarity to that of the magnetic 
double refraction. The author has shown that the latter 
phenomenon is caused by an orientation *. From the above 
point of view it is not difficult to advance a theory on the 
electric double refraction corresponding to the writer’s theory 
for the effect in a magnetic field t. On account of the com- 
plexity of the electric double refraction, however, the theory 
is not given here. 

It is obvious that the phase difference in the question of 
gold sols (cf. fig. 6) approaches saturation with increasing 
intensity of the electric field. Considering the different 
factors, we may imagine, for example, that the parallel 
orientation of tlie particles begins to reach completion under 
the influence of the field. Another alternative is that the 
cataphoretical action plays a part, which tends to orientate 
the particle at right angles to the field. Finally, the effect 
in the dispersion medium is very important. The latter is 
ed for water, and it is here that we must search for the 
p eue reasons for the deviation from the quadratic 
aw. 

As a final remark, it may be stated that the electric double 
refraction in colloids is of great interest, but in itself has not 
yet enabled us to arrive at any conclusions regarding the 
structure of the colloidal particle. The phenomenon is too 
complicated; too many factors are playing a part. To 
analyse the nature of the electric double refraction, we 
should instead be guided by the phenomena in the magnetic 
field, where the disturbances are not so great. 


* Cf. l.c. 
t Cf. *On Accidental Double Refraction in Colloids," Upsala, 1924. 
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LXI. An Oscillographic Study of Anodic Polarization. By 
V. H. L. SEARLE, M.Sc., Asst. Lecturer in Physics, Univ. 
College of the South- West of England *. 


1. INTRODUCTION. 
es phenomenon of anodic polarization and its RE 


cation to the rectification of alternating current have 

attracted tlie attention of many investigators, and the main 
features of the effect may now be considered to be well 
established although there are still differences of opinion 
as to its exact cause. In 1914 G. Schulze and R. Linde- 
mann T put forward a view involving electronic processes in 
an exceedingly thin gus film on the surface of the valve 
metal. A short time later C. W. Greene f carried out mea- 
surements on the counter e.m.f. at extremely small intervals 
of time after charging, and concluded that this back e.m.f. is 
alone sufficient to account for the current reduction. The 
results obtained seemed to be in accord with the gas film and 
ionic diffusion theories. It was also shown in the same 
year by G. Schulze§ that total rectification does not occur, 
t.e. that the valve action is incomplete. A. L. Fitch || in 
1917 made potentiometer measurements of the counter 
e.m.f. with aluminium in saturated sodium phosphate 
solution. His results indicated that any method of ex- 
periment in which an appreciable time must elapse during 
the taking of data will introduce serious errors owing to 
changes occurring in the cell. In the same paper a theor 
was advanced of a double dielectric one part of which 
changes with the time of open circuit and the other with 
the time of closed circuit. F. Streintz*l traced a close 
similaritv between this case and the unipolarity observed 
with erystals of sulphides and metals, and he concluded 
that the polarization appears to be partly galvanic and 
partly dielectric—the latter being due, according to G. 
Schulze, to a film of oxide and to gaseous oxygen in 
the film. Schulze ** regarded the formed anode as a 
condenser of high capacity and resistance. The resistance 
of the oxide film layer is small compared with that of the 
gas layer, and the ohmic resistances are by no] means 

* Communicated by Prof. F. H. Newman, D.Sc. 

+ Phys. Zeitschr. xv. p. 254 (1914). 

t Phys. Rev. iii. ser. 2, p. 264 (1914). 

$ Archiv f. Electrot. iii. p. 43 (1914). 

i Phys. Rev. ix. p. 15 (1917). 

q Phys. Zeits, xxi. p. 471 (1920). 

** Phys, Zeits. xxii. p. 146 (1921). 
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To investigate the completeness of rectification 
pou by the valve action of a formed anode, F. H. 

ewman* carried out an oscillographie study, using 
aluminium and nickel electrodes in dilute sulphuric acid, 
and it appeared from his results that rectification is 
complete within the limits of current measurement. possible 
with an oscillograph record. Recently, J. A. Crowther 
and R. J. Stephenson + concluded that the high resistance 
of a polarized electrode is due entirely to a gas film. 


9. EXPERIMENTAL. 


The two main features of the polarization effect with 
which the present experiments are concerned are the rate 
of formation of the electroce by means of direct current 
and the degree of recovery of the cell following a cessation 
of the current. Incidentally both experiments test the 
completeness of polarization produced by the employed 
current densities, and give an indication o£ the effectiveness 
of an electrolytic rectifier at low alternation frequency. 

For all the experiments the electrolyte used was a 
saturated solution of ammonium phosphate with a nickel 
cathode in combination with an anode of aluminium. The 
same cathode was used throughout, but the surface area 
of the anode was changed to etfect an alteration in the 
current density. Although, in practice, the whole series 
of readings for a given size of anode was carried out before 
a change was made in the anode, it would be convenient 
here to describe the comparative results obtained for the 
same kind of experiment rather than for the same electrode. 

In investigating the rate of formation of the anode, a 
simple time and current reading was taken. At a noted 
instant contact was made in a circuit containing a battery 
of about 20 volts, the electrolytic cell with an anode o 
new polished aluminium, and a large range milliammeter. 
The current value was noted every 5 seconds for the first 
minute, and then at greater intervals until a steady state 
was reached. The current was then left on for about 
12 hours, to note any slow creep. The same experiment 
was later performed with another fresh anode of different 
surface area. 

To investigate the power of recovery which the cell 
possesses when the current is switched off, some arrange- 


ment was required by means of which contact could be 


* Phil. Mag. xlix. p. 1029 (1995). 
§ Phil. Mag. xlix. p. 1066 (1925. 
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made after a definite recovery period, and at the same 
time current records could be made at exceedingly small 
time-intervals after the cuarent recommenced to flow. The 
oscillograph offered a convenient means of doing this, and 
accordingly a device was made to ensure that, when the 
falling plate reached the slit in the fall tube, contact in 
the electrical circuit was just made and the initial current 
form was recorded as an oscillogram. From a measurement 
of the curves made by a tuning-fork circuit in a previous 
investigation *, it was found that the plates fell in the 
camera with practically the same acceleration, which was 
only slightly less than that of free fall. This suggested 
the employment of a falling weight, released simultaneously 
with the plate, which should actuate a spring contact placed 
at the camera-slit level. The actual form of contact used 
comprised two steel springs carrying brass contact studs. 
These were normally kept from touching by a thin ebonite 
strip, which was mounted on one end of a rocking lever 
whose other end was depressed by the falling weight. This 
forced the ebonite from between the contact studs, and thus 
established the current. As a system of time coordinates 
the second vibrator of the oscillograph gave a trace of the 
tuning-fork current on the falling plate, as described in 
the previous paperf. The time of fall of the weight was 
known accurately and thus, since the time between the 
stoppage of the current and the release of the weight could 
be adjusted exactly, the whole interval during which no 
current flowed was known. To break the current at a noted 
time more exactly than could be done by the insertion of the 
ebonite strip between the contact studs, a key was placed in 
parallel with the latter and, with the strip in position for the 
falling weight, the recovery period began with the opening 


of the key. 
3. RESULTS. 


(a) Formation of Oxide Film. 


The connexion between current and time during the 
formation of the oxide film in the anode is shown in fig. 1. 
The curve À was obtained using an anode of surface area 
140 sq. cms. with a battery of 18:6 volts, no resistance other 
than those of the electrolytic cell, the spring contact and 
the milliammeter being in the circuit. The rate of polari- 


* V, H. L. Searle, Phil. Mag. l. p. 738 (1926). 
t. Loc. cit. 
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zation is seen to be at first very rapid, since the current 
density was reduced to only twice its final small value— 
0:207 milliamps per sq. cm.—in about 11 seconds, while 
the final value was not attained until 180 seconds after 
making contact. This value was found to persist without 
change during the twelve hours’ examination for any slow 
creeping effect. For the second experiment, the voltage was 
increased to 24°6 volts and the new anode surface area 
was 63 sq. ems. The resulting curve is shown at B, fig. 1. 


Fig. 1. 
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and it will be seen that the polarization effect in this case is 
less rapid, the time for the current to fall to twice its final 
value— 0:159 milliamp. per sq. cm.—being now 145 seconds. 
In both cases no further change could be noticed in the 
current during twelve hours after the complete formation 
periods—3 mins. and 9 mins. respectively. 
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(b) Depolarization Effect. 


Fig. 2 shows the result of the recovery which follows a 
cessation of the current after full oxide formation has 
recurred, and refers to the same anode as that of A, fig. 1. 
Curve A, fig. 2, was obtained from the oscillograph trace 
after the current had ceased for 1:5 secs. The other curves, 
B, C, and D of fig. 2, are the results of cutting off the 
current for 5:5, 15:0, and 30°0 secs. respectively. Curve E, 
fig. 2, indieates what would have been the result in all these 


Fig. 2. 
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cases if no depolarization followed current cessation. The 
method of arriving at this curve is indicated later. 

In fig. 3 similar graphs connecting current and time are 
shown for the anode of B, fig. 1. A, B, and C of fig. 3 
refer to recovery periods of 30 sec., 3 mins., and 5 mins. 
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respectively, while D again shows, for comparative purposes, 
the curve for no depolarization. 
Fig. 3. 
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>» 4. Discussion oF RESULTS. 


a) Formation of Anode. 

The first fact which becomes evident from a study of fig. 1 
is the great rate of polarization, especially in the early stages 
of film formation, which occurs even in a previously polished 
aluminium surface. The result is the same as would have 
been obtained in the second series of experiments if the 
recovery had been complete, and the oscillograph curve 
would thus have had a very sharp peak. It would probably 
not be of very great value to modify the experiment to 
make an oscillograph record using a previously unformed 
anode, as the inertia of the moving system would prevent 
the mirror from following such a rapidly changing current. 
Comparison of the two curves shows a greatly lengthened 
time for steady conditions to be reached with increased 
voltage and decreased anode surface. Additionally, the 
fact that a steady state is reached before the current falls 
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to zero is in accordance with the statement of G. Schulze * 
that the valve action is incomplete although, for small 
surface areas, the rectification may appear, as in the 
experiments of F. H. Newman f, to be perfect. 


(b) Depolarization Effect. 

As would be expected, the degree of recovery depends on 
the time for which the current has ceased. This is indicated 
by the progressive changes shown by the curves of either 
fig. 2 or fig. 3. It should be remembered, however, in 
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studying these curves, that they are complicated by the 
time required for complete contact of the brass studs pre- 
viously referred to. In order to investigate this factor, 
& separate record was obtained when the electrolytic cell 
was removed and contact was established in a circuit 
containing only a battery, the oscillator strip, and a non- 
inductive resistance. The result is shown in fig. 4, in 
which curve A gives the relation between time and current, 
while B associates time with the corresponding contact 
* Loc. cit. t Loc. cit. 
3 B2 
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resistance. From A, fig. 4, the comparison curves E, 
fig. 2, and D, fig. 3, were obtained. By combining the 
results shown in fig. 4 with those of either fig. 2 or fig. 3, 
the variation of the ohmic resistance of the electrolytic 
cell with time may be obtained, but no great accuracy 
is possible since at the specially interesting time—the 
stage when contact is first re-established—the contact 
resistance is changing too rapidly for exact calculation. 

The smooth curves of figs. 2 and 3 were not obtained 
in every case, but sometimes irregular serrations appeared, 
ien during the early part of the polarization period. 

hese were attributed to bubbles of oxygen leaving the 
anode surface and thus altering the electrolytic resistance 
to a comparatively large degree. Later, when polarization 
is practically complete, a single bubble of oxygen would not 
greatly affect the now large resistance. This result seems 
to support the view of J. A. Crowther and R. J. Stephenson * 
that the polarization is due entirely to the large resistance 


of the gas film. 


5. SUMMARY. 


1. The rate of formation of anodic films has been studied, 
and it has been found that the valve action is not complete. 

2. The final steady current density measured in milliamps. 
per sq. em. per volt increases as the anode surface area 
increases. 

3. Rapid recovery accompanies a cutting off of the 
polarization current. This indicates that the rectification 
of slow alternations would be incomplete. 

4. The resistance of such an anode seems to be due 
almost entirely to the gas film formed on it. 


The author wishes to express his thanks to Prof. F. H. 


Newman for suggesting this investigation and for the 


interest taken in its course. 


* Loc. cit. 


[ 741 j 


LXII. A New Method of obtaining a Luminous Discharge in 


Gases at very Low Pressures. 


To the Editors of the Philosophical Magazine. 
GENTLEMEN,— 


M+ I call your attention toa paper of mine in the Annal. 

d. Physik, vol. Ixxvii. p. 287 (1925), entitled ** Ueber 
die Glimmentladung bei schnell wechselndem Feld," which 
covers the same subject as a recent interesting article (Phil. 
Mag. vol. ii. p. 129 (1926) : “A New Method of obtaining 
a Luminous Discharge in Gases at very Low Pressures”) 
by Messrs. E. W. Gill and R. H. Donaldson. These authors 
bave measured the minimum potentials required to maintain 
a discharge in a gas at different pressures if oscillations of 
the order of 4.10! per second are used. They find that the 
minimum potential decreases continuously as the pressure 
is reduced (to about 50 volts at a pressure p < rig mm. of 
mercury). The authors are evidently not aware of my 
paper, which contains a large number of careful measure- 
ments of these potentials, obtained by a method which is 
capable of giving far more accurate results than the one 
which they employed. (My method involves the measure- 
ment of tlie deflexion of an independent cathode stream in a 
high vacuum.) The curves which I obtained show without 
doubt that the continuous decrease of the minimum potential 
with pressure obtained by the authors is solely caused by 
mercury vapour from the Toepler pump, which they evidently 
did not prevent from reaching the discharge-tube ; and that 
the minimum potential rises again at a pressure of a few 
thousandths of a mm., if the mercury vapour is kept away. 
Moreover, I employed the * Continuous-flow " method of 
W. Wien, which eliminates perfectly the impurities that are 
always set free in a gaseous discharge. 

May I also mention that the lowest potential with which 
I could maintain a discharge between cold electrodes, in 
neon gas for example, was 15 volts (lower than the ionizing 
potential). 

Y ours faithfully, 


München, Dr. Fritz KIRCHNER. 
August 12, 1926, 
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LXIII. A New Method of obtaining a Luminous Discharge in 


Gases at very Low Pressures. 


To the Editors of the Philosophical Magazine. 
GENTLEMEN,— 


PrRoFEssoR KincHNER has very kindly sent us a copy of 
his letter to you and we should like to express our 
regret that we had not previously seen his paper. We 
agree with him that the discharges we obtained with very 
low voltages were due to mercury vapour, in fact, we stated 
this specifically in our paper, and it is also evident that the 
potential must reach a minimum as the pressure is reduced, 
us no discharge could pass through an absolute vacuum. 

We do not agree, however, that the deflexion of a cathode 
stream gives far more accurate measurements of alternating 
potentials than our method. Our method is capable of the 
greatest accuracy if the alternations are not too rapid, and it 
only becomes less accurate when the time of an oscillation is 
comparable to the time the electrons take to cross the 
measuring instrument; a limitation which applies equally 
to the cathode stream instrument. In addition, the latter 
only measures the electric force, while we measured the 
actual potential between the electrodes. When the discharge 
is passing the electric force is not uniform. 

Yours faithfully, 
Merton College, E. W. B. Gir, 
Oxford. - R. H. Dosarpsox. 


LXIV The Water-Spark Absorption Spectrum of Iron. 


To the Editors of the Philosophical Magazine. 


GENTLEMEN, — 


REGRET that I overlooked the paper on “ Spèctres 
d'étineelle dans l'eau " by M. Léon Bloch and Eugène 
Bloch. However, I may be permitted to point out that the 
object of my work on the water-spark absorption spectrum 
of iron was to eliminate the more fundamental lines 
of the arc-spectrum of iron, and thus to elicit information 


M —— —— Mo — 
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about the utility of this method as an aid to the classification 
of the spectra of more refractory elements, of which the 
absorption spectra cannot be readily studied by the usual 
method ; I have pointed out that by modifying the experi- 
mental conditions, the “d”? and * F!” levels of the iron 
atom can be separated. 
Yours faithfully, 

Allahabad, A. K. Sur. 

8 April, 1926. 


LXV. A New Method of Producing a Discharge in Hydrogen. 


To the Editors of the Philosophical Magazine. 


GENTLEMEN,— 


I^ claiming in the July issue of your Magazine to describe 

a new method of producing a discharge in hydrogen, 
Messrs, E. W. B. Gill and R. H. Donaldson would appear 
to be unaware of earlier researches dealing with the produc- 
tion of discharges in gases at frequencies of the order 
10’ cycles per second *. In a recent communication to your 
Magazine, data have been given characterizing the discharge 
in hydrogen at the frequency 1:5 x 10? cveles per second f. 
These data indicated that the fields sustaining ionization by 
collision were considerably smaller than those necessary 
when using alternating potentials of commercial frequencies. 
Experiments were therefore commenced, and are now in 
progress, to determine the variation of dielectric strength of 
hydrogen and other gases with the frequency of the alter- 
nating potential applied to produce the discharge. It is 
anticipated that it will be possible soon to communicate the 
results which have been obtained. 


Yours faithfully, 
R. WixsrANLEY Lunt, M.Sc., Ph.D. 


The William Ramsay Laboratories 
of Physical and [Inorganic Chemistry, 
University Colleze, London, 
July 23, 1926. 


* Lunt, Proc. Roy. Soc. A, eviii. p. 172 (1925). 
f Lunt. Phil. Mag. xlix. p. 1238 (1925). 
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LXVI. Proceedings of Learned Societies. 


GEOLOGICAL SOCIETY. 
[Continued from vol. i. p. 890.] 


January 6th, 1926.—Dr. J. W. Evans, C.B.E., F.R.S., 
President, in the Chair. 


HE following communication was read :— 


‘The Geology of the Suk Hills (Kenya Colony) By 
Vincent G. Glenday, M.A., F.G.S., and John Parkinson, M.A., 
Sc.D., F.G.S. 


The Suk Hills lie in the northern part of Kenya Colony, 
midway between Mount Elgon and the southern half of Lake 
Rudolf.  Sekerr, their highest point, reaches an elevation of 
nearly 11,000 feet. So far as the authors are aware, this country 
hitherto has been geological almost unknown. It is de- 
scribed by a southern traverse north of the "Trans-Nzoia 
Escarpment to the Kerio River; and by a northern, including 
part of the Swam River and the 'Turkwal Gorge. 

With insignificant exceptions, the rocks are of Eozoic age, and 
fall into two groups: a series of completely metamorphosed 
sediments, probably including ashes, and microcline-orthogneisses. 
As elsewhere, the former includes crystalline limestones, quartz- 
schists, kyanite-schists, garnet-mica-schists, and the like. After 
petrographical descriptions of the principal rock-types, the senior 
author concludes that the former group so closely resembles the 
Turoka Series from the border of Tanganyika Territory that they 
cannot be separated, the whole being contemporaneous in general 
terms. The strike of the planes of foliation of the Suk schists 
characteristically varies little from north and south. If the 
further conclusion is correct, that, of the two groups, the second is 
intrusive into the first, the relationship becomes of considerable 
Importance, owing to the large area formed by these or closely 
similar rocks. 


January 20th, 1926.—Dr. J. W. Evans, C.B.E., F.R.S., 
President, in the Chair. 


The following communication was read :— 


‘The Stratigraphy and Structure of the Cambrian Slate-Belt 
of Nantlle (Carnarvonshire). By Thomas Owen Morris, B.Sc., 
and Prof. William George Fearnsides, M.A., F.G.S. 


This paper describes the results obtained by mapping, on the 
6-inch and 25-inch scales, the rocks and structures exposed over 
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about 10 square miles of the slate-quarrying district of Llanllyfni, 
Tal-y-sarn, Nantlle, and Moel Tryfan, in Carnarvonshire. 


Stratigraphy. 


The Nantlle Slate-Belt is the south-western part of the outcrop 
of the Cambrian rocks of Northern Carnarvonshire, which rest 
with appreciable unconformity upon the late pre-Cambrian volcanic 
rocks running south-westwards from Llanberis. The following 
succession has been established by the mapping, and is constant in 
all its divisions along the length and strike of the district :— 


ORDOVICIAN. Dark Slate Group; including some part of the 
zone of Didymograptus murchisont. 


Strike-Fault. Thickness in feet. 


UPPER Cymffyrch Grit Group; coarse grits with 
CAMBRIAN. mudstone-beds ............ ..... eee hen 600 


Green Slate Group; green, greenish-blue, and 
light-brown slates, yielding Hyolithus ............... 300 


Mottled Blue Slate Group; upper part: 
smooth silky-red slates; lower part: purple 
slates splashed with irregular green patches ...... 600 


Pen-y-Bryn Grit Group; coarse massive grits. 200 


MIDDLE Striped Blue Slate Group; stripes most abun- 
CAMBRIAN, dant in the uppermost and in the lowest parts, 


which have a purplish tinge ; stripes well-banded 

and generally fine-grained ........................ssesse 600 
Dorothea Grit Group; coarse thickly-bedded 

grits, with intercalated thinly-bedded white and 

green banded silts ......... 0... ccc ccc eee e ee tee eee eee 100 
Purple Slate Group; the upper part has a 

characteristic red portion, with abundant green 

spots; green stripes of coarse grit are most abun- 

dant in the highest and in & middle part of the 

"ppc "————— NEEE NEG 


“Glog Grit Group; coarse grits, with intercalated 
beds of mudstone, quartzite, and conglomerate ... 2000 


| 
LOWER | 
MUS Conglomerate; conglomerate, with 


800 


CAMBRIAN, 
pebbles measuring up to 6 inches in length ina 
coarse grit-matrix 2.0... .. cece cece cece cee eee eee eee cetnes 500 
Tryfan Grit Group; upper part: finely banded 
P green and white silt-rocks ; lower part: coarse 
RE: grits and felspathic tuffs .....................see sees 900 
CAMBRIAN. . : ne 
Clogwyn Volcanic Group; rhyolitic and ande- 
\ sitic lavas and tuffs |............. sss 1000 


A correlation of these rocks with equivalent rocks in Southern 
Carnarvonshire and Merioneth is suggested. It is argued that 
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the Lower Cambrian sediments are land-waste from the pre- 
Cambrian rocks of North-Western Carnarvonshire and Anglesey, 
whereas the later Middle and Upper Cambrian material was 
brought in from an unknown source away to the east and south. 
Ordovician sediments are faulted against the basal member of the 
Upper Cambrian. A buttress of Ordovician voleanic rocks flanks 
the Nantlle area on the south-east side; but, within the area 
mapped, there are only altered dolerite-dvkes, later than most of 
the impressed structures, to represent (and that a very late stage 
in) the cycle of Ordovician-Devonian igneous activity. 


Structure. 


The Nantlle district was deeply involved in the making of the 
‘Devonian alpine range, the basal wreck of which is now Snowdonia, 
and all sedimentary material within the Slate-Belt was compelled 
to fold, and then to crush until, both in bulk and in detail, it began 
to shear and creep. The importance of progressive movement in 
the development of cleavage is emphasized. Cleavage in the 
Nantlle Slate- Belt is almost vertical. Many folds have associated 
with them vertical strike-faults or slides, which, by tearing the 
middle limbs, have increased the vertical displacement. Often 
stronger beds are rolled out or packed as lentieles along surfaces 
of slip which behave as thrust-planes. Strong rocks rise on the 
north-western face of each slide, bend over, and are cut off bv the 
next slide towards the north-west. The total displacement across 
individual slides, measured stratigraphically, may amount to many 
hundreds of feet. More boundaries of slate ‘ veins’ and quarry 
properties are determined by slides than by  bedding-planes. 
Between slides the slate-beds have characteristic anticlinal struc- 
tures, the svnclines being suppressed. Some slides are evident 
surfaces of discontinuity, but the movement along many slides 
was prior to the completion of growth of authigenic minerals, and, 
as along cleavage-planes, these surfaces of slip are sealed. The 
scale and frequency of the folding at Nantlle is comparable with 
that in the mining district of Wanlockhead. The slide-blocks are 
longer and narrower than the strike-fault strips between Caer- 
marthen and St. Clears; but secondary thrusting is impersistent, 
and not as orderly as in the schuppen which affect the Cambrian 
rocks of the North-West Highlands. 

With removal of load by denudation, joints and other tensional 
fractures have appeared. The direction of some of these is related 
to rock-texture, but bevels, etc. cross them®at acute angles. The 
latest cross-faults are master-fractures, which traverse all other 
structures as also the pre- and post-Cambrian formations that 
flank the Slate-Belt. The direction of these is north of north- 
west, as the geometry of the half-dozen which cross the quarry- 
region suggests that block-movement was associated with north- 
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ward shift on the eastern side of each. Most of the dolerite- 
dykes follow bevels, and two have been intruded along the latest 
cross-faults. 

A petrographic description of the pre-Cambrian rhyolites and of 
a hornblende-andesite is given, with chemical analyses. Petro- 
graphic evidence also establishes the existence of secondary 
(authigenic) micaceous minerals with or without recrystallized 
quartz in all the rocks of the Slate-Belt, and especially in those 
slates which are of greatest economie value. New-formed bladed 
chlorite is abundant in the Cambrian grits, and some of it is 
passing into biotite. Authigenic tourmaline in minute long prisms 
is a frequent constituent of both coarse and fine felspathic sedi- 
ments throughout the Nantlle Slate- Belt. 


February 3r], 1925. --Dr. J. W. Evans, C.B.E., F.R.S., 


President, in the Chair. 


Prof. S. James Suanp, D.Sc., F.G.S., delivered a lecture on the 
Alkaline Rocks and Ring-Intrusions ot Pilansberg 
(Transvaal), illustrated by specimens, diagrams, and lantern- 
slides. 


He said that Pilansberg, a group of hills in the Western Transvaal, 
is the largest of the secondary eruptive completes which are super- 
imposed upon the great complex of the Bushveld. The energy 
which caused the extrusion of the Bushveld felsites, and the in- 
trusion of the sheets of norite and red granite, was not quite 
exhausted by these tremendous events; but reactions went on 
underground, whieh led to the opening of new channels through 
which alkaline magina ascended. Plugs and dykes of syenite and 
fovaite cut the granite and the norite in Sekukuniland, in the 
Pretoria district (Franspoort, Leeuwfontein, etc.), and in the 
west, where Pilansberg presents one of the greatest intrusions. 
of purely alkaline rocks in the world. The Berg is cireular in 
outline, and covers about 200 square miles. The rocks may be 
grouped into (1) a volcanic series and (2) an intrusive series. 
The former includes felsites, phonolites, tinguaite, and a great 
development of tuff and breccia; these rocks formed a cover under 
which the intrusive series crystallized. The removal of most of 
the cover has laid bare the underlying fovaites and svenites, 
which are arranged in concentric rings, as follows :—(1) a core of 
pseudonepheline-syenite; (2) a ring of white granitic foyaite; 
(3) a ring of green porphyritie foyaite; (4) a half-ring of tin- 
guaite; (5) another ring of white foyaite ; and (6)a ring of red 
syenite. The principal problems presented by the Berg are the 
cause of this remarkable structure, and the origin and method of 
emplacement of the alkaline rocks. 
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February 19th, 1926.—Dr. John William Evans, C.B.E., F.R.S., 
President, in the Chair. 


The PRESIDENT delivered his Anniversary Address dealing 
with the subject of Regions of Compression. 

He said that the characteristic structures of regionsof compression 
—that is to say : folding, thrust-faulting and slaty cleavage—are, as 
a rule, the result of horizontal forces ultimately to be attributed to 
the contraction of the Earth's interior as it cools. It has been 
doubted whether, with the energy released by radioactive elements, 
the Earth cools at all. It is certain, however, that the whole of 
that energy is not converted into heat; much must be employed in 
effecting physical, chemical, or atomic changes in the surrounding 
rock. The substance of the ionized pleochroic haloes in biotite- 
mica is hundreds of thousands of times greater than the radio- 
active material in the zircon round which they are formed, and 
they must represent a relatively enormous absorption of energy. 

Dr. H. Jeffreys shows that the contraction on cooling of the 
crystallized rocks is more than enough to account for the folding 
of existing mountains. But there are many folds of ancient 
mountains, now worn down, which would require still more 
contraction. ‘This may have occurred in the following ways: 
(1) the contraction of uncrystallized magma retaining the volatile 
constituents 1s greater than that of erystallized rocks; (2) the 
contraction on crystallization is equal to that on a fall of 
temperature of very many degrees; (3) contraction may take 
place on changes of erystal-structure, chemical composition, or 
even atomic nature; (4) contraction will result from the loss 
of volatile constituents; (5) it must also follow on the increase 
of pressure in the Earth's interior due to the slowing-down of 
its rotation. On the other hand, the extent of the crust may 
be locally increased in periods of tension by (1) infilling of 
rifts by igneous intrusions, and (2) slip-faulting ; and also by 
hydration of rocks. 

Compression and folding may also result (1) from change in 
the Earth's form on diminished rotation; (2) from change in the 
position of the crust relatively to (a) the poles and equator, (5) the 
maximum of gravitational force. 

In illustration of the process of folding, two examples are 
described: (1) the * Hercynian,’ or * Armorican,’ folding of the 
south-western peninsula of England and South Wales ; and (2) the 
Wealden folding between the Thames Vallev and the * Massif 
Central’ of France. In the former case it is shown that the accu- 
mulations of sediments from mountains formed by Caledonian 
movements resulted in a *'sedimentation-subsidence. This was 
slightly contracted and deepened by early Hercynian compression. 


PS ° . - 
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This ‘compression-subsidence ' allowed still greater accumulations. 
of sediments. The oncoming of the main Hercynian compression 
contracted much more vigorously the basin of subsidence, forcing 
up the contained sediments into folds. The accumulated weight 
of these gave rise to a deep *folding-subsidenee.' A distinction is 
made between the exterior structure formed from the old floor of 
deposition and the interior strueture consisting of the sediments. 
deposited on it. The outtlow of the plastic ‘sima’ from below 
the deepened basin raised its southern rim, with the result that in 
the course of the compression the folds were tilted northwards. 
and dipped southwards. ‘The folds are defined by the calcareous 
and arenaceous banding, while the argillaceous material between 
flowed rather than folded ; and it is this flow which is now repre- 
sented by slaty cleavage. In a later stage, both outer and inner 
structures were traversed by thrusts, which, like the folds and 
cleavage, dipped southwards. ‘The greatest of these thrusts 
brought, in the extreme south, the pre-Cambrian rocks up against 
the Paleozoic. In the south of Devon and Cornwall this and 
other thrusts drove older rocks over new; but in North Devon new 
were brought over old. The displacement of the ‘sima’ in the 
course of mountain-building resulted in the intrusion of basic 
magmas, while the granites were probably derived from a reservoir: 
beneath the uplifted pre-Cambrian rocks on the south. 

The Wealden folding had its origin in sedimentary accumulations 
in a vast Triassic plain paved with the eroded outcrops of older: 
rocks, and bordered by Hercynian highlands. The sedimentation- 
subsidence was widespread, and the compression in late Secondary 
and Tertiary times deepened it considerably, so that its floor has 
never been reached by borings south of the northern slope of the 
Wealden anticline, except in the neighbourhood of the Massif 
Central and the Hercynian tracts on the east and west. The actual 
compression in this region was small compared with that which 
occurred about the same time in the Pyrenees and in the Alps, but it 
threw the sediments of the interior structure into numerous folds. 

A brief comparison was made between the great earth-movements 
of the Alps and those which formed the subject of the Address. 


February 24th, 1926.— Dr. F. A. Bather, M.A., F.R.S., 
President, in the Chair. 
The following communication was read :— 


‘The Geological Structure of Ben Lawers and Meal] Corranaich 
(Perthshire).’ By Gertrude Lilian Elles, M.B.E., D.Sc., F.G.S. 


The country dealt with lies between Loch Tay on the south and 
Glen Lyon on the north, and between the Loch Tay Fault on the 
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east and the Ericht- Laidon- Tyndrum Faulton the west. Evidence 
is brought forward to show that the line of junction between the 
Ben Lui Schists and the Ben Lawers Schists is a mechanical one 
of the nature of a folded slide, the Ben Lawers Slide, the rocks 
above this slide constituting a veritable nappe, the Ben Lawers 
Nappe. The structure of the rocks composing this nappe is dealt 
with in some detail, and it is shown that the metamorphic condi- 
tion of the rocks indicates that the folding now exhibited by them 
is a relatively late feature of the structural story, and obscures 
their original relationships, which seem to demand inversion of 
the beds on a large scale such as would be brought about by 
recumbent folding. 


March 10th, 1926.—Dr. F. A. Bather, F.R.S., President. 
in the Chair. 


The following communication was read :— 


‘The Pleistocene Deposits of the Lower Part of the Great 
Ouse Basin’. By Prof. John Edward Marr, Sc.D., F.R.S., 
For.Sec.G.S. 


In a paper published in the Society's Journal (vol. lxxv, 1919-20, 
p. 204) the author described the Pleistocene deposits in the 
immediate vicinity of Cambridge. 

In the present paper a wider area is described. The results, in 
the main, confirm the conclusions of the previous paper. 

It is argued that a period of aggradation in Lower Paleolithic 
times intervened between two periods of glaciation of the district, 
and that, subsequently to the second glaciation, erosion occurred, 
with minor periods of aggradation in Upper Palzolithic times. 

The author also discusses the general character of the river- 
diversions which occurred in the district in Pleistocene times. 

An Appendix by Mr. A. S. Kennard & Mr. B. B. Woodward 
deals with the non-marine mollusca. 


[ The Editors do not hold themselves responsible for the 
views expressed by their correspondents. ] 
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LXVII. The Theory of the “Boys” type of Double Resonator *. 
By E. T. Pants, D.Sc., F.Inst.P.t 


§ 1. Introduction. 


HE “ Boys” type of double resonator is used in the 

construction of sensitive sound-receiving instruments, 

and consists of a resonator of the * stopped-pipe" variety 
combined with one of the Helmholtz pattern. 

As used for sound-reception the resonator is combined 
with some form of detector, for example, a Rayleigh disk or 
a “hot-wire” grid. The detector is mounted in the orifice 
of the Helmholtz resonator and the magnitude of its response 
(angular rotation in the case of the Ravleigh disk, and change 
of electrical resistance in the case of the “ hot-wire " grid) 
provides a measure of the amplitude of the oscillatory air- 
current in the orifice, and hence of the pressure-ainplitude in 
the original sound-wave. 

The function of the double resonator is to magnity the 
vibrations occurring in the sound-wave so that they may be 
easily recorded by the detector. 

By means of the detector the properties of the double 
resonator can be investigated experimentally, and, by plot- 
ting the response of the detector against the frequency of 

* The work described in this paper was carried out in the Acoustical 
Section of the Air Defence Experimental Establishment, Woolwich, with 
the assistance of the contribution made tothe funds of the Section by the 
Department of Scientitic and Industrial Research on the recommendation 


of their Physics Research Board. 
t Communicated bv Prof. Alfred W. Porter, D.Sc., F.R.S. 
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the sound stimulating the resonator, curves are obtained 
which exhibit characteristic double resonance features. 
Examples of these curves and methods for calculating the 
resonance-frequencies from the dimensions of the component 
resonators have been given in previous papers *. 

In this earlier work no allowance was made for any loss 
of sound-energy from the resonator. Such a loss must, 
however, always occur owing to tlie dissipation of sound into 
heat by the action of viscous forces in the narrow parts of 
the resonator and to the escape of sound from the mouth 
of the resonator into the surrounding air. 

In the present paper, therefore, an attempt is made to 
develop a more complete theory of this type of resonator 
than has yet been given, allowance being made for the loss 
of sound-energy from both the causes just mentioned. It is 
clear from the form of the resonator that viscosity losses will 
be mainly confined to the narrow neck leading into the 
Helmholtz resonator. The motion in this neck is accordingly 
supposed to be resisted by a force proportional to the air- 
current passing through it. 

It is convenient to approach the theory of the Boys 
resonator through that of the simple stopped pipe. A short 
account of the theory of the pipe is therefore given in $2, 
and the theory of the Boys resonator is afterwards developed 
in $3. 

By way of illustration of the application of the equations 
obtained some numerical results are given in $ 4, and con- 
firmatory experiments are given in § 5. 


$2. The Theory of the Stopped-pipe Resonator. 


The behaviour of a stopped pipe under the influence of an 
external source of sound has been discussed by Helmholtz f 
and Rayleigh i. The difficulty of the investigation lies 
mainly in the determination ot that part of the velocity- 
potential inside the pipe which is necessary to allow for the 
escape of sound-energy from the open end, and a satistactory 
solution has been obtained only in the case when the diameter 
of the pipe is small compared with the wave-length of the 
sound, so that the escaping sound-waves may be assumed to 

* Proc. Roy. Soc. A, vol. ci. pp. 393-402 (1922), and Phil. Mag. 
vol. xlviii. pp. 770-783 (1924). 

+ Helmholtz’s theory is given in ‘Vorlesungen über theoretische 
Physik,’ vol. ii. pp. 209-231 (Leipzig, 1898). The investigation 
originally appeared in Crelle's Journal (1859). 

f ‘Theory of Sound,’ vol. ii. (2nd ed.) p. 207. 
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spread spherically from the centre of the mouth. This con- 
dition is sufficiently fulfilled in the case of Boys resonators 
as ordinarily made, since the diameters of the pipes commonly 
used are only from 1/10 to 1/20 of a wave-length. 

It will be supposed that the mouth of the pipe is provided 
with an infinite plane reflecting flange, so that the difficulty 
of making allowance for the scattering of sound from the 
external surface of the resonator is avoided. So far as 
the present problem is concerned the principal effect of 
removing this flange would be to increase the rate at which 
sound-energy escapes from the open end. 

Let the pipe lie with its mouth in the y, z plane (fig. 1) 
with its axis parallel to the axis of z. 


Fig. 1. 
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A plane wave, Àe'^9t*2, travelling from within the pipe 
towards the open end, will suffer reflexion at the open end 
(where part of its energy will be transferred to the outside 
air) and will give rise to a reflected wave, 8Ae'^(t-2, where 
B is in general complex. The amplitude of the reflected 
wave is ||, and if 8, and are the real and imaginary 
parts of B respectively, the change of phase at reflexion is 
tan-!(8,/8)). The form of the potential inside the pipe, 
necessary to allow for the escape of sound from the open 
end, is therefore 


Q, = A(t + Be) et, — . . . (9.1) 


To Q, may be added any stationary potential ,, of the form 
C cos kæ, which may be necessary to balance the pressures 
due to external sources in the plane z—0. Thus, suppose 
that the potential «b, at the mouth of the pipe, is due to a 
plane wave Fe'&*'72, then C=2F and 


OQ, = 2Fcoskr.e5, . . . . (2.2) 
3C2 
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The total potential inside the pipe is then— 
Qu = Q, t (0, 
= {A (e + Be) + 2F cos kx} e^t 
= {(F4+ Ae 4 (F+ BAe} em, . (23) 


representing two plane waves of amplitudes |F -- A| and 
[F+ 8A] travelling in the directions z-negative and z- 
positive respectively. The relative amplitudes and phases of 
the two waves must be adjusted—by a suitable choice of the 
complex constant A—so that the requirements of the problem 
are fulfilled in those parts of the pipe away from the mouth. 
Thus, when the pipe is closed at z= L, the following condition 
must be fulfilled : 


00), _ 
) = 0. . . e e. . (2.4) 
Whence, from (2.3), 


"E. (F--A)e- = (F+ 8A). . . (241) 
SO a 
OL LUN NE, 


m e^. — ge- kL i 


The potential inside the pipe is therefore 


Ors = 2F f cos kr— BLUE (e+ Ber) } eat 


ekL ge "l 
JB DE conte . ea, a We is X219) 


Be- xL... e*t 


indicating, as would be expected, a condition of stationary 
vibration, the positions of maximum pressure variation alter- 
nating with those of maximum velocity at distances of one- 
quarter of a wave-length. 

The quantity denoted by 8 in the above equation is of 
frequent occurrence in acoustical problems. In all questions 
relating to the use of pipes as resonators, allowance must be 
made for the escape of energy from an open or partially open 
end, and £ enters into the expression for the potential within 
the pipe. The method of calculating 8 in a particular case 
is dealt with below. 

Let y be the potential of the hemispherical sound-waves 
spreading from the mouth of the pipe, by means of which 
sound-energy is carried from the pipe into the surrounding 
medium. 

If S, be an equipotential surface inside the pipe in the 
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region of plane waves, taken as near to the mouth as possible, 
and S, be a hemispherical surface drawn outside the pipe 
with radius r as small as possible, compatible with the con- 
dition that the potential y is the same at all points on S,, 
then between S, and S; tlie transition will take place from 
plane waves (©) inside the pipe to the diverging hemi- 
spherical waves (x) outside the pipe. The problem of finding 
the relation between Q, and x, which is essentially that of 
determining £, has been dal with by Helmholtz (loc. cit. 
supr.) and Rayleigh *. Their methods, however, differed 
considerably. Helmholtz assumed the existence of a potential 
satisfying the general equation of wave-motion in the trans- 
ition region between S; and S;, and proceeded to find the 
relation between ©, and X by several applications of his 
extended form of Green's theorem. —Rayleigh's method, 
which will be adopted here, is much shorter and proceeds on 
the assumption that, on account of the smallness of the 
dimensions (compared with the wave-length) of the region 
between S, and S, the motion of the air in this part of the 
pipe can be treated as that of an incompressible fluid. The 
conditions to be satisfied in the transition region are then: 
(a) that the total current across S, at any instant must be 
equal to the total current across S,, and (b) that the total 
current through the transition region must be proportional 
to the difference between the velocity-potentials at S, 
and Ss. 

If the disturbing potential P, is due to a pure tone of 
wave-length X (—2«/£), the most general form for x will be 


G tk 
= . (at —r) 
X Lat 9 LÀ e . . e (2.6) 


where 7 is measured from the centre of the mouth, and G is 


independent of the space coordinates. 
Conditions (a) and (b) can be expressed by the following 


equations : 


| 02, = a 2 OX ; 

AT AES dud ANNE i (2.71) 
dN 

i Eus" co (()5. 97 002 -»0b (2-72) 


where c is the cross-sectional area of the pipe, and c, is the 
conductance (hydrodynamical) of that part of the pipe lying 


* ‘Theory of Sound,’ vol. ii. pp. 198-201. 
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between the surfaces S, and 8,. By substituting in 12.71) 
and (2.72) the values of Q, and x given in (2.1) and (2.6) 
respectively, we find 


—ur 
tka A(1— B) = 26 -« { A(1+8)— EUR |. Q5) 


By elimination of G, this gives 
148 as (Le) 
1-8 ` iid Co + oar)" 


Since kr is small compared with unity, 
1 1 tk 
— ----—. ome — ue -— Je e e. 2.81 
1—8 ud E + 2qr 2r ( ) 


1 1 tk 


ETE . . (2.9) 
Co Zor 27r 

In this equation r is the radius of the hemispherical equi- 
potential surface S,. Since the diameter of the mouth is 
small compared with the wave-length, we may, following 


So that 


Rayleigh *, ignore the term xz in comparison with =. In 
0 


2 
this case, we have as an approximation : 
l—tkoe (= — £) 
B =-—— 7p . . I) 
1+tko (- d ) 
ey 27 


In order to find a numerical value for in any particular 
case it is necessary to assign a numerical value to co, the 
conductance of the mouth of the pipe. If the mouth is 
restricted the calculation of co presents no difficulty, but if 
it is not restricted there appears to be no method by which a 
direct calculation of this quantity can be made. An estimate 
of its value in the case of a pipe of circular cross-section can, 
however, be made indirectly as follows. 

Let the value of @ given in (2.91) be inserted in (2.5). 
Then, after some reduction, the expression for the potential 


* ‘Theory of Sound,’ vol. ii. p. 199. 
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inside the pipe becomes 


Qi = DEED cos k(x —L). e"^*, (2.92) 
cos kL—ok(= x 5.) sin £L 
Co 2T 


To find the length of the pipe which will show the strongest 
resonance to a tone of given frequency, Helmholtz put 
tan ka = ok/co, so that 


2F 


ux UTI NUNC tac aes 
cos E( L -- a) nn zin kL 
cos ka 2T 


Qi cos k(a—L). «%*, (2.93) 


The pressure and velocity variations in the pipe are thus 
proportional to 


cos? k(L+a) okt. -i " 
ar | uda + qr sin AL } . . (3.94) 


Helmholtz points out that resonance is greatest when 
cosk(L+a)=0, that is when (L+a) is equal to an odd 
number of quarter wave-lengths. a is thus the end- 
correction to the pipe and can either be calculated or 
determined experimentally. For pipes with diameters small 
compared with the wave-lengths we may take tan ka= ka, 
provided there is no restriction of the orifice, and in this 
case a=(a/cy) and therefore cy:=(o/a). Ifthe cross-section of 
the pipe is circular and of radius R, cz: TH? and «z 0:82 R, 
so that cj (c/a) 238 R *. 

For a flanged pipe, therefore, (2.91) becomes 


1 —4( KR? —4x 0:82 kR 


8——lX4GRa.xOs»zRs coc (295) 


* Another method by which c, could be found indirectly from experi- 
ment is as follows. Place a source of sound inside the pipe near the 
closed end. Ifthe motions inside the pipe between the open end and 
the source are examined (say by means ora Rayleigh disk) there will 
be found a series of positions of maximum and minimum displacement. 
These may be regarded as being due to interference between the primary 
wave from the source and the reflected wave from the open end, and as 
shown above the ratio of the ainplitude of the reflected wave to that of 
the primary is mod 8. The value of mod £ is easily calculated from the 
observed ratio of maximum to minimum displacement, and the value 
of c, could then be discovered which gives the best agreement between 
the value of mod 8 found in this way and that calculated from (3.41). 
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§ 3. Theory of the Boys Double Resonator. 


In the Boys resonator (fig. 2) let the Helmholtz component 
be attached to the pipe at a distance l from the open end. 
In that part of the pipe between r=0 and «=1 there will 


Fig. 2. 
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be a potential, O,, of the form given in (2.3). 
let Aj, F4 À, and Aa =F + BA, 80 that 
Ore = (Aie ez 4- Ag eMe etkat . © (3.1) 


Let Q; be the potential from «=I to the closed end at z= l. 


Q will be the potential of stationary waves with a node at 
2=L and will have the form: 


For brevity, 


Q, = Beosk(z—L)e*, . . . . (33) 


Also, since the pressures must be continuous at a=l a 
necessary condition is Q= Q, when «=1, and hence 


B = {Ape + Age} eosee &(I—L). . (3.3) 


Again, if it be assumed that the disturbance due to the 
Helmholtz resonator causes the motion in the pipe to depart 
from the plane form indicated in (3.1) and (3.2) only within 
a region the dimensions of which are small compured with 
the wave-length, then the current into the Helmholtz reso- 
nator can be equated to the difference between the currents 
across two equipotential surfaces, normal to the axis of the 
pipe, one on the positive, and the other on the negative side 
of z— l. This condition can be expressed by 


z {08s _ 90s ! aa 
Óc Ow — dt’ 
dg 


dt being the current (c.c. per sec.) into the Helmholtz 
resonator. 
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From (3.2) and (3.3) we have 
($25) = b (Age + Agen} tan k(l- L), (3.51) 
z-i 


and from (3.1) 


(S25) =k {Aige™— Age} et, ,— (3.52) 
/zrzl 


Let g=qoe"*, so that ^d tikaqa € ^**, then substituting 


from (3.51) and (3.52) in (3.4) we have 
c ( —k {Aye Age") tan k(L- L) 
—tk (Aye — Age} | = aqu (3.6) 
so that 
qo = = [t {Arse + Ane} tan A(L—L) 
—(Aje" —Ag ej] 


——  Cosec k(lL— L) [Ane — Ane]. . . (3.61) 


A second expression for qo can be obtained by considering 
the equation of motion of the air in the neck of the Helm- 


d 
holtz resonator. Since the pressure variation is Pd (OQig)2=85 


p being the density of the air, this equation is * 


T d i; 
dé 4-2À — a + Wo" q = € dt 4 Qa), " ° (3.7) 
where 4 is the damping factor of the Helmholtz resonator, 
c is the hydrodynamical conductance of the neck, and 
w —a*c[/Q, Q being the internal volume of the resonator 
and a the velocity of sound. q, is equal to 27 times the 
resonance frequency of the Helmholtz component. Thus, 
writing œ for ka, we have 


LOC ih per 
go = (w — w?) + 2th { Ájg€ A Ag) € E" e (3.71) 


Or, if A is written for — 


do = 3;— pA Ane + Age}, e . (3.72) 


* Rayleigh, ‘Theory of Sound,’ vol. ii. p. 198, 
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Equating the values of q, in (3.61) and (3.72), we obtain 


Ais eL T Ag cL 


a= hws) °° k(L—L) {A+ Ag 67H), (3.8) 
so that 
bg. 4e ES l 
-— eb 4 PIC] BSPEN cos k(l— L) . e* 
kh NE. ee — —ik 
€ PTT mets cos (LI —L).€ 


ac 
1-4 — oe cos k(l— L) . 640-0 
m iud. M O) . (3.81) 


l— shah) kil — L) . e i7 D 
Let 
B p= (Ag Axg)e T. .. « « (3.82) 
en 

As: Sp du BA 

A, pet mA (3.83) 
Hence 

"e XL 

A= 3 = = (3.84) 

Thus 
cA 
Qo = 2i TA (e + ps eh ei) 


4, €. (8-I)F 
~ 9h mA 8 —u e. 


(e + p e e^") 


4, € | (8—1)F tk(l—L) =sk(1—L) 9 
= Fh—iA Be hype (ON orae Te (G3) 

The theory of the Helmholtz resonator shows that the 
value of qo corresponding to a primary potential ġe" at 
the mouth of the resonator is 


Cc . 
qo I iA *» M . . . . (3.91) 


so that (3.9) indicates that, in the case of the Boys resonator, 
the current in the neck of the Helmholtz component is the 
same as would be induced, in an unenclosed space, by a 
primary potential 


(8—1)F (eK -D.pu gc I7, |. (3.92) 


Be" — pet 


b -— 


fe 


eee ee ee ee M 
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The theory of the simple stopped-pipe resonator, as given 
in § 2, shows that the potential at a distance from the open 
end is (cf. equation (2.5)): 


—1)F 

gar arde acit], . . (8.93) 
Hence, comparing (3.92) and (3.93), we see that the factor u 
occurring in both numerator and denominator of (3.92) 
represents the reaction of the Helmholtz resonator on the 
potential within the pipe. As would be expected, the re- 
action depends not only on the distance of the resonator 
from the closed end but also upon its damping, tuning, the 
conductance of the orifice, and the cross-sectional area of 
the pipe. 

Equation (3.9) completes the solution of the problem so 
far as it is required for present purposes, for it enables us to 
calculate the amplitude of the air displacements in the neck 
of the Helmholtz resonator for any combination of pipe and 
resonator within the limits imposed by the assumption as 
tothe smallness of the diameter of the pipe relative to the 
wave-length. 

For the purpose of numerical calculation it is convenient 
to make use of the conception of what may be called the 
* magnification " of the resonator. 

As stated previously, the function of the double resonator 
is to magnify the vibrations occurring in the incident sound- 
wave so that they may be easily recorded by the detector, 
the latter being placed in the narrow neck of the Helmholtz 
component. A proper measure of the magnification due to 
the resonator is therefore the ratio of the maximum velocity 
(or displacement) occurring in the neck of the Helmholtz 
resonator to the maximum velocity (or displacement) occur- 
ring in the incident sound-wave *. 

If A is the cross-sectional area of the neck of the Helm- 
holtz component, the maximum velocity occurring in the 
neck is i li]. The maximum velocity in the incident 
plane wave Fe») is L£F| but owing to reflexion the 
pressure variation due to the incident wave at the mouth of 
the resonator is double what it would be if there were no 
flange. The question arises as to whether the (supposed 
infinite) flange is or is not to be regarded as part of the 
resonator. The best way out of this difficulty is probably 


* Cf.‘ Science Progress,’ vol. xx. p. 69 (1925), 
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to Melt as the standard of comparison that velocity which 
in a plain progressive wave would be associated with a 
pressure-variation equal to that due to the primary wave at 
the mouth of the resonator—in this case |2:&F|. Thus, if M 
denote the magnification : 


(1 |d4 ; 
Whence, from (3.9), 


la c p—1 


M = 5 A [Bh eA Best - pet { 


eHl—L) 4 p e-i- |, (3.95) 


Some numerical values ot M, showing the variation with 
frequency of the incident sound, are given in the next 
section. 


§ 4. Numerical Results. 


In this section a short account is given of the calculation 
of M by means of (3.95) in the case of a Boys resonator in 
which both components (Helmholtz resonator aud stopped 
pipe) have a fundamental frequency (no) of 256 vibrn./sec. 

The dimensions and other characteristics of the Helmholtz 
resonator were taken to be such as are normally employed 
for the construction of hot-wire microphones, the actual 
vulues selected heing the following :— 


Diameter of orifice d —0:5 cm. 
Conductance of orifice c— 0:125 cm. 
Damping factor at 256 vibrn./sec. = A 250 sec. !. 
The magnification associated with the Helmholtz resonator 


when used alone appears as a factor in the expression for M 
given in (3.95), for it is easily shown that it is equal to 


a € 


A [2A al 
So that, if this is denoted by M,, (3.95) can be written: 


1 B—1 T ER 
M =M,~x aari D+ we -D)[- (4.1) 
Values of M, corresponding to values of the interval n/n 
between 0:80 and 1:20 are given in Table I. The velocity 
of sound (a) has been taken to be 33760 cm/sec. 
In calculating M, it has been assumed that the damping 
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factor À remains constant throughout the range of fre- 
quencies dealt with. In practice it is found that A varies 
with frequency, but the information at present available is 
insufficient to allow this fact to be taken into consideration. 

The magnification associated with the stopped pipe is seen 
from (2.5) to be 


pai 


Mss Be LL p eb EE Ww XA DEM (4.2) 


M, can also be introduced as a factor in the expression for 
M, but for numerical calculation it is generally better to 
retain M in the form given in (4.1). It is of interest, how- 
ever, to compare the magnification belonging to the pipe- 
component with that obtainable from the double resonator, 
and for this reason some values of M, have been included in 
Table I. 

The reduced length of the pipe is equal to a quarter of the 
fundamental wave-length, that is, to a/4n,. Hence, if R is 
the radius of the cross-section, 


L+0°82 R=a/dm. > . . . (43) 


In order to define the shape of the pipe (that is, the ratio of 
length to diameter), let L=mR. We then have from (4.3) 


m NR. 
— 4n, m 4 0:82 


L2 dh 
i Any m+ 0782 


(4.4) 


Hence 


LR =T” l 


~ 2 ing m+ O82” el) 


m n m 
= on moe i e 059 


To show the effect of changing the cross-sectional area of 
the pipe, the two cases m--5 and m=10 were selected for 
calculation. Values of 8 were first calculated by means of 
(2.95) from the values of kR given by (4.51). Corre- 
sponding values of kL were then found from (4.52) and 
finally M; computed by means of (4.2). The values of M, 
so found are given in Table I. 
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TABLE I. 
M, M, 
nino M. Amn n/ns. M, 
m-—B5. m=10. m=5. m=10. 
0-80 29 Em = 109 181 2] in 
2 33 — — 4 133 14 — 
4 38 € us 6 101 10 1 
6 43 > — zs 8 80 8 8 
8 51 — — 10 67 6 6 
90 61 6 6 2 57 — -— 
2 75 7 8 4 49 — — 
4 96 10 10 6 44 — — 
6 130 13 8 39 — — 
8 180 20 30 1:20 36 -— — 
^00 215 28 95 


200 


100 


Magnification. 


In fig. 3, M, and M, are plotted against n/ny It will be 
seen that the magnification due to the Helmholtz resonator 
is much greater than that obtainable from the stopped pipe. 
The inereased sharpness of resonance shown by M, when m 
is changed from 5 to 10 is very marked, the reason being 


that sound-energy escapes less readily from the narrower 
pipe. 
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The calculation of M for the double resonator by means 
of (4.1) presents no difficulty. A preliminary calculation of 
# is necessary, and this can be effected by means of the 
formula 


VEM. = ui - L) 
+ rae] DET, Y k(l—L).e 


= (4.6) 
K o(2h—iA) ^5 k(l— I. 7*8- 
c is the cross-sectional area of the pipe, so that 
ies es a E WS | 
PS "(5 om) i (4.7) 


The following three cases were selected for the calculation 
of M :— 


Case l. m=5, L= L.—The Helmholtz resonator is here at 
the closed end of the pipe. 


Case 11. m 210, l= L.—The Helmholtz resonator is again 
at the closed end of the pipe, but the diameter of the latter 
is only about half its vale in Case I. 


Case TII. m=10, l=0°3 L.—The diameter of the pipe is _ 
the same as in Case II, but the Helmholtz resonator is 
inserted through the wall of the pipe at a distance of 0: oL 
from the open end. 


The numerical values of M calculated for these three cases 
are given in Table II. 


TABLE II. 
L II. III. I II. SIT. 
n/n m=5. m=10. m=10. njn, m=5. m=10. m=10> 
0°80 — 230 — 102 476 — 281 
2 — 416 -— 4 534 — -— 
4 — 733 137 6 635 171 426 
6 — 487 210 8 773 186 587 
8 598 309 326 110 743 217 436 
90 | 770 231 504 450 270 229 
2 910 191 698 4 — 369 — 
4 699 169 461 6 — 545 — 
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These values of M are plotted against n/[n, in fig. 4, in 
which the vertical scale is only one-fifth of that used in fig. 3. 
The following points may be noted in connexion with these 
curves :— 

(i.) The curve I (m5, (2 L) shows the greatly increased 
magnification obtained by the use of double resonance. It 
will be seen from Table I, or fig. 3, that the greatest magni- 
fications obtainable from the Helmholtz resonator or stopped 
pipe alone are 215 and 28 respectively. When the two are 
combined, however, the magnification does not fall below 
450 between n/np=0°86 to n/ny— 1:12, that is from 220 to 


287 vibrn./sec.; while at n/no— 0:92 and n[n, 1:085 it rises 
to 910 and 810 respectively. 


Magnifica tion. 


(ii.) The curve II (m=10, l=L) shows the effect of 
reducing the cross-sectional area of the pipe. Although 
the magnification obtainable from the pipe alone is greater 
than in Case I, namely, 95 as compared with 28, the reduc- 
tion in eross-section has been accompanied by a tightening 
of the coupling between the two components, with the result 
that the two resonance frequencies of the double resonator 
are further apart, and the general level of the magnification 
is lowered. The small variation in magnification in the 
region between about n/[nj—0:96 and 1:04 is noticeable. 
Instruments made with double resonators of thia type are 
useful in cases in which it is required to record the strength 


of a sound the pitch of which is liable to undergo small 
variations. 
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(iii.) The resonance frequencies as found from the curve 
in fig. 4 show a satisfactory agreement with those calculated 
from the simple formula previously obtained by neglecting 
the loss of sound-energy from the resonator. Thus, curve I 
shows that resonance frequencies occur at approximatel 
n|ny— 0:92 and 1:09, while the formula previously given *, 
which may be written 


Mi —- AL ur eund p DO 


indicates that resonance frequencies occur when n[n,— 0:91 
and 1:09. Similarly, curve II indicates resonance at 
n/ng— 0:84 and 1:17, these values being identical with those 
found from a graphical solution of (4'8). 

(iv.) The curve III shows the effect of moving the 
Helmholtz resonator towards the open end of the pipe. The 
resonance peaks are brought nearer together again, and 
occupy nearly the same positions as when mz5. The 
general level of the magnification is raised, but is main- 
tained for a smaller range of frequencies. Previous 
experiments have indicated that enhanced sensitiveness may 
sometimes be obtained by a suitable choice of the distance 
of the Helmholtz resonator from the open end of the pipe. 
The conditions under which this may occur should be deriv- 
able from the equations contained in the present paper, but 
a full investigation has not yet been carried out. 


$9. Experimental Results. 


Some observations will now be described which were 
undertaken with the object of providing an experimental 
check on the theory developed in the preceding sections. 

No means being available for measuring the actual value 
of the magnification of resonators, attention was directed to 
obtaining resonance curves the forms of which could be com- 
pared with the theoretical curves shown in fig. 4. For this 
purpose a singly resonated hot-wire microphone was chosen 
with a natural frequency of 256 vibrn./sec. The charac- 
teristics of the Helmholtz resonator were very nearly the 
same as those used in $4, their actual values being 
c— 0:115 cm., 4249 sec.*!. 

For combining with this Helmholtz resonator, two ebonite 
stopped-pipes were made whose dimensions were (a) L= 
29 com., 2112 12:1 em; (b) L=31 cm., 2 5:7 em. Thus 


* Equation (12), Proc. Roy. Soc. A, ci, p. 395 (1922). 
Phil. Mag. S. 7. Vol. 2. No. 10. Oct. 1926. 3D 
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for the pipe (a) we have m=4°8, and for the pipe (b), 
m=10°9. 


To correspond with the three cases dealt with in § 4, the 


following arrangements of Helmholtz resonator and pipe 
were made :— 


I. The orifice of the Helmholtz resonator was inserted 


through the closed end of the wider pipe. Thus 
m= 4'8, l= L. 


|l. The orifice of the Helmholtz resonator was inserted 
through the closed end of the narrower pipe, so 

that mz 10:39, l= L. 
III. The orifice of the Helmholtz resonator was inserted 
through the wall of the narrower pipe at a distance 
ro b trom the open end so that m= 1079, l= f L. 


o 


Relative Amplitude. 


/ 
ny ne 


The experimental resonance curves for these three cases 
are shown in fig. 5, the crosses indicating the observed 
points. The method by which they were obtained was sub- 
stantially that described in previous papers. The source of 
sound was provided by a specially designed thermionic valve 
oscillator, the current from which actuated the diaphragm 
of a **loud-speaker." To avoid inequalities in acoustic out- 
put due to resonances, the horn of the loud-speaker was 
removed. 

The observations were made in the open, the resonators 


to be examined being laid on the ground at a distance of 
0:8 metre from the source of sound. The surface of the 
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ground thus represented the infinite flange assumed in 
the theory. 


The bridge method of observing the response of the hot- 


wire grid was employed, the ohmic changes being propor- 
tional to the square root of the deflexions shown on a 
microammeter. The scale of relative amplitudes employed 
in fig. 5 was thus arrived at by taking the square root of the 
observed deflexions. The hot-wire grids employed were of 
standard type with hot resistance about 330 ohms and 
maximum safe working current of 27 milliamperes. A 
relative amplitude of 10 in fig. 5 corresponds to a resistance 
change of about 1 ohm. 

A comparison of fig. 5 with fig. 4 shows that, having 
regard to the small disparities between the dimensions and 
other characteristics of the resonators used in practice with 
those assumed in the theory, the agreement between the 
observed and calculated curves is satisfactory and indicates 
that the theory as developed in $ 4 is substantially correct. 

Improvement could probably be effected by obtaining a 
more accurate value for 8 and by taking into account the 
variation of A with frequency. 


$6. Summary. 


A theory of the * Boys” type of double resonator is 
developed in which allowance is made for the loss of sound- 
energy from the resonator owing to (1.) the dissipation of 
sound into heat by the operation of viscous forces in the 
narrow neck leading into the Helmholtz resonator, and 
(ii.) the escape of sound into the surrounding air through 
the open end of the pipe component. Some numerical 
results are given which show the changes indicated by 
theory in the form of the resonance curves caused by 
(a) diminishing the cross-sectional area of the pipe, and 
(b) moving the Helmholtz resonator from the closed end 
towards the open end of the pipe. The forms of the calcu- 
lated resonance curves are found to he in fair agreement 
with observations. The resonance frequencies as found from 
the more complete theory now given agree well with those 
found from the approximate theory previously developed. 


Air Defence Experimental Establishment, 
Woolwich. 
May, 1996. 
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LXVIII. Reqularities in the Spectrum of Ionized Silver. 
By €. 8. Bears, M.A., D.I.C.* 


(Plate XIV.] 
INTRODUCTORY, 


HE arc spectra of copper, silver, and gold, elements 
occupving the sub-group in the first column of the 
periodie table, have been shown to be similar in that 
they all three contain doublet series. 
view recently advanced b 


According to the 
spectrum of silver woul 


Sommerfeld, however, the arc 


be expected to be of a more 
simple character than the corresponding spectra of copper 


and gold. It was formerly believed that the character 
of the terms in a spectrum was entirely determined by 
the azimuthal quantum numbers associated with successive 
orbits occupied by the outermost electron of the atom. 
According to more recent theories of atomic structure as 
advanced by Russell and Saunders t, Heisenberg 1, Hund §, 
and others, the character of a spectral term is determined 
by what may be called a group quantum number which 
depends on the resultant of the moments of momenta of 
all the electrons external to the rare-gas-like core of the 
atom. The simple character of the spectra of the alkali 


metals has accordingly been attributed to the fact that 
they each have but a single electron 


external to the 
rare-gas-like core. 


The prediction which was made by 
Sommerfeld that the spectrum of silver would be similar 


to those of the alkali metals in containing only doublet 
terms, is based on the belief that the atomic configuration 
which obtains for palladium (the element preceding silver 
in the periodic table) partakes somewhat of the rare-gas- 
like character. The atomic structure of palladium consists 
of a completed shell of 10 4, electrons external to the 
rare-gas-like (Krypton) core. This configuration of electrons 
apparently possesses an inherent stability somewhat similar 
to that which obtains for the atoms of the rare-gases. As 
a consequence of this, when a single electron is added to 
form the silver atom the nature of the terms in the 
spectrum should depend solely on the successive orbits 


a Communicated by Prof. A. Fowler, F.R.S. 


T Russell & Saunders, Astrophys. Journ. vol. lxi. p. 38 (1925). 
t Heisenberg, Zeit. f. Phys. vol, xxxii. p. 841 (1925). 
$ Hund, Zeit. f. Phys. vol. xxxii. p. 336 (1995). 


Regularities in the Spectrum of Ionized Silver. TTi 


occupied by this single outer electron. The spectrum 
would thus be expected to be alkali-like in character, and 
to contain only doublet terms. 

The spectrum of copper is less simply related to those 
of the alkalies. The arrangement of doublet series terms 
in the speetrum of copper would appear to indicate that 
the atom of copper in its normal state is exactly analogous 
with that of silver and consists of a shell of 10 3, electrons 
and a single 4, electron external to the rare-gas-like 
(argon) core. The distinction between the two is believed 
to be found in the smaller stability of the shell of 10 3; 
electrons in the atom of copper. This is evidenced by 
the fact (believed to be established by spectroscopic data) 
that of the 10 electrons external to the argon core in the 
neutral atom of nickel, only 8 occupy 33 orbits, the remain- 
ing two being found in 4, orbits, From this it may be 
inferred that terms in the spectrum of copper may not 
only be due to successive orbits occupied by the valence 
electron, but may also be affected by the displacement 
of additional electrons from 3 orbits to outer orbits when 
the atom is in an excited condition. These considerations 
have led Hund * to predict the appearance of quartet terms 
in the spectrum of copper. As the atomic configuration 
for gold is believed to be closely analogous with that of 
copper, it seems reasonable to extend Hund’s prediction 
to include the spectrum of gold. 

In so far as experimental data are at present available, they 
are in agreement with the theoretical predictions contained 
in the preceding paragraph. The spectrum of copperf 
has already been shown to contain quartet terms in addition 
to its doublet series system, while evidence is not lacking 
that a quartet system will presently be shown to be a 
feature of the gold spectrum [. 

The arc spectrum of silver contains a smaller number 
of lines than the corresponding spectra of copper and 
gold, and a majority of these lines have been shown to 
belong to a doublet system. The unclassified lines, which 
are found mainly in the ultra-violet, form a very puzzling 
feature of the silver are spectrum. There is no evidence 
at present available which would connect them with a 
quartet system, while at the same time it seems fairly 
certain that they do not form part of the regular doublet 

* Hund, Zeit. f. Phys. vol. xxxiii. p. 335 (1925). 


T Beals, Proc. Roy. Soc. A, vol. cxi. (May 1926). 
t McLennan & McLay, Proc. Roy. Soc. A, vol. cviii. p. 515 (1925). 
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series. Many of these lines show curious fluctuations in 
intensity. For example, the lines A 2309:63 and X 2374:90 
are very diffuse and so strong as to dominate the spectrum 
in this region under ordinary arc conditions. When the 
arc is passed in vacuosthey disappear completely. It seems 
possible that some of these lines may form an anomalous 
feature of the silver spectrum, which has no counterpart 
among previously recognized spectral structures. 

From what has alreadv been said concerning the structure 
of the silver atom, it may be deduced that the removal of 
the outer 5, electron would leave a configuration closely 
resenibling that found in the atom of neutral palladium ; 
i.e n completed shell of 10 44 electrons external io the 
rare- pas-like core of the atom. The spectrum of the singly- 
ionized atom of silver would accordingly be expected to 
resemble in its general features the arc spectrum of 
palladium. Fortunately, the necessary data concerning 
the palladium spectrum are now available, analyses of this 
CU having been published by the present writer * 
by Catalan f, and by McLennan and Smith 1. Most of 
the strong palladium are lines have been included in a 
singlet and triplet system. The frequencies of these lines 
have been shown to be due to transitions from a number 
of levels defined by the terms ?P, ?D', °F, !P, !D', IF to 
a number of lower levels cor responding to the terms 1S, 
SD, and !D. The !S term has been found to be ihe 
fundamental term, a fact that had been predicted on 
theoretical grounds by Hund and Catalan. Since the 
atomic confiurations for Pd I and AgII are believed to 
be precisely analogous, a !S term should also appear as 
the fundamental term of the AgII spectrum. The other 
terms of the palladium spectrum would also be expected, 
but it is not certain that they would appear in the same 
order. 

The present paper contains the results of an investigation 
of the first spark spectrum of silver. The work has 
included the separation of Ag II lines from are lines and 
lines corresponding to higher ionizations, a study of Zeeman 
effects, and a discussion of the numerical relations which 
have been found to exist in the Ag II spectrum. 


* Beals, Proc. Roy. Soc. A, vol. cix. p. 369 (1925), 

M Catalan, Zeit. f. Phys. xol. xxxv. p. 449 1926). 

ji McLennan & Smith, Trans. Roy. Noc. Canada, vol xx. p. 1 
(Jan. 1926). 
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THE SEPARATION OF ARC AND SPARK LINES. 


In order to sort out the enhanced lines and to assign 
them to a particular stage of ionization, the spectrum of 
silver was observed under varying intensities of excitation. 
The most useful sources of light for this purpose were 
an ordinary arc in air and a strongly-condensed spark 
obtained with a large resonance transformer. Intermediate 
stages between the arc and spark could be obtained by 
employing varying amounts of inductance in the spark 
circuit. Some difficulty was experienced due to the masking 
of lines by band spectra, and this was remedied by passing 
the arc and spark in hydrogen. 

The behaviour of are and spark lines is illustrated in 
Pl. XIV., in which are and spark photograghs have been 
compared. The lines corresponding to the first ionization 
(AgII) are fairly strong in the arc and might easily be 
mistaken for arc lines. In the spark spectrum the Ag II 
lines are strongly enhanced, while the arc lines become 
weaker. The spark photographs which were obtained 
without the use of inductance in the spark circuit show 
a large number of lines which do not appear or are 
extremely feeble in the arc. It appears probable that 
these lines may belong to the second or higher ionization. 

Those lines which are considered to beloug to the spec- 
trum of singly ionized silver have been included in Table I. 
In this table is indicated the wave-length and wave-number 
of each line and an estimate of its relative intensity. 
Wherever possible Eder’s wave-lengths have been used, 
and where they are not available the values of Exner and 
Haschek and Huppers have been given. ‘The region of the 
spectrum which has been examined extends from A 6500- 
1850, but no lines of wave-length longer than A 3000 have 
definitely been assigned to the spectrum of Ag II. 


OBSERVATIONS OF ZEEMAN EFFECTS. 


Unfortunately, many of the shorter wave-length lines 
of AgII lie in a region of the spectrum which is not 
accessible to ordinary. Zeeman Effect observations. It has 
not been found possible to use the higher orders of the 
grating for observation of lines below X 2240, and the wave- 
length separation of components in this region of the spec- 
trum is so small that first- and second-order observations are 
of little use. As a consequence of this the Zeeman measure- 
ments are limited to those lines which occur in the region 


A 2240-2940. 
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The experimental arrangements for the observation of 


TABLE I. 

À. (Int.) r. Zeeman Effect. Combination. 
2929 37 (3) 541271 0:90 L-L 
2767:54 (4) 36122:5 (0:00)0-07 D-N 
2600-49 (3) 375759 € p-o 
2535:30 (4) 39431°3 081 C-L 
2506:63 (4) 39882°3 0-84 C-M 
2473:84 (4) 404107 (0:00)1:53 p-P 
244793 (5) 40838:5 (0:28)1:00 
2437°81 (10) 41008:0 (0:00)1:18 B-L 
2413:21 (9) 414261 (0:00)1:04 C-N 
2411:37 (5) 414576 (0:00)1:23 B-M 
235792 (4) 42597:3 (0:00)0-4-4 
2331:36 (5) 42330:2 (0:00)0:99 C-O 
2324:05 (6) 450029 076 B-N 
232023 (5) 43080:0 (0:00)1:13 D-Q 
2317-03 (5) 431455 (000) 1°30 
227996 (5) 43046-3 (0:00:1-04 D-R 
224872 (4) 444559 USS B-O 
2246°37 (6) H5024 (0:00)1:19 
2220 49 (6) 44839:4 
218673 (6) 41600 — — —  ... C-P 
2166:42 (6) HO1446 0 000° ... A-L 
2145°55 (7 4699393 a, A-M 
2120:36 (6) $7146°9 
2113:76 (7) 3/2941... p-P 
2065:82 (8) 48390:8 nm C-Q 
2033:84 (9) 30102]. ——— —— uu C-R 
201572 (5) 495940 
2000-56 (6) 409008 a, B-Q 
1993:55 (6) JUC — — — .... C-S 
1932-76 (4) 5172273. — — ,.... B-S 


Zeeman effects has already been described *, and has been 
used without sensible alteration in the present work. An 
arc in air between silver poles served as a source of light. 
The Agll lines appear in the spark with considerably 
greater intensity than in tle arc, but they are less clearly 
defined and a number of them show definite reversals. For 


* Beals, Proc. Roy. Soc. A, vol. cix, p. 309 (1925). 
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this reason sole reliance has been placed in the are, and little 
difficulty has been experienced in obtaining the lines with 
sufficient intensity. The photographs have been taken in 
the third, fourth, and fifth orders of a 10-foot concave 
grating. "limes of exposure have varied from 30 minutes 
to 2 hours. 

The measurements of Zeeman components have been in- 
cluded in Table I. In accordance with the usual practice, 
the separations have been expressed in terms ot the normal 
Zeeman effect as shown by the separation of components in 
lines of a singlet system. The value of the normal Zeeman 
effect has been derived from the two calcium lines A 3933766 
and X3968:46 which appeared as impurities in the silver 
spectrum. The resolutions shown by these line are as 


follows :—X 3933:66, (33) 1:00, 1°66, X 396846, (^66) 1°33. 
STRUCTURE OF THE SPECTRUM. 


As a first step in the analysis of the Ag II spectrum a 
search was made for any constant wave-number differences 
which might exist among the lines. A number of such 
relations have heen discovered, and the results of this part 
of the investigation have been incorporated in Table II. As 


TABLE II. 


A. B. C. D. 
100,0000 — 94,863:9 93,2571 87982-2 
(5136-1) (1576-8) (5304-9) 

L 53855°5...... 46144-6(6) — 41008010) 3943134): 34127-1(3) 
M 53405°9...... 46593°3(7)  41457°6(5)  398823(4) 

N 518009... — ...... 4:002:8(6) — 41426:1(9) — 36192:5(4) 
OA uc Vies 44455°9(4)  42880-2(5) 37575 K3) 
P aSa seers. 472941(7) — 45716:0(6)  40410°7(4) 
Q 448955... ^... 49969°8(6)  48890°8(8)  43086:0(5) 
R441350.... . |. 49152-1(8) 43846-8(5) 
m OTT ig ee: 51722:3(4) — 501454(6) 


a consequence of the numerical relations, it is possible to 
express the wave-numbers ot many of the lines as differences 
between a comparatively small number of terms or energy 
levels. These terms have also been given in Table II. It 
is, of course, not possible to assign absolute values to these 
terms, but the relative values can be given with considerable 
accuracy. Approximately two-thirds of the lines of Table I. 
have been included in this term system. The failure to 
account for the remaining lines has been attributed, in part 


D 
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at least, to the lack of observational data in the region of 
the spectrum below X1850. The large value of the term 
separations makes it reasonable to suppose that a number of 
lines, in the region of the -pectrum which has been observed, 
may ‘be connected by constant difference relations with lines 
in the Schumann region. For wuts wave-numbers 
calculated from the combinations A-Q, A-R, A-S all fall 
in the region below X 1850. 

While Zeeman effects have been observed for some of the 
lines, the resolution obtained is not sufficiently high to 
enable any of the terms to be identified with certainty. I: 
is possible, however, by a consideration of the general fori: 
of some of the patterns, to gain some information as to the 
‘relative values of the inner quantum numbers. [n their 
recent work, * Zeemaneffekt und Multiplettstruktur, Back 
and Landé have formulated the following rule, which experi- 
ment has shown to be generallv valid for a system of odl 
multiplicities: “ For the Zeeman pattern given by the 
combination of two terms X and Y, the central component 
has zero intensity when 7j, —j,." By the application of this 
rule to a number of the Zeeman patterns of lines involved in 
Table IT., it may be deduced that the terms C and D have the 
same inner quantum number. By assigning an arbitrary 
value to this quantum number, relative quantum numbers 
mav be deduced for a number of the other terms. This 
method has not so far led to the identification of any 
complete multiplet groups, but it should prove useful when 
the required additional wave-length data become available. 

Since the terms of the Ag [I spectrum have not as yet 
been definitely identified, it is scarcely possible to make a 
very useful comparison between this spectrum and that of 
the neutral atom of palladium. In the present state of our 
knowledge of the subject, it seems scarcely justifiable to 
make the assumption that the arrangement of terms in the 
two spectra will be precisely analogous. If such an assump- 
tion were made, however, the following would appear to be 
the most probable arrangement of the larger terms of 
Table IL. The term D should correspond with the palla- 
dium term 'D,. The terms A, B and C would make up a 
partially-inverted triplet D level in which A=*D,, B=*D,, 
and C=3D,. The lines formed by combinations with the 
fundamental !S level would probably fall in the Schumann 
region, and so would not come within the range of the 
present investigation. Too much importance should not be 
attached to this suggestion, as the evidence in favour of it 
is far from complete and the non-appearance of the combin- 
ations D-M and D-S is against it. 
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In considering other points vf similarity with the palla- 
dium spectrum, it is perhaps worth while to mention that 
many of the Ag II lines are strongly reversed when observed 
under spark conditions, and also that they appear with 
considerable intensity in a. flame arc prodnced wm vacuo. 
This indicates that they are “ low-level " lines, and as such 
they correspond with those lines of palladium which have 
been investigated by the present writer. It may further be 
noted that the AgII lines, as compared with those of 
neutral palladium, show the displacement toward the ultra- 
violet and the increased value of the term separations which 
observation of analogous are and spark spectra of other 
elements would lead us to expect. 


SUMMARY. 


New observations of the spectrum of silver have been 
made with the object of discovering any regularities which 
may occur among the lines corresponding to a single 
ionization of the silver atom. The work has included a 
study of the spectrum under varying intensities of excitation. 
Zeeman measurements have also been made for a number of 
the lines. 

Thirty lines in the region X 1850-2930 have definitely 
been assigned to the spectrum of Ag II. Of these, some- 
what over two-thirds have been included in a system of 
constant wave-number differences involving terms which 
show some evidence of analogy with the terms found in the 
arc spectrum of palladium. 

The work has served to emphasize the need for an exten- 
sion of the observations of the silver spectrum to the 
extreme ultra-violet region of the spectrum. It seems 
probable that a clear understanding of the Ag II spectrum 
must await new wave-length data in the Schumann region. 
Such data should include, not only actual measurements of 
wave-length, but also a careful comparison of intensities in 
the arc and spark. Tt is to be regretted that lack of such 
observations has made the present investigation imcomplete. 
The results which have been obtained should, however, 
provide a sound basis for further research, and it is con- 
fidently expected that the constant difference relations which 
have been discovered will provide the key for a complete 
analysis of the Ag II spectrum. 


In eoncluding the paper the writer wishes to express to 
Professor Fowler his appreciation of the opportunity of 
carrying ont the experiments, and to thank him also for 
kind interest and encouragement during the progress of 
the work. 


—— 
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LXIX. A Simple Integraph. 
By Aurreo A. Ross, Sc.D., F.R.S.* 


T a sharp rounded edge, such as the end of a knife-blade, 

is pressed against a plane surface of paper it can move 
freely in a direction tangential to itself, but not freely in a 
transverse direction. 

With suitable guidance such an edge can be made to trace 
out a curve on the sheet of paper, which can quite clearly be 
seen as an indentation in the latter. A small sharp-edged 
wheel turning on an axle may, with advantage, be substituted 
for the knife-edge. 

This principle may be taken advantage of in the con- 
struction of an exceedingly simple integraph in the following 
Way. 

A small drawing-board is mounted on three supports forming 
a sort of little table—one of these supports being a rounded 
knife-edge or a small sharp-edged wheel, as above described, 
and the others being smooth rounded studs which can move 
freely in any direction over a flat surface of paper. 

For convenience L shall refer to this part of the apparatus 
as the “ table," to distinguish it from a larger drawing-board 
upon which the * table" is placed, and which I shall refer to 
briefly as the “ drawing-board. This latter is simply an 
orlinary drawing-board of suitable size. 

To the drawing-board is clamped an arrangement bearing 
a tracing point of some sort, which remains fixed with respect 
to the drawing-board, so that the “table,” while sliding over 
the drawin g-board, can move freely underneath the tracing 
point. 

Let us suppose now that a curve is drawn on a piece of 
paper and that the latter is fixed by means of drawing-pins 
to tlie ** table." 

Let us further suppose that a plane sheet of paper is fixed 
on the surface of the drawing-board and the ** table " placed 
on the top of it. 

A suitable weight is put on the * table ”’ so that the wheel 
may make a visible indentation on the paper below it when 
the ** table" is caused to slide over the latter. 

The “table” is now guided so that the tracing point 
traverses the curve. When this is done the wheel will 
trace out a second curve, and the relation between the two 
curves is very simple. 


* Communicated by the Author. 
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Let AB be the curve on the “table” and P the position 
of the tracing point upon it at any instant. 

Let O be the position of the small wheel and Oz the 
direction of the tangent to the wheel at its point of contact 
with the drawing-board. 

(The planes of the drawing-board and of the “ table ” are 
here treated as coinciding, instead of being parallel as they 
are in reality.) 

The curve traced by the wheel upon the drawing-board 
will then have Oz as its tangent. 


Fig. 1. 


Let OO' be a small element of this curve, and let the 
small angle OPO' be denoted by d 
«a Further, let the angle 4O'P (which i in the limit is equal 
to xOP) be denoted by 0 and the length OP byr. 

Let a perpendicular through O upon O'P meet the latter 
in the point N. 

Then O'N zdr and ON=rag¢. 

Thus 


d$, 
"d = tan 8. 
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Suppose now that equation in polar coordinates of the 
curve on the “ table " 


tang = rf(r), 


where f(r) is an arbitrary function of r ; we have then 


dd e 
dr x 


and so b= (A r) dr + constant. 

Since P is fixed with respect to the drawing-board, this is 
the polar equation of the curve traced by the wheel corre- 
sponding to the curve 

tan 0 = vf(r) 
upon the ** table." 

It is to be observed in the figure that the angles 0 and $ 
are measured in opposite senses, 

Thus in order to integrate /(r) with respect to r we 


trace the curve 
tan 0 = rf(r) 


upon a piece of paper, which is then fixed to the * table" so 
that the origin is directly over the point of contact of the 
wheel and the direction from which the angle 8 is measured 
lies in the plane of the wheel. 

The ** table" being now moved in such a way that the 
tracing point traverses this curve, the point of the paper on 
tlie drawing-board directly underneath the tracing point is 
determined, and then the angle between any two radii 
vectores from this point to the curve traced by the wheel 
gives the required integral between limits represented by 
the lengths of these two “radii vectores. 

The angle is measured by means of a protractor and 
expressed in radians, 

Instead of using 7 as the independent variable, it is 
frequently better to employ log r. 

If log r=: we have 


rd _ dd 


= tan 8. 
dr dz 


If then we take the curve on the * table? of the form 


tan 0 = F(z) | 


r= e 
we have 
£ == F(2), 
dz 
and so = | Ft) ) dz + constant. 


There are two "E ges in this. 
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In the first place we very frequently wish to obtain the 
integral of a function with the lower limit zero and our 
method ceases to give accurate results when r is small. If, 
however, we take z as the independent variable we avoid 
this difficulty ; for since r=e*, we may put z — 0 and 
leave r with the finite value unity. 

In the second place, provided we have a table of the 
exponential function, it is generally easier to trace the 


TENER tan 0 = F(z) | 


- 


r =e 
than it is to trace the curve 
. tan 0 =r f(r), 


since the latter involves multiplying the function to be 
integrated by the independent variable. 

It is in fact practically as easy to plot the first of these 
curves upon squared paper as it is to plot F(z) in cartesian 
coordinates. 

Fig. 2. 


EA 


x M O 


Thus taking O as origin and any convenient length OM 
as a nnit we can measure lengths in this unit along a line 
through M perpendicular to Ow which are numerically 
equal to the values of tan 8. 

Thus to plot the curve 

tan 0 = F(z) | 
some 
we select any value of z and take a point L in the perpen- 
dicular to Oz through M such that ML = F(z) in the 
selected units. ' 

Then MOL=@, and we have only te measure off a 
distance OC along OL such that OC: er in order to 
obtain a point C on the required curve. 
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If, on the other hand, we wished to plot the curve 
tan 0 = r fir), 
we should first select a value of r and take ML zrf(r) and 
then measure off a distance OC=r along the line OL. It 
is obvious in both cases that the unit in which r is 
measured alonz the radius vector need not necessarily be 
equal to OM, since we are only concerned with the ratio 


L 


ÓM It is the unit in which 7 is measured along the radius 


vector whieh gives the scale of the curve. 

In using the instrument it is important to know approxi- 
mately how the “table” is to be rotated so as to keep the 
tracing point on the curve without pushing the wheel so 
that it moves sideways. 

If a line Oy be taken through O perpendicular to Oz, 
then it is easily seen that the centre of instantaneous rotation 
of the surface of the “table” lies at the intersection of Oy 
with the normal to the curve at P. 

When this is kept in mind the “ table" can be moved in 
the proper way without difficulty. 

The following figures show the degree of accuracy which 
may be obtained with such an instrument in integrating the 


* |" ° 
; dr sin r 
functions E and | - dr :— 
[v ea 


T 
[o 
"E 


r. ọ in radians, loz,r from tables. Difference. 
l 0 0 0 
2 0:6836 0:6931 0095 
3 1:0908 1:0986 0078 
4 1:3788 1:3862 0074 
5 1:5999 1:6094 0095 
6 17831 17918 "0087 
ae 
( nr 
vo F 
r. 

r, ọ+:199. | a dr from tables. 

15 1-325 "1.995 

17 1:429 1:449 

2:0 1:578 1:605 

2:2 1°669 1:687 

2:5 1*170 1778 

30 1°853 


1:849 
[n the latter case a constant of integration *199 was taken 
so as to make the result agree with the tables for rz 15. 
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LXX. Secondary Radiations produced by Gamma Rays and 
their Effect upon Gamma-Ray Absorption Measurements. 
By L. H. Cran&, Ph.D.*, M.Sc., A.Inst. P., The Physics 
Department, Middlesex Hospital t. 


N 1909, Tuomikoski ł investigated the absorption of 
gamma rays in lead and found that, as the thickness 
of lead was increased from 0'4 to 18 cın., the absorption 
coeflicient decreased in value from 0°70 to 0:25 cm.” 
Recently, many observers have studied the scattered radiation 
which all matter emits when irradiated by gamma rays, and 
O wen, Fleming, and Fage $ have shown that it may play an 
important part in absorption measurements. The present 
investigation was made with a view to gaining more in- 
formation about these scattered radiations and their effect 
upon gamma-ray absorption measurements. The expe- 
riments are divided into two groups. Those in the first 
group relate to a study of the radiation entering an electro- 
scope suspended in enclosures of different substances when 
the direct beam of gamma rays to the former is heavily 
filtered by lead. In the second group, the effect of radiation 
scattered from the filters themselves upon absorption mea- 
surements i3 considered. 

Fig.1 is a scale diagram of the experimental arrangement. 
The electroscope was made of brass 0:065 cm. thick, and was 
spherical, measuring 2:2 cm.in diameter. It was suspended on 
a system of piano-wires, the rigidity of which was increased by 
a light wooden triangular framework DEF. A lead annulus 
2:5 cm. in diameter and 0:18 em. thick served to support the 
electroscope and a lead cap which covered the latter. The 
cap was a hollow cylinder of lead 0:18 cm. thick, closed at the 
top by a lead disk of the same thickness. Another cap of 
the same dimensions, but with a portion of the cylindrical 
side removable, was used for some experiments. When in 
use this cap, which is shown in fig. 1 A, was placed over 
the electroscope so that the removable portion, termed the 
window, faced the source of radiation. Measurements were 
made by timing the rate of fall of the gold-leaf of the 
electroscope, the case of which was earthed. The gold-leaf 


* Part of a Thesis submitted to the University of London for this 
Dezree. 

+ Communicated by Prof. Sidney Russ, D.Se. 

I Y. Tuomikoski, Phys. Zeitschrift, 1909, p. 372. 

$ A. E. Owen, N. Fleming, and W. E. Fage, Proc. Phys. Soc. xxxvi. 5, 
p. 355 (1924). 

Phil. Mag. S. 7. Vol. 2. No. 10. Oct. 1926. 3E 
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was charged by the movable wire C (fig. 1), which was put 
momentarily in contact with one pole of a constant voltage 


supply of 150-170 volts. During measurements, the wire C 
was earthed. 


l'ig. 1. 


“4A . . "T 
OMB prepress 


The sources of radiation were fairly large quantities of 
radium emanation. Fig. 1B shows the glass vessel used 
to contain the emanation, so made that it could be filled 
repeatedly. The emanation was confined to the small bulb A 
which was 0:5 cm. in external diameter, the remainder of 
the vessel being filled with mercury. The bulb A was 
covered by a small lead cap, the thicknesses of the closed 
end and sides of. which were respectively 0*41 and 0:28 cm. 
In all the experiments the radiation was therefore first 
screened by this lead hood. 


GnRovP 1. 


Preliminary experiments were made with the electroscope 
suspended mid-way between the floor and ceiling of the room 
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The radioactive source was set on a level with the centre of 
the electroscope, and the effect of covering the latter with 
the lead cap was determined. The ratio of the ionization 


ff : | 
m n was 1-067 for distances between the source 


and the electroscope ranging from 9 cm. to 28 cm. When 
lead filters were interposed in the primary beam, the ratio 
capon i 

Pap on was found to increase with the thickness of the 


former in the manner shown by the curve 1 of fig. 2. 


readings, 


Fig. 2. 
40 
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The filters were mainly cylinders varying in diameter 
from 2:37 to 3:55 cm., and the distance of the source from 
the electroscope ranged from 9 cm. to 28 em. The curve 
shows that as the thickness of the filter is increased, the 
radiation entering the electroscope becomes softer, the 
change in quality being most marked for filters over 8 cm. 
thick. 

A similar series of measurements was made with the 
lead cap shown in fig. 1 A. In this case, the major portion of 

3 E 2 
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the cap covered the electroscope throughout the experiment, 
and the ratio kde esc ME was obtained for lead filters of 
window in 

different thickness. The variation of this ratio with the 
thickness of the filter is shown by curve 2 of fig. 2. A 
comparison of curves 1 and 2 shows that the effect of 
surrounding the major portion of the electroscope with 
the second cap is to decrease the quantity of soft radiation 
entering the electroscope. One may conclude, therefore, that 
the soft radiation is scattered mainly from the surroundings 
in which the measurements are made. 

Experiments were then made to determine how the quality 
of the scattered radiation varied with the surroundings in 
which the measurements were made. The procedure was as 
follows :— 

A series of enclosures of equal internal volume but having 
walls of different substances were built in turn around the 


Fig. 3. 


electroscope and source. For this purpose the light wooden 
framework shown in fig. 3 was erected around the apparatus. 
Surrounds of aluminium, zinc, lead, 3-ply wood, paraffin wax, 
and brick were made by covering the sides of the framework 
with the different substances. The direct beam of gamma rays 
to the electroscope was practically eliminated by a cylindrical 
lead filter 15:86 em. long and 3 em. in diameter. The distance 
between the source and the centre of the electroscope was 
maintained approximately 20 cm. The quality of the radiation 
cap off 


entering the electroscope was measured by the ratio 
cap on 
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Table I. gives the results obtained with the different enclo- 
sures and includes the values found when the wooden frame- 
work was left bare so that the room formed the surround. 


TABLE I. 
7, Absorption.| Cap off. 
Surround. ven Primary Corrected ped 
| eo y rays. reading. Cap on 
ee Pe | — — 1:46 4°34 
Aluminium ...... | 0:013 em. — 1:63 5:49 
TAG: iidem) | 0023 ,, 0*6 2:56 4:28 
3-ply Wood ..... 050 ,, =a 2°65 3:54 
i errr | 018. ,, 8-0 5:08 3:18 
Paraffin Wax m 27 n 63 1:39 3°37 
Ly ieee ee i: ao 29:7 28:0 4°93 
cap off 
for the different surrounds shows no marked 


The ratio 
cap on 


variations, but the “cap off” readings differ considerably 
among themselves. ‘he thickness of the enclosure wall 
varied from one substance to another, and a comparison of 
the figures in columns 3 and 4 shows that the largest ** cap 
off " readings were obtained with those surrounds, the walls 
of which absorbed the largest quantities of primary gamma 
radiation. This is further shown by the figures in Table II., 


TABLE II. 


| Ionization Readings. és " 
Lead Surround. : vie x acd 
Cap on 
Cap off. Cap on. 
0:17 em. 4:23 1:38 3:06 
0:33 ,, 4°56 17 2°68 | 
| 
066 ,, 4:99 2:0 2:49 | 
| 


which were obtained for lead enclosures of equal internal 
volume but differing in wall thickness. This Table shows in 
addition that the scattered radiation from the lead enclosure 
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becomes more penetrating as the thickness of the walls is 
increased. 

To compare the quality of the radiation scattered from 
different substances, the above results indicate that tlick- 
nesses of the various substances should be chosen which are 
equivalent in absorbing power for the primary gamma rays. 


The ratio cap of for enclosures having equivalent wall- 


thicknesses of lead and of brick of 0:66 and 6:4 cm. were 
respectively 2:49 and 4:93 cm.^!. The coefficients of 
absorption in lead of these scattered rays are respectively 
5°06 and 8:85 cm.~!. Assuming Owen’s law, viz. wx dr’, 
where u and X have their usual significance, it can be 


shown that X brick _ 1:2. The internal volume of the 
A lead 


brick surround was approximately 38 per cent. larger 
than that of the lead enclosure. Subsequent experiments 
show that the difference in wave-lengths of the scattered 
radiations from brick and lead surrounds of equal internal 
volume would be less than 20 per cent. These scattered 
radiations have wave-lengths approximating to those of 
X-rays excited by a peak potential of 196,000 volts, for 
which Rutherford * found a mass absorption coefficient of 
0:75 corresponding to a wave-length of 0°063 A unit. 


Hull found that É for the K characteristic radiation of 


lead in lead was 1°51, denoting a less penetrating radiation 
than the observed scattered radiation. 

The above results are in general agreement with those of 
Compton f, who showed by a different method that matter 
irradiated by gamma rays emits a softer radiation, the 
wave-length of the softest components of which lay between 
0:06 and 0:12 A unit. 

À number of enclosures of different internal volume 
having walls of the same material and thickness were then 
built around the electroscope, and the quality of the radiation 
scattered from each was measured in the manner of the last 
experiment. Table III. gives the results obtained with brick 
enclosures. 

This material was chosen so that the surrounds would 
consist of approximately the same substance as the walls of 
the room. ‘The figures within brackets in the first column 


* E. Rutherford, Phil. Mag. xxxiv. p. 153 (1917). 
t A. H. Compton, Phil. Mag. xli. p. 749 (1921). 
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{ ! 


Ionization Readings. 


Brick Surround. 


E = Distance Cap off 
Number Internal | Oi iod Cap on’ 
of Bricks. | Volume. | "| Oap off. | Cap on. 
EE MEE xr DE n 
12 6:28 litres 19:9 20:3 3:96 5:12 
42. 1428 , , 23-7 $12 76 
Room — " 1:4 
12 628 „ | 198 15-9 3:23 4:93 
Room — | — 0:80 
19 TU , 20:7 8:82 1:44 6'12 
{ 31 2*8  ,, — 9:46 1:37 6:9 
æ% læs „| 21 19-0 282 674 
49 75:0 "E 20:5 200 2:1 9:83 


were obtained on tle same day with the same source, 
so that the ionization readings thus bracketed may be 
compared. For these, it is seen that the “cap off” 
readings increase but the “cap on” readings diminish 
with increase in the size of the enclosure. The ratio 
cap off 
cap on 
enlurged. 


thus increases considerably as the enclosure is 


TABLE IV. 
. Ionization Readings. 

Surround. St Cap off 

| i Cap on 

, Electroscupe. | ¢ np off. | Cap on. p 
Large Lead ... 20:0 . 5°48 0°85 6:45 

| 
Small Lead ... 19:8 5:08 16 3:18 
Room............ | 5 1:33 


The results given in Table IV. lead to similar conclusions. 
They were obtained when the apparatus was surrounded by 
lead enolosures of wall thickness 0:18 cm. The internal 
volumes of the large and small enclosures were respectively 
55:5 x 44x44 cm. and 11 x 12x 34:5 em. 
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A consideration ef the above results shows that the change 
in volume of a lead surround required to double the ratio 
cap off 
cap on 
same change with brick enclosures. These facts indicate 
that the radiation entering the electroscope is complex. If 
& single scattered radiation from the walls of the enclosures 
was present, one would expect that both the ** cap off” and 
“cap on" readings would diminish as the surround was 
enlarged, und not as has been found. The increase in the 
cap off 


is approximately twice that necessary to produce the 


ralio with increase in the size of the surround, 


and therefore with the quantity of air enclosed by the 
latter, suggests the presence of a scattered radiation from 
the air which is softer than that from the walls of the 
enclosure. Experiment has shown that the radiation 
scattered from a brick surround is softer than that from 
one of approximately the same size of lead 0°18 em. thick, 
cap off 
cup on 
for the latter. Moreover, it has been seen that the quantity 
of scattered radiation is intimately related to the amount of 
primary radiation absorbed in the scattering substance. 
Assuming the presence of a scattered radiation from the 
air, one would expect therefore that, in order to decrease 
the penetrating power of the radiation entering the electro- 
scope by a given amount, the necessary change in volume 
for the lead surround must be greater than that for the 


brick enclosure. The experimental data support this 
conclusion. 


the ratio 


for the former being 1:55 times that 


(nov? 2. 


In this .section, some experiments are recorded showing 
the effect of radiation scattered from the filter upon gamma- 
ray absorption measurements. 

Conical lead filters were made of varying length having 
apex angles equal to the cone of rays from the source which 
just enveloped the bulb electroscope in the particular ex- 
periments. The amount of radiation scattered from the 
filter would thus be reduced to a minimum, and one would ex- 
pect that lower transmission values than those of Tuomikoski * 
would be obtained. From the fignres given in Table V., 
however, it is seen that the values of Tuomikeski are in 
all cases lower. This result indicates, therefore, that the 


* Loc. cit. 
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amount of scattered radiation from the surroundings which 
entered the electroscope was greater than in Tuomikoski's 


experiment. 


TABLE V. 
Cone Thickness. Transmission. 'l'uomikoski's 
em. per cent. Values. 
1:33 434 42:9 
1-45 3°34 3:17 
7:08 2:52 2:51 
TVS 2:02 |: 20 


ximus. anm 


A comparison of the ionization readings obtained with 
two cylindrical filters 14:0 and 14:1 cm. long, the re- 
spective cross-sections of which were in the ratio of 1:5 
to l, showed that the readings for the filter of smaller 
diameter was the larger by 24 per cent. For two lead 
filters 6'7 cm. thick, one having a cross-section 25 times 
the other, the ionization readings differed by 22 per cent., 
the larger reading in this case being obtained with the filter 
of larger cross-section. 

It has been shown in the first section of the paper that 
the effect of radiations scattered from the surroundings may 
be considerable. An increase in the cross-sectienal area of a 
filter will increase the quantity of radiation scattered from 
the filter but will diminish tlie amount of scattered radiation 
from the surroundings which enters the electroscope. 

The variation in the apparent transmission of gamma rays 
through comparatively thin filters with their disposition 
between the source and the electroscope was then mea- 
sured. [Ionization readings were taken with (a) the filter 
near the electroscope—the A position, (b) the filter near 
the source—the B position,vand (c) no filter. This ex- 
periment was made with cylindrical filters, 3 cin. in 
diameter, of silver, lead, and platinum. The thickness 


and mass of each was as follows :— 


Thickness. Mass. 
Silver . . . 155cm. 11238 gms. 
Lead . . . r45, 111: 


1:5 
Pl.tinum 0:75 js 1122 9 
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The results obtained with the respective filters are given 
in Table VI. 
TABLE VI. 


Distance from 


: Percentage 
Filter. Eieetromope. to Filter. Aana ao 
Element Thickness, A B A B 
: em. Position. Position. Position. | Position. 
Silver......... 1°55 25 | 262 48:3 554 
Ted RN 1-43 "E" 421 456 
Platinum ..| 0°75 5 | 5 41:9 45:2 


The apparent transmission of each filter is greater when 
it is placed near the source than when near the electroscope, 
a result previously obtained by Florance *, who used lead 
fillers. For lead and platinum cylinders, the difference in 
the apparent transmission was approximately 8 per cent., 
but that for the silver one amounted to n 15 per cent. 
To determine the cause of this variation, the further experi- 
ment was made of comparing the transmission of a lead 
filter placed in the A position with that of another of the 
same thickness but of smaller cross-section placed in the 
B position. 


Fig. 4. 
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Fig. 4 is a scale diagram of the experimental arrangement, 
where C and D represent the filters so placed that C coincided 
with the shadow of D thrown by the source, the area of C 
being 57:3 times that of D. Each filter thus received prac- 
tically the same quantity of gamma rays. The apparent 
transmission of the larger filter was 8'8 per cent. bigger 
than that of the smaller one, which may be attributed to the 


* D. C. H. Florance, Phil. Mag. ii. p. 921 (1910). 
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excess of scattered radiation from C, which subtended a 
bigger solid angle at the electroscope than D. It is safe to 
assume that the difference would be greater for two similar 
filters in the dotted positions C' and D', the areas of which 
would be in the ratio of 135 to 1. These dotted positions 
coincide with the two positions A and B of the silver, lead, 
and platinum cylinders used in the former experiment. 
The difference between the apparent transmission of the 
cylindrical lead filter A and the small shaded portion of it 
in the B position, would be less than that between the filters 
C' and D'. The effect of the whole lead cylinder B, the 
area of which is 73 times that of the small shaded portion, 
will make the apparent transmission of the filter in this 
position greater than when the same filter is placed at A. 
One may conclude theretore that a given filter becomes 
a more powerful source of scattered radiation the nearer 
it is placed to the source of primary gamma rays, and con- 
sequently appears more transparent in this position. 


Fig. 5. 


A study was then made of the radiation scattered from 
filters of paraffin wax. For this purpose a suspended silver 
sphere electroscope was used to measure the radiation trans- 
mitted by wax filters which were hemispherical. The 
experimental arrangement is shown in fig. 5. 


Digitized by Google 


794 Dr. L. H. Clark on Secondary Radiations 


The electroscope was 2°57 cm. in diameter and its wall- 
thickness 0°0158 cm. The diameters of the filters were 
respectively 16:3, 10:0, 7-8, and 5'2 cm., each filter being 
made in duplicate. The radon source used in former 
experiments was set up at a distance of 33 cm. trom the 
centre of the electroscope. headings were taken under 
the Following conditions :— 

(1) Without wax. 

(2) With a paraffin hemisphere in the position A. 

(3) With a wax sphere A, B surrounding the electro- 
scope. 

(4) With a wax hemisphere in the dotted position C. 

Table VII. shows the results obtained. 


TABLE VII. 


Sphere and 7, Transmission. 7. ‘Transmission. 


Hemisphere. 


| 


| 


Diameter, i Hemisphere. | Sphere. Without Lead. | With Lead. 


em. 
0 » “A e 91-0 
5:3 | 991. | 100 103:8 842 
78 95:5 ol | — 101 83:0 
10:0 941 100-5 1007 81-6 
16:3 944 107-8 103:8 79-0 


The apparent transmission of the filters in the A and C 
positions are given respectively in columns 2 and 4. The 
apparent transmission of a wax cylinder 3 em. in diameter 
and 7*0 em. long, which was equivalent in thickness to the 
largest hemisphere, was 69:3 per cent. when placed in 
the € position. The corresponding figure for the largest 
hemisphere was 103:8 per cent. It is clear, therefore, that 
much of the ionization recorded with the wax hemispheres 
is due to radiations scattered from them. Moreover, the 
figures in column 4 indicate that the amount of this scattered 
radiation increases with the size of the hemisphere. This 
fact is further illustrated bv the figures in column 3, which 
were obtained when the electroscope was enclosed in turn by 
wax spheres of increasing diameter. 

The quality of the radiation transmitted by the hemi- 
spheres placed in the C position was then compared with 
that of the primary rays. A lead sheet measuring 12 x 14:4 
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x 0:16 cm. was mounted vertically at a distance of 4°5 cm. 
from the electroscope, and its transparency was found for 
(a) the primary rays, (b) the rays transmitted by the wax 
hemispheres. The results thus obtained are shown in the 
last column of Table VII. The transmission of the lead 
sheet is seen to decrease with increase in the diameter of the 
hemisphere, showing that as the size of the latter is increased, 
the radiation entering the electroscope becomes softer. With 
the wax cylinder filtering the primary beam, the lead sheet 
transmitted 90:3 per cent. of the radiation incident upon it. 
One may conclude that the softening of the radiation with 
Increase in the diameter of the wax hemisphere is due to the 
increase in the amount of scattered rays, which are softer 
than the piimarv gamma radiation. The quality of this 
scattered radiation may be determined as follows :—The 
difference in the ionization readings obtained with the 
largest hemisphere and cvlinder was 2:65 div./min., which 
fell to 1:38 div./min. when the lead sheet was interposed. 
The absorption coefficient in lead calculated from these 
figures is 4:06 em.^!, which is of the same order as those 
obtained for the radiations scattered from the enclosures 
described in Part I. of this paper. 


(CONCLUSION. 


Absorption measurements made with an electroscope 
suspended in air show the presence of a general scattered 
radiation from the surroundings which may contribute 
more to the ionization than the radiation transmitted by 
very thick lead filters. This scattered radiation is con- 
siderablv softer than the primary rays which provoke it. A 
study of the radiations scattered from different substances 
irradiated by the same beam of gamma rays reveals the 
following facts :— 


(1) The penetrating power of the radiation scattered from 
lavers of lead up to 0°66 em. thick increases with the 
thickness of the layer. 

(2) The radiations scattered from layers of different sub- 
stances which are equally absorbent for ilie primary 


gamma rays have a wave-length of about 0:063 À 
unit, corresponding to X-rays excited by a peak 
potential of 196,000 volts. 
Experimental evidence has been obtained of a com- 
paratively soft radiation scattered from air irradiated by 
gamma rays. 


196 Prof. F. H. Newman on the 


To avoid errors in absorption measurements due to 
scattered radiations, it is suggested that use should be 
made of the fact that they are comparatively soft. A 
lead filter 1:0 cm. thick absorbs nearly 99 per cent. of 
the hardest scattered radiation dealt with in the above 
experiments, and the use of an electroscope having walls 
of this material and thickness would practically eliminate 
errors due to this cause. 


I thank the Medical Research Council for the use of 
large quantities of radium cmanation and for facilities 
to carry out some of the exp. riments. To Mr. Spicer, of 
the Radon Department of the Middlesex Hospital, I am 
indebted for the preparation of the radon sources. 

The experiments were made at the instigation of Pro- 
fessor Russ, and I thank him warmly for the help and 
valuable suggestions he has given me. 


LXXI. The High Vacuum Arc in Hydrogen. By F. H. 
NEWMAN, D.Sc., ALCS , Professor of Physics, University 
College of the South- West of England, Exeter *. 


[Plate XV.] 


b a previous paper f it has been shown that with metallic 
sodium as the cathode an arc in hydrogen gas at low 
pressure can be started and maintained between cold elec- 
trodes with comparatively small applied potential differences. 
At very low gas pressures, 1. e. before the heat from the arc 
vaporized the sodium to any appreciable extent, the glass 
walls of the containing tube showing the green fluorescence 
under the electric discharge action, the radiation from the 
are consisted mainly of the secondary and Balmer series 
hydrogen lines, the brightest lines being those which con- 
stitute the first Fulcher bands in the red. It is well known 
that high relative intensity of the secondary lines appears 
under less energetic conditions of excitation and, in par- 
ticular, the Fulcher bands are developed at low potentials. 
This type of arc differs from the normal arc in that its 
cathode is not incandescent or even hot, and therefore 


* Communicated by the Author. 
t Phil. Mag. i. p. 940 (1926). 
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thermionic electrons are not supplied continuously in great 
abundance at tbe negative pole. Under normal conditions 
the arc is most difficult to start, and is most intermittent, 
when formed between metal electrodes which conduct heat 
well. Itis also difficult to maintain in hydrogen, this gas 
having a higher thermal conductivity than air. In the case 
of the normal arc the cathode is presumably maintained in 
the high temperature condition by the collisions on it of 
positive ions which have been subjected to the cathode 
potential fall. With cold electrodes other processes must 
supply the electrons necessary for the arc maintenance. The 
atoms of the gas, which are in the metastable condition as 
the result of collisions with electrons, will on returniny to 
the normal state emit radiant energy which may strike the 
cathode, be absorbed by it, and cause electrons to flow from 
the cathode. Electrons are also emitted from a cold plate 
bombarded with positive ions and, in addition, positive ions 
flowing rapidly across a gas ionize some of the atoms in it. 
These latter processes, however, are inefficient at the low 
speeds with which the ions move under low potential dif- 
ferences. Recently Thomson * has pointed out that there 
are, probably, several types of radiation near the cathode of 
an electric discharge-tube, and similar radiations may arise 
within the cathode fall of potential in the arc. 

In the present experiments the vacuum arc tube was 
similar to that used previously, but an iron electrode was 
substituted for the sodium cathode, so that tlie arc was struck 
and maintained between iron electrodes which were distant 
apart 2cm. A momentary electric discharge could be passed 
between one of these arc electrodes and a third one inserted 
in the tube. This initial discharge was necessary to strike 
the arc. The radiation was viewed and photographed by 
means of a quartz spectrograph through a quartz window. 

At first the tube was exhausted continuously to a pressure 
of 107* mm. of mercury, the residual gases consisting chiefly 
of oxygen, nitrogen, hydrogen, water vapour, and the carbon 
oxides. Applying 80 volts across the arc electrodes, and 
passing an electric discharge through the tube by means of a 
coil, a brilliant are through the residual gases was obtained. 
The arc persisted after the electric discharge from the coil 
was stopped. The radiation was nearly white in colour, and 
when examined was found to consist chiefly of the Balmer 
and secondary hydrogen lines together with a continucus 


* Phil. Mag. xlviii. p. 1 (1024). 
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spectrum throughout the range X 6000-4 2000. The nitrogen 
bands were faint, but the ammonia bands A 3360, A 3371 were 
prominent. Tbe current could be varied between 6 and 10 
amperes by means of a rheostat, but at the higher currents 
the tube soon f:actured owing to the intense heat generated. 
The formation of such an arc is interesting and was unex- 
pected because the ordinary electric discharge passed through 
the tube with difficulty and there had been no sign of lumi- 
nosity, the tube walls fluorescing under the cathode ray 
action. This arc persisted for about a minute. Although the 
cathode became very hot there was no trace of iron lines in 
the radiation, so that there does not appear to be any appre- 
ciable vaporization of the iron electrodes. The intense heat 
generated by the arc liberated gases occluded within the 
glass walls, and if these gases were not removed rapidly 
the gas pressure rose to such a high value that the arc was 
extinguished. 

Occasionally a brilliant white glow was formed between 
the arc electrodes. It was momentary, and was certainly 
not the typical arc. The electrodes remained cold while this 
glow existed and no occluded gas appeared. It was impos- 
sible to produee the glow in the absence of the potential 
difference across the arc electrodes, in fact the ordinary 
electric discharge from the coil gave no luminosity 
within the tube owing to the low gas pressure. The glow 
spectrum resembled that of the arc, although with the latter 
the secondary hydrogen lines were relatively brighter than 
the Balmer lines. This is shown in spectrograms Nos. I and 
II (Pl. XV). 

In a second series of experiments a stream of hydrogen 
generated by the electrolysis of a phosphorus pentoxide 
solution was passed through the tube for several hours to 
eliminate, as far as possible, all gases except hydrogen and 
water vapour. With the gas at a pressure of 107? mm. of 
mercury an are similar to that described above could be 
started and maintained at low potential differences between 
the arc electrodes. The cathode became very hot, almost 
incandescent, but there was no trace of iron lines in the 
spectra of the emitted radiation. In some experiments the 
current was 10 amperes, but the actual fall of potential 
across the electrodes was never less than 40 volts. Such an 
arc in hydrogen at the voltages in the absence of an incan- 
descent cathode is unusual. 

The are would strike with the gas pressure at 107! mm. of 
mercury if the iron electrodes were clean and bright, but 
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after the first flash had been extinguished it was very diffi- 
cult to restart the arc unless the electrodes were removed 
and tiie surfaces cleaned. A probable explanation of this is 
the formation of an iron-oxide film on the electrodes. Oxygen 
liberated from the dissociated water vapour, which was always 
present, acts on the iron forming the oxide. This film would 
increase the cathode fall. 

Both the are and glow in hydrogen ceuld be obtained at 
pressures below 10-7? mm. of mercury, and although the 
spectra of the radiation in the two phenomena were similar, 
the arc spectrograms indicated more continuous spectrum 
than those of the glow, and the water bands in the ultra- 
violet were more prominent in the glow radiation. Greater 
relative intensity of the Balmer lines and disappearance of 
the continuous spectrum were associated with prominent 
water bands, as shown in spectrograms Nos. III, IV, V 
(Pl. XV.). 

The initial ionization of the gas molecules when this high 
densitv current arc is started must be produced indirectly by 
the cathode rays. As pointed out by Thomson *, the source 
of ionization 1n the Crookes' dark space is not due wholly 
or mainly to the detachment of electrons from gas molecules 
by collision. In the present experiments the dark space 
extended throughout the tube, and it is probable that the 
ionization of the gas molecules is brought about by high- 
frequency radiation from those gas molecules which have 
been subjected to collisions with cathode rays. These 
collisions do not result in the splitting off of electrons, but 
the electrons in the inner layers of the molecules are dis- 
placed without ejection from the molecule. The return of 
these electrons to their old positions would be accompanied 
by the emission of high-frequency radiation which could ionize 
molecules on which it fell. The recombination of the ions 
produces the glow, and the absence of any strong field, 
i.e. when the coil discharge ceases, allows such recom- 
binations, the gas glows and finally arcs. 


* Loc. ci. 


Phil. Mag. S. 7. Vol. 2. No. 10. Oct. 1926. 3F 


| 800 | 


LXXII. On the Action in Parabolic Paths under Gravity. 
By W. B. Morton, M.A., Queen’s University, Belfast *. 


CERTAIN amount of what may be called arithmetical 
vagueness is attached to the Principle of Least Action 
owing to the lack of numerical values for the magnitude in 
question. Analytical expressions for the Action can he 
found in simple cases of free paths, but in order to illustrate 
the stationary property possessed by such values one would 
like to follow the variation of the Action when the free path 
is gradually deformed, in some definite way, into adjacent 
guided paths. I have done this for the parabolic trajectory 
under gravity, between two points at the same level, the 
varied paths being also parabolic. The action between two 
points on a guided parabolic path with axis vertical, can 
be expressed by means of elliptic functions. The results 
have perhaps some interest as illustrating the Principle of 
Least Action and also a point in the calculus of variations. 
A particle is projected along a smooth tube, or a bead 
along a smooth wire, in the form of a parabola with axis 
vertical and vertex upwards. Let c be the height of the 
level of no velocity above the vertex of the parabola 


y! —Aaz, then the action between the ends of a horizontal 
chord is 


A=2 V Qo t e)*. (eta). aida. 
This is an algebraic function of æ in two cases : 


(1) when c=a and the path is a free trajectory, 
A=; A (29g)ak(z + 3a) ; 


(2) when c=0 and the path touches the level of no 
velocity, 


A= 5 VENG? — d 
In other cases À is expressed bv elliptic functions. 
Suppose c» a, then the substitution 


£-—asc'u with k?=(c—a)/c 
transforms the integral into 


Jah dn?u . ncu . du = sad (mu . dnu . ncu 


+ 2u + (2 — k?) (snu . dnu . ncu— Eu)/&?]. 
* Communicated by the Author. 
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The case when c«a is met by interehange of letters c, a. 
If it is desired to include paths lying below the horizontal 
with the vertex of the parabola down wards, the action is 


2 / eok (c— x)? . (e +a)? . eda. 


The substitution 2=c cen? u with k?=c/(a -- c) gives for the 
above integral the expression 


2c(a 4- c) a) sn?u . dn?u . du 
—2c(a 4- c) (&'*u — E?snu . enu dnu + (248 — 1)Euj/34*. 


J'or comparison with these parabolic paths we may include 
the action aleng paths made up of two vertical lines con- 
nected by a horizontal line at their upper ends. If the 
initial upward velocity is that due to height h, the height of 
the horizontal part of the path z, and the horizontal range r, 
then 


A-/09 Í 24 (h— ada  (h — zr \ 
= 3 (29) | 13? (h zy 4 $ n- or] 


with the limiting value $ «/(2gh*). 


It is convenient to take as unit of action the value for 
the direct passage at constant velocity along the horizontal 
range. This is 44/(2gax.c-- x) in the parabolic, and 
&/ (2gh)r in the rectangular paths. 

With a given velocity of projection 4/(29h) each hori- 
zontal range r, inside the maximum 2h, can be reached with 


a pair of complementary angles of elevation (^ = —a). We 
shall take a< 2v. Then r=2hsin2«. The two trajec- 


tories may be distinguished as the lower and upper free 
paths. Their vertices are at heights Asin? a, hcos? a, and 
their parameters are cosa, h sin?’ a, respectively. The 
formulæ given above enable us to calculate, without elliptic 
functions, the values of the action for three special parabolic 
paths, viz., the two free paths and the “limiting parabola ” 
which touches the level of no velocity, and for three rect- 
angular paths whose horizontal portions are at the level of the 


vertices of the three parabolas. 
3 F 2 
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The results are plotted (fig. 1) against the angles of eleva- 
tion, the unit in each case being the horizontal action for the 
corresponding range. The full lines are for the parabolas, 
and the broken lines for the rectilinear paths. Curve A 
shows the action for the lower trajectory, B for the upper, 
and C for the parabola which rises to the level of no velocity. 
A'B'C' are for the corresponding rectangular paths. 
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Let now a particular range be taken, and let a series of 
parabolas be drawn with vertices at heights ranging from 
zero to h. The parabolas which lie below the lower and 
above the upper free paths have their directrices above the 
level of no velocity (a >c), those between the two free paths 
have their directrices below this level (ac). It is known 
that the action along the Jower trajectory is a true minimum 
because the end of the path is reached before the point 
where the path touches the parabolic envelope of all the 
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parabolas which can be described from the initial point with 
the same velocity of projection. This point, the “kinetic 
focus,” is at the other end of the chord drawn from the 
point of projection to the focus. For the upper trajectory, 
on the other hand, the kinetic focus is passed during the flight 
and the action is a minimum for some ways of deforming 
the path but a maximum for others. 

The calculation of the formula involving elliptic functions 
has been carried for the case ~=30°. The modular angle 
was given a series of values, multiples of 5°, and the action 
tabulated against z/A, the height of the vertex expressed as a 
fraction of the velocity-head. The result is shown on fig. 2. 


Fig. 2, 
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It will be seen from fig. 1 that tor this special value of a 
the action along the upper trajectory is equal to that along 
the horizontal range which has been taken as unit. It 
appears that for this kind of variation there is a maximum 
value of the action along this free path. The minimum - 
action along the lower trajectory is only about 4 per cent. 
less than this, so the ordinate has been plotted on a large 
scale beginning from the value :90. 

One would like to complete the illustration of the difference 
between the two kinds of free path by devising some other 
way of gradually varying the curves which would give 
minimum action for the upper trajectory also. A way 
which suggests itself, and which retains the parabolic form, 
is to lower or raise the free path without changing it other- 
wise, introducing horizontal straight pieces at the ends to 
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complete the journey (fig. 3). Beginning with either free 
path we may depress the vertex down to the horizontal range 
or raise it to the level of no velocity. There is a funda- 
mental difference, however, between this way of changing 
the path and the previous one. No matter how close the 
changed path is to the free trajectory, it is not a “ slightly 
varied path " in the meaning of the calculus of variations. 
In the procedure of that calculus it is assumed that not only 
the ordinate but also the slope of the curve is varied con- 
tinuously, that both ôy and (dy/dx) are small quantities of 


Fig. 3. 


the first order. The latter condition is not fulfilled at the 
ends of the curve in the present case, and, in consequence, 
the change in the action is of the first instead of the second 
order. Notwithstanding this, the action along either free 
path possesses the minimum property, in the sense that it 
increases when we pass to the changed path on either side. 
If the vertex of the parabola is raised by 5:, the action is 
increased by 


J (2ga] c) (a +a)? + a$)8z ; 


it it is lowered, there is again an increase of 
J (29a/a)( (a +a)? — at} Sz. 


The discontinuity is, of course, due to the fact that the 
contributions of the little straight pieces are always positive. 
To get analytical continuity in the values they should change 
sign in passing from one side to the other of the end-points. 
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These results are shown on fig. 4. The action graph of 
fig. 2 is plotted on one-tenth the scale, and from its minimum 
and maximum there spring pairs of curves showing the 
action for the discentinuous paths. The broken line has 


Fig. 4. 


5 lO 


been added to show the action along the upward and down- 
ward verticals connected by a horizontal line at level 2. 
This has a maximum value when z=h—łr when, in terms 
of the unit adopted, 


4 1 
A= 3 (h/r) + 3 WV (r/h). 
| In the present case r— 4/3, which gives for the maximum 
z|h 501, 
Acm 1:209. 
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LXXIII. The Elastic Range of Friction. By James 8. 


RANKIN, B.Sc., A.R.T.C., Lecturer, The Royal Technical 
College, Glasgow *. 


D^ a paper on * Molecular Contact" by James S. Stevens, 

published in the * Physical Review’ for 1899, it is shown 
(by an interferometer method) that when one metal plate is 
pulled over the surface of another, as in an ordinary experi- 
ment for finding coefficients of friction, then, before slipping 
occurs, elastic strains are produced of magnitudes one or two 
tenths of a wave-length of yellow light (X—:00006 em.). 
It was thought that a further investigation of tbis elastic 
range of friction, using an oscillating-valve ultramicrometer 
method capable of detecting say 107? ecm.f, might lead to 


Fig. 1. 


APPARATUS FOR DETERMINING 
THE ELASTIC RANGE OF FRICTION a 


a better understanding of the nature and distribution of 
ordinary friction and of the action of the surface films 
concerned. 

The apparatus first employed is illustrated by figs. 1 and 2. 
A parallel plate condenser C, formed of two metal plates 
(7 em. x24 cm.) with surfaces say 1/20 mm. apart, was 
placed in an oscillating electric circuit (frequency of the 
order one million per second) connected to the grid of a 
thermionic valve. A second valve was provided with 
a similar grid circuit having a variable condenser, so that 
its frequency could be adjusted to say 1 million 200 per 
second. The high-frequency currents in the plate or sheath 


æ Communicated by the Author. 
+ Whiddington, Phil. Mag. Nov. 1920. He detected 5x 107? cm. 
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circuits of these two oscillating valves, acting on ear tele- 
phones, gave rise, due to interference, to an audible note in 
the telephones of beat frequency about 200 per second. An 
alteration of the capacity of the condenser C, produced by a 
change in the distance between the plates of say 107 cm. 
caused the frequency of the note heard in the telephones to 
alter in a manner which could readily be recognized by 
the ear. 

One of the plates of the condenser C—the right-hand 
plate which had a hole drilled in its centre—was fixe to 
the top of the thin plate F ; the friction at the under surface 
of F being the subject of investigation. The other plate of 
the condenser C was attached to a carefully measured 
standard steel rod R fixed to a rigid support; the dimen- 
sions of the rod were such that a pull of 100 grams extended 
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it by 1075 cm. The apparatus was enclosed in a lead-lined 
box to avoid electric induction effects and placed on a firm 
foundation to avoid vibration. 

A tangential pull (of sav 10 grams weight) applied to the 
plate F slightly increased the distance between the plates of 
the condenser C; a pull (of say 200 grams) applied to the 
rod R decreased this distance by about the same amount. 
The elastic yield at the friction surfaces could thus be 
measured by the elastic yield of the standard rod R—the 
equality of the two straius being detected by the change in 
the frequency of the note heard in the telephones, as loads 
were lifted off and on. The rigidity of the supports was 
tested by applying pulls to various points other than the end 
of the rod R or the friction plate F. 
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Figure 3 shows the results obtained using as friction sur- 
faces steel against cast iron. The elastic range of friction is 
clearly shown, and the * yield-point" on the graph when 
limiting friction was reached at the pull of 20 grams was 
fairly accurately determined by the manner in "which the 
note heard in the telephones slowly altered after the pull was 


applied. 
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The effect produced by adding additional normal load to 
the friction plate F, such that the normal reaction between 
the surfaces was doubled (160 grams instead of 80), was also 
tested with the same two surfaces; and the experiments 
indicated that the elastic modulus for friction was thereby 
about doubled. For example, 10 grams pull on the friction 
plate now produced only about one-half the elastic yield pre- 
viously observed : limiting friction, now reached with about 
40 grams pull instead of 20, occurred at about the same total 
elastic yield. But it has to be confessed that it was found 
impossible to obtain conclusive results both as regards the 
elastic modulus and (to a less extent) as regards the position 
of the yield-point or of limiting friction. The surfaces, as 
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used, may be described as reasonably clean; they gave an 
ordinary coefficient of friction 0-25. They were not in the 
condition used, for example by Hardy * (which might per- 
haps be deseribed as unreasonably clean) when a coefficient 
of limiting friction for steel on steel as high as 0°74 was 
obtained. 

Feeling that the inconsistencies in the observations were 
in large measure due to a varying distribution of the friction 
grip and to varying cleanness of surface, it was decided to 
try further experiments using glass surfaces. By examining 
the laver between the surfaces under monochromatic /sodium) 
light and under white light, it was thought that the inter- 
ference bands and colours seen should at least indicate the 
nature of the distribution of the friction grip. 

Glass plates of good optical polish were obtained, smaller 
plates (24 cm. square by 0°7 em. thick) to rest on larger 
ones ; and the friction apparatus illustrated by fig. 1 was 
modified so that a larger glass plate could be firmly bound 
to the base of the cast-iron support. 

When the upper plate was laid on the lower one and the 
surfaces examined under monochromatic light, straight 
parallel equally spaced interference bands were observed, 
indicating that a wedge of air had been trapped between the 
plates (see fig. 4). A considerable load (W—W’) could be 
placed on the top plate without altering the number of bands 
seen, and the top plate could be slipped all over the lower one 
without appreciably altering the appearance of the inter- 
ference bands. If white light were used no bands might be 
seen (the plates being then everywhere further apart than 
"0002 cm.), or more usually coloured fringest would bé 
visible only at the narrow edge A. By manipulation of the 
top plate the parallel fringes could be replaced by a uniform 
colour, and by pressing the plates together this colour could 
be got to change sad ultimately to pass through orange, 
straw, whitish, grey (when the film was of thickness about 
107? em.) to black ; showing that the plates were of good 
optical polish and that whatever ** dirt? had been trapped 
with the air between the plates could be pressed to very 
small thickness. The experiments were performed in an 
ordinary Glasgow atmosphere—not a very clean one—and 
it should be remembered that glass surfaces are exceptionally 
hygroscopic. 

* ‘Dictionary of Physics,’ vol. i. p. 570. 

t For a description of Newton’s colours of thin plates and the thick- 


ness of film concerned see S. P. Thompson’s ‘ Light Visible and Invisible,’ 
p. 140. 
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What the nature and distribution of the forces (both 
normal and tangential) between the two friction plates may 
be, is a difficult question to answer. The layer between the 
plates may be of a thickness equal to many wave-lengths of 


Fig. 4. 


light, or, say, ten or more times the mean free path (10-7? em.) 
of a gas molecule in the air. The particles in the solid sur- 
faces are thus well beyond the range of direct action on each 
other—the range of molecular forces being of the order 
10-6 em. It is impossible to think of air layers of great 
thickness bound to the surfaces and (acting like rigid solids) 
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giving support to the upper plate. It might be thought that 
casual * dirt" in the atmosphere could give a prop-like sup- 

ort which would account for the wedge shape of the trapped 
je and on examining the layer with a microscope (using 
magnification of only 100) dirt specks could readily be 
detected; but the fact that the top plate could be moved 
over the lower one without appreciably altering the appear- 
ance of the interference bands is against this supposition. 
On the other hand, there is no doubt that the surface lavers 
of water and of “ grease," referred to by the late Lord 
Rayleigh in a paper “On the theory of Surface Forces” *, 
are of fundamental importance in friction problems. Such 
layers may be quite thick. For example, in an investigation 
of the heat transmitted through a boiler tube to clean and to 
oily water, decreases in transmission as great as 20 per cent. 
were observed, and attributed to oily layers which formed 
on the surface of the tube. The layers could be readily seen 
with the naked eye and could be rubbed off the surface of the 
tube at the conclusion of the experiments; they were esti- 
mated as being of thickness of the order one-hundredth of a 
millimetre. 

The approximate permanence, when one plate is moved 
over the other, of the wedge shape of the trapped layer 
(illustrated in fig. 4) may be accounted for by reyarding the 
upper plate to be at least partially supported cantilever 
fashion from the narrow edge A, where the forces in the 
film will be greatest. That such a cantilever support is 
possible may be demonstrated by allowing the upper plate 
to project far beyond the edge of the under one. If the 
plates at A are close enough to show straw and whitish 
colour, under white light, the upper plate can be permanently 
supported with its centre of gravity projecting well beyond 
the edge of the under plate. 

Experiments were also performed using the ultramicro- 
meter to illustrate the distribution of the supporting and 
tangential forces between two plates. For example, to test 
for the existence of forces at the wide edge B, of a trapped 
film, an under plate was cut in two (along the dotted line 
- shown in fig. 4) and an attempt was made to slip out the 
portion under the wide edge B without permanently altering 
the capacity of the condenser C. The attempt failed. The 
half plate could be removed, but there was always a very 
small permanent change in the capacity of C, even when the 
half plate was moved very slowly so as to avoid a drag due 


* * Collected Papers,’ vol. iii. p. 523. 


812 Mr. J. S. Rankin on the 


to viscosity in the layer. The small friction force thus 
shown to exist at B might be due to casual “dirt” or to 
unavoidable surface layers, but the main forces existed at 
the narrower edge A. 

The effect ou the capacity of the condenser C produced 
by adding a small weight w to the top surface of the upper 
plate was also me By placing w above the wide 
edge B (fig. 4) a much greater elastic change occurred in 
the capacity of C than by placing w above the narrow edge A. 
An attempt was made to get more consistent results for the 
magnitude of the tangential strain produced by a pull p 
(see fig. 4), bv applying a correction tor this tilting action, 
a correction found by using the principle of moments and 
the magnitude of the tilt effect produced by w; but the 
attempt failed. For one reason, another complication had 
to be considered. The main grip at the edge A might be 
unsymmetrically distributed, so that, when the pull p was 
applied, elastic rotation might occur about a vertical axis 
somewhere about the letter A shown in the plan, fig. 4. 
Such a rotation might give rise to either an increase or a 
decrease in the capacity of the condenser C, depending on 
the position of the axis of rotation. It was several times 
observed that, when the friction plates were in very close 
contact, pull on the upper plate slightly increased the 
capacity of C instead of decreasing it; the increase in 
capacity due to the closer approach of the condenser plates 
nt one edge (as the result of rotation) having been greater 
than the decrease in capacity due to separation at the other 
edge 

When experiments on the elastic range of friction were 
started, it was thought that by comparing the elastic modu- 
luses got for different materials with the ordinary elastic 
properties of the materials, some information might be 
obtained which would throw light on the question why it is 
we can speak of the coefficient of friction for glass on glass, 
brass on brass, steel on brass, and so on. The experiments 
just described show, however, that this idea had to be 
abandoned. One could never be sure that the distribution 
of the friction grip was the same in different experiments 
and the large corrections necessarv for tilting and rotation 
effects would be unknown. Nevertheless the following 
results obtained with glass, brass, and steel surfaces all of 
good optieal polish, and using two different normal loads, 
are thought to be worth recording. 

Figure 5 shows results obtained with glass surfaces. The 
surfaces having been well cleaned, the top plate was gently 
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A À;—No colour with white light: 15 yellow bands with Na light. 
w=1 yr. at edge produced same effect as 180 grs. on Rod R. 
A:—Normal reaction 83 grs.; A;— Normal reaction 166 grs. 

Bi, B,—5 coloured fringes from edge A to rather more than half-way 

across the plate, then no colour to B, with white light. 
B,—Normal reaction 83 grs. ; B ,—Normal reaction 166 
C,, C,— Plate pressed on till whitish colour with white light—etraw 
colour all gone 
C,—Normal reaction 83 grs.; C,—Normal reaction 166 grs. 
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placed on the lower one and adjusted to give a narrow ga 
between the plates of the condenser C. A weight W, placed 
on a small stool (see fig. 4), was laid on the top plate—the 
normal reaction between the surfaces being then 166 grams, 
or on the average about 26 grams per sq. cm. The layer 
between the plates was then examined under white light 
and no coloured bands were seen, so that the plates were 
everywhere further apart than ‘0002 cm. There were 15 
bands seen with sodium light (the plates lying as illustrated 
in fig. 4), so, at the wide edge B, the plates were further 
apart than ‘001 cm. Curves A; and A, were obtained 
together, a point on A,, then a point on A, The re- 
duction of the normal reaction (to half value) required for 
A, was obtained with as little disturbance of the friction 
plates as possible, by applying an upward pull W’ to the 
load W already placed on the top plate (see fig. 4). The 
curves indicate that the yield between the plates was not 
quite elastic right up to limiting friction ; and they indicate 
that there was a yield of more than :001 cm. before slipping 
occurred, but of course, due to tilting, the condenser plates 
would not remain parallel. The effect produced (in the 
telephones) by placing a little additional load, w—1 gram, 
on the outer edge of the upper plate was the same as that 
due to applying 180 grams pull to the rod R. The coefficient 
of limiting friction was 0:13. 

Curves B,, Bz, were obtained with the glass plates in much 
closer “contact.” Five coloured fringes were seen stretching 
more than half-way across the plates, so the layer between 
the plates varied in thickness from about :00006 cm. to 
about *:00025 cm. The coetticient of friction was about 
0°32. 

For curves C,, Cy, the top plate was pressed well on to the 
under one till the straw colour disappeared, leaving a whitish 
colour all over,so that the plates were separated bya distance of 
about 000015 cm. Due to the breaking of a hook the pull p 
was not carried up to limiting friction, so the coefficient 
should probably be much greater than the value °33 marked 
on the curves. With very clean surfaces values as high as 
(8, 0°9, greater than unity, had been obtained, but the 
handling of the plates necessary in these experiments 
rendered extreme cleanness impossible. 

Figure 6 shows similar results obtained using brass and 
wrought-iron plates of good optical polish. The only method 
of investigating the character of the layer trapped between 
the plates was now by means of the little load w. In the 
case of both brass and of steel it was found that practically 
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the same slight tilting effect was produced by applying w 
anywhere round the edge of the top plate, and no tilting 
eflect was observed when w was placed near the centre, 
This indicates that the surfaces in “ contact" were slightly 
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robably the under plates had been slightly 
e application of the strap which bound them 


to the massive cast-iron support. 


Phil. Mag. S. 7. Vol. 2. No. 10. Oct. 1926. 3G 


816 The Elastic Range of Friction. 

The work described was carried out in the Natural Philo- 
sophy Department of the Royal Technical College, Glasgow, 
and the author desires to express his indebtedness to Messrs. 
Barr & Stroud Ltd. for kindly supplying the optically 
polished specimens, and to Professor James Muir, D.Sc., 
M.A., at whose suggestion the work was undertaken, for 
assistance rendered during the progress of the research. 


Summary. 


1. Reference is made to a paper on “ Molecular Contact” 
by James S. Stevens, where it is shown, by an interfero- 
meter method, that in an ordinary experiment for finding 
coefficients of friction, elastic strains are produced before 
slipping occurs, of magnitudes one or two tenths of a wave- 
length of sodium light. 

2. Apparatus is described for measuring this elastic range 
of friction by using Whiddington’s oscillating-valve ultra- 
micrometer method so that displacements of 107* cm. could 
be detected. Results are given for steel resting on cast iron, 
and an elastic range and “ yield-point" for friction are clearly 
shown. The effect produced by doubling the normal load was 
tested. It was found that the elastic modulus for friction 
was thereby about doubled. 

3. Inconsistencies in the observations led to experiments 
"being performed with glass surfaces. The layer trapped 

between the plates could then be examined under mono- 
chromatic and under white light. The interference bands 
seen gave the shape and thickness of the trapped laver and 
indicated the distribution of the friction grip. This was 
also investigated by the ultramicrometer, elastic tilting and 
rotation effects, produced by small forces, being measured. 

4. Curves are given showing the elastic range and yield- 
point of friction with glass plates (i.) separated by a trapped 
layer greater than ‘001 em. thick at the wide edge, (ii.) with 
a wedge layer (00006 em. to *00025 em., (iii.) with the plates 
pressed close together (about ‘000015 cm. apart). In each 
case the effect of doubling the normal load was observed. 
Similar curves are shown for brass and wrought-iron plates. 
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LXXIV. Latent Heats of Vaporization of Ethyl and Methyl 
Chlorides. By G. W. C. Yates, B.Se.* 


Method. 
qe method used was one of electrical heating and 


consisted in measuring the amount of heat communi- 
cated to the calorimeter containing the liquid under 
investigation by the heating coil (Q) und equating this to: 
the heat lost by the evaporation of a determined weight of 
the liquid, the heat lost by emission (R), and the heat used 
in raising the temperature of the calorimeter during the 
experiment (W8). That is, 
Q=ML+KR+WO ..... (1) 


where W is the water equivalent of the calorimeter and 
contents, Ô the rise in temperature from the beginning to 
the end of the experiment, M the mass of liquid evaporated, 
and L the latent heat of the liquid. 


Description of apparatus used jor Ethyl Chloride. 


The copper calorimeter was entirely closed except for a 
cone tap, as shown in fig. 1. The temperature was recorded 
by a thermometer placed in a thick closed copper tube (com- 
municating only with the exterior) filled with mercury, which 
ran most of the way down the inside of the calorimeter. 
The electrical heater (H) was placed in a rectangular 
prismatic opening in the calorimeter into which it just ntted. 
Good contact was ensured by the pressure of the liquid and 
vapour in the calorimeter. This arrangement also secured 
good stirring of the liquid by convection currents. Several 
types of electrical heater were tried (during the test experi- 
ments); the one ultimately used was of the shape shown in 
fig. 1. It had a resistance of about 50 ohms, and consisted 
of nickel-chrome wire embedded in allundum cement (an 
electrical insulator with good conductivity for heat) con- 
tained in a copper case. The vessel containing the calori- 
meter had a sinall condensing vessel B attached, and stood 
in a large bath as shown in fig. 1. The temperature of this 
bath was kept co .stant, in some cases by filling it with water 
and intermittently heating electrically so as to keep itat a 
constant temperature (above air temperature). The bath 
was stirred by hand. The lid of the vessel containing the 
calorimeter was of thick copper (3 in.) to secure it being as 
nearly as possible at the same temperature as the tank. ‘The 

* Communicated by vs 2 H. Lees, D.Sc., F.R.S. 
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evaporated liquid could be condensed if desired in the 
vessel B. This was not always done, however, as the duration 


Fig. 1. 
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of the experiment was thereby unduly lengthened. It was 
therefore allowed to escape at P. 
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The electrical circuit is shown in fig. 2. The input was 
determined by measuring the electrical pressures, across the 
heating resistance, and across a constructed standard resis- 
tance R, by means of a Tinsley precision potentiometer. 
The resistance of this coil R and attached voltmeter was 
measured by comparison with a standard ohm. The coil R 
was of No. 12 Eureka wire wound on a wooden frame 
18 in. long and of cross-section 6 in. x4 in. The spacing 
was very wide so that extremely little change of resistance 
would result from heating by the current. 

Corrections were made for the shunt effect of the volt- 
meter and volt ratio box on the electrical heater. A current- 
steadying device was often used to diminish fluctuations in 
the voltage of the mains. A large coil through which the 
current passed produced a magnetic field which pulled on an 
iron bar attached to a pivoted beam which in turn raised a 
triangular copper electrode in a copper-sulphate resistance 
cell; an increase in current thus resulted in a simultaneous 
increase in circuit resistance, so that the increase in current 
would be much lessened. This device though useful was not 
entirely satisfactory. 


Determination of R. 


The heat lost by emission (R) may be determined in two 
ways. 


(1) In which W is first determined. 

Temperature time readings of the calorimeter are taken 
and plotted. A measured amount of heat is put in by the 
electrical heater (P) and the usual cooling curve drawn. 
The rise in temperature $ which would have obtained if 
there had been no loss of heat by emission is found. 

Then Wo9-—P, which gives W, the water equivalent. 
If —@ is the rate of fall of temperature, at the mean tem- 


perature of the experiment (or mean rate of fall), — W6t will 
be the amount of heat lost by emission (R) during the 
experiment of duration t. WO can also be found as @ is 
known. 


(2) From rate of rise of temperature with various heat 


supplies. . 

By measuring the rate of rise 0, of the calorimeter under 
a rate of heat supply (p) and tlie rate of rise 0, at the same 
temperature under no heat supply, we can determine the rate 
at which heat is gained or lost by emission. Considering 
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the calorimeter in the two cases (with and without electrical 
energy supply) between the temperatures $ and ($+ A4), 


we have 
pt +E At, = WAd 
and E At, = W Ad, 
or pti = Wô, 
and E = Wå, 
p[E = W(6,— 0,)/ WÓ,, 
or E = (6,(6,—0)).p, . . . (2) 


which gives E the rate of gain or loss of heat by emission 
between the temperatures $ and ($4 A4). Then —E.t 
will be the amount of heat lost during the experiment of 
duration t. "P . 

WÓ can be written as W6,(0/05) — E(0/0,) and hence 
determined. E can be found at various temperatures by 
heating up the calorimeter over some considerable range and 
allowing it to fall over the same. The appropriate value for 
the mean temperature of the experiment can then be found. 


Test Experiments. 


Experiments to test the method were performed on water 
and carbon tetrachloride. Theinput was measured by means 
of ammeters and voltmeters subsequently standardized. In 
the later experiments on ethyl chloride a precision potentio- 
meter was used for this purpose for the sake of greater 
accuracy. These experiments gave results in agreement to 
within 4 to 1 per cent. (accuracy of the meters) of the 
accepted values. 

The calorimeter used in these experiments was found to 
be unsatisfactory for ethyl chloride, so that shown in fig. 1 
was substituted ; a better jacketing system also replacing 
that used in these experiments. 


Typical Experiments. 
I. C,H,Cl. Fri. 18/7/24. 

From 1.50 p.m. to 2.26 p.m. the calorimeter fell in tempera- 
ture owing to loss of heat by emission. The electrical heater 
was then put on and when a steady rate of rise was obtained 
the tap of the calorimeter was opened bv a screwdriver 
(2.35 P.m.), allowing liquid to evaporate till 3.2 P.m., when the 
tap was closed. From 2.35 P.M. to 3.2 p.m. the temperature 
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remained fairly steady, the heat supplied by the electrical 
heater balancing that lost by evaporation and emission. After 
3.4 the rate of rise of temperature again became steady. The 
experiment is taken from 2.34 P.u. to 3.4 P.M. (duration 
30 mins.). 


The calorimeter is raised 0?-75 C. during the experiments. 
Mean temp. of experiment =13°8 C. 
Mean rate of fall/min. due to emission —:200? C./ min. 
(at 139-8 C.). 
Loss of weight during experiment z 91:54 gms. 
Then (0,+6,) W (see p. 819) 2 (0712 4--167)W = mean rate 
of heat supply from 2.30 P.M. to 2.34 P.M. 
Hence 


107 
W = 1523 x ds cals., 


where J is the mechanical equivalent of heat and S the 
resistance of the standard (‘9169 ohm). 


Heat lost by emission, etc. during experiment 
—(30x-:200---75)W 


10’ 
JS 


Energy used up in evaporating the liquid 


= 10270 x 


cals. 


1 
—(43440— 10270) x J% oals. 
Hence 


í 7 
L=: (33170 x "S ) forss } cals./gm. 

Then, as S=:9169 ohms, and correcting for shunt effect 
voltmeter 3,300 ohms and volt ratio box 12,000 ohms, we 
have 


L = 92:5 cals. (at 13:8? C.). 
II. C,H,Cl. Mon. 1/12/24. 


Here the water equivalent was determined by communi- 
cating a measured amount of heat to the calorimeter, 
observing the times and temperatures, and calculating the 
true rise by drawing the usual cooling curves. The energy 
used to counterbalance that lost by evaporation was put in 
for a certain portion only of the duration of the experiment. 
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This is more satisfactory than the method employed in the 
last experiment and was used oftener. 
The temperature of the calorimeter dropped 0°05 C. 
during the experiment. 
Mean temp. of experiment =13%2 C, 
Mean rate of fall/min. due to emission — 0?:0483 C./min. 
(at 13°°9 C.). 
Loss of weight during experiment — 23:75 gms. 
Duration of experiment —28 mins. 
Loss of heat during experiment due to emission 
—(28x:0483)W = 1-352 W. 
Loss of heat due to emission —heat given out by calori- 
meter in falling 09:05 C.— 1:302 W. 
Corrected rise in temp. in subsidiary experiment for 
estimating water equivalent=5°05 C. 


107 
Then 5:05 W = 6434 X 5^, 

JS 

10’ 


7 
Hence energy used in evaporation = (10254 — 1658) x = 


= (8590) x 107/JS cals. 


Then putting S=:9169 ohm and correcting also for shunt 
effect of voltmeter and volt ratio box, gives 


L = 92:6 cals. (at 13°°9 C.). 
Modifications of apparatus for Methyl Chloride. 


The method used for methyl chloride was the same as for 
ethyl chloride, but the cylinder was itself used as the calori- 
meter. The heating coil was wound round the lower portion 
of the cylinder and consisted of a thin layer of asbestos 
paper, a layer of resistance wire, with several layers of 
asbestos paper on top, and was held in position by a copper 
sheath. The temperature was read by means of a thermo- 
meter placed in a copper cup containing mercury, clamped 
tight to the cylinder by a copper band. The whole cylinder 
when in use was covered by asbestos lagging to prevent 
direct loss of heat from the coil by radiation and convection 
and in order that the thermometer might read the correct 
temperature more closely. The same containing or jacketing 
vessel was used as in the case of ethyl chloride. The expan- 
sion of the vapour on coming down to atmospheric pressure 
was arranged to occur at the far end of a long tube attached 
to the cylinder so that it should have no appreciable cooling 
effect on the cylinder. (See fig. 3.) 
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Results, 
The results are given in the following two tables. They 
can be represented by 
C,H,Cl L, =(93°1—0:06 0) cals. 
CH;Cl L, =(97°7—0°13 4) , 
where L, is the latent heat at 0? C., and J is taken as 
4°200 x 10’ ergs/calorie, over the range of temperature 


Fig. 4. 
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covered by these experiments (i.e. from about 10°C. to 
about 30° C.). These results together with those of 
Chappuis and Jenkin & Shorthose are shown graphically 
in fig. 4. The dotted curves up to the critical points are put 
in on the assumption that Thiesen's formula, Lez L,(c — 0)5, 
where L, represents the latent heat at 0? C., c the critical 


temperature, and L a constant, holds for these liquids over 
this temperature range. 


Conclusion. 


The following is a list of previous determinations of the 


latent heat of ethyl chloride (in cals./gm.). The author's 
values are included for comparison. 


Temp. Regnault (1). Regnault (2). Jenkin & Shorthose*. Yates. 
1959 0. isis 92:2 92:2 91:5 92:6 
2r09 C. 46 90:7 91:9 89:8 92:0 


Regnault determined the total heatst. The column 
Regnault (1) gives the latent heat calculated from these 
total heats using Regnault's specific heat values. The column 
Regnault (2) gives the latent heat calculated from these 
total heats and from Jeukin & Shorthose's specifie heat 
values. 

The following is a list of previous determinations of the 


latent heat of methyl chloride (in cals./gm.). The author's 
values are included for comparison. 


Temp Observer. Latent Heat, 
07 O.. usce Ohappuis 1 969 
HZ B O. sese. Shorthose § 102°45 
+200 C. socviesecdies Yates 05:9 


The results o£ Jonkin & Shorthose were unpublished at the 
time the present investigations were commenced. 


In conclusion, I wish to express my sincere thanks to 


Prof. Lees for suggesting this work, and for his most 
valuable advice throughout, 


* Jenkin & Shorthose, Food Investization Board (Dept. of Sci. and 
Indus. Research), Special Report No. 14 (1923). 

t Regnault, Ann. Chim. Phys. (4) xxiv. pp. 423, 438 (1871). 

t Chappuis, Ann. Chim. Phys. xv. pp. 498-517 (1888). 


§ Shorthose, Food Investigation Board (Dept. of Sci. and Indus. 
Research), Special Report No. 19 (1928). 
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LXXV. On the Parallel-Plate Condenser, and other Two- 
Dimensional Fields Specified by Elliptie Functions. By 
W. B. Morton, M.A., Queen’s University, Beljast *. 


qe note is a commentary on certain paragraphs in 

Sir J. J. Thomson's book, * Recent Researches in Elec- 
tricity and Magnetism,’ published in 1893. The third 
chapter of that work is devoted to the discussion ofa number 
of cases of the application of conjugate functions to electro- 
statics, first by use of Schwarz's transformation, and then by 
the indirect method in which assumed functional relations 
between w=u+iv and z-- iy are interpreted in terms of 
electric fields. The cases 


L 1 


z=snw, cnw, sn"w, cn"w, log snw, log en w, 


are discussed in detail, and expressions are found for capa- 
cities and distributions of charge. At the eud of the chapter 
the relation z= Zw where Z is Jacobi's function defined by 
Eamu — Eu/K, is given to represent the case of two equal 
parallel strips forming the simplest kind of condenser. This 
is not developed further, owing to the want of tables of the 
function involved. 

I have made drawings of all these fields, and in the last 
case I have supplied a detailed discussion on the lines of 
those given in the book for the other fields. 

The calculations, from which the families of curves 
u— const. and v=const. were plotted, were straightforward 
and not laborious. The interval from 0 to K or 0 to K' is 
divided into ten equal steps in each family, so that tliere are 
equal differences of potential between level surfaces and equal 
charges between the ends of lines of force. The modular 
angle is 30°, except in the last case, where it is 60°. It will 
be noticed that the interchange of the meanings of uv gives 
a different arrangement of conductors in the sn cases, but 
not in the en cases. The former fact apparently was not 
noticed by Sir J. J. Thomson; he used dn to obtain the 
alternative case of sn. The functions sn and dn give iden- 
tical diagrams. 


* Communicated by the Author. 
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The Parallel-Plate Condenser. 
The equation z= Zw when developed gives 
= Zu + k’sn u en u dn u sn?v/(en?v + K3sn?u sn?v) 


y = — (Zv+ mv/2KK') -- dn?u sn v en v dn v/ (ento + ksn?us n*v). 


The elliptic functions of the quantity u are taken with 
modulus k= sin a, those of v with the complementary modulus 
k'—cosa. The origin of (zy) is at the centre of one of the 
plates, and the range u from 0 to K, v from 0 to K' covers a 
quarter of the field. For when v=0 we have z= Zu, y=0; 
and when v=K', z—Zu-Fenu dn u/snu, y=—7/2K. The 
function Zu vanishes for u=0 and u= K, and has a maxi- 
mum for a certain value, u, say, determined by the equation 
dn?u,;=E/K. Therefore the equipotential v=0 consists of 
the two faces of a strip of breadth 2Zu,, with centre at the 
origin. The parallel line v2 K' extends from the axis of y 
to infinity, and is the positive half of the line of symmetry 
midway between tle two plates. Repeating the quarter- 
plane so obtained, we have the field of the condenser, the 
distance of the plates being v/K, breadth of a plate 


2Zu, = 2Z{dn— /(E/K)], 


charge per unit length on either strip K/27r, difference of 
potential between the strips 2K’. 

The capacity per unit length is thus K/4r K’. If calcu- 
lated by the elementary formula, which holds when the 

lates are very close together, the value would be K. Zu;/27?. 

he ratio of the actual capacity to this, 7/2K'. Zu;, may be 
called the ** capacity-factor," while the ratio of spacing to 
breadth of plate 7/2K .Zu,; may be taken to specify the 
shape of the condenser. This ratio approaches zero as the 
modulus k approaches unity, for the maximum value of the 
function Z approaches one, while K becomes infinite in a 
logarithmic manner. The slowness with which K increases 
limits rather severely the application of the formule to prac- 
tical cases; even when the modular angle is 89°, the ratio of 
distance to breadth is still °459. The capacity-factor is 
plotted against the shape-constant on fig. 8, and the values 
of the modular angle are marked on the graph. The 
relation is almost linear in the range of the calculations, but 
the curve swerves round to touch the vertical axis at the 
limiting value unity. For Zu,— Eamu;—Ewu/K, which 
approaches (1—w,/K), so the capacity-factor approaches 
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(1+u,/K), while the shape constant approaches 7/2K, and 
(capacity-factor — 1)/(shape-constant) approaches 2u,/z. 
As k becomes equal to unity u, and K become infinite while 
the ratio u,/K approaches zero. 


Fig. 2. 
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The other curves on fig. 8 show the variation, as js 
plates are drawn apart, of (1) the fraction of the T 
charge on a plate which resides on the outer surface, an 
(2) the ratio of the surface-density at the centre of the plate 
on the outer side to that at the opposite point on the inner 
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832 On the Parallel Plate Condenser. 
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(1) The outer charge is to the whole charge as u is to K. 
It follows that this curve, close to the origin, is a magnified 
eopy of the graph for capacity-factor near the value unity. 
So for plates close together we have the result that the trac- 
tional increase of capacity, due to the curvature of the lines 
of force, is equal to the proportion of charge on the outside 
of the plates. 
(2) We have 4ro=du/dx=dujdZu 
= 1/(dn?u—E/K). 


At the centre on the outer side u=0, 
5 »  onthe inner side u= K. 


c outside/c inside = ((E/K) —k?}/{1—(E/K)}. 


The value ranges from 1 when k=0 to 0 when £— 1. 
This graph comes down to the origin at a finite angle with 
the horizontal. Near the limit k=1 we have 


(c-ratio)/ (shape-constant) = 2/7. 


LXXVI. The Stability of a Layer of Fluid heated below. 
By Hanorp JEFFREYS, M.A., D.Sc., F.R.S.* 


I! was shown by the late Lord Rayleigh f in 1916 that a 
A liquid might be in stable equilibrium even if its density 
increased upwards, provided its viscosity was sufficiently 
great ; and a detailed solution was obtained for the mode of 
decay or growth of disturbances in certain conditions. The 
results were in qualitative agreement with the experimental 
work of Bénard f, since repeated and extended by A. R. Low 
and Brunt$. The boundary conditions assumed by Rayleigh 
were somewhat artificial, and on aecount of the general 
interest of the question and the practical importance of some 
of its applications it is desirable to extend the work to allow 
for other possibilities. 

The method adopted here is based on the principle of 
“exchange of stabilities.” Let us consider for simplicity 
a svstem with a finite number of degrees of freedom. If we 
assume that in a free disturbance from the steady state all the 
departures vary with the time like e”, where y is a constant, y 
will satisty an algebraic equation with real coetticients. If then 

* Communicated by the Author. 
+ Phil. Mag. xxxii. pp. 529-546 (1916). 
I Ann. d. Chimie et de Physique, xxiii. p. 62 (1901). 
$ * Nature,’ cxv. pp. aren 92D): 
3 H2 


834 Dr. H. Jeffreys on the Stability of a 


the physical circumstances of the system vary continuously, all 
the roots of this equation will in general vary continuously. 
If the system is conservative, and passes from stability to 
instability, one of the admissible values of y? changes sign 
by passing through zero. But the vanishing of a root of an 
algebraic equation implies that tlie constant term vanishes ; 
and since y is equivalent to 0/0é, the departure from the 
steady state will satisfy a differential equation involving 
the independent variable only througl its differential co- 
efficients with regard to the time and not explicitly. Thus 
when the system is on the verge of becoming unstable the 
equations of motion will have a solution such that the depar- 
ture from the steady state is different from zero and 
independent of the time. When instability is attained, the 
departure involved in this solution will be the one that will 
grow with the time. 

The present system involves viscosity, and therefore is not 
conservative. It will still be true, however, that y will 
involve an equation with real coefficients (possibly of infinite 
degree). If the rate of increase of temperature upwards 
is 8 (which will be taken as negative), it is fairly clear that 
when the kinematic viscosity v is great enough any distur- 
bance will die down exponentially with the time, so that 
every value of y is real and negative. When v diminishes 
algebraically, instability will arise when one of the values 
of y first acquires a positive real part. If its imaginary part 
is also zero, the previous considerations will apply, and 
a steady departure from the state of equilibrium will be 
possible. But if us v diminishes from œ to the critical 
value two of the values of y coalesce and then become 
conjugate complexes, they may have finite imaginary parts 
when their real part vanishes, and the argument will 
break down. In this case the motion arising when insta- 
bility develops will be an oscillation with gradually increasing 
amplitude. The impossibility of such a movement has not 
been proved in the present paper, but in Lord Rayleigh's 
discussion it was proved for a special type of boundary con- 
ditions, and here I shall only appeal to experiment to 
confirm that it is not the type of motion that actually 
does arise when equilibrium breaks down. I shall assume, 
then, that the uniformly stratified condition of the fluid first 
becomes unstable when the equations of the problem have a 
solution different from zero and independent of the time. 


2. Let us assume that in the steady state the temperature 
is 8z, the temperature on the floor being taken as zero; here 
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B is a constant and <z the elevation above the floor. Take 
horizontal coordinates æ and y; and let the components 
of velocity be u, v, and w. Let p be the pressure, V the 
temperature, p the density ; and let suffix zero attached to 
any of them indicate its value at the same place in the undis- 
turhed state, and an accent its departure from the undisturbed 
value. Let x, v, and «a be the coefficients of thermometric 
conductivity, kinematic viscosity, and volume expansion. 
Then the equations of motion and of heat conduction are 


d ð ò j | 
p dt (u, nw) =— 9. y 5:)? T vpV"(u, vy w) -(0, 0, 9p), 


and the equation of continuity 1s 
dp _ Qu, ov, Qv 
=P (Sat ant 92 e. e 8 œ (3) 
The equation of thermal expansion may be taken to be 


p7p(l—aV),...... (4) 


where p, is the density at temperature zero; the fluid is 
supposed incompressible. 

All these equations reduce to identities in the steady state 
except tlie equation of vertical motion, which gives 


0 = ET = gpo- e > è ə — c; (5) 


Let us now neglect all squares of departures from the 
steady state. The d/dt reduces to 9/Qt in (1), giving 


RT 2. 2)»-0. 0, gp’). 

| (6) 
Forming the divergence of both sides of this equation, we 

may put p, for pp when multiplied by a small quantity ; then 


^S VS. a) Vra. O 


From (3) (4) and (2) l 


Po 9 rv?) (u, v, w) = — 
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Thus 


1 / 
EL . (3) 


j (5 "wv 3: 


Also from (2) 


($ -ev V'+Bu=0,. .. . (W) 


which determines w in terms of V'. 


Substituting in the 
equation of vertical motion we have 
(2 —*V?) (2 —v¥?)V' =2 P —gaBV'. (11) 


Eliminating p' between (9) and (11), 


A Za + (3 —*V") \ (2 ~v7") yy 


o! V' ov! 

-—9 (za + ar) OP 
If the depth is h, the ratio of the term involving «a to that 
on the right is of order (v«/gh*) which is in general very 
small. The term in xa will therefore be neglected. (This 
approximation was made ab initio by Rayleigh.) At the 
same time we shall introduce the condition of marginal 

stability that QV/Ot is zero. Then (12) simplifies to 


l ag(QV' DV 
NV*V -— _ eu un ) " . (13) 


Suppose now that V' is proportional to sin lzsin my, the 
remaining factor being a function of z only. Put 


(B-tpm»)$ma33..... MA) 
so that a is a pure number. Put also 


zeshÉ s owe xc (15) 
so that Cis zero at the bottom and unity at the top. Then 
(13) becomes 


(35-2) v =V’, y a s (0) 


where 


MEE LN wee . (11) 
Ky 


- 
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3. The boundary conditions. 

At the upper and lower boundaries some condition must 
be satisfied by the temperature. If the fluid is in contact 
with a perfect conductor V' will be zero; if there is no con- 
duction across the boundary QV'/Oz will be zero. 

Three conditions must also be satisfied by the velocity 
components. If there is a rigid. boundary, u, v, and w must 
all vanish. By 2(10) w is proportional to V*V'. With our 
hypothesis as to the form of V' the conditions satisfied by 
u and v reduce to one. Since these components are zero at 
Qu 
Oz 
0/0: is proportional to w, which is zero. Thus the con- 
ditions at a rigid boundary are that V?V' and 9 V?V' are 
Zero. à: 

lf in the undisturbed position of a free surface z is con- 
stant over it, in the disturbed state w for this value of z will 
be proportional to ðp'/ðt, which is zero for marginal stability. 
Thus V?V' is zero. Also Qu/O2 and Ov/dz will be zero for 
all values of z and y over this surface. Hence by differen- 
tiating 2(8) with regard to z, we see that 0*w/dz? is equal to 
D ae V Using the value of w from 2(10) we see that 
this implies that 


all points of the boundary, 5— + d is zero, whence by 2(3) 


0! ory e 9 vv 
The maximum values of the quantities involved in this 
equation, if not restricted to be surface values, would be in 
a ratio comparable with 1 :æ«8h. The latter quantity is the 
ratio, to the mean density, of the difference between the 
undisturbed densities at the top and bottom of the fluid, 
whicli we have already assumed to be small. Thus our con- 
dition will hold only if the quantity on the left, evaluated 
on the iupra is only a small fraction of its maximum in 
the interior of the fluid. Only a trifling error will therefore 
be introduced if we replace the conditiou by the assertion 
2 
that 2, V?V’ is zero at the boundary. Thus the conditions 
2 
at a free surface are that V?V' and 2, V?V' are zero. 
Altogether three conditions must be satisfied at both the 
top and the bottom of the fluid, while the linear equation 2(16) 
is of the sixth order. Their consistency implies a relation 
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between the numbers a and A; for a given a the lowest of 
the values of X that satisfy this relation (if there are more 
than one) would give the value of 8 appropriate to marginal 
instability i£ this were the only value of a admitted. Then 
the value of a that gives the lowest X so determined will 
give the first type of disturbance that will grow, and the 
associated X will give the value of 8 for marginal instability. 


4. liayleigh's problem. 


The conditions adopted by Rayleigh at the boundary are 
equivalent to the vanishing of V', 9?V'/92?, and Q*V /0z*. 
His solution therefore corresponds to a fluid with a free 
surface at both top and bottom, with the temperature main- 
tained constant over both. This is not a natural system, but 
admits a simple solution, all the conditions being satisfied if 
V” is proportional to sin sf, where s is a constant, and sin s— 0. 
Then 2(16) gives 

(spat) =a vow wow sw CL) 


and the lowest admissible value of X is given by taking s= r. 


Then 


T? + a? 8 
X — e . . . . " (2) 
We find that X is least when 
a= PT = 2:22, (3? 
and then 
24. 
= 47 = 651. - (4) 


This result is equivalent to equations (42) and (44) of 
Rayleigh’s paper. 


5. Solution by finite differences. 


The equation 2(16) could be formally solved in terms of 
exponential functions, but this method would be troublesome, 
since four of the coefficients of £ in the indices would be 
complex, and the boundary conditions would lead to an 
equation for X in the form of the vanishing of a determinant 
of the sixth order with many complex elements. The most 
convenient method seems to be that of L. F. Richardson, 
using central differences”. Let us denote by Z the factor 


* Mathematical Gazette, July 1926. 
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of V' that involves ¢. If the values of the dependent 
variable are given at equal intervals d of the independent 
variable, thus, 


Z3, Z 9, Za Zo Z, Zs, Z3, seeses P 


the basis of the method is to replace differential coefficients 
by finite centred differences: thus for example those 
centred at €=0 are 


TE 
Z -— 9d (Zi — 2.1), 
rz! l r. r [y 
Z = d? (Z1— 22+ Z 31), 


VA PN 


24s (2—22 +2Z_,—Z_3), 


rfi l 5 
Ziv = ji (Zs —4Z, 4-062, —4Z 4 tZ.2) 


Zi E (Z4— 62, + 152, — 202, 4152, 1 —6Z. .,4-Z.,). 


If the boundary condition at €=0 is that Z, Z", and Z” 
vanish, these show that the neighbouring values of Z are of 


the form 
Z3—4Z,, — Z, 0, Z4, Zo, ... 


This is the condition for a conducting rigid boundary. For 
a non-conducting free surface Z/, Z”, and Z^ vanish, and 
we must have the values 


bae i As A a sii 


The differential equation being of the sixth order, we must 
substitute for the derivatives trom our central-difference 
formulze at all points far enough from both ends for tlie 
sixth derivative to be formed by this process. The resulting 
equations should determine A, and then the approximation 
may be improved by repeating the calculation for a larger 
number of intervals and using the principle that the error is 
of the form Ad? + Bd*. 


6. Case of two rigid conducting boundaries. 


The simplest distribution of values of the independent 
variable to take consists in assuming a value of Z at £—1, 
say b, and allowing all others to be determined by tlie 


840 Dr. H. Jeffreys on the Stability of a 
boundary conditions. Then we have d=4, and 

¢ —1 -$ 0 41 14 2 

Z —4b —b 0 b 0 —b —4b 


Forming the difference equation for the middle value, we 
find 
ra? = 1024--192a!-F24a*-ca*$. . . . (1) 


To this approximation the minimum value of X is 540, and 
occurs when az: 2:33. 

Next consider the values of Z at intervals of 4. The solu- 
tion must be either symmetrical or antisymmetrical with 
regard to the median plane, and it is clear that the sym- 
metrical solution will be the first to give instability, for it 
implies that the columns of warm and cold fluid extend 
throughout the whole depth. With these data only one 
value of Z needs to be assigned arbitrarily, and we have 


€ —8 -$ 0 $$ 38$ 1 1 B 
Z —3b —b 0 b b 0 —b —3b 
The difference equation at either 4 or & gives 
Na? zs 2187 --2423a! -27a*-Fa*, . . . (2) 
id the minimum value of X is 793, and occurs when 
a2 2:69. 


Considering intervals of 1, we now have two values of Z 
not fixed already, und we take 


C —i —1 01 i1 id 1 H H 
Z —8b+ce —3b 0 3b 4b+c 3b 0 —3b —8b4c 


Two independent difference equations must hold at 3 and 4 ; 
they lead to two equations homogeneous In b and c. By 
elimination we have, atter some reduction, the quadratic 
for A, 
(109228 + (512 —X)a? + 32a* + a*j 
x (1693014 + (8704 —X)a! + 160a*-- a5) 
= (218454 + 1024a' + 162*)(600743 + 2048a* 2-32a*). (3) 


From the two examples already worked out, assuming that 
the error in the value of a that makes X a minimum is pro- 
portional to d?, we see that the true value of a should be 
neurly 3. Substituting this in (3) and solving for A, we 
find that %=928. The error of X is proportional to the 
square of the small error of a, and therefore is probably 


aa ——"] 


Layer of Fluid heated below. 841 


unimportant. Thus we have found that when d takes the 
values $, 4, }, the minimum values of X found are respec- 
540, 793, and 928.  Extrapolating on the hypothesis that 
the error is of the form Ad?+ Bd*, we find that the true 
value of X is about 1140. 

A preliminary solution was constructed by forming the 
simplest polynomial that would satisfy the boundary con- 
ditions and then finding how far it failed to satisfy tle 
differential equation. Other terms were then added to 
improve the approximation, which was fairly rapid : X was 
found to be about 1200. The initial computations were, 
however, very laborious, and on the whole Richardson’s 
method is much more satisfactory. 


T. Rigid conducting boundary at base: free non-conducting 
surface at top. 


The method of the last section applies, except that there 
will no longer be symmetry about the median planes. The 
first approximation assumes the values 


¢ —1 —à 0 $1 1} 2 
Z —3b —b 0 b b b 2b 
The equation for A turns out to be 
Aa! =384 + 192a? + 12at +a, . . . (1l) 
and the appropriate values are a= 2:08, A= 256. 
In the second approximation we take 
Z= c—4b —b 0 b c c c 2c—-b 
Writing 3f for a, and 81 for X, we have the equation for p, 
{3 +3 - 3/2(/ — Pj) {39 + 5/2 + 15/* -20* fa) 
L-—(5—3/-—3/9(1-497-43/9 . . (2) 
Substituting for f? in this the values 1:000, 0-885, 0:770 (the 
intermediate one being chosen because it makes the right 
side vanish), we find that u takes the values 5°34, 5:31, 5°39. 
By interpolation the minimum of y is 5:30, occurring when 
J?=0911. Thusa-2:86 and 1 — 430. 
From the results obtained for d=} and d=3 we may now 
extrapolate on the supposition that the error is proportional 


to d’. We find that a 3:49, A= 571. | 
As might be expected from the fact that variations of 
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temperature over the upper surface are now possible, insta- 
bility sets in for a smaller temperature gradient than in 
either of the cases already considered. But at the same 
time the absence of the conducting upper surface delays the 
spread of heat horizontally ; it is presumably to this that the 
higher value of a, corresponding to a shorter critical wave- 
length, is to be attributed. 


8. Non-conducting rigid boundaries at top and bottom. 


The boundary conditions in this case are that Z’, Z", and 
Z" vanish at both boundaries. Returning now to the 
equation 2(16), which takes the form 


d? Qv 7 T 
(ic) 27 ez 

we see that the equation and all the boundary conditions are 

satisfied by a constant value of Z, provided that 


X = at. 


Hence instability arises first for a zero, that is, for infinite 
wave-length, and then for X very small. In this case there- 
fore there is no possibility of complete stability with the 
higher temperature below. The movement once initiated 
cannot be maintained, of course, because there is no means 
of supplying new energy to the fluid ; if the hotter fluid is 
originally underneath, it will exchange places with that 
above, and the motion will then gradually die down. 

The same would apply if the upper surface was free, so 
long as it is non-conducting. Conduction over either boun- 
dary excludes the possibility of variations of the temperature 
there, and solutions of the type just considered do not arise 
then : a conducting boundary is essential to the stability of 
the arrangement with the hotter fluid below. 


9. The conditions of greatest physical interest are probably 
those discussed in 6 and 7. These are the ordinary cases of 
liquid heated below, the upper boundary being in the one 
case a conducting solid, and in the other a non-conducting 
free surface. [ was led to the former by the suggestion of 
L. H. Adams * that viscosity would play an important part 
in determining the vertical distribution of temperature in the 
earth’s crust just after the soliditication of tlie exterior; for 
a high viscosity would tend to damp down eddy currents, 
and the underlying magma might therefore cool at all points 


* J. Wash. Acad. Sci. xiv. pp. 459-472 (1924). 
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until the viscosity every where had reached the critical value 
needed to prevent such currents, so that the distribution of 
temperature would become such us to make the viscosity 
nearly independent of depth. Let us try, then, to estimate 
the viscosity needed. For a rock magma the thermometric 
conductivity is probably about OUl c.g.s.; æ is about 
2X1075, Let us find the value of v needed to prevent eddy 
currents in a layer 100 km. thick with a temperature dif- 
ference of 100? between the top and bottom, so that 
z—]107*. Then from 2(17) 
z2x109/y, 


while the critical value of X is about 1140. Thus v must be 
about. 2 x 10° cm.?/sec. to prevent the development of eddy 
currents tbat would redistribute the temperature. This is 
far above any viscosity yet measured, and a fluid with such 
a viscosity would be experimentally indistinguishable from a 
solid. For the same value of 8 the critical value of v varies 
as h‘, so that it would be very much reduced if we considered 
a smaller depth of fluid. If the substance acquires even a 
smal] permanent strength at these high viscosities, eddies 
would be prevented entirelv, so that the temperature distri- 
bution when currents ceased would be determined by the 
melting-point. A further tendency to stability would be 
introduced if there was a concentration of heavier materials 
towards the bottom. On the whole, then, it seems likely 
that viscosity would not be the determining factor, though 
the present discussion does not close the question. 


10. The non-conducting free surface above represents the 
ordinary heating ef a fluid from below. There is a familiar 
domestie instance of complete stability in this case, namely, 
the burning of porridge when itis not kept stirred. The 
high viscosity of the material can prevent currents even 
when the free surface is at ordinary temperatures and the 
bottom is charring. Taking equal to 3 cm., Bh equal to 
— 400°, x and æ equal to the corresponding quantities for 
water, say 0:0015 and 10-7? (both varying notably with 


temperature), we have 
À = 10'/y, 


while the critical value of X is about 571. Thus stability 
would be maintained if v were something like 1700 cm.?/see. 
The viscosity of Lyle’s Golden Syrup is given by Kaye and 
Laby (1919) as 1400 c.g s., so that 1700 for porridge at the 
stage when it burns is not unreasonable. (It is capable of 
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being poured, so that we are dealing with a case of viscous 
stability and not of solidification.) 

Of course the elfect of stirring is to promote rapid mixing 
and thereby to reduce the difference of temperature between 
the top and the bottom, the supply of heat at the bottom 
remaining the same. The eddy currents introduced by 
stirring take the place of those caused purely by heating, 
so that the heat can be got rid of at a temperature gradient 
much less than that needed for instability due to heating 
alone. 


— ee ez os 


LXXVII. Growth of Eddies in a Viscous Fluid. 
By Prof. H. Levy, M.A., 1).Se., Imperial College of Science *. 


HE mechanism of eddy production in a viscous fluid 

is not yet precisely understood, although as an 

observed phenomenon it is among the most common. 

Little more can be said to be known about it than that 

it appears almost invariably to be associated with states 
of unstable flow and with turbulent motion generally. 

The works of Osborne Reynolds and that of a large 
number of subsequent investigators, including many of 
those engaged in aerodynamical research, point to the 
fact that for many conditions of viscous flow there would 
appear to exist a critical state corresponding to a particular 
value of the number vl/y for which the motion passes from 
one of comparative steadiness and apparent stability to one 
of instability and possibly turbulent and eddying motion. 
Both below and above this critical phase, vorticity in the 
mathematical sense is known to exist in the fluid, but it 
is generally true that only above the critical position does 
the spinning or eddying motion which is naturally associated 
with vorticity make itself apparent to any marked extent. 
What in fact is an eddy? and if as would appear reason- 
able it is nothing but a vortex grown to visibility, how does 
a vortex grow in a viscous fluid? 

Consider what happens in the neighbourhood of the 
sharp projecting edge of a body in motion in a fluid. 
At slow speeds—that is, below the critical value of the 
appropriate Reynolds! number—a state of affairs closely 
resembling the classical “ discontinuous" motion appears 
to exist for a short distance behind the body. The surface 


* Communicated by the Author. 
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of “discontinuity,” or rather the surface of most rapid 
velocity gradient, starts off from the projecting edge, 
for a short distance remains clearly defined, and then 
becoming sinuous in form loses its identity in the general 
stream of fluid. At higher values of Reynolds’ number 
the sinuosities increase in magnitude close to the pro- 
jecting edge, and the discontinuous surface appears to 
wind itself up at points forming nuclei round which more 
and more fluid circulates. 

Maturity for the eddy so formed appears to be attained 
when in the process of its passuge down stream ifs distance 
from the projecting edge becomes too great for the vorticity 
there being produced to be drawn within the ambit of the 
receding eddy, and a new centre of rotation begins to make 
its appearance. The subsequent history of the eddy already 
shed appears merely to be one of gradual decay as its energy 
is absorbed by the viscous action of the fluid. 

The breaking up of the surface of discontinuity into 
distinct eddies is not easily explained by an examination 
of the analogous process in a perfect fluid. Kelvin has 
indeed shown that such a surface is unstable, but it does 
not follow that anything further will occur in that case 
than a mere drastic change of shape of the surface. The 
separation up into discrete vortices does not appear to be 
necessarily involved. 

Moreover, this vital distinction does exist between the 
interaction of separate vortices in a perfect fluid and that 
of eddies in a viscous medium, that whereas in the former 
a system of vortices during their interplay will alwavs 
retain their separate identities irrespective of their relative 
strengths and signs, in the latter case experiment shows 
that an eddy may change in intensity apparently by directly 
absorbing any number of others, the system coalescing into 
one or more distinct eddies, and then gradually decaying. 

If the foregoing description is accurate in its general 
outline, an essential feature is that the interaction between 
vortices of the same sign in a viscous fluid should be such 
as to lead towards coalescence particularly in the early 
stages of formation, that is to say when the motions are 
slow. This, then, is a problem in viscous fluid that might 
legitimately be studied on the assumption that the inertia 
terms in the equation are negligible. 

Taking the simple case in which each element of the 
fluid is rotating in a plane parallel to (zy) about the axis 
of z, it can easily be shown that, if J» be the stream function 
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and »?— 2? -- y*, the equation of motion is 


loy loO/ Oy 
so oro. 9 9 © © € œ (1) 


while the pressure equation gives 


* 59? 
P — po =Í P=- dr, eo w EN (2) 


where Q is the tangential velocity at any point. These 
equations may be established directly from ajconsideration 
of the motion of a single element or by direct integration of 
the usual equations in (xy) coordinates along a radius and 
round a circle with centre at the origin. 

Any solution of (1) will correspond to a maintained or a 
decaying rotatory motion about the z axis. Any given 
initial motion of this type established at t=0 may be 
examined for its subsequent history by considering the 
solutions of (1) of the type 


2 e Mt (r), 


where it is easily seen that fa(r) is the Bessel Function 
of order zero of a certain multiple of r.  Letifus instead 
seek for solutions which are functions of 7?/t— 0. 


Then | 2 d ") _ 62 
Qt OOK tU t 90 
9 09 Qty d 
"aule 
d 3 


Thus(1) becomes 
6 dv 400 G ov 


Ta 90 r DON o6 
or 0 
d | dw dy 1 
A ( 05%) +; uc 
dy Oly 
Ce. =A 
Thus dé. 7 Olav 
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It follows that 


tei (oa a (table) 
- 
9 


is a solution of (1) where $—7?/4vt. 


Nature of the Solution. 
When ¿= +0, the distribution is that due to a single 
line vortex of the logarithmic type coincident with the 
Z axis. As t4 o, y—>0 and oF 50, so that the motion 


represents that of the decay of this logarithmic vortex in a 
viscous fluid. 


The vortex will be initially of the strength K if 


«'o $ 


A= For circles and times for which r?/4vt is constant 


the circulation will be constant and equal to K(1— a 

so that a circle (ro, £j) will continue to enclose a constant 
3 

amount of vorticity if its radius grows at a rate A 
0 

or alternatively if the area increases at a constant rate. 

At all times subsequent to £—0 the velocity at the centre 
is zero, while the angular velocity there is a maximum and 
dies off as t^. 

The circle of maximum velocity is given by r?/Ayt =, 
where &^—14 2A, i.e. N=1°257. 

The solution so far obtained satisfies the equations of 
motion without restriction as regards slow motions. If 
now we consider the problem initially proposed—that of 
the interaction of eddies—we may legitimately impose the 
restriction regarding slowness of motion. In this case, 
the equations of motion become linear in form, viz. : 


-; ze 97 vyu, 
lop Or 3 
“poy QU vn 

Qu Qv _ 
et ay 


Solutions of the form already found may be superposed, say : 
aay SOS. gael ee 
L7 2m lo $i i Y — 2r 0 do 
where on? ong 
di = ae = pp 
Phil. Mag. 8. 7. Vol. 2. No. 10. Oct. 1926. 3 I 
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and where r, aud r, are the distances of any point from the 
initial centres of the eddies. The stream function «y at any 
point will be Yı +Y and the motion will be that arising 
from the sum of the separate effects of the eddies. 


KK 2: 


PITE 


The geometrical shape of the stream lines at uny instant 
will depend on the values assumed by a?/4vt and Kj/K,, 
where a is the distance between the eddies at birth an 
K,, K, are their initial strengths. 

In the attached figures the stream lines are drawn for 
different values of K,/K, (taken positive) and a*/4vt. Thus 
they represent the interaction between two eddies of like 
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but unequal strength created at the same instant. It is 
clear that with given a?/4vt the stream lines for K/K: 
will merely be the reverse of those for K,/K, As t 
increases, the eddies rotate round each other and the two 
centres of rotation as long as they remain distinct move 
towards each other. They do not, however, remain distinct 
up to coalescence, since for each value of K,/K; there is a 


K:K 4:3 
£160 


— w — = 


. particular time, or more properly a particular value of 
a?/4vt at which the closed curves round the weaker edd) 
vanish and for smaller values of a*/4»t, that is for sub- 
sequent times, the stream lines consist merely of a single 
system of closed curves. This critical value determines 
the total life of the weaker eddy as a distinct entity. It 1s 
of course a function of K,/K,, and could be determine? 
analytically from the expression for y if required, instead 


of graphically as here. 
312 
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This analysis indicates, then, how eddies grow by ab- 
sorbing their weaker neighbours while at the same time 
their combined energies degrade gradually into heat. 

Now consider what happens in the neighbourhood of a 
cylinder past which a fluid is in motion. It is known that 
in the immediate vicinity of the surface there is a layer of 
fluid of the order of thickness 107?x/ where J is the 
length of the body, of exceedingly high velocity gradient 
ranging from zero velocity at the surface of the body to 
almost the full value V on the outer surface of this layer. 
Let us suppose that along the outer layer a series of 
elementary vortices are created spaced on the average 
a distance a apart. The strength from vortex to vortex 
wil vary, according to its position along the surface and 
to the speed of the fluid. 

Neighbouring vortices interacting as they pass along the 
surface will coalesce, and if the time taken for the vortices 
to pass from nose to tail of the body is large compared with 
the time of total coalescence, two large eddies, one on the 
upper surface and one on the lower, of opposite signs will 
be discharged at the tail. Meanwhile the process of 
absorption will have recommenced near the nose, a new 
eddy will grow like a snowball and be finally discharged: 
thus a periodic generation of eddies will result. 

Now let S be the length of surface from the stagnation 
point at the nose, to the point of departure of tlie ünal eddy. 
If V is the velocity of the fluid at infinity the velocity of 
the fluid on the outer surface of the boundary layer will 
range from zero at the nose to approximately V at the 
point of departure. and the time taken by the accumulated 
eddy to pass over this distance is approximately 2S/V. 
If, however, the velocity of the fluid be increased this 
time will be diminished, so that the interval during which 
eddy coalescence will occur along the surface of the body 
will diminish. This suggests at once that if the present 
standpoint is accurate there may exist a critical speed 
above which periodicity in eddy formation should dis- 
appear. It is not ditficult to estimate the order of Vl/v: 
at which this ought to occur. The criterion will be found 
by recognizing that if the time of passage of a particle 
of fluid from stagnation point to leaving point is less 
than the time required to effect concentration between 
a pair of vortices, no very definite periodicity will be 
evident, since the vorticity will not make itself evident as 
eddying. 

We will assume that the results of the earlier 'analysis 
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may be approximately applied, that for example if 
K,/K,= H 


ü* uus 
dot — 20. 
Suppose that the ratio of strengths between two neigh- 
2 
bouring vortices is as great as this, then IE 20. The 


distance between two vortices may reasonably be taken 
to be of the order of thickness of the boundary layer 


so that = 107?, where l is the length of the body ; then 


the time taken for coalescence 1s at least 
a _ 10742 
sOv | 8Ur ` 


The critical state will occur when this quantity is of the 
same order of magnitude as 2S/V, 


10? 28 ed 
80y V V 
assuming that the eddies leave the surface approximately 


half vay to the tail. 
Thus 


2o 8.10. 
y 

This of course is possibly much beyond the region of 
periedicity, since for smaller values of Vl/v the time 
eccupied by the vortices in transit will be sufficient to 
allow only a few to coalesce, and it is to be noticed that 
since we have assumed ajl to be of the order of 107? the 
number of elementary vortices must be of the order of 
a hundred. 

In a recent paper * Relf and Simmons have determined 
the variation of periodicity in eddy formation for circular 
wires over a wide range of values of V//v. For values 
of Vi[lv up to 10° they find distinct periodicities, but 
beyond that range nothing definite could be observed. The 
present investigation is ia conformity with these results, 
and suggests that the turbulent motion in the rear of the 
body associated at lower speeds with the discharge of 
eddies at the edge must have given way to two sharp 
bands or trails of smaller eddies separating the wake from 
tlie rest of the fluid. 


* Phil. Mag. vol, xlix. (Feb. 1925), 
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LXXVIII. Orifice Flow as affected by Viscosity and 
Capillarity. By H. W. Swirr, M.A., B.Sc.* 


INTRODUCTION. 


PART from its theoretical interest the orifice has 

important possibilities as a sensitive method for 

the continuous measurement of liquid flow, the volumetric 
rate of flow being given hy 


Q = Cua V 29H, 


where H is the head effective at the orifice, a its area, and 
Ca the Coefficient of Discharge. The practical problem of 
the orifice lies in the evaluation of this coefficient for the 
conditions under which it is required to operate, and 
the present limited employment of the orifice method is 
due largely to uncertainty in the prediction of this co- 
efficient and its systematic variations. In the present 
treatment an attempt is made to examine some of the 
more important conditions affecting the flow and their 
effects, and to rationalise the consequent variations in the 
coefficient of discharge. Particulars of the methods adopted 
in the experimental work will be found at the end of the 
aper. 
The following symbols are used :— 

H, pressure head across orifice; 

p. pressure differences across orifice ; 

v, velocity (at vena contracta unless otherwise 

stated); 

w, weight of liquid per unit volume ; 

p, density ; 

#, VISCOSITY ; 

v, kinematic viscosity ; 

c, surface tension ; 

f, acceleration. 


< 


~~ 


Other symbols are defined as they occur. 

The English gravitational system of units is adopted 
as convenient in engineering applications, but the usual 
convention is observed in the definition of kinematic 


viscosity, y — "9. 
: w 
In converting to absolute units the only substitutions 
necessary are pg for w and - for H. 
g 


‘e Communicated by the Author. 
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SUMMARY OF RESULTS. 


The main points which it is hoped to demonstrate are 
as follows. 

In a complete account of free orifice discharge as applied 
to liquids regard must be paid to each of the dimensionless 
products 


H c 
poca weg; 


Of these, the product » is generally by far the most 
important in its effects. An increase in the value of 7, 
exemplified by increasing viscosity, will necessarily diminish 
the coefficient of velocity C,, but will always tend to increase 
the coefficient of contraction C; towards the limit of unity. 
The coefficient of discharge C,— C,C, will for a re-entrant 
mouthpiece necessarily increase with increasing viscosity so 
long as the conditions of free discharge are maintained ; for 
sharp-edged plane orifices the coetticient increases with 7 up 
to a certain point and subsequently falls away towards 
zero; for a rounded orifice it will tall continuously with 
increasing viscosity. In each case the relation between 
C, and 7 over the useful hydraulic range is practically 
linear: 

Ca = Co + x. 

The effect of & is generally small and for either hydraulic 
or very viscous flow may usually be neglected. Over the 
intermediate range it may become important, but it appears 
rather to modify the relation between Ca and 7 than to 
alter its main characteristics. 

Capillarity, represented by the product & always tends 
to reduce the velocity and at the same time to increase the 
area of the contracted vein. In the re-entrant mouthpiece it 
has no resultant effect on the coefficient of discharge, but 
in other circular orifices there always follows a diminution 
in discharge, which will usually be small and for hydraulic 
purposes may be allowed for satisfactorily by a correction of 
the head : 


4c 
h= H- zg ©»). 


THE CRITERIA GOVERNING DISCHARGE. 


The principle of dimensional homogeneity when applied 
to orifice flow affords qualitative results which simplify to 
some extent the laws controlling discharge. 
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The general theorem due to Riabouchinsky * shows that 
if Qi Q,... Qa are physical quantities which completely 
determine a phenomenon, in the specification of which 
there are k fundamental units, and if the quantities Q; ... Qx 
are independent, different in kind and not interderivable, 
the general relation 


F(Q;, Qe, ree Qhan) =U 


can be simplified into the form : 
f (II, tee II, x) = 0, 


where II, is a dimension product of the form : 


Q.(QiQ2...Qi). 


It follows that the quantity Q, may be written: 
Q. = Ps . (II, eee II ,-x-1)) 


where P, is a product of the quantities Q,,...Q, having 
the same dimensions as Q.. 

In the application of this theorem, the variables must be 
chosen with due regard to the physical circumstances, and the 
only checks we have upon their completeness and correctness 
are furnished by experimental confirmation of results and by 
the compatibility of the dimensional relations. In many 
cases of practical interest it is unlikely that all the relevant 
quantities will have similar importance, and it is reasonable 
to assume that if for simplicity certain quantities are omitted, 
then provided these are judiciously chosen the results will be 
nearly correct, in the same way that similar well-chosen 
omissions will not prejudice unduly the results of quan- 
titative analysis. Exclusion from the original list, however, 
of dimensional quantities (such as the gravitational constant) 
which are constant under any or all the conditions of expe- 
riment leads to logical absurdity, for it would follow that 
the variation of any single dimensional quantity could have 
no effect on the phenomenon. A safer procedure is to 
include all relevant quantities, constant or variable, to 
proceed with the dimensional considerations and have 
regard to the constancy of these quantities in the final 
result. 

In the case of free orifice flow (which for present purposes 
includes flow over notches or weirs of any form) the quantities 


_ * 'L'Aerophile, 1907, p. 407. Cf. also Bull. Inst. Aerod. Koutchino, 
1.—-1V. 
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which appear to affec: discharge and completely to determine 
it ure : l 

lis la -ln H, v, w, p, ©, J; 
and any quantity Q related to the flow as a whole may be 


written : 

Q = F (A, lz ... lay H, v, w, p, o,f). 
quantity relating to a particular point is likewise defined 
d Q'= F' (a, y, z, hy, le, ... la, H, V, W, p. 0, f). 
Here H, v, w, p, c, / have the significance shown on p. 852, 
and such quantities as v, f which are variable under the 
conditions of a single conformation have representative 
values. The quantities lı...ln are measures of length 
which determine tle geometrical conformation of the 
efflux arrangements. Jn comparing for example sharp 
rectangular orifices of varying proportions, provided the 
other dimensions be varied in the corresponding ratios, 
two quantities l ( will be necessary and suthicient. More- 
over, if the geometrical conformation remains similar, this 
similaritv extending to conditions of approach, roughness, 
and depth of liquid above orifice, then it may be specified 
by a single parameter l. 

In the statement of variables no assumption is made or 
implied that any one of the quantities introduced is in- 
dependent of the other conditions. It is merely assumed 
that its value is always determinable from some repre- 
sentative value by means of the other variables mentioned. 
For example, the possibility that the viscosity may vary 
with the rate of distortion will not vitiate the argument 
provided that its value at a definite rate of shear be taken 
as standard. For we have 

Q = F (4, H, v, w, by, o, j), 
and supposing . 
w= (i, H, v, w, n, f) 


we can by eliminating u obtain 


Q = F'(, H, U, W, Mos o,f). 


The acceleration f at corresponding points we may regard 
as dependent upon the other variables and upon the gravi- 
tational constant g : - 


J = ġ; (H, l, v, w, kh, 9, g). 


In the same way the velocity may be regarded as dependent 
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upon its value at an agreed point of reference under standard 
conditions and upon the other variables. Choosing the point 
of reference at the vena contracta and the standard conditions 
those given by a ‘perfect’ liquid, we have: 


= $, (H, l, vo, w, by T, J)- 


Hence any quantity Q relating to the flow as a whole, by 
virtue of these two relations, may be written without loss 
of generality : 

Q = F,(H, l, vs, w, p, a, 9). 


But a definite physical relation exists between certain of 
these quantities : 
v = 29H. 


Hence we may regard either of these quantities as redundant 
in the general expression, and may write at discretion : 


Q = F, (H, l, p, w, 0, g) = F; (v, l, p, w, o, g). 
For the present it will be convenient to consider the former 
expression, F}. 

By virtue of dimensional equations the six variables 
in this expression will furnish the three dimensionless 
products : 

Pu H nnt 
p L/3H' 


If the head be replaced by the pressure difference and 
absolute units are adopted, these criteria take the form : 


9g. 
abr" 


a srg. m 
det rs WE p go t 
Now if Q is the value at the point z, y, 2 of any quantity 
scalar or vector related to the motion, and Qo is the value 
of this quantity at the corresponding point Zo, yo, Zo under 
any conditions of flow which may be chosen as a basis of 
comparison, then we may write 


Q= Pr(.T Em t) 
Qo= P (F n T £o, os 3 


where P is a product of the relevant quantities of the same 
dimensions as Q. Hence the relations : 


E = Ép n = No, E= 0, 
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Q P 
Q P, 
and in particular that any dimensionless quantity II = Tlo. 
This result embraces of course the Principle of Dynamical 
Similarity. 

The coefficient of discharge from an orifice is a dimen- 
sionless quantity, and it may therefore be expressed in the - 


for 
T m ig an) = IEn. 


The Ideal Liquid. 


In the case of the ideal liquid u and c vanish, and the 
expression for tlie coefficient of discharge reduces to 


Ca = f(E) 


when a single parameter defines the configuration, and to 
e utt ls ly la ) 
Ca= fi ly 1554508 


in the more general case. The coefficient of discharge for 
a ‘perfect liquid’ therefore is independent either of its 
density or of the gravitational system. There is no 
dimensional reason, however, why Ca should be constant 
at all heads for a given geometrical configuration. ‘The 
question must be decided by other physical considerations 
or by experiment. 


provide the necessary and sufficient conditions that — 


The General Case. 

In the general case we have three arguments in the 
expression for Cg. For strict similarity in a single 
gravitational system between two motions M, M which 
are controlled by the quantities under present consideration, 
the following relations must therefore hold : 


F=f, m=n, = Ça. 


These equations require 


oc 


This relation between their physical properties is of course 
in general not satisfied by two different liquids, and it 
follows that we cannot expect strict similarity between two 
flows of different liquids, and since the conditions also 


require How 2: 
Yr E) = (2) 
Vo H la 


it follows that no two different motions with a single liquid 
can be similar. 
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The general result, containing as it does three separate 
arguments, is complicated and unlikely to yield results 
of practical value as it stands. [t indicates the direction 
in which the laws of flow may most profitably be explored, 
but it affords no evidence of their form. In order to obtain 
information on this point, as a basis for the interpretation 
of experimental results, it will be well to consider separately 
the effects of the three criteria E, 7, £. In most practical 
applications of the orifice the effect of these factors is 
known to be comparatively small, and it will be of some 
value if even an approximation to the law ot discharge can 
be found to cover this range with sufficient accuracy and 
indieate under what conditions any or all of the effects may 
justifiably be neglected. 


EFFECT OF SURFACE TENSION. 


In all cases of submerged discharge, and in free discharge 
from large orifices, the etfect of capillarity is not likely to be 
important. It seems reasonable in such cases to neglect it 
in the general expression, which then reduces to 


C, = f (E, 1). 

The effect of surface tension, however, on the free dis- 
charge from small orifices is not negligible. It will in the 
case of a circular orifice give rise to a pressure difference 
across the surface of the jet which can be readily calculated 
at the vena contracta : 


20 = Ap.d, = h,wd,. 
Tihe pone inside the jet at the vena contracta will 


therefore be increased and the effective head causing 
discharge reduced by the amount : 
20 
h, = DNE E 
wd 
f , :022 . 
In the case of water this correction represents inches of 


d, 
lead, where d; is measured in inches at the vena contracta, 
and may therefore be appreciable. 

For a perfectly rounded orifice a simple correction of the 
head will be sufficient, h= H—A, ; but where contraction 
takes place the effect is not so simple, since, although the 
pressure at the vena contract is increased, there is no similar 
appreciation over the annular section (a—a,) across which 
the jet contracts. The pressure distribution in the neigh- 
bourhood of the orifice will therefore no doubt be modified 
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to some range of values intermediate between those for non- 
capillary discharge at heads of H and H—A,=h. In this 
way there will be induced an effect upon the contraction of 


the jet. The force causing discharge of a perfect liquid 
may be written : 


P = wH (a + Aa), where 0< Aa <a. 


Admitting capillarity but net viscosity, the discharge is 
determined by 


w 
— C av? = wHa + wH'Aa —whiC;a, 


where 
v = velocity at vena contracta —4/2gh. 
| h zo 
4 8 = ——r 


wd, 
| wH'Aa resultant deficit of pressure on wall in the 
plane of the orifice. 
By hypothesis, 
wH .Aa> wH'.Aa > wh. Aa. 
Hence it follows: 


C= Ha+ H'Aa 
6^. 2ha tha? 
where: dua 
Co = 2; 
Writing H'ZH-—AA, where O< XA € 1, 


we obtain by substitution : 


0, = Q4 mE (0, —À 305—1), 
and necessarily : 


C, > Co provided C lies between 0°5 and 1:0. 
Now the coefficient of velocity C, — i. nearly. 


2H 
| OM, 
Hence Ca = C.C, = Co =% (093). 

It follows that surface tension through its effect upon 
the contracted vein itself will tend to increase the size of the 
jet, but when C,» 4 will necessarily diminish the discharge. 
This diminution will not be greater than —8C,= H5. 
which for water, taking Cy as 0°65, gives a maximum value 


of about x. when d and H are measured in inches. 
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Some estimate of the probable value of the effect is 
obtained bv regarding the distribution of pressure in the 
approach chamber and in the neighbourhood of the orifice 
as that corresponding to the mean discharging head across 
the orifice : 

g Hio: a9 + H—h)a, H— Ch.. 


a 
In this case A= C, and the /ractional reduction in discharge 


will be h, (Co—4) nearly, which for hydraulic conditions 


E 004 ay. 
may be taken as di This effect is usually small and 
may be satisfactorily eliminated by applying a constant 
correction of — inches to the head. It is this cor- 
rection which has been applied when necessary in the 
present experimental work. 

There will of course be other effects of capillary forces, 
but they are not easy to separate and evaluate and are 
likely to be still smaller than that already considered. The 
general manner in which they will modify the discharge 
is clear. For a given liquid the effective force will by its 
nature depend upon the geometry of the system and will be 
almost independent of the head. The effect of this force 
on the discharge will therefore vary inversely with the 
head, and any modification of the coefficient will be of the 
form Cz OC, + n where g is of linear dimensions, and to be 
identified with the particular orifice and liquid. : 

In the case of the Borda re-entrant mouthpiece it is 
interesting to observe that surface tension can. itself have 
no effect upon the coefficient of discharge. For the force 
causing discharge will be 


wa(H — Ch.) = ? Ceav?, 


h, 


and sinee C,= l- oA it follows that C42 C,C, 21, irre- 


spective of capillary effects. 


EFFECT OF VARIATIONS IN HEAD. 


Correct treatment of the effect of variations in head 
requires some care. The general expression for the co- 
efficient of discharge has reference only to flows in which 
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the artificial geometrical configuration may be defined by 
a single parameter l. In many discharge arrangements 
commonly adopted the surface of the liquid in the approach 
chamber is free to atmospheric pressure. The depth of 
the liquid above the orifice will therefore vary with the 
head, so that simple variations in head will necessarily 
vitiate the conditions of strict similarity. It is found from 
experiments with a single orifice in a horizontal plane, 
discharging under constant head but with varying depth of 
water, that the etfect of this change is small but mea- 
surable and that discharge increases with the depth. It 
would therefore appear that although with varying depths 
the geometrical configuration may not be accurately repre- 
sented by the single parameter /, results obtained by 
ignoring such variations in depth are likely to be seriously 
in error only in exceptional cases. Moreover, dimensional 
considerations allow us to write in this case: 


HH 
Ci = j (D T’ 7 3! 


where / refers to the orifice and to the plan dimensions 
of the approach chamber. In all experiments with surface 
free to atmosphere, H— D. Hence, in spite of the absence 
of ‘artificial similarity,’ we may write for such experiments: 


Ca = ACE, Ns E) 


which function will be theoretically distinct from, but 
practically similar to, the corresponding expression 


Ca = JE, N £) 


which defines the discharge when the geometry of approach 
is the same at all heads and the quantity l is fully repre- 
sentative. The experiments to which reference will shortly 
be made were nearly all of the free surface type, so that it is 
the function fı which is strictly speaking under discussion. 
Variations in the value of the head H will affect both the 
remaining criteria of flow, E and y. Its effect through 
the latter will be considered in connexion with viscositv ; 


at present attention will be confined to the former, pc. 
The necessity for this criterion has not always been admitted. 
In the study of the flow of liquids in pipes it is found un- 
necessary in general to introduce the gravitational constant g, 
and in certain published work on liquid efflux under gravity 
it has been omitted. The simplification achieved is con- 
siderable, for if surface tension can 'be allowed for or 
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neglected the variables may then be reduced to l, v, p, w, 


which afford the single dimensionless product ^ and 
£ disappears. The coefficient of discharge is then necessarily 


of the form C,—f ( os) and a single series of determinations, 


made for example by varying the head with other conditions 
fixed, would furnish this function and enable the value of the 
coefficient for any similar configuration under any conditions 
to be obtained froma single curve. The question is therefore 
of some importance. 

For a liquid without capillarity or viscosity the coefficient 


is necessarily of the form Cf 


(7): Under the hydro- 
dynamical conditions of efHux from the slit orifice and 
re-entrant mouthpiece it is known that the coefficient has 
a definite value irrespective of the velocity of discharge and 
therefore of the head; and there is no physical reason for antici- 
pating departure from this constancy in orifices of other forms. 
In nature however, apart from ‘imperfections’ in the liquid, 
these hydrodynamical assumptions are not strictly tenable. 
(a) When liquid discharges from an orifice in a vertical 
plane the head will not be the same for each individual 
filament, and when measured in the conventional manner 
from the centroid of the orifice will not accurately represent 
the mean effective head. Corrections calculated ona rational 
basis have been proposed * for the rectangular and circular 
orifice, and these tu the first significant order are of the 


form: ais 
Ca = Cà) ’ 


{ r is the semi-vertical dimension of the orifice, 


H is the head mehsured from the centroid of the 
orifice. 


where 


The correction is found in each case to be negligible when 
ü is less than } ; but for large orifices it increases 
rapidly in importance at low heads, and it is known that 


under these circumstances the coefficient may actually fall 
with the head. 


(P) When an orifice is mounted horizontally the head is 
conveniently measured from the plane of the orifice, but here 
the jet is falling during contraction and under ordinary heads 


+ C. Monteil, Ann. d, Phys. et Chim, xxvii. (3) No. 85, p. 139 (1907). 


the ratio 
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values of the coefficient so deduced are not likely to correspond 
with those obtained when the orifice is vertical. Experiment 
shows that this is the case, and also indicates that for sharp- 
edged orifices up to 1°0 inch in diameter a satisfactory 
working agreement is obtained if the head is measured from 


a point about : below the plane of the horizontal orifice. 


Iu the case of the ideal liquid, however, it seems likely 
that the effect of variations in € will be small and usually 
negligible. Itdoes not necessarily follow that thisis the case 
when viscosity and capillarity are admitted. For guidance at 
this point we shall have recourse to experiment. 

Experiments have been made by G. F. Davidson * in the 
hope of establishing 7 as the sole.eriterion with submerged 
rounded orifices. He worked with an oil at different 
temperatures and found that the value of this argument 
did not fix the coefficient of discharge. The physical 
peculiarities of the oil used, however, give rise to some 
uncertainty as to the correct values of the viscosity to 
be applied, and the evidence cannot be regarded as con- 
clusive. W. N. Bond f. working with mixtures of glycerine 
and water through a sharp-edged drowned oritice, and 
assuming 7 as the criterion of flow, obtained results differing 
considerably from Davidson’s and showing variations in 
themselves up to 5 per cent. from the mean curve. On 
the other hand, determinations by J. L. Hodgson f of the 
discharge of air and water through a single orifice in a pipe- 
line indicate that for what may be termed limpid flow the 
quantity y. at least up to the limits of experimental 
accuracy, is a sufficient criterion of the motion. The 
balanee of existing evidence tends therefore to show that 
the error involved by the omission of the gravitational 
constant is not large, but it cannot be regarded as 
established that such an error does not exist, and it was 
thought well not to dismiss it without confirmation. 

Three series of experiments were made beuring upon this 
point, under the conditions of limpid, fairly viscous and 
very viscous flow. In each case the discharge was free. 

The first series of tests was carried out with an oil of 
similar properties to that emploved by Davidson, having 
a high viscosity of about 50. 107? ft.lb.sec. units at 15° C. 


, 


Variations in the value of the product (£) were obtained 


* Proc. Roy. Soc. lxxxix. p. 91 (1913). 
t Proc. Phys. Soc. xxxiii. p. 225 (1921). 
t Proc. Inst. C. E. cciv. p. 192. 
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by the use of orifices of various diameters from 0°48 to 
1:0 inches and by varying the head. The results which are 
plotted in fig. l indicate that for very viscous discharge 
the single criterion 7 determines the flow with sufficient 
accuracy, and that the inclusion of £ is unnecessary. 

In the second series water was used, and a range of 
values of 7 was obtained by varying the temperature and 
head with a given orifice. Two orifices 0'3 and 0°5 inch 
in diameter were employed and values of the coefficient 
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plotted against 7 as shown in fig. 2. The results at higher 
temperatures, possibly owing to the increased difficulty of 
avoiding turbulence and to inequalities of temperature in the 
orifice plate and in the liquid, were not so consistent as 
with cold water. When corrected for attitude and surface 
tension, however, they show no more serious departure from 
a single curve than might be due to experimental errors, and 
it seemed reasonable to conelude that for limpid discharge 
the criterion £ could be omitted without serious error. 

There was, however, in the results some indication of a 
systematic departure from the single curve, and a third 
series of tests was therefore made to cover the range of 
fairly viscous flow. A single orifice O'l inch in diameter 
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wis employed, and determinations were made with six 
different liquids varying in viscosity from 2.10-? to 
024.1075 ft.lb.sec. units and under heads between 5 feet 
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and 6 inches. The results are plotted in fig. 3. They show 
a distinct systematic divergence between the curves obtained 
with the various liquids, and indicate clearly that over this 
particular range the Mena a controlled by the single 
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criterion 7. The results have been left uncorrected for 
capillarity for the sake of clearness. Correction would 
further accentuate their divergence. 

The physical explanation ot these results is not altogether 
clear, but the fact that all the curves may reasonably be 
considered to converge upon a single point in the limit 
when 7=0 indicates that the divergence is not to be 
attributed to any variation in the value of the coefficient 
for a perfect liquid, and the fact that agreement becomes 
good again for very viscous flow, where in point of fact 
there is practically no contraction of the jet, suggests that 
the effect operates by modifying the contraction in viscous 
flow, and becomes small with either the viscosity or the 
contraction. Whatever the nature of the effect, the results 
furnish definite evidence that not only is it theoretically 
unwise to omit the gravitational constant in dimensional 


analysis without examination, but that such omission may 
lead under certain 


circumstances to serious errors in 
application. 


These results refer only to the case of the 
free discharge of a liquid into the air, and without further 
experimental work it would be unsafe to apply them to 
the conditions of submerged discharge. 

So far as the conditions of hydraulic discharge are con- 
cerned, however, the divergence is not serious, and a single 
curve connecting the coefficient with the values of 7 could 
be made to cover with good acenracy the range of viscosities 
over which water is likely to vary in practice. Moreover, 
the variations indicated in fig. 2 refer to smaller orifices 


than are normally employed, and agreement will improve 
as the size of the orifice is increased. 


EFFECT OF VISCOSITY. 


From considerations already advanced it will be clear 
* 


has by far the greatest influence 


upon the value of the coefficient of discharge, and it is 
proposed to seek now an approximate relation between 
the two whieh shall hold when £ and £ are constant or 
inoperative. The treatment is frankly of a rational nature. 
The assumptions made are in the main based on known 
empirical facts, while those specially introduced do not 


that the criterion n=} 


* Writing Cae f (7, Y E 
3 
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appear unreasonable and will rely for support upon experi- 
mental confirmation of the results. 
For simplicity we shall consider in the first instance 


flows in which H, J, = have constant values, so that the 


kinematic viscosity will be the only independent variable 
y 
lv 
By experimental tests it js found that the total loss of 
head H, during approach and discharge is for both water 
and very viscous liquids proportional to the velocity at 


under consideration and the criterion of motion will be 


the vena contracta. If, therefore, in the criterion i; the 


velocity v be defined by its value V at discharge, we 
may write yə 
2g 
where a is a positive number dependent only on the form 
of the outflow arrangements and the particular values of & 


and € From this it follows at once that the velocity of 
discharge is given by 

V*(1-+an) = V, 
so that the coefficient of velocity follows the law: 

Cy= (1+ay)-3, | 
and will of course decrease continuously as the viscosity 
becomes greater. 

Consider now a surface drawn normal to the stream- 

lines and containing the bounding circle of the orifice. 


The energy equation at any point on this surface may be 
written in a common notation : 


H,= ' an, 


where v is the velocity at the particular point and h, the 
loss of head incurred by the liquid in its movement up to 
that point. It seems reasonable to assume for descriptive 
purposes that this loss may be written : 
p 
h=. 
z 2g bn, 


where b is in nature similar to a. Now the curvature of 
the stream-lines is determined by the pressure gradient 
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across them. At the surface under consideration it follows 
that 
v? Po. 


p Ò (v 

— z2 =- (l z- dm). 

gp on (5+3) idi (3) 
But the velocity v will be less than the corresponding 
velocity vy under non-viscous conditions, and the two are 
likely to be related in a manner similar to V and V,: 
Vut n d 

2g 2g°l+o 

Hence the curvature will be given by : 


where 


and we have: 


po = + bn 
The coefficient of contraction C, is related to the curvature 
of the stream-lines at discharge by some expression of 


the form: : 
y med fie. qd 
C= (1 e£). 


By substitution it follows that 


E Um ia a iu) 
EE + li 1+by/’ 
where C, is the theoretical coefticient for the orifice, and 
since b is necessarily positive this is a continuously de- 
creasing function so long as Cy < 1. 
The value of the coetficient of discharge will be obtained 
by multiplying C. by C,. When the value of 7 is small we 
can obtain simple approximations to the coefficients : 


C, = Cotbn(1—-C,)(2—C,), Cy 21-27 


9* 
Whence it follows : 


Ca Cr b0(1— Co) (2 — Gp) San nearly. 


Whether CZ C, under these circumstances depends upon 


the comparative values of a and b and is not easily deter- 
minable. 
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In the case of a Borda mouthpiece, for which C, is 0:5, the 
question is settled definitely by tlie principle of momentum. 
The force causing discharge will be the unbalanced pressure P 
over the area of the orifice together with a frictional force F 
actiug along the surface of contact of the re-entrant tube and 
the liquid. The frictional force will act against the direction 
of motion of the liquid along this surface, and therefore will 
actually assist the discharging force P. The principle of 
momentum then requires: 


wHA +F = AV,?C.C,, 


where 


wHA =~-AV,%, 
g 


and it necessarily follows that 
CaC, > Co 
Ca > Co. 


Discharge will therefore increase with increasing viscosity 
under all conditions so long as the mouthpiece will run 
free. 

In the case of a perfectly rounded orifice the coefficient of 
contraction is always unity so that the coefficient of discharge 
will fall continuously. In intermediate cases the instances 
cited and expressions obtained show that the probability of 
an initial Increase in C, with 7 is much greater with low 
than with high values of the theoretical coefficient Co. 

The considerations just advanced have been based on varia- 
tions in viscosity alone, but the dimensional analysis shows 
that the results must necessarily hold in the same way for 
changes in the value of 7 from any cause which does not affect 
the values of £ or £. For flows in which this condition holds, 
or in which these factors are inoperative, we are led to the 
following conclusions :— 

l. An increase in the value of 7 will always tend to 
increase the coefficient of contraction from its value Co 
for a perfect liquid towards a maximum of unity. In the 
ease of very viscous liquids we may reasonably expect 
therefore that contraction will be almost completely sup- 
pressed and the discharging jet will have the same 
dimensions as the orifice. On the other hand, for limpid 
liquids the expression suggests that over a certain range 
the coetlicient will follow approximately a linear relation : 


C. — Cot Kn. 


and a fortiori 
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Determinations have been made to verify these results. 
With a very viscous oil discharging from sharp orifices 
0'3 and 0:5 inch in diameter no contraction could be 
detected at heads below about 18 inches. Accurate mea- 
surements, however, were difficult to make on account of 
the adhesive nature of the oil. At greater heads the 
contraction could be measured, and was found in the case 
of the 0'3 inch orifice to vary in a manner consistent 
with the general relation expected to a value of 0°81 under 
a head of 46 feet. 

- Fig. 4. 


Head in inches 


'66 


Coefficients. 


More accurate measurements were made upon the dis- 
charging jet of water from an orifice 0:48 inch in diameter. 
under heads from 2 to 15 inches, The results are plotted 
in fig. 4, and show the linear relation quite clearly. The 
linearity is probably helped in this case by the fact that 
the effect of surface tension on the contraction tends 
to balance the drooping of the line at low heads, but it 
is none the less noteworthy. Under the conditions of 
hydraulic discharge the values of 7 will normally be still 
lower, and the linear relation may therefore be safely applied. 

2. The coefficient of discharge is dependent upon the 
value of the coefficient of contraction which continuously 
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increases and the coefficient of velocity which continuously 
decreases as » becomes greater. For a sharp orifice the 
form of the expressions obtained suggests that increments 
in ©, may at first be greater than corresponding decrements 
in C, and the coefficient of discharge will rise to a maximum, 
beyond which changes in C, will predominate and it will 
fall towards zero as a limit. For a rounded orifice changes 
in C, will predominate throughout and the value of C; will 
fall continuously with increasing 7. The earlier part of the 
curve we may expect in either case to be approximately 
linear. Fig. 5. 


, o €* 33 ^ w 


A number of experiments were made to verify these 
conclusions. In these it was assumed that for hydraulic 
flow and very viscous flow the effect of E was unimportant, 
so that changes in head were admissible in varying the 
value of 75. 

(a) Determinations of the coefficient of discharge for 
water from sharp orifices of 0°48 to 1:0 inch in diameter 
under heads varying from 4 inches to 4 feet showed that 
the variations were generally in good agreement with 
the relation expected, corrections having been applied 
where necessary for capillarity. The collinearity of these 
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results, which are shown in figs. 4 and 5, is at low 
heads more satisfactory with small than with larger 
orifices, and with the 1:0 inch orifice the coefficient shows 
at heads below about 5 inches a distinct tendency to fall. 
The head in this case is no longer great compared with 
the diameter of the orifice, and the graduation in head 
across the section of the orifice begins no doubt to be 
effective. At the greater heads common in practice 
collinearity is very marked even without correction for 
surface tension and shows to better advantage on an open 


Cerrectons for 


Capillarity 
— none. . 
-—- —- normal. 


—*-— maximum. 


Head in inches. 


H 4 
scale. It is noteworthy that these experiments afford no 
evidence in support of a ‘ critical head" and a subsequently 
constant coefficient, and the conditions of viscous flow are 
easily maintained up to a value of Reynolds criterion 


LU 126.10? as compared with the value of 2000 which 
V 


roughly limits the viscous condition in uniform pipe flow. 
(b) The extent to which the linear relation holds was 

investigated by determinations of the discharge of water 

through a smaller orifice about O'l inch in diameter. The 
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result. (fig. 6) show that, assuming the correction for 
surface tension is adequate, divergence becomes evident 
with this orifice at a head of about 10 inches, and since the 
value of the corresponding head will vary inversely with 
the square of the diameter it is clearly outside the normal 
range of hydraulic application. The deviation of the curve 
from a straight line is in this case to be attributed to the 
fact that as the Coefficient of Contraction increases towards. 
the limit of unity its rate of increase becomes slower and the 
Coefficient of Discharge tends to approach its maximum 
value and subsequent fall. ! 

(c) Measurements of the coefficient of discharge under 
very viscous conditions have already been referred to 
(fig. 1), and these agree reasonably well with the form 
expected. 

(d) The manner in which the Cg, 7 curve passes over its 
maximum for a fixed value of the criterion £ is shown by 
the dotted lines in fig. 3. 


DETAILS OF EXPERIMENTAL METHODS. 
a. Experiments with Water. 
Coefficient of Contraction. 


The orifice used was 0°4805 inch in diameter, with edge 
as sharp as possible bevelled at 45?. The orifice plate was 
of brass, 8 inches diameter, 8 inch thick, and polished. It 
was mounted in a vertical wall of a tank 24 inches square 
in plan, and approach was stilled by means of sheets of 
perforated metal. 

Headings of head were made by means of a hook-gauge 
pointed upwards and a kathetometer. It was found that the 
hook-gauge was readily sensitive to ‘001 inch in still water. 
The dimensions of the escaping jet were measured by four 
micrometer depth gauges mounted in a square frame which 
was adjustable in a vertical plane about an inch from the 
sharp edge of the orifice. The points of these gauges were 
sharpened, and contact with the jet was indicated by the 
formation of ripples on the surface. The measurements 
were made at times when perfect steadiness could be 
maintained, and the diameters are considered correct to 
‘(02 mm. During these determinations the jet showed no 
visible unsteadiness at a distunce of four feet from the 
orifice. 
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Coefficient of Discharge. 

The same orifice was employed in the first instance, and 
later others of different diameters consiructed in a similar 
way, and screwed flush into a brass orifice plate. The 
orifice plate was mounted in the wall of the approach 
chamber and the water stilled as before. Fine adjustment 
of supply was arranged by means of a bye-pass valve con- 
troling the supply pressure so tliat the head could be 
maintained constant during runs. 

Heads less than 20 inches were measured by hook-gaupge, 
higher ones by the level in a glass tube connected to the 
tank. In each case a vernier was used reading to ‘01 inch. 
The jet was steady during runs except in the case of the 
0:9 and 1:0 inch orifices under heads of less than 8 inches, 
when a slight tendency to vortex motion was just dis- 
cernible occasionally. A swivel pipe below the orifice 
enabled the tests to be started and stopped with exactitude. 
The quantity discharged was measured by means of a hook- 
gauge and vernier mounted on a calibrated rectangular 
tank, and to ensure consistency the initial and final levels 
were npproximately the same in all determinations. 


b. Experiments with Light Oils. 


The determinations of the coefficient of discharge for 
light oils plotted in fig. 3 were obtained by timing the 
fall of level in a calibrated vertical pipe 6 inches in 
diameter. A control experiment made with water gave 
results in good agreement with those obtained at constant 
head. As atfording comparative results this method is 
found simple, expeditious, and reliable, and perfect steadi- 
ness is easily maintained. For absolute determinations the 
more usual method at constant head is preferred. The oils 
used were of paraffin base and varied from a machine oil 
to * paraffin oil’ through mixtures of various proportions. 


c. Experiments with Crude Oil. 


The oil was a Mexican crude oil of sp. gr. 0:957 at 15°C., 
and of a similar nature to that used by Davidson. Its 
viscosity is high (about 50. 1073 ft.lb.sec. units at 15? C.) 
and varies very considerably with the temperature. More- 
over, the viscosity is also dependent on the recent history 
and mechanical treatment of the oil. The normal (minimum) 
viscosity is only attained after considerable pumping or 
working, and there is evidence of plasticity until this state 
is reached. The oil is rich in asphaltie constituents. 
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Physical homogeneity in the oil during a series of deter- 
minations is not easy to secure on account of its high 
viscosity and low conductivity, which are apt to keep local 
the quite sensible temperature rise due to continued 
circulation. 


Low Heads. 


The same orifices were used as with water, mounted in 
the same way in a vertical plane. The supply of oil 
was maintained by means of a ram pump and controlled 
bv a bye-pass valve. Variations in temperature were 
found to exercise such an important influence that continual 
readings on a thermometer in the discharge jet were 
necessary to ensure reliable results. Temperature effects 
in the results were overcome by running at different 
temperatures and reducing to standard conditions by inter- 
polation. 

Head was measured by hook-gauge in the approach 
chamber. At low heads it was not possible to maintain 
a free jet, so that determinations were of no value. The 
discharge was measured as for water, but owing to the 
nature of the oil a similar accuracy is not to be expected, 
and errors up to 1 per cent. are not unlikely. 


Greater Heads. 

Supply was maintained by pump to a closed approach 
chamber, and pressure variations due to the fluctuating 
supply were reduced by a device which had the effect of a 
large air-vessel. Oil level in the approach chamber was 
indicated by a mercury gauge. 

The head was controlled by means of the air pressure and 
measured on a mereury gauge connected by a short oil lead 
to the orifice chamber. Jt was found that this device 
followed quite closely the changes in pressure. Control of 
supply, measurement of discharge, and continual reading 
of temperature were carried out as at low heads, and in the 
later work the viscosity was measured during each run by 
means of a tube fitted to the side of the approach chamber. 
It was also found more expeditious to weigh the discharge 
rather than to measure it by hook-zauges. 


The author wishes to thank'the University of Leeds for 
facilities in carrying out this experimental work and for 
supplving most of tlie eapparatus used. His personal thanks 
are also due to Professor Goodman for his keen interest and 
encouravement, 


Leeds, 
December 1925. 
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LXXIX. Self-lteversal of the Red Hydrogen Line. 
By R. W. Woon *. 


I is usually assumed that solf-reversal of a spectrum line 

can occur only when a cooler or less powerfully excited 
layer of the luminous gas lies between the spectroscope 
and the source of the radiation, as for example when 
the yellow sodium lines of an arc or bunsen burner are 
reversed by the mantle of less luminous or non-luminous 
vapour surrounding the flame. We should not, therefore, 
expect reversal in the case of an end-on spectrum tube so 
constructed that no dead-space existed between the discharge 
and the exit window. 

I have, however, repeatedly observed self-reversal of both 
components of H, under the above specified conditions. 

Experiments were in progress with a view of obtaining, if 
possible, the resonance radiation of excited hydrogen. A 
long hydrogen tube, brought to what I have called in 
previous papers the “black stage" (in which only the 
Balmer lines are seen when the tube is viewed through a 
prism, the region between the monochromatic images being 
quite black), was mounted alongside and close to a second 
hydrogen tube, feebly excited by comparatively low voltage, 
and an increased illumination looked for (end-on) when the 
light of the powerfully excited tube was allowed to enter it. 
No trace of the phenomenon was found, though Dr. M°Curdy, 
working in our laboratory, has recently observed it in the 
case of helium, under similar experimental conditions, and 
it was most heautifully demonstrated to me recently by 
De Groot in the Philips laboratory at Eindhoven. 

Failure to obtain any indication of resonance-radiation 
under any conditions, —I tried several other arrangements, 
— made it seem necessary to examine the conditions under 
which Hydrogen absorbs the light of H,. 

The phenomenon of the reversal of the hydrogen lines in 
the laboratory has been observed and described many times 
(Ladenburg and Loria, Hulburt and others). In all of 
these cases the conditions were not quite the same as those 
obtaining in the case of resonance radiation. It was neces- 
sary to see whether feebly excited, and nearly non-luminous 
hvdrogen, could be made to absorh the two components of 
H, emitted by a tube of moderate luminosity or cause their 


* Communicated by the Author. 
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reversal. I accordingly constructed a tube system as shown 
in fig. 1—A the emitting, B the absorbing tube. 

The right-angle bends were blown out paper-thin, so that 
clear vision. through the whole system was possible. The 
spectroscope and echelon grating were placed at a distance 
of about two metres from the end of the B tube, and its 
end-on image projected on the slit with a lens of 3 cms. 
diameter and 20 cms. focus. 

This disposition is necessary if it is desired that every 
portion of 4 long tube contributes equally to the illumination 
of the instrument, as I have pointed out in previous papers. 
The tubes were excited independently by means of two high 
potential transformers. 


Fig. 1. 


ube 


ap!!! 
fy d. 6€ 


With A moderately excited, so that the two components of 
H, showed well separated in the echelon, it was found im- 
possible to reduce their intensity or cause reversal by a feeble 
discharge in B. It, however, the current in A was augmented 
until the components fused together, and a current of equal 
intensity passed through B, H, became a wide hazy line with 
two distinct darker lines in the position previously occupied 
by the two components. It was then found that the reversal 
of the two components could be effected without employing 
the tube B at all, by merely increasing still further the 
current in A. In other words, self-reversal appeared under 
conditions precluding the existence of an absorbing layer 
under physical conditions different from those of the 
emitting layer. 

By no current adjustment could the reversed components 
be made really dark. They were dark only in comparison 
to the very bright field on which they were projected. 

The reversal takes place in the following way I believe. 
It is well known that the intensity of the light emitted by a 
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gas which both emits and absorbs a radiation of given wave- 
length increases as the depth of the radiating layer increases, 


; E 
reaching a final maximum value defined by AC beyond 


which point a further increment in the thickness of the 
layer contributes nothing to the illumination. This 1s the 
illumination due to a layer of infinite thickness, but 1n 


practice we have a value practically equal to this with a 
depth of moderate thickness, say from 20 to 50 cms. in the 


case of powerfully excited hydrogen gas. 

As I pointed out about twenty-five years ago, it is due to 
this circumstance that a hydrogen tube appears white or 
blue-white when viewed end-on and purple when viewed 
through the side. 

With a layer of fixed thickness as in our vacuum tube 
we can bring the intensity up to its maximum value (viewed 
end-on) by merely augmenting the current. It is a little 
easler, however, to think of the thing in terms of inereasing 
thickness. 

As we increase this the intensity of the components of H, 
increases, at first rapidly, and then more slowly, finally 
reaching a maximum value beyond which there is practically 
no further increase no matter how much we increase the 


thickness. This intensity (defined by Hd is the intensity 


of the dark lines which we observe when we further increase 
the thickness, and cause self-reversal. To see how this comes 
about we have only to assume that the absorption is less, in 
proportion to the emission for wave-lengths differing slightly 
from those of the two monochromatic components of H,, in 


. È l 
other words the ratio A has a higher value for the edges of 


the lines than for the cores. Representing the intensity 
increase corresponding to increased thickness by curves 1n 


the usual manner, we have the phenomenon of reversi 
pictured in fig. 2. Curves 1, 1 the two components of H, for 
a thin laver, curves 2, 2 for a layer of moderate thickness, 
showing the cores of the components at their maximum 
intensity, and curve 3 showing the reversal with dark lines 
of the same intensity as the bright lines of curve 2. 
Previous investigations on the reversal of the hydrogen 
lines have been made with a source giving a very bright and 
more or less continuous spectrum, e. g. a fine capillary filled 
with hydrogen at rather high pressure, or a spark under 
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water, the light being then passed through a tube filled with 
hydrogen at low pressure and moderately excited. The 
former arrangement was employed by Ladenburg, and my 
impression is that certain of his results led him to believe 


varied with the wave-length. This con- 


clusion was questioned by others at the time, but the 
observations reported in this paper appear to con'irm it. 
The widening of the hydrogen lines with increasing current 
density is attributed by Merton to a Stark effect resulting 
from the electric fields of neighbouring atoms, aud I am 


that the ratio 5 


Fig. 2. 


inclined to agree with him that the type of reversal with 
which we are dealing will have to be explained by taking 
this effect into account. 

The peculiarity of hydrogen seems to lie in the fact that, 
at least under the conditions described, it is impossible to 
reduce the intensity of the lines by passing the light through 
a layer of less powerfully excited gas, the latter contributing 
always more light than it absorbs. No matter how feeble 
the excitation an actual darkening of the lines seen through 
the gas can never be detected. This behaviour of the gas is 
due, I imagine, to the circumstance that we are working 
with it in the molecular condition. As I showed in an 
earlier paper, if we operate with dry hydrogen, and free the 
walls of the tube from adsorbed water vapour, it is possible 
to excite the tube with a heavy current and obtain only the 
secondary spectrum, with no trace at all of the Balmer lines. 

It may very well turn out that if we have only atomic 
hydrogen in the absorption and excite it at the lowest 
possible potential, the conditions for absorbing the light 
of the Balmer lines may be better realized. 

This could be investigated with a long straight tube with 
three electrode bulbs instead of four as in fig. 1, the central 
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electrode being connected to one pole of the transformer, 
and the end electrodes to the other, the one terminating tle 
absorption tube through a very high resistance. A stream 
of atomic hydrogen will then flow continuously from the 
powerfully excited tube into the absorption tube, where it is 
again excited by a lesser potential. 

Several years ago, when working with atomic hydrogen 
I found that, if a small discharge tube was placed in circuit 
with the tube leading from the main discharge tube to the 
pump, it could be kept permanently filled with atomic 
hydrogen, which flowed out of the line of discharge to the 
pump. If the small tube was operated by a coil giving a 
very minute spark, the colour of the discharge was white, if 
no current was passing in the main tube, but purple (Balmer 
lines only) the moment the main tube was excited. The 
atomic hydrogen gradually passes back into molecular, 
owing to catalysis by the walls, as it passes down the tube, 
so that it is important to have the second tube as close as 
possible to the main discharge. 

The self-reversal described in the earlier part of the paper 
I have seen only with an echelon, a twenty-plate one by 
Hilger, with the plates in optical contact. No trace of it 
appeared with either of the very fine quartz Lummer-Gehrke 
plates also by Hilger. N.A. Kentand I looked for it in vain 
ina much larger Lummer plate of glass, but saw it distinctly in 
his large glass echelon, the plates of which were not in optical 
contact. The phenomenon resembled so strongly the “ grid- 
structure " shown by echelons of this type, that I was inclined 
to agree with him at the time, that it might be spurious 
(?. e. instrumental), but Dr. M*Curdy and I observed it this 
winter with another echelon (optical contact) which we 
borrowed from Princeton, so I feel sure that it is real. Its 
failure to appear with the Lummer plate is probably due 
to some peculiarity of the intensity curve of the interference 
pattern of that instrument. 


[The Editors do not hold themselves responsible for the 
views expressed by their correspondents. | 
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I. Arc. 
II, Glow. 
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III. Arc showing Balmer Series and Secondary lines. 
HYDROGEN ...... IV. Glow. Water band prominent. 
V. Glow, Water band disappearing. 
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LXXX. The Theory of the Vane Anemometer. By E. OwER, 
A.C.G.I., B.Sc. (National Physical Laboratory) *. 


IL. AB the vane anemometer has been in fairly 

common use for a considerable time, its behaviour 
has not hitherto been subjected to theoretical treatment, and 
consequently does not appear to be completely understood. 
As a means of measuring wind speed, more particularly, - 
perhaps, in the range of low speeds where such small pressures 
are set up by the motion that their accurate determination 
becomes a matter of considerable difficulty, its simplicity 
renders it an exceedingly useful instrument, and if properly 
used it is capable of giving all the precision ordinarily 
required. 


1.2. Before proceeding to a detailed analysis, we shall find 
it useful, in order to define the problem for consideration, to- 
examine briefly the construction of the instrument. It 
consists, as is well known, of a number of flat light vanes, 
mounted on radial arms rigidly attached to a common spindle. 
The latter is placed along the wind direction and the vanes 
are inclined to the wind in such a manner that a torque is 
produced which causes them to rotate in a path perpendicular 
to the wind direction and at a speed which is a definite 
function of the wind speed. The motion of the spindle is 
communicated by suitable gearing to a pointer moving over 
. a graduated dial. Normally, the dial is graduated in feet, 


* Communicated by Mr. R. V. Southwell, F.R.S. 
Phil. Mag. S. 7. Vol. 2. No. 11. Nov. 1926. 3M 
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and experience has taught manufacturers of these instruments 
how to proportion the various dimensions, vane iuclinations, 
and gearing ratios so that the number of feet indicated on 
the dial in unit time is more or less equal to the distance 
traversed by the wind in the same time, i. e., to the wind 
speed. 


1.3. It will be apparent from the foregoing remarks that 
the speed of rotation of a given set of vanes will be deter- 
mined not only by the wind speed, but also by the mechanical 
friction introduced at the spindle bearings and by the gearing. 
Tn the ideal case where friction is entirely absent, the curve 
of indicated wind speed against true wind speed will be a 


Fig. 1. 


Indicated Wind Speed. 


oA 8 
True Wind Speed. 


straight line passing through the origin (this is shown below, 
equation (2)) whose slope will be determined by the inclination 
of the vanes to the wind direction. In practice, however, 
friction has an appreciable effect, especially at low speeds 
when the wind forces on the vanes are small, and the usual 
calibration curve of a vane anemometer is as shown in fig. 1. 
At high speeds the curve in nearly every case exhibits no 
sensible departure from linearity, but at low speeds it bends 
over somewhat in the manner shown, the abscissa OA repre- 
senting the true wind speed at which the vanes just commence 
to turn. The values of the wind speed corresponding to OA 
and to OB (above which the curve is linear) vary, as is to be 
expected, with different instruments; in a very sensitive 
anemometer specially designed for use at low speeds OA was 


ET 
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found to be about 0:5 feet per second, and OB about 1:0 feet 
per second. 


1.4. This brief exposition of the characteristics of these 
instruments serves to define the Jimitations to which tliey 
are subject. It is often stated that vane anemometers are 
unreliable and give inconsistent readings which cannot be 
explained. The writer has, however, had considerable 
experience with the instruments, which certainly does not 
bear out these remarks. It appears probable that trouble 
frequently arises through the use of an instrument to measure 
wind speeds for which it is not suitable. It is not ordinarily 
advisable, for example, to attempt to measure speeds less 
than OB, which fall on the lower curved part of the cali- 
bration curve. On the other hand, if the speed is too high 
the vanes may suffer a permanent ‘angular distortion which 
will cause a corresponding permanent alteration in the 
calibration curve. Most makers supply an instrument for 
general use which nay safely be used for speeds ranging 
from 5 or 10 to 50 feet per second. For speeds higher than 
this special instruments of heavier construction can be 
obtained ; for lower speeds instruments of the form designed 
by the writer " may be used with advantage, and will be 
found to give consistent readings down to about 0°6 feet 
per second. 


1.5. A further point which must be remembered is that 
every instrument must be calibrated in a wind tunnel or on 
a whirling arm where the wind speed relative to the vanes 
can be regulated and measured bv independent means. It 
is exceptional for two instruments made to the identical 
pattern and dimensions to have ident:cal calibration curves. 


2.1. In a theoretical discussion of the vane anemometer 
we have to consider a number of conditions. The relation 
between indicated and true speed shown by the curve of 
fg. 1 holds only for the case in which the instrument is 
placed in a steady wind, whose speed is uniform across the 
whole vane circle. In practice, however, these conditions 
are not usually realized, and we have the following three 
cases to consider :— 

(a) Readings obtained in a fluctuating wind. 

(b) Effect of variation of air density. 

(c) Readings obtained when the wind speed varies 

across the vane circle. 

* A description of this instrument appeared in the ‘Journal of 

Scientitic Instruments,’ vol. iii., January 1926, p. 109. 
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2.9. Equations oF MorTIon. 
Notation. 


F = air force on blade. 

T = frictional torque. 

Q == wind torque. 

V = wind velocity. 

v = linear tangential velocity of centre of pressure 


of blades. | 
V = V xv = velocity of wind relative to blade. 
n — rotational speed of blades. 
A = area of one blade. 
D = outside diameter of blade circle. 
= number of blades. 


r = distance of centre of pressure of blade from axis 
of rotation. 


p = air density = weight per me volume | 

N = rotational speed of pointer. 

C = gearing constant, such that N = Cv. 

K = wind force coefficient (see below). 

@ = inclination of blade to wind direction. 

$ — inclination of blade to relative wind (= “ inci- 


dence " of blade). 


y = angle of resultant wind force on blade to relative 
wind direction. 


I = total amount of inertia of all blades about axis of 
rotation. 


g = acceleration due to gravity. 


(i.) Fundamental Equation. 


The anemometer may be regarded as a windmill, and 
aerodynamic theory has established the fact that for a 
windmill the wind torque Q may be written 


Sipe (e). e d OD 


where f(nD/V) represents some function of (nD/V) which 


has to be determined. 
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(ii.) Equations jor Particular Cases. 
(a) Mechanical Friction Absent. 


Let PQ (fig. 2) represent one blade inclined at an angle 8 
to the wind, and let O be the centre of pressure of the blade. 
(It should be noted that the blade is rotating in a circular 
path perpendicular to the plane of the paper.) The blade 
PQ will move instantaneously along OS, perpendicular to 
the wind direction RO, with a veloi v such that the 
resultant of V and v lies along QP, 


l. e. v = V tan Ó, 
and We One OF tant, us . (2) 
F;g. 2. 


In this case, therefore, the calibration curve of the instru- 
ment will be a straight line passing through the origin. 
Fig. 3. 


(b) Mechanical Friction Present. 


The velocity diagram now becomes more complicated, and 
it is necessary to consider the forces acting on the blade. 


/) ? T 
Digitized by Ie 3 00Q yle 
ce 
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PQ will still move along OS perpendicular to the wind 
direction but at a lower speed v so that the resultant of 
V and v, i.e., the wind speed V relative to the blade, will 
now be inclined at an angle $ to the plane of the blade. 
The blade now becomes a flat plate inclined to the wind at 
an angle of incidence $, and there will be a resultant force 
F on the blade acting along OW inclined at an angle y to 
ON the normal to the relative wind direction. The com- 
ponent of F along OS multiplied by the distance of O from 
the centre of rotation and by the number of blades, supplies 
the torque which overcomes the resisting torque due to 
mechanical friction. 

Now from experiments on the forces acting on flat plates 
In moving currents of air we have the equation 


F 2 KoV?Aa, 


where K is a numerical coefficient depending on the in- 
cidence a of the plate, and the other symbols have the 
significance tabulated in the list above. 

Neglecting the inflow factor (i. e., slowing up of the air 
entering the vane circle) and mutual interference between 
the blades *, we may therefore write for the blade under 
consideration 


F = KpV?AQ. 


Resolving along OS, putting V? = V? 4 1°, and equating the 
wind torque to the frictional torque, we therefore have for 
steady motion 


T = KpPA(V?+ v?)mr cos (@—gGt+y). . . (3) 


Also v= Vtan(06—4), . . . . . (4) 

so that, substituting the value of $ from (3) in (4), we have 
T 

v= V tan | 0— KAN a sh 5209 


The utility of equation (5) will be apparent later when we 
consider the effect of variation of density. 

From consideration o£ (4) we see that at high speeds when 
the relative effect of friction is small in comparison with the 
wind forces, ¢ is small compared with @ and the calibration 
curve of the instrument will be practically linear. At low 
speeds $ becomes large compared with 6, and v will be zero 
at a certain low value of V when $ becomes equal to 8. 

* The construction of the instrument and the conditions under which 


it works are such as to warrant the assumption that both these effects 
will be small. 
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2.3. CALCULATION OF THE MECHANICAL FRICTION ToRQUE T. 


A knowledge of T is required for the solution of the 
first and third of the problems stated above (see 2.1). 
Obviously, the mechanical friction will depend upon the 
construction of the anemometer so that it cannot be computed 
from first principles ; it has to be determined separately for 
every instrument by experiment. The necessary tests, 
however, are simple and comprise only a calibration to 
establish the relation between vand V for a number of values 
of the wind speed V. By the use of equations (3) and (4) 
T can then be calculated for different values of V, as follows. 


Fig. 4. 


Values of y (degrees). 


Angle of Incidence ¢ (degrees) 


Fig. 5. 

Y 0-02 
Un 
O 
N 
v 
3 
G 
> 

0-01 

IO 20 30 4o 


Angle of Incidence $ (degrees). 


For a given V,the value of v is known from the calibration 


curve, so that $ can be determined from equation (4), 0 being 
a measurable dimension in the instrument. The angle $ 
now represents the effective incidence of the blade for the 
conditions under consideration, and K and y can therefore 
be determined from the aerodynamic characteristics of flat 
plates found experimentally by G. Eiffel*. For convenience, 
these quantities are reproduced, for the case of square plates, 
* ‘Ta Résistance de l'Air et l'Aviation, p. 134. 


Revolutions per Second of Pointer. 
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in figs. 4 and 5. (It is sufficiently close for our purpose to 
take square plate characteristics.) All the quantities in 
equation (4) are now known with the exception of T, which 
can therefore be calculated. 

Calculations of T have been made in this manner for the 
writer's low speed vane anemometer mentioned above *. The 


Fig. 6. 


Calibration Curve for Low- Speed Anemometer. 
O15 


\ 


T Ti- 


^6 i 2 3 4 
Wind Speed (fect per second). 


calibration curve of this instrument is shown in fig. 6, and 
its mechanical constants, are as follows :— 

A = 0:007 sq. feet. 

D SE 0:312 feet. 


m = 8. 
r = 0:125 feet. 
C = 0:0254. 


I = 192x 107? slugs ft? 
ü revs. of pointer _ 1 
Tae ‘revs. of vanes 50° 
For steady motion Q = —T, and the values of T obtained 
in the manner just indicated were inserted in equation (1), 
nD 


and a curve of Ap against y wes plotted. This curve 


Loc. cit. 


Ww 
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is reproduced in fig. 7 ; it will be seen that above V = 1 foot 
per second the curve is linear and can be expressed in the 
form 5 > 
Q 0 395^. 
PVD = —(153-40 33547, . . . (6) 
so that, incidentally, 


(7) = —01534 039557 


Fig. 7. 


70-10 wr 


-0-15 


It appears, therefore, that over the linear part of the 
calibration curve we may write 


Q MN . (1) 


where a and b are constants, and this result may be expected 
to apply, in the region of linearity, to all instruments, the 
values of a and b varying from one to another. 


3.1. EFFECT oF A FLUCTUATING AIR SPEED. 


In order to investigate analytically the effect of a 
fluctuating wind speed, we may assume that V at any timet 
is given by the simple harmonic relation 


V=V,(1l+Asinpt), . . . . . (8) 


where V, is the value of V at time to. 
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We will imagine this fluctuating speed suddenly impressed 
upon the anemometer which was previously rotating at a 
. steady rate n in a steady wind of speed Vo. 

From equation (7), we have, at time t — 0 


Q, = p VD: (a0), 


0 


and at time t = t shortly after 


= zi a2p3 J notn 
Qi = Qo +9 = p(Vo v) D pero vera i5 


where q, v, and n are small changes in Qs, Vo, and no 
respectively. 
Hence 


nr = 2a Vw tac + 0D(Vo 4 v)(ny n) 


= LD(V, + v)n + v(2aVo + b Dnj) T av’, 
and ie t = AV, sin pt, we have 


obi = bDV (1 +A sin pt)n+AVy(2aVo + bDno) sin pt 
+anr?V,? sin? pt. 

Hence the equation of motion for the rotation ina fluctuating 

wind of the assumed nature becomes 


^D d an + bDV,(1+ Asin pt)n= — (2aVo+bDng)rAVo sin pt 


—aXN Vo sin? pt, 


At i +a(1+2sin pt)n = Bsin pt-pysin!'pt, . (9) 
where - 0D VoD? 3 
a Onl’ 
AV (2aVo+bDro)pD*, 
Pomo Sal B... 00. 
and a — OX Vep D’ | 
= so j 


The solution of (9) is 


A 
«(t E 0s Hs d C. 


(10) 


(t- > cos pt) , - 
ne ? = | (B sin pt y sin? pt)e 
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This solution cannot be reduced further without making 
certain assumptions based on practical considerations. We 
have assumed that the wind speed varies according to a sine 
law about a mean value Vy, but have not yet assigned 
magnitudes to the amplitude or period of the variation. In 
practice, the frequency of the fluctuations in an artificial air 
current is of the order of one or two per second, and we may 
further justifiably suppose that some effort is being made to 
maintain the speed reasonably constant (we must exclude 
natural winds from consideration), so that it is unlikely that 
the speed will vary by more than +10 per cent. from the 
mean. We will therefore assume that the frequency is 
2 per second (i.e., the periodic time is 1/2 sec.) and the 
amplitude +10 per cent. of the mean speed. Hence in 
equation (8) we have 


9T 
P = Tp and r= 01, 
ia > = 0:008. 
P 


*9 
Equation (10) then becomes 
ne 54-9908 cope) Z [a sin pt 4- y sin? pt)e "V - 999999120 de 4. Cy. 


Now the maximum value of 0:008 cos pt is 0-008, so that 
when ¢ = 0*8, i. e., before the motion has proceeded for one 
second, this term becomes less than 1 per cent. of t, and 
afterwards becomes relatively smaller. It is therefore 
legitimate to neglect 0:008 cos pt in comparison with t, and 
we may write, with sufficient accuracy, 


ie" -| (B sin pt 4- y sin? pt)e*' dt 4- C, 


the right-hand side o£ which can now be integrated, giving, 
after reduction, 


B(asin pt —pcospt) , yla c 4p? —a*cos2pt —2apsin2pt) 
db o oe 2 2 
a" +p Za(a* + 47°) 
dua c4 uuu. ow dele oue El) 


The value of the constant C, can be obtained by putting 
n — 0 when t — 0 since n is the change in the rotational 
speed of the vanes from its value at the commencement of 
the fluctuating motion. We are, however, not concerned 
with the value of C, since the term Cje-*! represents a 


n = 
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quickly damped initial disturbance *. The motion therefore 
rapidly assumes a steady periodic character represented by 
the first two terms of (11), and the average value of n can 
easily be seen to be y/2a. Substituting the values of y and a 
given above (9a), we obtain finally :— 

3 
Average value of rotational speed above mean = — aa Vos 


2bD 


where V, represents the mean about which the wind speed 
fluctuates, and the mean rotational speed will be that taken 
at speed V, from the calibration curve obtained in a steady 
wind. 

In other words, this implies that the anemometer, when 
placed in a wind fluctuating in the assumed manner about a 
mean value Vo, will rotate ut an average rate higher by y/2c 
than the rate at which it would rotate 1n a steady wind speed 
Vo; i.e., an anemometer in a fluctuating wind gives readings 
in excess of the inean wind speed. 

: y an? : 

It will be seen that the quantity z(= — obD Vo) is 
independent of the period of the fluctuations in the wind 
e and of the moment of inertia of the vanes. It appears 
that these quantities will merely determine the lag of the 
periodic motion of the vanes behind that of the vind whilst 
the mean amplitude of the motion of the vanes is affected 
only by the amplitude of the variations of the wind speed. 
(An inspection of (11), however, shows that the actual value 
of n at any time is influenced by p and I; it is only the 
average value of n that is independent of these quantities.) 

To obtain some idea of the magnitude of the excess reading 
obtained in a fluctuating wind, we may apply this result to 
the low-speed anemometer to which reference has already 
been made. The values of a and b are given in equation (6), 
and the value of D will be found in the list of constants for 

2 
this instrument. The value of — 2 V, will be found to 
become 0:0062? V, (a is negative), assuming X as before to 
be 0-1. We can now draw up the following table in which 
the value of 0:0062 V, is shown for various values of V, ; the 
value of n, corresponding to each value of V, was derived 
from the calibration curve obtained in a steady wind (see 
fig. 6), aud the last column, in which 0:0062 V, is expressed 
as a percentage of no, shows the percentage increase in the 
* In the case of the author's low-speed anemometer this disturbance 


is reduced to 1/10 of its initial amplitude in just over 3 seconds when 
V, z 1 foot per sec.., and in correspondingly shorter times as Vo increases. 
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readings of the instrument when placed in tlie fluctuating 
wind of mean speed V,. If the instrument read the true 
mean speed, this percentage would be zero ; actually it is 
not zero, but is alwavs less than 1 per cent. As the assumed 
value of X is probably on the high side, if we consider only 
those cases in which measurements are made of the speed of 
air currents produced by fans running at speeds which are 
intended to be maintained constant, it appears legitimate to 
assume that in practice the effect of a fluctuating wind on 
the readings of an anemometer may usually be neglected. 


V, 00062 Y, -~ í Percentage 


error in readin 
Feet per sec. revs. per sec. revs. per sec. : ee 
of anemometer. 


1 0-0062 | 0-660 | 094 
2 0:0124 | 1-93 | 0:64 
3 0018686 | 3:15 | 0:59 
4 00M8  ' — 43i 0-375 
5 00310 | 5:56 | 0-56 
9.5. ErrECT oF VARIATION OF AIR DENSITY. 


From equations (3) and (4) it will be seen that the 
value of $ depends partly on the air density p, so that 
the ealibration of theanemometer will vary somewhat with p. 
Equation (2), however, which gives the calibration curve 
when mechanical friction is neglected, shows that in this 
case p does not appear. It seems probable, therefore, that 
at the higher wind speeds, when frictional forces are 
relatively small compared with the air forces, the effect of 
variations in p will be small and may be neglected. But if 
an anemometer is employed for the measurement of low 
wind speeds, for which purpose it has an eminent superiority 
over other instruments, it is necessary to investigate more: 
closely the effect ofa variation in p. Errors may then arise on 
account of the fact that when measurements are being taken 
the air density may differ somewhat from that existing at 
the time when the instrument was calibrated, for which 
conditions only the calibration curve is strictly valid. The 
writer has already investigated this effect in a communication 
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to the ‘Journal of Scientific Instruments *, but for the sake 
of completeness he has thought it advisable to reproduce it 
briefly here. He wishes to acknowledge the courtesy of the 
Editor of that Journal for permitting him to do so. 
Equations (3), (4) and (5) are employed for this purpose. 
Let sufüixes 0 refer to the conditions under which the 
instrument was calibrated, and suffixes 1 to the conditions 
under which measurements are being made, e., when the 
air density has changed from pọ to p, For any given value 
of V, vy can be obtained from the calibration curve, and 
the frictional torque Ty and ¢, can be obtained from 
equations (3) and (4). The new value of $ when the 
density is p; is given by 
$= 
* Kip, ACV? + vj?)mr cos (@—¢, yi) ` 


Now, in practice the air density does not frequently change 
by more than about 3 per cent., although extreme variations 
of over 4 per cent. are occasionally experienced. In any 
case, the change is always small, so that we can assume tliat 
the frictional torque is unchanged, ?. e., that T, = Ty. We 
therefore have the two equations 


T 
me AY"aDacdzessy E 


(12) 


and 


v = V tan (0 — $1), e o oè o >œ (14) 


which are theoretically sufficient for the determination of 
h, and v, if the small variations in y are neglected. 

Actually, however, the solution is complicated, and it is 
quicker to resort to the following method of successive 
approximation :—Since we are dealing with small changes, 
a first approximation to the value of $, is obtained by 
assuming that v, = vo, K, = Ko, and yı = y, Equation (13) 
then becomes, if the value of T, from (3) is inserted, 


_ Po 
$i $i Qo. 


By substituting this value of d, in (4) a first approxima- 
tion to the value of v, is obtained. We can now calculate 
(V?+ v,?) and get first approximations to the values of K, 
and y, and, by putting these in (13). obtain a second 
approximation to $, and hence to vj. The process can be 


* Loe. cit. 


n M——— — — 


| the Vane Anemometer. 895 


repeated a further stage, if desired, but two approximations 
will usually be found to be sufficient. 

The following table shows the results of calculations made 
in this manner for the author's low speed anemometer, on 
the assumption that p is 3 per cent. in excess of its value at 
which the calibration curve was obtained. 


Air density. 
- | p 1:03 p B i Percentage 
bou. El | oS CR beet ee ee change in v 
Linear blade Linear blade = 100x Lim 
speed vo. speed ty. Vo 
Feet per scc. Feet per sec. 
07. 0:204 0:219 12 
0:8 0:303 0:319 53 
1:0 0:519 0:533 27 
1:5 1:021 1:033 | 1:1 
20 > 1:520 | 1:531 | 07 
5-0 437 | 4°39 | 05 
| 


From these results it will be seen that the effect of 
variations in p may be appreciable at low speeds and should 
be considered for accurate work. Although the assumed 
change in p is somewhat on the high side, it should be 
pointed out that the instrament to which these results relate 
was specially designed for low speed work, the construction 
being carefully carried out with a view to reducing mechani- 
cal friction to a minimum. The table emphasizes the danger 
of using unsuitable instruments for low speed measurements 
and the desirability of measuring and recording the air 
density at which the instrument was calibrated and that 
obtaining during subsequent experiments at low speeds. 
For high speeds this refinement is unnecessary. 


3.3. EFFECT OF A VARIATION IN WIND SPEED ACROSS THE 
VANE CIRCLE. 


In general the distribution of velocity across a pipe 
along which air is flowing is not uniform, the velocity being 
higher at the centre than near the walls. It is well known 
that in order to determine the quantity of air flowing in such 
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a case, the velocity has to he measured at certain definite 
rudii, which are the mean radii of a number of imaginary 
concentric zones of equal area into which the pipe has to be 
divided in making measurements. The question therefore 
arises whether, when measurements are made by means of 
an anemometer, the instrument must be placed with its axis 
at the radii in question or at other points, the answer 
depending on whether or not the anemometer will rotate at 
the speed appropriate to the velocity of the filament o£ «ir 
at the centre of its disk or at a rate corresponding to some 
other wind speed. 


Fig. 8. 
3 


6 


7 


In fig. 8 let O1, O2, O3, etc., represent the median lines of 
the eight blades of the anemometer (eight blades are almost 
invariably used) and let r be the radius to the centre of 
pressure of a blade. Let blade O1 be at an angle « to the 
reference line PQ, and let the velocity vary along PQ 
according to the relation 


V=V,(1+Ar+Br?), . 0... (15) 


where V is the velocity at any point along PQ, distant x 
from P where the velocity is Vo. 

Also let PO = OQ =r. 

Assuming the velocity distribution perpendicular to PQ 
to be uniform, t.e., that the velocity at all points on a line 
perpendicular to PQ is the same, we can write down the 
velocities Vi, Vs, etc., of the air impinging on the centre of 
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pressure of each blade as follows :— 


V,= Vo | 1+ Ar(1+cos a) + Br?(1+cos a)*|, 


Vz, = Vo [1+ Ar(l toos, +a) + Bri(1 + cos 7 ta), 


Vs, = V, E + Ar(1—sin a) + Br'(1—sin a) | l 


D 


V, = Vo [1+ Ar(1 —sing +a) + Br'(1—sin7 tap], 


V, — Vo [1+ Ar(1—cos a) + Br*(1—cos a)i], 


V, = Vo E + Ar(1—cos7 +a) + Br(1—cos ay], 


V, = Vo | c Ar(L sin a) + Br'(1 +sin a)", 


\ 
| 
| 
| 
| 
i 
V, 2 Ve E +Ar(1+sing +2)+Br(1 +sing +a) |. | 


Let the anemometer rotate under the effect of this variable 
velocity at a linear speed v which would correspond, according 
to the calibration curve, to a wind speed V. Then V and v 
will be such that the torque on the whole instrument rotatin 
at this speed will be equal to the sum of the individua 
torques contributed by each blade. 

Now from equation (3) we have 

Torque — KpAqQ(V? -Fv?)mr cos (0 — +y). 

Provided that the wind speed is such that the anemometer 
is rotating at a fair speed, 1. e., that we are working on a 
portion of the calibration curve some distance from B in 
fig. 1, no appreciable error will be introduced by assuming 
that $, and hence also K and y, are constant for all the 
blades, so that we may write 

Torque = K'm(V? 4 v*). 

The condition of total torque equal to sum of torques of 

all the blades is, therefore, expressed by the equation 


8K’ (V?+ 0") = KVE) (VS +07) + ... + (V,7+0°)}, | 
t. e.s 8V? = V+ V+ V+ "d HV = XV. 
Phil. Mag. S. 1. Vol. 2. No. 11. Nov. 1926. 3N 
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From equations (16) it will be found, after reduction, 
that 


SV = BV| (1+ Ar+ Br’)? 
+% (4A7+8B + 24ABr+ 273) |, 


which is independent of a and hence constant for all positions 
of the blades, so that 


(17) 


In this equation V is, as we have seen, the wind speed 
indicated by the anemometer. If the instrument indicated 
the speed of the wind passing through the centre of its disk, 
the value of V would be Vo(1+Ar+ Br’), so that it appears 
that the indicated wind speed is the speed of the air at some 
point along the radius of the anemometer. 

To get some idea of the magnitude of the discrepancy, we 
must take numerical examples. Let us assume, in order to 
fix our ideas, that the wind speed given by equation (15) is 
V, at P(x = 0 in fig. 8) and rises to 2V, at Q(x = 2r), and 
that at z = r, the centre of the disk, V = 1:8Vo We can 
now calculate the values of A and B and, by inserting these 
in equation (17), we get 

V = 1:69 Vo, 
which is 6 per cent. less than the velocity atthe centre of the 
disk, and is the velocity at the point z = 0°81 r, instead of at 
a =r. 

If the diameter of the anemometer is small compared 
with that of the pipe, it will probably be sufficiently accurate 
to assume a linear variation of velocity across the disk of 


the form 
V = V,(1 + Ar). 


In this case, similar reasoning leads to the result 


a2 AH 
V2 VA/ +A, 


and, on the assumption, as before, that the velocity at z = 2r 
is twice the velocity at « = 0, we have 


V = 1°54V, = velocity at the point z = 1:08 r, 


i.e., V is 2-1/2 per cent. greater than the velocity at the 
centre of the disk. | 
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In practice, provided the pipe diameter is reasonably large 
in relation to that of the anemometer, a distribution of 
velocity such as that assumed in both the above cases, in 
which the wind speed at the centre of pressure of a blade 
in one of its extreme positions is double its valne in the 
other, is probably of very rare occurrence, so that in general 
the errors in indicated wind speed will be less than those 


given above. 


4.1. CONCLUSIONS, 


The foregoing analysis serves to define the various 
conditions appropriate to the use of the vane anemometer, 
and to impose certain limitations thereon. 

As regards the influence of a fluctuating wind speed, it 
would appear that no perceptible effect is normally to be 
anticipated from this cause. Judged by usual standards, 
a very unsteady wind speed would be required to cause the 
instrument to give readings markedly in excess of the mean 
speed. 

Variations in the air density need be taken into account 
only when an instrument is used in the extreme lower end 
of its range for the measurement of very slow wind speeds. 
A statement of the air temperature and barometric pressure 
at which the instrument was tested should accompany the 
calibration curve of an anemometer intended for low speed 
work ; the method of applying the necessary corrections is 
shown in the analysis. 

It is important that instruments should be used only within 
the range for which they are intended. The ordinary 
anemometer is suitable neither for the measurement of very 
low wind speeds, nor for speeds in excess of about 50 feet 
per second. For the former work, special care in the design 
and construction is necessary if a satisfactory performance 
is to be obtained ; reference has been made above to an 
instrument suitable for the measurement of low speeds. 
It is equally important that an anemometer should not be 
subjected to wind speeds higher than those for which it is 
designed ; this point has already been emphasized in the 
introductory remarks of the present paper, see § 1.4. 

The third problem which has been considered, namely the 
effect of a variation of wind speed across the anemometer 
disk, has an important bearing on measurements of air flow 
along pipes, where there is, in general, a variation in velocity 
across a section. It appears that, in order to avoid errors 
from this cause, the diameter of the anemometer should be 


3N2 
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fairly small in comparison with that of the pipe, so that the 
variation of speed across the instrument itself is small. 
Unless precautions are taken to equalise the velocity at 
different points along the pipe diameter if a marked variation 
originally exists, an anemometer should not be used in a 
pipe whose diameter is less than about 7 or 8 times that of 
the instrument. | 

If the above limitations and conditions are observed, vane 
anemometers can be used with confideuce to give all the 
accuracy that is ordinarily required. It should be remem- 
bered that, as with all measuring instruments, the vane 
anemometer has its particular sphere of usefulness, and it 
should consequently not be condemned because it cannot be 
used to measure wind speed in all circumstances ; there must 
obviously be cases in which other instruments, the pitot-tube 
for example, will be more suitable. As an adjunct to 
the pitot-tube, the vane anemometer is a very valuable 
instrument, and for the measurement of very low wind 


speeds it would appear to provide the most convenient 
means available. 


LXXXI. On Irrotational Flow past Two Intersecting Planes. 
By W. B. Mortos, M.A., Queen's University, Belfast *. 


Ib a paper on the Electrification of two intersecting 
. planes, published in this Magazine for February 1926 f, 


it was shown that if the complex variables z£ are connected 
by the equation 


z= Cc Cae Pet E ay SE 


then the perimeter of unit circle, on the plane, corresponds 
on the z-plane to the two sides of two straight lines of finite 
length making with each other the external angle kr. Other 
points of the z-plane are represented on the interior of the 
circle. The relation was found by integrating the Schwarz 
differential equation, regarding the two lines as a collapsed 
quadrilateral. In the present note the sume transformation 
is used to investigate the irrotational steady motion of a 
liquid past the planes, without formation of dead water ; or, 


* Communicated by the Author. - 
t Vol. i. p. 337. 
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alternatively, the motion of the planes tlirough liquid which is 
at rest at infinity. Ihave made drawings of the relative lines 
of flow for some directionsin the particular case of two equal 
planes at right angles, tlie case which was examined in detail 
in the electrification problem. An expression is found for 
the couple exerted on the planes in the general case, and 
this is followed by a discussion of the positions of equi- 
librium of the planes relative to the stream, or of their 
possible steady motions through liquid. 

The validity of the transtormation given above can be 
verified by considering the variation of the argument of the 
expression in £ as the point moves round the unit circle. 

To make the values definite we lay it down that for points 
on the radii to e“ and e^" the arguments of ({—e'") and 
(€—e ^) shall be (—m +a) and (zr —2) respectively. The 
critical points are circumvented by small semi-circles drawn 
on the inner side of tbe circumference, and so their passage 
in the positive direction along the circle involves a decrease 
of m in the argument of the difference-terms. Thus the 
argument just before passing one of the points is $a more 
than the value on the radius, and, just after passing it, jer 
less. If p $ are polar coordinates in the £-plane, and $ runs 
from —m to v, we obtain, for points on the circle p=1, 


when —T«ó«a, arg (E-e) =3(—7+a+ ¢) 
a<h<mT, 5 =}(—3m+a+¢), 
when —m<ġ<—a, arg (€—e-”) =3(3r—a+¢) 
—a«c«d«r, » zmT—a-4 4). 


If the constant C is omitted, these values give for the argu- 
ment of z the following : 


—T«$«-—a, argz-(1—2E)s + kz, 


—a«d$«a, » ——km-a, 
a<cp<7, „n = —(142R + ka. 


Put C-Ae^7-9 where A is real *, and the arguments 
become 
(1—i£k)m 
Mer 
(1—ib)r-—2. 
* By a slip this factor was given as e'^" in the former paper (top of 


p. 342). This did not affect the calculations for the symmetrical case 
for which «zi. 
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This gives two straight lines making an exterior angle km 
and E so that the axis of 7 bisects their interior angle. 
The points $— —« and $-a« on p=1 correspond to the 
inside and outside of the corner. 

For a point on the right-hand plane, —a«ó$«a, the 
distance from the angle 


r=|z;=4A sin! t*4(a—d) sin! Fhe 44), 
dr/dp=2A sin^4(a— d) sin ^ ^1(a + $) (sin $+ & sin a). 


So r is maximum when sin p= —k sina. The end of the 
line therefore corresponds to the value ¢=— ,, where 
sin S — k sin « and the lengtb is 


4A sinl *^1(a + 8) sin! ^3 (a— B). 


For the end of the left-hand line we find in the same way 
p= — (rr — B) and the length 


4A cos! ** (a — 8) cos! ^ (a +£). 
The parameter a is therefore given by the ratio 
right-hand length/left-hand length 

=tan (a+ B) tan &(a— £) (sin (2+8)/sin (a—A)}" 


with sin 8=k sin a. 
Points near the origin on the ¢-plane correspond to distant 


points on the z-plane. As p—>0 the arguments of (fiet) 


and ({—e ^) for any $ approach the radial values already 
assigned, (—*r--a) and (m—a) respectively. The argu- 
ment of z approaches the value —k(47—a)—¢ *. 

This is the limiting inclination to the axis of x of the 
curve $ — const. The diagram given (loc. cit. p. 342) of the 
curves p=const., and $— const. for two equal lines at right- 
angles (k=4, «— i) can be taken to represent irrotational 
two-dimensional flow round two planes. We pass now te 
the question of steady flow past the planes. 

Let u be the velocity potential and v the stream-function, 
and writeu+iv=w. It is easy to show that the required 


* Erroneously given as k(2a — m) —@¢ in the former paper. 


{A 
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solution is given by the equation 
w= B(e "t + ert ly 
with z= Ae 7G aped (t— Pig anne a ed = k 


Putting £—pe'* and separating the real and imaginary 
parts of w, we have 


u-B(p! t p) cos ($ —y) 
v= —B(p ! —p) sin ($— y). 


The stream-line v=0 is made up of the curve $ —*y and 
the two faces of the planes over which p—1. The direction 
of the undisturbed stream is thus —k(477—a) — y. 

We may find the distance at infinity between the stream- 
line v — C and a parallel line drawn through the point of inter- 
section of the planes. When p is small the approximate 


values are 
|z|=A/p 


arg z = —k(im—a) — p —2p(cosasin $ —k sina cos $). 
For a distant point on the line 
—B(p ^! —p)sin($—) =C 
we have $—y—CB7 lp. 
It follows that the required distance is 
ACB^! +2A(k sin a cos y — cos « sin y). 


The calculation of the coordinates of points on the stream- 
line v =C is laborious, but a sufficiently accurate drawing of 
the curves of flow can be made by calculating values of œ 
for a succession of values of p and plotting directly on 
tracing-paper laid over the network of coordinate lines 

— const. and $ — const. as drawn to represent equipotentials 
and lines of force in the electrification problem. 

I have drawn the lines of flow for a number of directions 
past two equal planes at right-angles, using the diagram of 
the previous paper as a basis. It will be sufficient to repro- 
duce one case (fig. 1), that for a stream whose direction at 
infinity makes 30° with the axis of z. It will be noticed 
that the stream splits at the edge of the planes, although the 
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limiting direction of the stream makes an angle of 15? with 
the plane. The other cases present similar features as 


regards the general arrangement of the stream-lines. Fig. 2 
shows the points where the stream splits on the two planes 


Fig. 2. 
90 — 8&0 . 70 a 
60 £o 
4o* 
30° 
20° 
10° 
[e] [e] 
10 
20 
30 
" 
50 
60 
7o ' 
80 9 


for different directions of flow. The arrows can, of course, 
be reversed. 1 
If g is the velocity at any point then q^ is the modulus, 


Digitized by Google 


—— 


P, Qj m 


MEL P hk. 
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and the inclination of q to the real axis the argument, of 
the complex quantity 


d:/dw=dz/df x dt/dw 
ey Ur C. ak ene —k 
x (E+ ge Bee rore). 


Putting £20, we see that the undisturbed velocity of the 
stream is B/A=qp say, and its direction is that of the line 
=y at infinity, i.e., —k(40—a)—y¥. 

For points on the planes (p— 1) we find 


2-4. sin($—wy). sin*4 ($ +a). sin ^ *4 (ġ —a) . (sin -- sin 8) -i 


This vanishes at $ —*y and p=— m +y, where the stream- 
line splits on the planes, and at @=a the inside of the 
corner. It is infinite at $ = —a, the outside of the corner, 
and at p= — £8, p = — + 8, the tips of the planes. 

When the forces exerted on the planes by the liquid are 
considered a result is found which at first sight seems to 
contradict the general theorem that a solid, in an irrotation- 
ally moving steady stream, without formation of dead water, 
is subject to a couple only. If the thrusts of the liquid on 
the planes act perpendicularly to them, it is evident that 
their resultant can vanish only when the two thrusts vanish 
separately. An examination of the integrals of the pressure 
as given by the above theory shows that this is not the case ; 
so a definite resultant force appears to be exerted by the 
stream. 

Without going into the integral expressions it is easy to 
see that the separate thrusts do not vanish by considering 
the limiting case, when the two planes flatten out into a 
single plane as k becomes zero. The points on the inner and 
outer sides of the angle then become opposite points on the 
two faces of the single plane which divide its breadth in the 
ratio (1—cos æ) to (1r cosa). Obviously the thrusts on the 
two portions do not separately vanish for all values of a, and 
we are justified by considerations of continuity in inferring 
that the same is true when the two parts are inclined. In 
the case of a single plane the thrusts on the two parts are 
equal and opposite, and being parallel they form a couple, 
but in the case we are considering there is not this way of 
escape from a resultant force. 

The explanation of the paradox is of course to be sought 
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in the infinite velocities at the edges of the planes. The 
double plane is to be regarded as the limit approached by 
the boomerang-like figure, with rounded ends, formed by a 
closely fitting equipotential in the electrification problem. 
On the ends there will be a thrust, or rather defect of thrust, 
directed along the planes due to the high velocity round the 
ends. As the edges are sharpened into the planes these 
thrust-components do not vanish but approach a definite 
limit. There are thus forces along the planes which balance 
the forces on their faces, in accordance with the general 
dynamical theory. 

By way of illustration of this point it will be sufficient 
to consider the well-known case of an elliptic cylinder as it 
shrinks to the plane strip between its foci. It is easy to 
show that, when the stream is obliqu; to the major axis, the 
component thrust-defect on each halt of the section, in the 
direction of the major axis, approaches a finite limit. 


We have g? = qe" sin?(m — y)/ (cosh?« — cosh*), 
where go is the velocity of the undisturbed stream, y its 
inclination to the major axis, (a cosh a, a sinh a) the axes of 
the ellipse and the excentric angle of a point on it. For 


the component along Oz of the thrust-defect on one side of 
the minor axis the value found is 


7 


S i 2 ° e . D 
74 " e ^ sinh æ sin? (n— y) cos n dn /(cosh? a— cos? n) 
B 


= oque" (cos 2y sinh a + (sin*y cosh? a 


: -l 
— cos? y sinh? a) tan” cosecha]; 


when a=0 this becomes $m pq sin? y, so a plane strip set 
obliquely in a stream is subject to a kind of hydrodynamical 
tension along its edges. 

The couple acting on the planes can be found by taking 
the moments of the normal pressures round the angle. The 
extra forces, which have been invoked to get rid of the 
resultant force, pass through the intersection of the planes 
and so give no moment. Consider an element dr on the 
lower surface of the right-hand plane, where $ lies between 
a and —f ; its contribution to the torque, in the positive 
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— $pq^rdr 
= —2A?pq sin! (6$ —y) (cos p — cos a)dó[(sin ġ + sin £). 


The disappearance of the index k, except in so far as it is 
involved in sin 8 — sina, is rather surprising here, and 
makes it possible to integrate the expression. 

It will be noticed that the formula for the element of 
torque gives the correct sign throughout the entire range of 
h from =r to r. 


It is + for —7«ó« —(r—B) 
~ y —(m—p)< $< —a 


+ 9 —a«$« —8 
d —ß< <a 
+ ,, acc, 


in each case opposite to the sense of the moment of the 
pressure on the corresponding part of the planes 
Evaluation of the indefinite integral gives 


2| sin'($ — y)(cos $ — cos a) di /(sin $ -- sin £) 
= — (cos 28 sin 2y —2 cos a sin 8 cos 2y)o 
T 2(cos a sin 2y — sin 8 cos 2y) sind 
+ cos 2y sin? $ + 2(sin B sin 2y 
+ cos a cos 2 y) cos $ — sin 2y sin $ cos $ 
+ 2 sec B{(cos B — cos a) sin? (B +y) log sin 4($ +£) 
+ (cos 8+ cos x) sin? (8 — y) log cos 3($ — 8) }. 
When the range of integration includes one of the edges 
$——98, 6=—(7-—§8), there is physical justification for 
taking the principal value of the improper integral. 


For the two planes taken together, with limits +77, the 
torque is 


27r A? pqo' (cos 28 sin 2y —k sin 2a cos 2y) 


with positive sense, 1. e. counter-clock wise. 

When the two planes are flattened out into one, k=0, 
B —0, the breadth zz4À and the moment —27A?pq,? sin 2y. 
This agrees with the known result for the case of an elliptic 
cylinder reduced to a lamina, viz., $7rpqo’c? sin 2y. 
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It will be seen that the torque in every case varies with 
the angular position of the planes in the usual ** quadrantal ” 
manner, the amplitude, or maximum value being 


277 A*pqo (cos? 28 + k’ sin? Qa)? 
= 2arA*pq,2{1—4h?(1—?) sint a}?, 


In general A, « are complicated functions of the dimen- 
sions of the planes together with the angle km. Explicit 
formule can be got when the breadths are equal, for then 


acm, B-sin ik, y is the inclination ofthe stream to the 
exterior bisector of the angle, the breadth of either plane is 


2A (14 )) 4*9 (1 3076 say, 
and the torque is 
2v A?pqo (1 — 24?) sin 2y 
= 47ra*pqo? sin 2y . (1—2k?)/(1 + Et aay 


Fig. 3. 


TE 


(+k). (=k) 


k 


4 a3KR) — t(i-3k) 
(ek a-k) 


The course of the function of k is shown on fig. 3, which 
therefore gives the variation of the maximum couple for 
equal plaues of given dimensions as the angle between them 
is changed. The torque vanishes for the symmetrieal positions 


+ 
- — mom ee a e ae 
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y=0 and y=}47, the planes are then in equilibrium relative 
to the stream. Examination of the sense of tlie couple shows 
that the equilibrium is stable when the direction of the 
stream coincides with the interior bisector of the angle, for 
k« s with the exterior bisector for k> Sr This illus- 
trates the general tendency of a body to set its long dimen- 
sion across the stream. Evidently, as the planes are shut 
up together from a wide-spread angle, we must pass from 
one configuration to the other. The critical form is reached 


Fig. 4. 


5 nh 


when the planes make an acute angle of about 52°8. The 
planes will then remain indifferently in any posture relative 
to the stream. It is only when the planes are equal that 
this curious state of affairsisfound. With unequal breadths 
there is alwavs one definite position of stable relative equi- 
librium in the stream, with an unstable position at right 
angles to it. | 

The way in which this position varies with the inclination 
of the planes and the ratio of their breadths is shown on 
fig. 4. It is more convenient, in discussing the matter, to 
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regard the planes as moving steadily through a quiescent 
liquid. Hach curve onthe figure refers to a definite breadth 
ratio, from O'l to unity. The abscissa is the exterior angle 
between the planes, kmr, while the ordinate is the inclination 
to the larger plane of the stable direction of steady transla- 
tion through the liquid, viz. (Ar — ka -r y), where y is taken 
as acute. To obtain these curves another set was first 
plotted in which each curve corresponded to a given value 
of k, and the direction of motion was plotted against the 
breadth-ratio for a succession of values of the angle a. 
From these the direction-angle was then read off at the 
points where the ordinate corresponding to any breadth- 
ratio crosses the series of curves, and so the material for 
fig. 4 was obtained. 

The straight-line graph shows the case of equal planes 
with the sudden change from the internal to the external 
bisector at external angle m/v 2. When the length of one 
plane is slightly decreased this discontinuity passes into 
a very rapid change of orientation in the neighbourhood of 
the same angle. With still smaller lengths of the second 
plane the graph ceases to rise above the 90? level. If we 
begin with the two planes in line (k=0), and rotate the 
smaller plane, the direction of steady translation first rotates 
in the same direction and then returns to the normal position. 
There are two special cases of some interest : 


(1) The points where the curves are met by the broken 
line whose ordinate is (1— k) correspond to stable transla- 
tion in the direction of the shorter plane. It will be seen 
that this is possible for any breadth-ratio. 


(2) If the curve for an assigned ratio intersects the level 
of 90° there is steady translation in the direction normal 
to the larger plane, just as if the other were not attached. 


We have then y — ka, and the equation connecting k and a 
becomes 


k sin 2a —tan 2ka(1— 2k? sin? à) z 0. 


The assumed motion occurs when this equation for k has a 
root between 0 and 1. For a< iv the left-hand side is 
negative and finite throughout the range. For a>łr it 
changes sign through infinity from negative to positive at 
kz«[Ao. There will be a root between this value and k=1 
provided the differential of the expression with respect to k 
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is positive at k=1, i.e., if | 
sec 2a(4 sin 2a — sin 4a —4«) » 0. 


The expression in brackets vanishes for 426193 approxi- 
mately. For this value of a the third root coincides with 
k=1, and as a increases to 90? the root moves back to 
1/2='707. The corresponding values of the breadth- 
ratio, r, are "77 and unity, but r does not increase con- 
tinuously from the former to the latter value as the asso- 
ciated values (ak) move continuously from (6193, 1) to 
(90°, -707). The complicated nature of the connexions 
between 7, k, a, makes it necessary to examine the matter 
arithmetically. When this is done it is found that r sinks 
to a minimum of about *69 for a=67°, r='91, approxi- 


Fig. 5. 


7 08 9 I0 


mately. The connexion between k and r is shown on 
fig. 5. 

“We can now describe the course followed by the curves of 
fig. 4 at their right-hand ends. The curve for r—:69 is 
bent upwards to touch the lower side of the 90° level at 
about k='91. Curves for higher values break through this 
level, there being two intersections up to r='77 and one forr 
between ‘77 and unity. This means that for breadth-ratios 
between *69 and *77 there are two inclinations of the planes 
which give steady translation perpendicular to the larger 
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plane, above :77 there is one inclination, and below :69 
none. 

The scheme of a broad plane, moving in its own direction, 
with a short plane attached to it at an angle, suggests a 
simplified model of a ship and rudder. It is perhaps worth 
while to point out the complete lack of similarity in the 
actions in the two cases. If in our ideal case we began with 
the two planes in line and moving with unstable steady 
motion in their own direction, a slight deflexion ef the 
rudder-plane will cause the whole to swing into the stable 
direction, nearly perpendicular to the large plane. The 
turning will be through the acute angle, and this is in the 
direction opposite to that in which a rudder turns a ship. 
Further, the torque will be in the same direction whether the 
motion is ahead or astern. 

An expression can be found for the torque at any angle 
when the rudder-plane is a small fraction of the breadth of 
the other, in this case the parameter a is small, 8=ka, and 
y is also =ka when the motion is along the larger plane, for 
then 

—y—k(4mT —a)z —$kr. 


We find the following approximations : 
Breadth of large plane=4 A —a say. 
Breadth of small plane A(1-4- 4)! **(1— o **,43 =. 
Torque = A?’ pqg i E(1— k*) a3. 
Eliminating À, « we find the torque 
= npgiatbt. k/(1 +k)? *99.. (4. 11730, 


This function of £ is plotted on fig. 3. 

It remains to try the effect of superposing a circulation on 
the simple flow discussed in the present paper, on the lines 
which have, in the hands of Prandtl and others, led to 
important developments in the theory of the aeroplane. 
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LXXXII. Alternative Currents in Rarefied Oxygen in the 
same Circuit. By Rev. P. J. Kirksy, D.Sc.* 


Introduction. 


1. [ N ‘Nature, Aug. 19th, 1922, I gave a preliminary 

account of certain peculiar effects in the electric 
discharge of oxygen. They were observed in the course of 
a further investigation into the nature of those discontinuities 
in the electric discharge through oxygen at pressures close to 
'8 mm., about which I published an account in the Philo- 
sophical Magazine of April 1908. The latter effects were 
exhibited in that region of a long cylindrical discharge which 
is known as the positive column. 

The positive column in oxygen at pressures of the order 
'8 mm., with which these researches are chietly concerned, 
occupies tlie whole length of the discharge with the excep- 
tion of the first five to eight em. from the cathode (or negative 
electrode). Thus in a discharge-tube where the electrodes 
are 20 em. apart, the column appears as a uniform pale pink 
cylinder, about 13 cm. long at the pressure *8 mm., termi- 
nating at the anode or positive electrode. In oxygen stris, 
which in other gases present such a striking appearance, do 
not often appear, at least at our pressures: when they did, 
they were close together and entirely unlike those of other 
gases. 

2. Within this luminous positive column the electric force 
(fall of voltage per em.) along the length of the tube is con- 
stant; and it is IR that the discontinuities described in the 
Phil. Mag. of Feb. 1908 were observed. They were of the 
following nature :—As the pressure was raised from ‘53 to 
'8 mm., it was found that the electric force rose with perfect 
regularity in arithmetical progression with equal increments 
of pressure from 14:4 to 21:4 volts per em. ; after which an 
imperceptible increase of pressure brought about a radical 
change in the discharge, so that the electric force within the 
positive column was reduced to about 11 volts per em. More- 
over, this discontinuity was a reversible effect : namely, a 
very slight decrease of pressure caused the electric force to 
jump back to about 20 volts per em., indicating the recovery 
of the previous state of the discharge. It should be added 
that when the pressure was increased bevond the discon- 
tinuity value of about *8 mm., the same force was observed 


* Communicated by the Author. 
Phil. Mag. S. 7. Vol. 2. No. 11. Nov. 1926. 30 
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to decrease rapidly to a minimum of about 4:5 volts per cm. 
(ut a pressure between 1:5 and 2 mm.), after which it 
increased with the pressure. 

3. The experiments to be described in this paper show 
that the reversible effect just alluded to, produced by an 
imperceptible change of pressure, can be produced without 
any change of pressure, and not merely at one definite 
pressure, but at any pressure within a certain region 
of pressure, of which °8 mm. is about the centre. Thus if 
the pressure of oxygen in a discharge-tube, forming part of 
a fixed circuit, falls within that region of pressure (so far 
observed to be :54 to 1:04 mm.) two different discharges 
are producible, one characterized by a positive column with 
high electric force, the other characterized chiefly by a 
positive column of much smaller electric force. 


Ordinary and Extraordinary Currents dejined. 


4, Since it is necessary frequently te distinguish between 
these two types of current, I propose to call the former of 
these alternative discharges, namely the one with the high 
electric force in its positive column, the ordinary current (or 
discharge, etc.), and the other the extraordinary current, 
borrowing these adjectives from the terminology of double 
refraction. For the ordinary currents are very regular: 
they are analogous to currents of similar magnitude and at 
similar pressures through hydrogen and nitrogen, having 
electric forces in their positive columns of the same order of 
magnitude with those gases. (See section 18.) And on the 
other hand, the extraordinary discharges appear to be sui 
generis. 

5. In addition to having an abnormally small force in its 
positive column the extraordinary current in a given circuit 
is distinguished from the ordinary bv its greater value, and 
also by its positive column being somewhat longer (about 
1 em.) than that of the ordinary, and also somewhat paler in 
colour. 

Further, in contrast with the ordinary current, the extra- 
ordinary has a tendency to disturbance by the passage of 
electricity, being perhaps more sensitive to the presence 
of ozone. Thus if the discharge is made to alternate several 
times between the ordinary and extraordinary currents, the 
latter will exhibit a slight progressive modification, while 
the ordinary will remain unchanged. 
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The Experiments. 


6. The experiments consisted in passing a steady current 
through a discharge-tube between two circular electrodes, of 
which the anode was movable so that the length of the dis- 
charge could be varied. The current came bon a battery 
of small accumulators of 1020 volts or less, and passed 
through a high resistance which could be varied up to two 
megohms. By this means it was possible to study currents 
of various length and magnitude and to determine their 
electric forces in the positive column. 


7 he Discharge-tube. 


7. This is shown in elevation (projection on a vertical plane 
through the tube's axis), and drawn to scale, in fig. 1. A 
cylindrical tube of nearly 48:5 cm. length and 2:8 cm. 
internal diameter (3:1 external diam.) was closed at both 
ends by airtight glass caps, through which protruded thick 
platinum wires fused to them. The platinum wires were 
attached to stiff silver wires passing through the interior of 
the caps, and connected by thin wires to the electrodes. 


Fig. 1. 
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The caps were designed to make a perfectly gas-tight fit 
to the ends of the glass tube, whicli was slightly inclined as 
each end to receive them. A narrow side-tube (t, fig. 1) 
was fused to each cap, and a small circular protuberance, 
containing the base of this tube, was blown round the cap, 
forming with the outer surface of the discharge-tube, with 
the cap fitted on, a little circular canal (c, c), into which the 
side-tube opened. The internal surface of each cap on both 
sides of the circular canal was ground to fit its end of the 
discharge-tube, which was also ground. By using vaseline 
optical contact was then secured between the caps and the 
tube; and mercury was poured into the side-tube (t), filling 
the canal aad part of the side-tube itself (as shown in fig. 1). 


302 
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The side-tubes being vertical and about 4 cm. high, when 
they were more or less full of mercury the mercury within 
the canals had everywhere a pressure greater than atmo- 
spheric pressure, and was therefore able to stop any air that 
would have been otherwise forced by the pressure of the 
atmosphere between the tube and the cap. 

By this means, notwithstanding the large extent of the 
surfaces of contact exposed to possible air-leaks, not the 
slightest leak was ever observed through the discharge-tube, 
even after weeks at a time, though a leak of less than 
"001 mm. was detectable by the particular form of McLeod 
gauge that I employed. The caps could be taken off without 
letting mercury into the apparatus by inverting them, to 
allow the mercury to run out of the canals, before taking 
them off. 

The small bulbs below the tube in fig. 1 are drying vessels 
containing phosphorus pentoxide, about 5 cm. in diameter. 
They were ground to fit the small vertical tubes blown into 
the main discharge-tube, and carried mercury cups, thus 
obviating any air-leak. This apparatus was made to my 
design by Messrs. J. J. Griffin, Kingsway, London. 


Electrodes. 


8. The electrodes were made of pure gold :25 mm. thick, 
backed by pure silver :75 mm. thick, to exclude oxidation. 
They were fixed to small solid iron carriers, capable of 
sliding along the discharge-tube, and connected by fine 
wires to the silver continuations of the platinum wires 
which protruded through the glass caps. By means of an 
electromagnet outside the discharge-tube the electrodes 
could thus be moved along it into any desired position. 
The cathode only needed slight adjustments. But the anode 
was connected to the negative terminal by a long thin coiled 
copper wire; and later on by a thin brass wire. As the 
anode was moved back by the electromagnet, the thin wire 
coiled itself behind it, so that it was easy to adjust the anode 
to any distance from the cathode. The diameter of the 
anode was 2cm. That of the cathode was at first 2:4 em. ; 
but after a number of experiments one of the caps was acci- 
dentally broken and the opportunity was taken to replace the 
cathode by a similar one of 2:75 cm. diameter, which fitted 
the tube closely in the reconstructed apparatus. These pure 
gold and silver electrodes were supplied by Messrs. Matthey 
and Johnson. 
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Preparation of the Oxygen for the Experiments. 


9. The scheme of the whole apparatus is sufficiently indi- 
cated by the diagram of fig, 2. The oxvgen was produced 
by electrolysis of sodium hydrate in the tube E, The 
tube E; opens into the air through a tube (not shown in 
the figure) full of powdered caustic potash, to prevent any 
carbon dioxide from entering into the electrolyte as the air 
is drawn into E,. The oxygen was dried in D,, D; over 
phosphorus pentoxide, and passed into the reservoir S, con- 
taining the same substance, from which it passed into the 


Fig. 2. 
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discharge-tube T, the McLeod gange, and the vessel A. 
A had a capacity commensurate with that of the discharge- 
tube and McLeod gauge together. Its long barrel was 
provided with a scale, so that by raising or lowering the 
mercury by the necessary amount, the proper taps open, 
the pressure in T could be adjusted accurately. It was also 
easy by means of this barrel, its cross-section known, to 
ascertain the joint capacity of T and the McLeod gauge. 

All the connexions of the apparatus were of fused glass. 
No rubber was used except for working the mercury pump, 
A, and the McLeod gauge; and the lower junction of the 
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rubber with the glass on this gauge was in a glass full of 
mercury. All the taps hud mercury cups. 

The whole of the apparatus, with all the taps open, was 
then exhausted to a low pressure and thoroughly tested for 
airtightness, and the electrolyte in E, was drawn up to the 
tap before the generation of oxygen. These precautions 
guaranteed the oxygen to be of a high degree of purity. It 
entered the discharge-tube by a horizontal side-tube blown 
into the former, as indicated by the little dotted circle of 
fig. 1, near the left cap. 


Method of Experiment. 


10. The method eventually used for examining the alterna- 
tive discharges producible in the discharge-tube, without any 
alteration in the electric circuit containing it or in tlie mass 
of the oxygen in that tube, was as follows :— 

A strip of tinfoil of about 3 cm. width was wrapped round 
the discharge-tube, forming a short cylinder. It was placed 
at such a distance from the cathode that the positive column 
just about entered the cylinder. If now this ring, or little 
cylinder, is connected with the anode, the larger or extra- 
ordinary current will pass in general, and will continue if 
the ring is insulated. But if the ring is connected to the 
cathode, the smaller or ordinary current will pass and will 
continue after insulating the ring. 

This ring of tinfoil was subsequently replaced by a ring, S, 
consisting of four turns of fairly thick copper wire, bent 
round the discharge-tube and in contact with it, so as to 
have a width of about one cm. It was attached to a 
vuleanite handle, by which it could be moved to any 
required position on the tube. 


Fig. 3. 
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11. Figure 3 slows the electrical arrangements. The 


battery B maintained a steady current, determined by the 
resistance R, through the discharge-tube T. G was a high 


in Rarefied Oxygen in the same Circuit. | 919 


resistance voltmeter. (36,240 olims) used as a galvanometer, 
capable of measuring currents exceeding *2 milliampere, and 
G' a still more sensitive one, which confirmed the smallest 
readings of G. M is a block of paraffin, having four small 
holes filled with mercury, by which the ring S could be 
immediately earthed or connected with anode or cathode. 
This method was used as the simplest way of charging the 
ring S positive or negative to an adequate potential. The 
circuit was well insulated for the purpose in view. 


Determination of the Electric Force in the Positive Column. 


12. The uniform electric force in the positive column was 
determined by a method which I have often used in other * 
researches, and which is free from the serious objection to 
the use of exploring wires in the discharge that they disturb 
the natural electrostatic field of the discharge. 

The electrodes being at a distance D apart, a current C is 
passed from a battery B through a resistance R (one or two 
inegolims), adjusted to give a suitable value to C. ‘The anode 
is then moved through a distance d cm. nearer the cathode 
and B is reduced to B— 0, R being unchanged and b being 
such that the current C is unchanged. Then the electric 
force is b/d volts per cm., provided that the two discharges 
are long enough to have positive columns, The validity of 
this method is easily proved by the constancy of b/d, when 
B, R, C remain constant. In practice it is difficult to hit 
exactly on b, the number of volts by which to reduce the 
battery so as to reproduce the previous current C when 
the anode has been moved through the distance d towards 
the cathode. And it is not necessary. For it is easy to 
obtain two adjacent values of b giving currents slightly 
greater and less than C, and then by interpolation to deter- 
mine b precisely. The errors inherent in this method are a 
small percentage, unless the force in the positive column is 
small, in which case the errors are greater. Usually I took 
d to be about 1 cm. less than the length of the positive 
column ; and having determined the electric force therein, 
I confirmed the result by a second observation in which d 
was half its previous value. 

Another method, depending on the fact that the potential 
difference of the electrodes is practically independent of tho 
current provided the range of variation of the current is 
restricted, is used below. (Sections 34 ff.) 


* P. J. Kirkby, Phil. Mag. March 1907, April 1908 ; Proc. Roy. Soc. 
A, xxxv. p. 151. 
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Preliminary Tables. 


13. Before dealing with the experiments which exhibit the 
alternative discharges through oxygen with a fixed circuit, 
I give some tables which will illustrate the great difference 
of the electric forces in the positive columns of the two tvpes 
of current, the ordinary and the extraordinary, and the abrupt 
transition which the discharge makes, when it is not con- 
trolled, at a certain critical pressure, which is not absolutely 
fixed but depends on the magnitude of the current and the 
condition of the gas, lying within, or adjacent to, the range 
of pressure *6 to ‘8 mm. 

The values of Y in Table I. were obtained from many 
different masses of oxygen by the method described above, 
at the pressure and with the current (to the left of the Y) 
stated on the same line. The current was not controlled : 
whether it was the ordinary or the extraordinary was a 
matter of self-determination. It is, however, easy to dis- 
tinguish the ordinary from the extraordinary by the greater 
value of Y, characteristic of the former, at the same or 
neighbouring pressures. 


14. The table exhibits the currents at pressures of ‘67 mm. 
and below as ordinary, and currents at pressures of :9 mm. and 
above as extraordinary. At pressures between these figures, 
the nature of the current depends on its magnitude: the 
smaller the current, the higher the pressure at which it 
appears spontaneously as ordinary, and vice versa. 

To save space and to facilitate comparison between the Y's 
of currents which differ by a substantial fraction of a milli- 
ampere, the results are given in three double columns, which 
contain currents of about the same magnitude, namely, within 
20 per cent. of 25 m.a., of "47 m.a., and of 1:25 m.a., respec- 
tively. This is indicated at the head of each double column. 

À comparison of the values of Y in the second and third 
double column, at the pressures :48, :34, :23 mm., indicates 
that an increase of ‘74 m.a. in the current goes with a 
decrease in Y of 1°2 volts/cm. If, then, we assume that 
Herz’s well-known rule * for similar discharges in nitrogen 
and hydrogen, namely, that in a given tube the concomitant 
increase in current and decrease in Y are in a constant ratio 
—if we assume that such a rule applies to the ordinary 
discharges of oxygen. we may conclude that the correction 
to be applied to the Y of any current. C of these orders of 


* Herz, Wied. Ann. liv. p. 244 (1895), or, Sir J. J. Thomson, * Con- 
duction of Electricity through Gases,’ 1903, p. 456. 
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magnitude, in order to get the Y of a smaller current, 
(The corresponding 
correction for nitrogen discharges in our tube would be just 


€—c, m.a., is plus l:6c volts per cm. 


twice as much.) 


p=the pressure of oxygen in mm. 


TABLE I. 


(‘=the current in milliamperes. 
Y=electric force in the positive column in volts per cm. 
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This result is in agreement with Table I. 


c> ‘38 m.a 
< ‘57 ,, 
0 — 
C Y 
5 T8 
'4 16 
495 81 
'025 76 
4T T5 
U 57 
414 18:6 
382 17:6 
42 18:0 
5 15:8 
45 13:4 
41 13:0 
4 111 
495 10:6 
4905 9:0 
48 9:5 
453 87 
'02 7:0 
47 5:3 


C > ll m.a. 
« l48 ,, 
MM 
C Y 
]4 T3 
1:36 5:25 
1:39 5:15 
1°41 58 
1:43 5*0 
1:33 8:2 
l3 &3 
11 13:8 
116 120 
1:23 9:4 
1°06 83 
1:29 5:8 


For if we plot 


the Y’s of the ordinary currents in the second double column 
.of that table against the pressures, the points determine a 


922 Rev. P. J. Kirkby on Alternative Currents 

locus, the slight difference between the various currents in 
that double column and their mean, ‘47, producing an imper- 
ceptible effect in the corresponding Y’s. This is shown in 
fig. 4, in which the points thus determined are shown by a 
cross. Itis also clear that the points whose coordinates are 
p, Y, from the first double column of Table I., fall very 
nearly on the locus of fig. 4, and that the slight correction 
of L'6c, mentioned above, though not so insignificant as 
before, improves the approximation. But I have not com- 
plicated the figure of the locus by adding points from the 


other columns, except one (the star, p='81, Y=20) from 
the first double column. 


Fig. 4. 
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15. A curious feature of the locus is produced by the 
value of Y=18, at the pressure *6. If this is suppressed, 
the locus is a smooth curve (of continuous curvature). But 
I have found it impossible to do this, and to regard it con- 
demned, as exceptionally erroneous, by the other observations, 
because no result seems more repeatedly confirmed. (See 
Table V.) It seems therefore necessary to conclude that 
there is a singularity here in the locus, the electric force 
making a sudden increase in value, after which it remains 
more or less constant while the pressure rises to about ^74. 
If this is so, it is obviously connected with the exceptionally 
unstable nature of the oxygen in the immediate neighbour- 
hood of this pressure. 

The ordinary discharges appear thus to be as congruent © 
among themselves in respect of their positive columns as the 
discharge of other gases. The values of the electric force in 
those columns are determinate and easily repeatable. Apart 
from the seeming anomaly alluded to above, their only 
distinguishing feature is the hig rate of increase of the force 
per mm. rise of pressure, the current being constant, This 
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quantity, dY/dp, the slope of the curve of fig. 4, is, e. g. 70 
per cent. greater than that of a similar curve for hydrogen. 


l6. The extraordinary discharges, on the other hand, have 
positive columns of very different characteristics. For not 
onlv is the electric force of a different degree of magnitude, 
but the discrepancies in their values cannot be accounted tor 
by errors of observatjon. There is evidently a disturbing 
factor, which makes it difficult to reproduce an extraordinary 
current with the same precision which characterizes the 
ordinary. This fortuitous element will be discussed later. 

The electric forces in the extraordinary positive columns, 
given in Table I., are represented in fig. 4 by isolated points, 
marked by crosses or dots according as the force is to be 
found in the second or the third double column. All these 
values of Y fall within the parallel lines, 


Y = 6°442. 


There is thus no locus, but a tendency towards a value more 
or less constant in this range of pressure. ‘This mean value 
of Y is 6:4 volts per cm. 


17. The values of the ordinary Y's in Table I. are in agree- 
ment with those given in my first paper (Phil. Mag., April 
1908), although the latter were obtained with a constant 
current of 2:5 milliamperes. If the two discharge-tubes had 
been equal in diameter, having regard to the correction 
inferred above (1:6 c), we should expect Y in Table I. to be 
3*4 volts per cm. greater than the corresponding value of the 
first paper, and not equal to it. But the present discharge- 
tube was 2:8 cm. in diameter as against the 2:4 of the first 
discharge-tube, so that the effect of the increased diameter 
appears approximately to balance the eflect of the diminished 
currents on the electric force. There are no data for deducing 
the effect of the diameter of the tube on Y in oxygen ; but 
if it is about the same as in nitrogen, the difference between 
the diameters of the two tubes would produce just about the 
difference in corresponding Y's necessary to balance the 3 
or 4 volts per cm. attributable to the diflerence of current. 
(See Herz's figures, loc. cit.) 


Oxygen Discharges contrasted with Hydrogen Discharges. 


18. In order to illustrate the anomalies of oxygen in this 
range of pressure by contrast with the behaviour of an 
ordinary gas, a series of determinations of the electric force 
in positive columns of hydrogen were made by the same 
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method and in the same apparatus and over the same range 
of pressure. "The results are given in Table II. 


TABLE II. 


Hydrogen (p, Y, C as in Table I.). 


p. Y. C. p. Y. C. 
135 .... 267 364 66... 14:5 466 
D14.... 9332 215 58 ues 16-0 121 
114 ..... 207 42 51 oe oss 14-5 143 
BB... 19 238 29 s 111 072 
82... 17:3 458 38 us 11:6 095 

18°8 255 2, aan. 119 057 
6 ...... 16:3 -258 


Here Y —13 p--8-4, except for the currents greater than :4. 


If we omit the Y’s of the three currents greater than :4 
(which, in view of what has been said above, will have 
electric forces sensibly less than would correspond to the 
mean of the other currenis), the table, with the exception 
of one value of Y (p=‘29), is represented by the equation 


within an error of 4 per cent. ; which is thus the equation 
for currents adjacent to ‘2 milliampere for the range of 
pressure :24 to 1:35 mm. 

If this line is drawn on fig. 4 it passes across the curve at 
a smaller slope, dY/dp, to the axis of pressure than that of 
the curve drawn in that figure. Noris there any suggestion 
of discontinuity or arrest about it, though the values of Y 
corresponding to the same pressure are, up to the pressure ‘8, 
of very similar magnitude. 

The big incre:se of electric force in the positive column 
per unit increase of pressure (current constant) is (as 
observed above, section 15) a characteristic o£ the ordinary 
discharges in oxygen at pressures where transition of current 
from ordinary to extraordinary takes place. In my first 
paper I gave the equation 


Y = 25'6p4-:9 


for the constant current 2:5 m.a. and for pressures between 
'5 and ‘8 mm. in the tube of 2:4 mm. diameter. In this case 
the gradient dY/dp is 25:6, and the gradient of the curve of 
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fig. 4 is, though less, of similar magnitude. The result 
of this fact is that small errors in the determination of the 
pressure may introduce serious ones into the values of Y. 
For instance, an error of ‘(05 mm. would introduce an error 
of more than 1 volt per cm. in Y. This is to be borne in 
mind in estimating errors of observation, especially when it 
is necessary to compare values of Y determined with different 
McLeod gauges, the constants of which involve errors of 
determination, which might jointly produce discrepancies 
exceediug ‘(05 mm. in the determinations of the same 
pressure. 


Anomalies of Oxygen further illustrated. 


19, The simplest way of illustrating the anomalies of 
oxygen and the sharp discontinuities that appear in the 
positive columns when the pressure is near the value ‘7 mm., 
is perhaps to plot the voltage-difference of the electrodes 
against the pressure when the latter alone is made to vary 
in an otherwise constant circuit of which the discharge-tube 
is part. 

If the circuit consists simply of a constant batterv B, a 
` constant resistance R, a galvanometer G, and the discharge- 
tube T with its electrodes a fixed distance, D, apart as in 
fig. 5; then, if D is great enough to permit an adequate 


positive column, the current C will undergo a sharp dis- 
continuity at a certain (somewhat fluid) critical pressure in 
the neighbourhood of *7 mm. 

Now the current is connected with the electrodal potential 
difference by the linear equation, 


X = B-CR, 


so that the pressure-current curve is the orthogonal projec- 
tion of the p-X curve. In particular, if R is a megohin 
and C is measured in microamperes and the battery is 
1000 volts, the curves p-C, p-X are symmetrical with 
respect to the line parallel to the axis of p and distant 500 
from it. One curve is the optical image of the other in this 
line. Such was roughly the state of things during the 
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experiments recorded in Table III., D being 19:7. Hence 
it is sufficient to draw the p-X curve for the purpose of 
illustration : the p-C curve looks practically the same but 
inverted. The exact details are given at the head of the 
table. 


TABLE III. 


Showing the variation of the voltage-difference X of the 
electrodes, and also of the electric current, C m.a., as 
the pressure varies up to 1:09 mm., with a constant 
cirenit. Battery 1014 volts, and distance between elec- 
trodes 19:7 cm. Total ohmic resistance of circuit, 
galvanometer included, -923 megohm. 


p. X. C. p. X. C. 
1:09 s 498 '057 66 us 524 '550 
89 ...... 502 555 65 ...... 606 442 
79 ...... 510 544 60 ...... 602 *447 
66 ...... 622 425 $4 ...... 584 467 
70: rese 498 557 50 sss 576 475 
cp rors 504 550 30 iussus 560 492 
68 ...... 504 '550 a8 Lucus 560 492 
OT vues 504 *550 toa T 552 500 
66 ...... 504 '550 IT. teen 551 502 


20. That the discontinuities exhibited in Table III. are 
due to the positive column is proved by Table IV., which 
applies to a fixed circuit as before (illustrated in fig. 5), with 
the difference that the influence of the positive column was 
practically remeved by fixing the electrodes at the distance 
79cm, At the pressure :29 the positive column was ob- 
served to begin 8 em. away from the cathode. (Here the 
electric force was 9:2 volts per cm.) Hence the positive 
column in the case of all the experiments recorded in 
Table IV. was very short, and its effect on the discharge so 
slight as to obliterate the discontinuities which make their 
appearance with longer positive columns. 


21. If the voltage-differences of the electrodes, X, in 
Table III. are plotted against the pressures, the greater 
values of X, namely those of the ordinary currents, which we 
call X, (section 24), determine a curve. This is shown very 
clearly in fig. 6, where the little crosses (or rather, their 
centres) are the points whose coordinates are corresponding 
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TABLE IV. 


Showing the substantial constancy of the voltage-difference 
X of the electrodes, and also ot the current C (m.a.), as 
the pressure p varies up to 1:12 mm., with a fixed circuit 
and little or no positive column. Battery 946 volts, 
D=7:9 cm. ‘Total ohmic resistance of circuit °923 


megohms. 

p X. C. p. X. C 
112 4 446 '54 49 us 420 57 
LO” ius 433 ‘555 HE uua 426 56 

79 26 26 663 uE acus 431 56 

67 ...... 418 "575 df ss 433 555 

O ausos 413 577 4 us 436 552 

OF Loos 417 575 p) eT" 436 55 

D. uns 420 57 Bt... 436 55 


values of p and X in Table III. These apply to discharges 
in which the distance D between the electrodes is 19:7 cm., 
and those between A and B clearly determine a locus. The 
curve AB has been drawn slightly above that locus, and is 
the corresponding locus for D —20 cm. (The necessary 
correction is scarcely perceptible, being an addition to the 
ordinate X at any pressure of :3 Y, where Y is as usual the 
electric force in the positive column of the discharge and is 
given by the curve in fig. 4.) It will be shown below that 
the whole curve ABa is definitely determined by many other 
observations in addition to those of Table III., as the mean 
locus of the points p, X; when D=20 cm., for pressures up 
to about 1 mm., and currents of similar magnitude to ‘5 m.a., 
for which X, is practically independent of the current. (See 
section 27.) 

The other values of X in Table IIL, namely the smaller 
ones which apply to extraordinary discharges, determine 
(with the exception of one) the straight line FE in fig. 6. 
But other determinations of X during the passage of extra- 
ordinary currents are by no means equally accordant to this 
result ; for, as already noticed in sections 4 and 16, such 
currents are, unlike ordinary discharges, peculiarly sus- 
ceptible to cortain effects producible by the passage of 
electricity. 

Tabl» IV. similarly determines, and with precision, the 
curve UuV, which practically contains all the points plotted 
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on fig. 6 to represent the observations of that table. This 
curve will be discussed later. 
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22, The results so far described were obtainad with self- 
determined discharges, which appeared as ordinary or extra- 
ordinary currents according to the pressure or magnitude. 
The following is an account of alternative currents through 
oxygen obtained without varying the pressure or the circuit. 


Alternative Currents in a Discharge-tube of Oxygen in a 
given Circuit. 


It is simplest to start with a detailed description of a 
selection of the experiments carried out in the manner 
described in sections 10 and 11 above with the arrangements 
illustrated in fig. 3. The notation and abbreviations used 
are given in section 24. 

(i.) The ring of tinfoil, S, 3 cm. broad, fitting the dis- 
charge-tube with its edges at the distance 3 and 6 cm. from 
the cathode, the anode being 19:7 cm. from the cathode, and 
the pressure :84 mm., it was found that, when S was con- 
nected with the anode, the current was ‘47 m.a., which 
persisted when S was insulated, but changed at once to 
'93 m.a. on connecting S to the cathode, and so remained on 
insulating S. The change in E.P.D. (potential difference of 
electrodes) was from 555 to 683 volts. 

(ii.) At the same pressure ‘84 mm. and the same distance, 
19:7 cm., between the electrodes, but with the edges of S 
2 and 5 cm. from the cathode, the current changed in the 
manner described in (i.) from 1:21 m.a. (E.P.D. 551 volts) 
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to '965 m.a. (E.P.D. 641), and from :47 m.a. (E P.E. 558) to 
'93l m.a. (E.P.D. 687), and from °442 (E.P.D. 584) to 
:331 m.a. (E.P.D. 687). 

The positive column was observed to begin 7 cm. from the 
cathode when the current 1:21 m.a. was passing, and 8 cm. 
from it during the discharge :965 m.a. 

Further, the alternative currents 1:21 and :965 m.a. were 
easily made to alternate back wards and forwards by connect- 
ing the strip 3 to anode or cathode respectively (after which 
S could be insulated without affecting the current). But 
the smaller currents were not easily reversible. Finally the 
gas tended to lose this reversibility. (It is natural to attri- 
bute this to the loss of purity in the oxygen through the 
generation of ozone, as suggested by the slight observed 
decrease of pressure.) 

(ii.) The copper ring, mentioned above, S (fig. 3), now 
replaced the tinfoil ring, just embracing the end of the 
positive column. With D=21°8 cm., B=990 volts, p= 
-76 mm., the current was made to alternate between 1:186 
and :883 m.a., the P.D. of electrodes being 557 and 668 
volts, and q (distance of foot of positive column from 
cathode) 7 and 8 respectively. 

The electric forces in the two positive columns were found 
(section 12) by placing the electrodes 11:6 cm. apart and 
determining the reduction in the battery required to give the 
same extraordinary current 1:186 m.a., and again the reduc- 
tion required to give the same ordinary current ‘883. These 
reductions were found to be 87 and 190 volts respectively, 
giving as the respective forces 8:5 and 18:6 volts per cm. 
To check these results the electrodes were placed 16:8 cm. 
apart, whereupon the batteries required to reproduce the 
same currents proved to be 939 and 900. These results 
show that the ordinary force is fairly accurately determined 
(within 3 or 4 per cent.), but that the extraordinary force is 
subject to much larger variations, being probably within 
10 per cent. of the value 7:7 volts per cm. (See section 5 
above.) 

At the end of these experiments the pressure had fallen 
to *74, so that there may have been 5 per cent. of ozone in 
the gas during the last mentioned determinations. 

It should be added that when the electrodes were only 
7:7 cm. apart no alternative currents were obtained. This 
confirms what has been already established, that alternative 
currents in the same circuit in oxygen is a phenomenon of 
the positive column, practically at least. | 

Phil. Mag. S. 1. Vol. 2. No. 11. Nov. 1926. 3 P 


930 Rev. P. J. Kirkby on Alternative Currents 


(iv.) p=1:04 mm., D=19°7, distance of S from cathode 
=7 cm. Alternative currents observed were °552, °248 ; 
-524, :271; °530, -226: corresponding E.P.D.'s, 488, 770; 
515, 150 ; 510, 791. 


23. After these and a few other experiments, the apparatus 
was accidentally broken at the anode end. It was very ably 
repaired by Messrs. Townsend & Mercer’s glass-blowers, and 
was reconstructed. A new cathode was inserted, 2°75 cm. in 
diameter, closely fitting the tube, as stated above. ‘The 
following are details of some specimen observations. 

(v.) D=21°6, p—':61 mm. The current was made to 
alternate between 1:075 m.a. (X=592 volts) and :91 
(X=654); between 1:048 (X= 602) and °885 (X=667) ; 
and eventually only the ordinary ‘91 m.a. was obtained. 

(vi.) Dz21:6. A little more oxygen was introduced 
bringing pup to °82, when the current was made to alternate 
between 1:02 m.a. and :745, the corresponding E.P.D.’s 
being 580 and 680 volts. This alternation was frequently 
produced backwards and forwards. But whereas the ordi- 
nary current *745 was stable and repeatable, the extraordinary 
varied, assuming the values *:965, ‘91, etc , with E.P.D.'s 
600, 620, etc. 

(vii. New oxygen. p=1:03 mm., D=21'5em., B— 1007 
volts. No transition here from the extraordinary currevt 
1:38 m.a. (€ 2 503). But the ordinary current *44 appeared 
and slowly crept up to the extraordinary ‘55, and there 
remained steady, X changing from 602 to 501 volts. This 
behaviour suggested that the gas was near the limit of the 
state which permits alternative currents of this magnitude 
to pass. These observations have not been included in 
Table V., since the gradual nature of the change throws 
doubt on the value of the ordinary current. In all the other 
cases the change was instantaneous. 

The pressure was now reduced to ‘84, and D was 20:9. 
No alternations with the extraordinary current 1:23 m.a. 
(X 2559), but alternations easily obtained between :66 and 
44 (E.P.D.'s 560 and 710) ; and (with change of resistance 
in circuit) between ‘76 and :59 (E.P.D.'s 573 and 688); and 
(another change of resistance! bet» een 746 and 564 (E.P.D.'s 
583 and 686). Further, with the same specimen of gas and 
with D and p the same, and the circuit constant, the current 
was made to pass through the following alternations: -664, 
442, *635,:442,*63 m.a., and the E.P.D.'s through the values 
561, 710, 580, 710, 598 volts. The middle point of S was 
6:5 cm. from the cathode. 
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Subsequently the current went through many alternations 
between ‘608 and 442 (E.P.D.'s 598 and 710), the distances 
of the positive columns from the cathode being 5 and 6 cm. 
in the extraordinary and ordinary currents respectively. 
And after many discharges the currents become :59 and 
442 (X’s 610 and 710). 

These details are given to illustrate more clearly the 
striking constancy of the ordinary current, as contrasted 
with the steady diminution of the extraordinary. Thus, 
while the electrodes have maintained the constant value of 
710 volts in the case of the ordinary currents of this long 
series of alternations, the potential difference of the elec- 
trodes during the passage of the extraordinary currents has 
undergone a steady increase from 560 to 610 volts, a total 
increase of 9 per cent. in X,, involving an increase of 30 ps 
cent. in the electric force in the positive column. (See 
sections 34 ff.) This throws light upon the great discrepancies 
observable in the determination of the electric forces in the 
extraordinary positive columns. 

During this series of discharges the pressure fell from 
*845 to :82 mm., that is 3 per cent. If this was due to the 
formation of ozone. there would have been nearly 7 per cent. 
of ozone present at the end. 

We may conclude from these detailed results that while 
both kinds of currents are perfectly determinate and precise, 
the ordinary are constant and repeatable, and the extra- 
ordinary, on the other hand, depend to a considerable extent 
on the past electrical history of the gas; for the currents 
whieh pass through the gas have an accumulative effect on 
it, probably due to the production of ozone. 


24. The foregoing accounts will sufficiently describe in 
detail the nature of this peculiar property ot oxygen and the 
method I used to investigate it. Many other similar experi- 
ments were made, giving similar results, most of which are 
collected in Table V. 


Notation employed in Table V. and throughout this paper. 


Each line in Table V. applies to a fixed circuit as illus- 
trated in fig. 3, permitting alternative steady currents Co, C, 


through the discharge-tube. 


p is the pressure in mm. of mercury, 
D the distance in em. between the electrodes, 


3P2 
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Co C, are the ordinary and extraordinary currents respec- 
tively in milliamperes, 

Xo, X, the voltage-ditference of electrodes during the pas- 
sage of Co, Ces 

Yo, Y, the electric force in volts per cm. in the positive 
columns of Co, Ce, | 

Qo, qe the distance in cm. from the cathode of the foot 
(nearest point) of the positive column of Cp, Ce 
so that D—4,, D—g., are the lengths in cm. of 
those positive columns. 


(The above notation is also used without the suffixes, when 
the nature of the current is not specified.) 


B, R are the voltage of the battery, and the total ohmic 
resistance, of the cireuit, respectively. 

m.a. denotes as usual milliampere, and 

E.P.D. denotes electrodal potential difference (X). 


The values of B, R are not given in Table V., because they 
are incidental features of the phenomenon, and also because 
they are easily obtained from the equations 


B = X+ CR = X.+C.R,. . . . (1) 
whence R = (X, — X/(0, — O,). 


For instance, taking the numbers for the pressure ‘564 in 
Table V., we get R—:374 megohm, B=956 volts. The 
recorded values were :365 megohm, 948 volts, so that even 
when C,and C, differ by a comparatively small fraction of 
their values, B and R are recoverable, if required, within a 
small percentage. 


Remarks about Table V. 


25. The range of pressure in this table is that within which 
the phenomenon of alternative currents was observed. No 
doubt the range might be extended by a more effective 
method of producing the transition from extraordinary to 
ordinary current at pressures greater than 1:04, and from 
ordinary to extraordinary current at pressures less than 
'54 mm.: e.g. by using higher or lower voltages than those 
of anode or cathode to charge the ring S with. 

The distance D, separating the electrodes, is, in all buta 
few cases recorded in Table V., about 20 or more centi- 
metres, but otherwise arbitrary ; such distances being great 
enough for the purpose in view, but not too great for the 
battery to maintain steady currents in the discharge-tube at 
the pressures recorded. 
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TABLE V. 
p. D. C,. Xe. Yy 
1:04 .... 19:7 "248 770 it 
l04 .... 197 :97 760 
1-04 ...... 19°7 "226 790 
89 ...... 908  .86 676 
88 ...... 212 441 685 
84 ...... 209 4 710 
84 ...... 197 931 687 
zT 209 ‘59 688 T 
82 ...... 216 745 680 
8l ...... 195  -408 625 me 
76 ..... 218 ‘883 668 186 
wi RTT 197 416 620 
(^ PA 21:2  -855 — 656 
(E 212 ‘662 660 
22 e 214 36 674 
f. uen. 21 -359 — 669 T 
65 ...... 21:3 -386 651 20:6 
6l ...... 216 91 654 i 
6 uus 197 -82 588 183 
6 ...... 23:1 83 649 183 
MES 2377  :483 681 189 
59 ...... 238 ‘354 680 
59 ...... 205  -386 610 
59 ...... 171 +398 558 E 
58 ...... 242 328 685 175 
58 17:2  -433 568 N 
565..... 244 -336 687 172 
564...... 22 91 616  1t6 
56 ...... 185 494 60564 175 
56 ...... 9-8 48 6075 176 
55 ...... 215 99 630 
54 ...... 214 Vd 604 
DA costs 14 6 601 


8 


C. 
*052 
'024 
'03 

1°15 
08 
*66 
41 
“76 
1:02 
497 
1*19 
*496 
1:08 

81 
"52 
496 
'53 

1-07 

1°06 

1°12 
705 
494 
196 
450 

46 
496 
485 

11 
‘585 
*663 

1:19 

1:3 
‘72 


X.. 
488 
515 
510 
569 
552 
560 
558 
573 
580 
540 
557 
545 
576 
595 
594 
540 
519 
592 
501 


545 
202 
550 
559 
533 
521 


8&5 
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The values of X,, X, were in most cases thus deter- 
mined :— Before passing the current through the discharge- 
tube T (fiy. 3), T was short-circuited by connecting the right 
and left mercury cups at M, and the current read on the 
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galvanometer. Let this reading be K. If now on insulating 
these cups the current C, passes throngh the discharge-tube 
(read on the same galvanometer), X, is immediately given 
by B(K —Cj)/K volts, whatever the constant of the galvano- 
meter. Similarly for X,. 

In the case of the palvanometer thus used, the errors of 
observation would not have exceeded in general one or two 
per cent. 

The values of Y,, Y, in Table V. were determined by the 
method explained in ‘section 12. But in reproducing, 
e. g. the current C, in the discharge-tube, when B and D are 
suitably reduced, C, will be-altered ; for the ratio of C, to 
C, diminishes with the length of the positive column. In 
applying this method, if no transition of current is producible 
with reduced B and D, it is at least necessary to know 
whether the current that appears is the ordinary one or the 
extraordinary. 

As for go, ge, the discharge is often so faintly luminous 
that it is difficult to be sure of their values within *5 cm. 
Still, the positive columns of both ordinary and extraordinary 
discharges look perfectly regular and determinate. And 
when the transition is effected backwards and forwards, the 
extraordinary positive column. shrinks back about 1 cin. and 
distinctly gains in brightness, and then moves forward again 
as it resumes its paler shade. (See section 30 below.) 


26. The currents C, C, change freely when the ohmic 
resistance R is varied. The ratio C,/C,. always greater than 
unity, is not a simple one. It diminishes as the positive 
columns are shortened,.that is as the anode is brought nearer 
the cathode, and tends towards unity when the positive 
columns are thus made to disappear. Moreover, as shown 
above (section 22, vii.), C, remains constant after many 
discharges have passed through the gas, whereas C, under- 
goes a steady increase, so that the ratio tends to increase, 
when the circuit remains unchanged, through the electrifi- 
cation of the oxygen. With D about 20 cm., the pressure 
ranging from :5 to 1 min., and currents not exceeding a 
milliampere, the ratio of C, to C, should range from about 
1:2 to 175. 


27. The E.P.D,, X, during the ordinary discharges, is 
nearly independent of the current C$, when the latter's 
range of variations is that of Table V. At least, X, only 
varies by a small percentage. This is shown by Table V. 
It is also accordant with the results obtained and discussed 


uU RR 
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in section 14 above, which show that Y, is only to a limited 
extent dependent on currents of our order of magnitude. 
For X, is roughly equal to Yo, multiplied by the length of 
the positive column, plus the constant cathode fall of po- 
tential ; so that percentage variations in Y, produce in our 
discharges less than half such variations in Xo, since the fall 
of potential down the positive column, (U—4q)Y,, was in 
every case less than the cathode fall, and Y, can only be 
affected to the extent of 3 per cent. by the variation of 
current shown in Table V. Hence any considerable per- 
centage discrepancies in the values of X, in Table V. must 
be attributed to other causes. 

The same might be true of X, and C,, if it were not for 


their tendency to undergo accumulative changes under the 
action of the discharge. 


Some General Details. 


28. During the experiments represented in Table V., it 
was verified that when once the discharge had started or had 
been transformed froin the ordinary to the extraordinary or 
vice versa, it was not affected either by insulating the ring S 
from anode or cathode, or by earthing it. Hence the ring, 
though useful for starting the discharge or transforming it, 
does not disturb the discharge appreciably. 

A curious effect may be noticed. When the distance 
between the electrodes was too great for the discharge to 
start with the battery B (about 1000 volts), at a certain 
pressure (e.g. 1:04 mm.), the discharge was easily started 
by connecting S to the anode. But after being stopped it 
would not restart in the same way till this connexion had 
been broken and the ring S earthed or connected to the 
cathode. ‘lhis effect was doubtless due to electrons adhering 
to the inner surface of the discharge-tube in the neighbour- 
hood of S, so long as it was at a positive potential, and so 
neutralizing to some extent the electric force set up in the 
gas between the cathode and the ring. 


Position of the Ring 8. 


29. It was observed that the ring had to be near the foot 
of the positive column to effect the alternation of current. 
If S is one or two cm. up the column, only the ordinary 
current. would appear on connecting S to the anode. On 
the other hand, if S was one or two cm. nearer the cathode, 
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the extraordinary started on connecting S to the cathode but 
then stopped. 

Generally speaking, S was best placed just outside the 
positive column of the (longer) extraordinary discharge, so 
that the foot of the column of the ordinary discharge fell 
about a cm. short of it. 


Positive Columns of Alternative Currents contrasted. 


30. When the transition from the ordinary discharge to 
the extraordinary takes place, the current increases in mag- 
nitude, aud the positive column increases about a cm. in 
length and loses in brightness. This latter effect is para- 
doxical, for the general effect of increasing the current 
through a gas is to increase the brightness of the positive 
column. The explanation must be that the intensity of the 
brightness of the positive column depends not only on 
the current-strength but also on the electric force within 
the positive column, and that the great reduction of this 
force, when the transition in question takes place, more than 
balances the increase of current. 

In the case of ordinary positive columns, I have occa- 
sionally observed striz of a type peculiar to oxygen. They 
are thin luminous disks and not curved. They are a very 
pretty phenomenon. In my first paper (Phil. Mag. April 
1908, p. 565) I mentioned some so close together that 10 
were within 1:8 cm, These appeared at :8 mm. about, with 
the zinc electrodes. On the present occasion, at the pressure 
*27 mm., I noticed similar band-like striæ about 2 mm. thick 
and about 8 mm. apart in considerably used oxygen, the 
current being ‘247 m.a.; and also at the pressure :55, 
current ‘276 m.a., stria much closer together, namely 34 to 
the cm. I have not observed striz in the columns of 
extraordinary discharges. 


Transition of Current Effected by touching the Discharye-tube. 


3l. [In earlier experiments the alternative current was 
produced by simply touching the discharge-tube during the 
passage of the extraordinary current. About half of these 
observations are given in Table VI., the rest of them being 
omitted because they agree so closely as to be practically 
repetitions. In every case the distance between the elec- 
trodes was 20 cm., tlie battery was 990 volts and the total 
ohmic resistance, including that of the galvanometer 
(36,240 ohms), was °911 megohm. 
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TABLB8 VI. 


D=20 cm, B=991 volts, R=-911 megohm. 


p. €; —> ©, X, —)» X, 

1d xis 463 s 568 

195 25505 535 - 501 

LB as 543 " 531 
T) MNA D24 -309 510 706 
PR 3 334 531 683 
| P 522 373 51 — 647 
PESE 524 304 510 656 
B unos 505 380 527 633 
TO insi 508 389 24 —— 633 
TD ETE 539 386 500 —— 639 
jd ous: 5 4 532 623 
es 539 401 499 624 
em 502 392 531 632 
OB e 529 408 7  6l8 
Ub odds 521 416 515 6ll* 
522 417 514 — eH 
BU Loin p 418 " 610 
j ERE i 420 T 608 


Transition of current effected by touching the discharge-tube. 


* This transition of extraordinary to ordinary current was spontaneous, 


Other transitions of greater currents were effected by 
keeping a finger on the discharge-tube, but the transition 
was reversed on removing the finger. ‘Thus at the pressure 
'8 mm. the current (C,) 1:37 m.a. changed into :99 (Co), 
the E.P.D. (X,) 492 changing iuto (Xo) 628; and similar 
effects were obtained between *7 and ‘91 mm. These obser- 
vations illustrate the rule stated in section 14, that the 
greater the current, the lower the pressure at which it 
appears spontaneously as an ordinary discharge. 

Again, between *7 and :81 mm., both currents showed a 
tendency to diminish slowly. In this region of pressure the 
discharge readily undergoes transition. In such cases the 
mean value of the observed currents is given in Table VI., 
which, however, only differ from the extreme values by 
about 2*5 per cent. 
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General Results. 


32. The uppermost curve of fig. 6 is the mean curve 
determined by all the values of X, corresponding to pressures 
between °25 and 1:04 mm. for the electrodal distance 20 cm., 
the current being adjacent to'5 m.a. but otherwise arbitrary ; 
for with this condition we have seen that the E.P.D. is practi- 
cally independent of the current. These values are obtained 
from Tables IIL, V. and VI. Table III. determines the 
portion AB of the curve accurately as fully explained in 
section 21. Table VI., which applies to D=20 cm., deter- 
mines the points on fig. 6 which are indicated by dots; and 
of these, those which belong to ordinary discharges lie close 
to the upper part of AB or to Ba which is a continuation 
of AB. 

In the case of Table V.,it is necessary to decrease (or 
increase) the value of Xo, corresponding to any electrodal 
distance D by (D — 20) Y,, in order to make it apply to D=20 
at the same pressure; where Yo is the electric force in the 
positive column of the current in question. For this purpose 
of adjustment, Y, may be taken from Table V., or from the 
curve of fig. 4, or from the formula Y,=(X — 413)/(D — 9). 
when p exceads ‘65 mm. (See section 37 below.’ 

The values of X, thus contributed by Table V. (about 
thirty), when plotted against their pressures, determine 
points which all he close to the curve, or within 3 per cent. 
of those values from the curve, except about two which 
differ by five per cent. from the ordinates of the curve. 
Hence we may say that the curve is the locus of the points 
p, Xo given by all our observations within the errors of those 
observations. 

These results prove that the ordinary currents are deter- 
minate features of oxygen, and are not dependent on the 
means used to produce them. | Nor are they affected, at least 
to any great extent, by the past electrification of the gas. 


33. On the other hand, when the extraordinary currents 
are passing, the H.P.D.’s are by no means so coordinate. 
This is to be expected from the diseordant values of the 
electric force in the positive columns of such currents, 
shown in Table I. and fig. 4. The gas seems to be modified 
by discharges passed through it, so that the current 
undergoes a gradual decrease and the E.P.D. a gradual 
increase when a series of discharges are passed through 
the gas in a fixed circuit. (Section 23, vii. Now 
Table TII. determines a number of points in fig. 6 whose 
coordinates are p, X,, and all of these except one lie close to 
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the line FE. These points are indicated by the small crosses. 
In the same way Table VI. gives a number of points shown 
by the dots, and these approximate closely to FE or its 
continuation eF, or else lie above the line eFE; and the 
same thing is true of the large number of points contributed 
by Table V. after correcting the values of X, so that they 
apply to D=20 em. (which correction does not exceed about 
a volt per mm. increase of D). Hence we may conclude 
that the line eFE is very nearly the locus of the points whose 
coordinates are p, X,, when the electrodes are 20 em. apart 
and extraordinary currents of the order *5 milliampere are 
passing through oxygen, undisturbed by previous electrifica- 
tion; for the effect of such disturbance is to bring those 
points above that line. 

It follows that the ordinary and extraordinary currentsina 
given circuit are two stable forms of discharge which oxygen 
in a conducting state may assume, the one form being practi- 
cally unatfected by, and the other modifi-d in an accumulative 
manner by, previous discharges through the gas. 


Deduction of the Electric Forces in Alternative Currents. 


34. From fig. 6 we can deduce approximately the mean 
normal value of the electric force in the positive columns of 
the alternative discharges in fixed circuits, studied in this 
paper (additional to the values of Table I.). 

For the value of Yo can be derived approximately from 
the value of Xo, if qo is known, by means of the equation 


Yo = (X)-F)/(D-q), --.-.-. (2) 


where F is the value of the E.P.D. when D-q, and the 
current is the same, so that the positive column has just 
disappeared. And if the current is only roughly the same, 
that is of the saine order, equation (2) will be still nearly 
correct *, X, being only to a limited extent dependent on the 
current. (Section 27.) 

Now F is nearly constant in oxygen with our range of 
pressure and current. This is shown in Table IV., and by 
the curve UxV in fig. 5, which represents that table graphi- 
cally, applying to discharges between electrodes 7:9 cm. 
apart. For go is about 8 cm. for pressures below *65 mm., 


* Where there are stri in the positive column, equation (2) would 
give the average value of Y, or, mutatis mutandis, of Ye. But in oxygen 
strive seldom appear (see section 30), at least at our pressures, so that the 
force within the positive column of both ordinary and extraordinary 
currents may be assumed to be constant, 
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and decreases to 6 cm. as the pressure rises from :65 to 
l mm. 

35. The lowest E.P.D. in the curve alluded to in fig. 6 is 
413 volts *, namely when p-:6 to *65 mm. When p is less 
than this, the E.P.D. slightly increases, probably because the 
cathode fall of potential is becoming more than the ** normal 
cathode fall," the current being more than sufficient to cover 
the cathode. And as p increasingly exceeds ‘6 mm., a por- 
tion of positive column makes its appeurance, increasing up 
to 3 cm. ; for these discharges, being self-determined, would 
have been at such pressures extraordinary currents (see 


Table III.), and q, is about 5 cm. when p=1 mm. (Table V.). 


36. From these considerations it follows that for pressures 
below *65 mm. (whereabouts the abrupt change tends to take 
place, from ordinary to extraordinary current) the electric 
force in the ordinary positive column is equal to the difference 
of the ordinates of the upper and lower curves, AB, Uv, of fig. 6 
divided by the difference between the electrodal distances 
(20, 1-9 cm.) which are constant for these curves, that is by 
12:1em. In fact, the values of F in equation (2) are practi- 
cally the same as those of the ordinates of Uu, and qo is 
nearly 7:9 cm. for pressures below °65 mm. | 

Again, when the pressure exceeds *65 mm., the difference 
of ordinates, at any pressure, of the (straight) curve 
FE (D=20) and the lower curve UV (D 7:9) divided by 
12:1 gives the electric force in the extraordinary positive 
column at that pressure; for both curves now refer to 
extraordinary currents. 


37. The electric force in the positive column of ordinary 
currents when the pressure is above *65 mm. cannot be 
deduced correctly by the same method, which would intro- 
duce a considerable percentage error (up to 10 per cent. at 


* That the voltage 413 is the value of X, when D=q and the cathode 
fall is normal, or nearly normal, appears from the following cousidera- 
tions. With platinum electrodes the normal fall in oxygen is 369 
(Capstick), and the same figure may be presumed with our gold elec- 
trodes. Now the rise of potential between the cathode and the foot of 
the positive column, in the case of hvdrogen and nitrogen, is the cathode 
fall plus a voltage less than 1.2 Y, where . is the distance between the 
negative end of the Faraday dark space and the foot (nearest point) of 
the positive column (See the diagrams in Sir J. J. Thomson's * Conduc- 
tion of Electricity through Gases, 1903, c. xv.) [n our case with p= 
'6 mm., and Y «18 volts/em.,.e sould be less than 6 cm., if we are 
guided by the behaviour of those other gases. Therefore F should be less 
than 423. Hence the figure 413 should apply to a discharge with a 
practically normal cathode fall, in order to satisfy the above inequality. 


— 9 a 
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1 mm. pressure) in excess of Yo. For the ordinate to the 
curve Ba (D =20) at a pressure greater than ‘65 applies to 
an ordinary current, and the ordinate at the same pressure 
to the lower curve (D=7'9) applies to an extraordinary 
current with a short length of positive column of low electric 
force. Hence we have to use the formula (2), where 
F=413, and D=20, although the values of go are only 
roughly known from Table V. These values are 7, 7, 6 cm. 
for the pressures *7, *8, *9 mm., involving an error that can 
scarcely exceed :5 cm. Thus we derive from equation (2) 
the values of Y,, 16:3, 17:2, 20:5 volts/em., for the pressures 
‘7, °8,°9; in which the percentage errors arising from the 
assumed values of gg should be less than 4 per cent. Further, 
since qy must be assumed to lie between 6 and 5:5, when 
p=1 mm., we obtain for Yo (p 21) the value 23:6. 


38. The approximations thus obtained to the values of Y,, 
and Y,, are collected in Table VII.; which also contains, for 
the sake of reference, the mean values of X,, and X, for 
D — 20, and the values of X for D 7:9 em. The latter are 
derived from the ordinates of the curve UuV, which applies 
to neutral discharges, neither ordinary nor extraordinary, 
(for with no positive column no ich distinction can be 
made), except when the pressure exceeds about :65 mm., 
when the ordinates are X.. But this distinction is not made 
in the table. 


TABLE VII. 
(F'or notation see section 24.) 
Currents of order ‘5 m.a. 


D=20 em. D=79. 
—————. —— 
p. Xo. Xe X. Yo. Ys 
CM 555 2s 436 93 
e . axyeeessssvs 565 T 431 111 
TO” TT 580 vee 420 13:2 
"OE: cessit: 590 509 417 14:3 
1G. cussidaieus 608 508 413 161 
"DD erd 617 506 415 16-7 75 
e E 625 504 419 17:0 T'O 
"LO. itaet 633 504 424 173 6:6 
1B koronaan 637 503 427 17:4 6:3 
D E E 700 502 432 20:5 5'8 


IU ouch 750 501 4937 236 53 
UL oig - 500 440 i 50 
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The X,’s, for D=20 cm. in Table VIL, derived from the 
upper curve of fig. 6, are the mean results of so many obser- 
vations that they ought not to be infected with the same 
percentage errors to which individual observations are liable 
in electrical experiments on gases at such low pressures; 
though the errors of observations on ordinary discharges are 
not normally, as we have seen, more than a few per cent. 

The values of X, are approximately the values of the 
E.P.D. of extraordinary discharges, also of order ‘5 m.a., 
through oxygen unaffected by previous electrification. 

The values of Yo are in satisfactory agreement with 
Table I. and fig. 4, except for the discrepancy at the 
pressure *6 mm., where the latter gives 18 volts/em. The 
value 16:1 of ‘Table VII. agrees accurately with the run of 
the curve of fig. 4. But in section 15 reasons have heen 
given for not discarding the value 18, and the discrepancy, 
]:9 volts/em., must remain unresolved. 

As for the values ot Y, in Table VII., they agree fairly 
well with the lowest values of Y, given in Table I. and fig. 4, 


which are presumably the values of Y, in oxygen previous to 
electrification. 


39. This general agreement of Table I., all derived from 
individual experiments described in section 12, with the results 
of Table VII., deduced from the joint data of so many other 
observations, shows once more that there are two definite 
modes of the passage of electricity through oxygen at pres- 
sures between a certain range (ot which, as so far observed, 
‘8 mm. is about the centre), and that the gas at such pressures 
can conduct electricity in the same circuit in one or other of 
these two modes, which the oxygen may adopt spontaneously 


or through control, provided that the alternative currents are 
of certain orders of magnitude. 


Influence of a Mixture of Air on the Transition of Current. 


10. A few experiments were made to see to what extent 
oxygen must be pure to permit alternative currents to pass 
in a given circuit in circumstances where they appear in pure 
oxygen, Oxygen was mixed with a considerable proportion 
of air, so that the mixture contained 88:4 per cent. of oxygen 
and 11:6 per cent. of nitrogen (and argon, etc.). Between 
the pressures ‘81 and :52 mm., D=19°8 cm., currents of 
extraordinary type and magnitude °5 or rather less, and 
of magnitude greater then 1 m.a., passed; but the only 


a 
transition observed, and that on fouehing the tube, was at 
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, the pressure *65, when :475 m.a. (C,) changed to :386 (C,), 
the corresponding change of E.P.D. being from 528 (X,) to 
611 volts (X,). These alternatives are so similar to the 
numbers given in Table VI. at the same pressure, but with 
a slightly different circuit (battery and resistance), that we 
may conclude that the oxygen, even with such a large per- 
centage of nitrogen, had not lost the peculiarity of alterna- 
tive currents, but had lost the facility of exhibiting it. 


No Change of Pressure observed during Transition of 
Currents. 


41. It is natural to suppose that the two different modes 
of conducting electricity which oxygen possesses at certain 
pressures may be associated with two different molecular 
states which the gas might be made to alternate between 
at those pressures. A change from one such state to the 
other would be aecompanied by a change of pressure, unless 
it consisted of a passing part passu into ozone and monatomic 
oxygen, in which case the pressure would remain constant. 
In order to see whether any change of pressure, detectable 
by the McLeod gauge, arises with transition of current, 
the pressure was carefully read during an extraordinary dis- 
charge with current of order °5 m.a. at the pressure :83 mm., 
and again about thirty seconds later. The current was then 
switched without stopping it to the alternative ordinary form, 
and similar observations were made. The fall in each case 
was very small, namely of the order ‘0016 mm., such as is 
always to be expected with oxygen in such conditions, and 
contained in sueh a volume, which was nearly 600 c.c. 

These results prove that no local change of pressure occurs 
during the di charge in the discharge-tube. For such a 
change would have produced a change of pressure in the 
oxygen in the bulb of the McLeod gauge (which belonged 
to the same volume with the discharge-tube), and so could 
not have escaped detection. But the results do not settle 
the question whether there may be produced by the dis- 
charge, at the moment of transition of the current, a general 
molecular change, with change of pressure, in the whole 
mass of the gas filling both discharge-tube and gauge. For 
in using the latter, the gas in its bulb was compressed to a 
pressure of 264 mm., at which it would have recovered the 
ordinary molecular condition of oxygen. Thus whether 
the latter is assumed to go with ordinary or extraordinary 
discharges, no change of pressure could be detected by the 
McLeod gauge. Nevertheless the negative result of these 
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observations of pressure during the discharges of both types. 
makes it most improbable that any molecular change in- 
volving change of pressure takes place with transition of 
current. 


42. The phenomena described in this paper are an exten- 
sion of the effects of which I gave an account in Phil. Mag. 
April 1908, and summarized in section 2 above. In the latter 
paper I raised the question whether the electrical disconti- 
nuities at about *8 mm. were connected with the discontinuity 
in conforming to Boyle’s law in oxygen at the pressure 
"7 mm., described by C. Bohr in Wied. Ann. vol. xxvii. 
p. 459 ff. (1886), and confirmed by other physicists, although 
Lord Rayleigh with the most careful investigation and with 
Bohr’s result in his mind entirely failed to discover any such 
departure from Boyle’s law in the neighbourhood of :7 
(Phil. Trans. 1901, p. 205). The results established in the 
present paper, howeveg show that the abrupt changes of 
current are not discontinuities in the strict sense of the 
word, but sudden shifts from one to the other of two 
possible modes of conduction of electricity through the 
oxygen at certain pressures and with certain orders 
of current associated with those pressures. Both these 
modes are regular and continuous with continuity of pres- 
sure; but the one is constant and the other is liable to 
modification by the past treatment of the gas. If these are 
associated with different molecular states, one of those 
molecular states, that of the ordinary currents, might conform 
to Boyle’s law consistently, but not necessarily the other. 


In conclusion, I wish to express my obligations to Mr. E. 
P. Cardew, who helped me in the early part of this research 
and established the very suggestive fact that the transition 
from extraordinary current to ordinary could be effected by 
touching the discharge-tube. | 

All the experiments were made in the writer's private 
laboratory in Saham Toney Rectory, Norfolk. The battery 
used in this and other researches was practically covered by 
a grant from the Royal Society in 1911, made originallv for 
an investigation connected with the positive column of 
oxygen, and I wish to express my thanks for it in this 


paper. 
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LXXXIII. An Application of Diffraction Halos to Elasticity. 
By Jas. P. AupREWs, B.Sc , Last London College *. 


wee lycopodium is dusted on any polished plane 

surface, the image of a small light placed in front 
of it appears surrounded by circular coloured rings. On 
deforming the surface in any way, the rings change their 
shape, and some measure of the strain may thus be obtained. 
The following describes how Poisson’s Ratio may be deter- 
mined by this method. 

The halos here obtained are formed in the same manner as 
those seen in a mirror with a silvered back, whose front 
surface is dusted with fine powder, and which have been 
fully described and explained by Stokes t. The illuminated 
particle sends secondary wavelets to the eye both directly 
and by way of the regularly reflecting surface, the retarda- 
tion between these two routes determining the colour seen. 
It is at once clear that light of wave-length A, and of a given 
order of interference, will issue from the surface at a par- 
ticular angle, æa, with the normal at that point. Then if the 
surface bends and the normal be made to rotate, the angle 
at which tlie rays enter the eye must change and the halo be 
deforined. 

A uniform rectangular brass plate P, one surface of which 
is polished and dusted with lycopodium, is bent by couples 
at its ends, and placed a few feet from a small light Lj. An 
observer at E (fig. 1) can measure the diameters of the 
elliptical halos upon the superposed image of the screen S, 
which is seen by reflexion in the glass plate G. X is an 
Opaque screen, pierced by two perpendicular rows of fine 
equidistant holes, illuminated by light La. The distance of S 
from G may be arranged so that parallax between the images 
of S and L, is quite small. 

The observer measures the lengths of the major and minor 
axes of one of the coloured bands, and then bends the plate 
a little more and repeats the measurement. Let x be the 
angle subtended at the eve by the diameter which is in 
the plane of bending, and y that subtended by the perpen- 
dicular diameter. On bending further, let these change to 


z'and y. Then 
1 1 


en 
: f 1 
Poisson's Ratio o = y y. 
1 l1 
x 


~ 


c 


* Communicated by the Author. T 
t G. G. Stokes, Math. and Phys. Papers, vol. iii. p. 174. 
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For if OPQ is a portion of the surface (fig. 2), and æ is the 
angle [subtended by the diameter considered, let C be the 


Fig. 1. 


centre of curvature of the surface, whose radius of curvature 
is r, and let OE =d, the distance of the plate from the eye. 


of Diffraction Halos to Elasticity. 947 


d 
Angle EPQ = a, and a, 2x4 E = 2+ - approximately ; 
hence “= 1+ a similarly es qa A 
t r v r 
Therefore 1 1 Lp b 
uei 


Similarly for a direction at right angles, 


(7 2)- aa K) 


Now r=oR and r/—-cR' ; so that finally 


1 1 
LEN 
com. em 
1 1 ^ 
v g 


The halos are generally small and diffuse, and do not 
improve on bending the plate ; great accuracy cannot there- 
fore be attained. The graph below shows a series of results, 


; being plotted against = 


Fig. 8. 
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The results of six series of this kind are as follows :— 
o = ‘40, 48, -37, :33, 19, 3995 
mean value of e = :37. 


Although the method is capable of some improvement, it 
is presented rather as an interesting variant of the usual 
experiments with the diffraction halo. 
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LXXXIV. The Striated Distribution of Space Charge. 
By B. M. Cassen *. 


SUMMARY. 


Ir is shown that, in the statistically steady state, striations will, in 
general, exist in an electric discharge, even when the rate of ioħi- 
zation is constant at all points along it. The case where one ion is 
much more mobile than that of the opposite sign is treated analyti- 
cally. An exact solution of the equations expressing the electric 
potential as a function of the distance along the discharge is obtained 
in terms of elliptic functions. The formula, involving the complete 
elliptic integral for the real period of the potential, gives an exact 
expression for the distance between the striations as a function of 
physical quantities determining the state of the discharge. The 
condition that the rate of ionization in the discharge is constant 
along it does not prevent the application of the analysis to ordinary 
discharges, if account is taken of ionization by radiation as well as 
by collision. A practical form of the formula for the distance be- 
tween the striations shows why that distance varies roughly as the 
inverse square root of the pressure, why the striations usually tend 
to become concave towards the anode, why the striations become 
closer together in a constriction in the tube, and why they are 
affected by small amounts of foreign gases; it also predicts a 
separation of the striations with increasing temperature. 


I general, for a discharge in the steady state, electrically 

and thermally, between two plane-parallel electrodes 
through a gas which is ionized into one type of positive ion 
and one type of negative ion in equilibrium, with respect to 
their rates of formation and recombination, the following 
relations hold : 


d*V 
Ta = 4T (ps — pi), IE M E MC. (1) 
I, = Pili, > (2) 
I, = Pore, > (3) 
I = I,+ L. y (4) 
» al 
Pips = ee? + 4 dm K . .. (5) 


* Communicated by Prof. S. Chapman, M.A., D.Sc., F.R.S. 
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where V is the potential in electrostatic units at a point æ cm. 

from the cathode, relative to the cathode, 

p1 is the density of positive electricity in electrostatic 
units per em.?, 

e; is the charge of the positive ion in electrostatic 
units, 

vi is the mean velocity of positive iens, 

I, is the current per cm.? carried by positive ions, 

Pa» €23, Us, 1; have similar significance, but pertain to the 
negative ion, 

q is the number of ions produced in one cm.? in one 
second, 

a is the recombination coefficient of the ions. 


Equation (5) is simply the particular case, for the steady 
state, of the well-known equations forming the basis of the 
simple theory of ionized gases as given by J. J. Thomson *, 
and no remarks are necessary on the first four equations. 

Considering V, py, ps, hi, i, v,, and v as functions of z, 
but I and K independent of x, in the steady state, there 
are five independent relations connecting these seven 
functions of x. It is necessary to have two more relations 
to determine these qnantities completely as functions of z. 
Of course, the truth of (5) precludes those cases where 
the mean free paths of the ions are comparable with the 
distance between the electrodes, so that there is no simple 
relation connecting V with v, and v; as there is at extremely 
low pressures. 

Attempts f have been made to develop the theory of the 
distribution of potential along a discharge by assuming that 
the ions have constant mobilities w, and py respectively, 
giving as the two relations to complete the theory 


dV 


Se = |) FF 


dV 


Ug = € ici 
243 17 | 


. (6) 


This procedure does not give very satisfactory results, which 
could, in fact, hardly be expected, in view of the fact that 
fy, and u are unknown functions of p), ps, ti, and vz, and 
cannot be taken as constants with respect to these, especially 
to the first two. J.J. Thomson [ has more recently used 


* See ' Conduetion of Electricity through Gases.’ 
t See J. J. Thomson, loc. cit. 
t Phil. Mag. xlii. p. 986 (1921). 
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relations based on the probability of an ion retaining a 
certain portion of its kinetic energy in the direction of the 
field, after impact. He does not assume that q is constant, 
and the way in which he assumes it to vary with the 
potential gradient and current density introduces a perio- 
dicity into the nature of the discharge. The assumption only 
takes into account part of the ionization. The principal 
other source of ionization is the radiation emitted by recom- 
bination of ions. ‘This and other effects that have been 
studied in low voltage arcs evidently tend to smooth out the 
production of new ions, so that in most cases it would seem 
that the actual conditions in the positive column of a dis- 
charge or in a low voltage arc can be fairly approximated 
by assuming q independent of x. As will be seen in what 
follows, it is possible for striations to exist in a discharge 
even when this assumption is made, and in general they 
must always be present except in a particular case where the 
period of the striations becomes infinite. 

When the positive ions, for example, have a negligible 
mobility in comparison with the negative ions, then r, can 
be assumed to be practically zero, and it is only necessary to 
obtain one valid relation to solve the equations. This case 
will be the only one fully treated in this paper. A final 
relation can be obtained trom purely statistical considera- 
tions applied to the distribution of the positive ions in the 
field. Boltzmann’s distribution law gives immediately for 
the revion of the discharge under consideration 


pmp-ye *, 2... wwe (1) 
where k is Boltzmann’s constant, T the absolute temperature, 
and y a constant. To evaluate y, let Vy and Vn be the 
maximum and minimum potentials in the region under con- 


sideration, then in this region the average value of the charge 
density of positive electricity is 


1 | T yk T ECC 
R= vy.) ea Ivy Te | 
Therefore o 
€ Va —- Va eR 
=T a ta = s W, (9) 
e ~U e MT 
where 
r V, —Vu 
Wee c S . (10) 
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Substitution of (5) in (1) gives 


d?V K 
dut = in( -p ), e e e œ (11) 


and on eliminating p; by means of (7), we get 


1 GV. K '& 9t 
dm l5 = y —rye , ce: ag. 4 (12) 
the first integral of which is readily obtained as 


v ev 
(A) = W LY. c 
BK FE CHE gee Sine t Ua) 
where C, is an integration constant. If the cathode surface, 
at which V is taken as zero, freely emits electrons, it is 
necessary, for a steady saturation current of electrons, that 
a= O at that surface, in a manner exactly similar to the 


da 
way in which the thermionic current from a hot cathode is 


controlled. Thus V and a vanish simultaneously ; using 


this fact to evaluate C, in (13), we get 


Ci = 1 + r. "PC . (14) 
In a low voltage arc a hot cathode is present and no difficulty 
is encountered. Inan ordinary discharge a surface at which 


ul vanishes must be taken as the place from which V is 
€ 


measured. The complete solution of (13), after inserting 
the value of C, as given by (14), is 


Srk kT dV 


(2+ Cs) = | e,V V , 
YE / ; y? - um y? 
p T K]! KT es (1+ K) 
(15) 


where C; is an integration constant. 


a and Ha? 
= e AT = 
y e an K’ 
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the integral becomes 
kT dy 
J V y t D +H)’ 
which is a simple elliptic integral expressible in the Jacobian 
form 
nm 


€1 


2kT (./ y ry 
1 y. NR 
: — sn PEL H when H » 1. 


In the two cases respectively, expressing y as a function of 
eV 
æ and replacing y by e *", 


" oy 24r Ke, . uites 
e AT = H sc? [A/ y kT (+C), vi-H], | 


ny Im Ke, H Ee J 
KT — qo pes ! Se 


where sc is the usual notation for = . If V=0 when z=0, 


ai( EH Vi-H) when H « 1, 


or 


(16) 


then the corresponding values of C; are given by the multiple 
valued functions 


za Tel. vam ) 
C, = Qa Ke, ^ (a /1—H , 

ey KT - H-1 l 
C: AJ on Ke” (1, / | a) 


It is evident that the proper value of C, cannot be purely 
real for, if it were, the potential would become infinite periodi- 
cally at the zeros of sn z and cn; (16) shows that unless 
B =1, the potential will be a periodic function of the distance 
with a real finite period depending upon quantities deter- 
mining the physical state of the discharge. If the potential 
is periodic, evidently its derivatives are periodic with the 
same period. Therefore, the density of positive ions and 
the places where there occurs a preponderence of recombina- 
tion of ions will be periodically distributed, thus giving a 
quantitative explanation of the very regularly striated positive 
columns and low voltage arcs commonly observed in electrical 
discharges. As the real period of sc(z, r) is 4sn—!(1, r), the 


(17) 
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distance P Bee Ren the striations follows from (16), after 


putting H = is , in the form 


P= id K . Sn (1, ]— k) 
P = -— ERVA : sn! (1, 4j fis 5). 
^ €i 


These formula are exact. They can be simplified by certain 
approximations. By taking V,,=0 and noting that Vy is, in 
most applications, of the order of 1073, it is seen from (9) 


ihat y is nearly equal to mE ,and taking ej; —e,— e (the 


elementary charge), which is usually the case, (18) becomes 


1 $ av iV 
RARE sa" (1, t, / 1-5 2 P), 
KOVA a(n iR 
e` aw ain (1, i (Eva) )) 
(19) 


If S, is the density of negative electricity at the point where 
pı takes its average value R,, then 


BS 0... (20) 


and if p, and p, take their average values near the sume 
point, then 


-— 


a € 


g BRR 7... . (2) 


a e? 


where R, is the average density of negative charge. Putting 


(20) in (19) ud 
R (‘ V 
= | v1 M, 
(1, LA 1= 3 (Sr = S, UT j) 


P-A/ 2. 
1 LY). 
= oo l1— 
P ia E is (1, "s nf Va) 


As ( (7) is usually of the order 107*, it is seen that 
Vu 


the type of striation given by the second of the formul of 
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(22) is the one of practical importance. Fixing attention on 
S:;/ AT\_. 
this formula, as R, ( wr.) will usually be small (unless there 
is an extremely large electron density compared with the 
density of positive ions), then the modulus 


S? 7 kT \3 
V- Cv, 


is almost equal to unity, thus making the complete integral 
large. Since, when r is near unity, sn7'(1, r) is approxi- 


2a , the formula for P becomes 
1—7 


mately * equal to loy 


8 k T 4e V R, 
P = NVE e . — —— e. ] i x ae 23 
T € WRiV og °8\ RT s) (28) 


or inserting some numerical values 


" _ T 14x 10° Vu VAS 
— 9. 7,—___ — r. = }. (2 
P = 258x107. log a s). (24) 

This formula shows that the distance between the striations 
should increase almost linearly with the absolute temperature 
and vary almost inversely as the square root of the partial 
pressure of the positive ions. If the latter is proportional to 
the total gas pressure, then P will vary inversely as the 
square root of the pressure. This variation t is actually 
frequently observed. The variation with the temperature 
could be easily tested experimentally. Equation (24) is con- 
sistent with Goldstein's law f. Itis well known that striations 
are affected near the glass walls of a discharge-tube. This 
theory would indicate that, besides a temperature effect, if 
the glass had a catalytic effect on the rate of recombination 
of the ions, then a would be increased near the walls. As 
reference to the second formula of (19) will show, an increase 
in a tends to make the modulus of the complete elliptic inte- 
gral become nearer to unity, thereby increasing P. This will 
obviously tend to make the striations concave towards the 
anode. This is exactly what is observed. In the same way, 
if a foreign gas either increases the rate of recombination or 
decreases the rate of formation or both, the distance between 


è See Cavley’s ‘ Elliptic Functions,’ p. 47 (1896) for an elementary 
demonstration. 

t £. y. Willows, Proc. Camb. Phil. Soc. p. 302 (1900). 

[ See J. J. Thomson's * Conduction of Electricity Through Gases," 
p. 465. 
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the striations will be greater in presence of the impurity. 
If the impurity has an ionization potential differing markedlv 
from the gas giving the striations the effect can become very 
important. 

The period is independent of the current density as such, 
but can easily be affected by it by the change caused in q 
and T. If the temperature is kept constant an increase in 
q in (19) will tend to decrease the period. This evidently 
explains the effect of the striations frequently becoming 
closer together in parts of a discharge tube that are narrower 
than the rest of the tube. The effect of an increase in the 
rate of ionization, causing the striations to move closer to- 
gether, indicates a method of experimentally studying the 
absorption of ionizing radiation in ionized gas. 

If the positive ions move appreciably under the electric 
field, the general theory becomes extremely complicated. 
But, if the positive ion current does not vary much with the 
distance, it is possibly permissible to apply the above theory 
in a moving coordinate system moving with the positive 
ions. "The qualitative result would presumably be moving 
striations having tle velocity of the positive ions, but many 
complicating factors would come into play. 


LXXXV. Sound Changes analysed by Records.—II. Voice and 
Violin. By H. M. Brownine, M Se, Ph. D.* 


[Plate XVI.] 


i Ge the first paper t, records of sound changes on the cornet 
and trumpet were considered with special reference to 
shakes, turns, and iterated notes. In the present paper, 
some records of changing notes on the violin and by the 
human voice are shown, together with records of tuuing- 
forks and motions of the diaphragm as obtained by tapping. 
The apparatus shows well the chanve of type of vibration 
when the pitch of a note is altered; also when one note 
follows another quickly enough, the period during which 
the change is taking place is of considerable duration and in 
all cases is clearly visible. ‘The transition is found to be a 
slur in all the sung passages, and a jump when one note on 
a violin is followed by another. This is of interest, as in 


* Communicated by the Author. 
T “ Sound Changes analysed by Records," Phil. Mag. vol. l. Nov. 1925. 
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several cases the sung notes were supposed to be separated 
by a jump. 

The present work has been most useful in emphasizing two 
things which are necessary in order to obtain good quantita- 
tive results of the sounds emitted by the violin. The first is 
to do away with the human element, and this can be done by 
mechanical bowing and fingering. The second is to obtain 
a more sensitive diaphragm, which, although selective, will be 
sensitive to all the harmonics of a certain fundamental tone, 
and which will be capable of alteration by change of tension 
to whatever note is required. Ina later research it is pro- 
posed to use the apparatus as mentioned above to compare 
the motions of the string with the sound waves produced in 
the air by the whole violin. 


T'heory.— A violin is a much more complicated instrument 
than a cornet or a trumpet. The latter is essentially an 
air resonator, whereas the former can be analysed into solid 
and fluid vibrators, which may act both as forcers and 
responders. 

The strings, when plucked, vibrate with frequencies which 
are commensurate, and the motion can be represented by the 
Fourrier Series :— 


r) = y = Za, sin" cos ->Z gin pt, . . (1) 
Ae / l P 


where the value of a„ can be obtained from a knowledge of 
f(x) for a particular instant of time. 

The belly of the violin is asymmetrical, therefore the 
equation of motion for its free vibration must be of the 
type 

yt2kytpiyt+by? =O. . . . . (2) 
The solution of this is a harmonic series the frequency of the 


fundamental differing from £ by an amount depending 
upon b and £. 

The bridge may be considered as part of the belly, the 
motion being conveyed by it from the string to the whole 
resonance chamber. The air inside is still another vibratiu 
system, but it has such a large damping factor thut it vill 
follow the vibration of the wood almost as soon as the sound 
begins. 

The equations of motion of vibrations produced at the 
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bridge when the string vibrates may be written as follows :— 


d!y di . ) 

<4 + 2h + p?y, = fisin (nt + $i) 

: : MD by “Al oe es eZ (3) 
m dyn, : 

Dim y apin + (mp +n)? yn = fa sin (mnt +) 


. E . e . . . . ] 


This is true for small vibrations, and near the bridge of a 
violin they certainlv are small. Each of these equations will 
have solutions involving two terms, one, a vibration of fre- 
quency equal to that of the forcer, and the other of frequency 
due to the free vibrations. The latter, being damped, will 
only be present during the formation of the sound. Thus 
the motion of the belly and also the air will quickly settle 
down to a series of commensurate partials of the same fre- 
quency as those emitted by the string. However, the 
amplitudes of these partials will not bear the same relation 
to one another as those of the string, but will be greater or 
less as the free period of the belly is near or far away from 
that of the particular partial. 

The motion of the air will be recorded by the diaphragm, 
but, since the motion of the diaphragm is due to resonance, 
during the establishment of the vibration the free periods of 
motion will be present as well as the vibrations forced on it 
from the air. Because of this the change from one note to 
another may appear longer than it actually is, as the free 
vibrations of the diaphragm will persist after the free vibra- 
tion of the air has died out. 

The human voice presents a case similar to that of a 
trumpet, the larynx in the former having the same function 
as the lips in the latter. The mouth and nasal resonators 
act as the tube of the trumpet, and the tongue, palate, etc. 
form the required space for resonance to different notes. 

The tuning-ferks were made to vibrate with as large a 
displacement as possible, thus, because of this and also 
because of their asymmetry and that of the diaphragm, in 
many cases the octave and higher harmonics appear. 


Experimental Arrangement and Results.—The same experi- 
mental arrangement was used as in the cases of the trumpet 
and the cornet *, but a liliput are was substituted for the 


* “Sound Changes analysed by Records,” Phil. Mag. vol. 1. Nov. 1925. 
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pointolite ; thus a more intense beam of light was obtained. 
The motion of the drum carrying the photographic film was 
found to have a nearly constant velocity, so that distances 
measured along the films may be taken as proportional to 
the time for that portion to pass the slit. 


Records were obtained on different days, by tapping the 
film with a lead shot, and it was found that the fundamental 
frequency altered with atmospheric conditions. Figs. 1 and 
2 (Pl. XVL) show this. Figs. 3 and 4 are caused by 
banging the table and by clapping the hands. Fig. 4 
shows clearly that a violent motion of the air near the 
diaphragm does not affect it more than a gentle tap with a 
lead shot. Thus it may be concluded that the free vibrations 
of the diaphragm which occur at the start of a note are of 
comparatively short duration. 

If figs. 5 and 2 are compared, it will be noticed that the 
vibration in 2 is damped out in about five centimetres, 
whereas in 5, which is the record of a plucked violin string 
of frequency 192 per sec., the free vibrations have not 
entirely disappeared until 20 cm. are passed. Thus it may 
be concluded that at least three quarters of the damping 
effect is due to the violin, and not to the diaphragm. In 
cases where the initial amplitude is small, the damping due 
to the diaphragm will be still less marked. 

Several records of the vibration of tuning-forks were taken 
to try to obtain some information as to the motion of the 
diaphragm. These records were analysed by Mader's Har- 
monic Analyser to find what overtones were present. 
Further, certain plucked and bowed notes on the violin were 
also analysed. A table below shows the ratio of the har- 
monies to the fundamental in various cases. Figs. 6 and 7 
are records of a tuning-fork of frequency 128 per sec., with 
and without resonance box. Fig. 8 shows the vibration of 
956 fork when far from the diaphragm and then brought 
near to it; the record clearly indicates the overtones pro- 
duced in the diaphragm bv large vibrations. Fig 9 is a 
record of the vibration of 512 fork, and the motion appears 
simple harmonic. The lower trace in fig. 10 and fig. 11 
show records of a violin string tuned to C' 512 vibrations per 
sec., in the first case plucked and in the second bowed. The 
type of vibration alters from one record to the other. The 
plucked note shows decided harmonics, whereas the bowed 
note appears to contain only simple harmonic vibrations. 

Figs. 12 and 13 are records of the bowing and plucking 
of the G string (192 per sec.). In allof these overtones are 


Changes analysed by Records. 959 


present, but the amplitude varies in the different cases. The 
note G appears in later records of bowing, and again the type 
of vibration is very much like that of fig. 12. The vibra- 
tion obtained by plucking the string seems to settle down to 
a smoother type as shown by fig. 12. Fig. 13 is interesting, 
as it shows a very pronounced second overtone; this must 
be due to the pressure applied in bowing the string, and 
forms a strong advocate for mechanical bowing. 


TABLE. 
Instrument. ma Add Ratio ep ae Remarks. 
Fork with bor......... 128 057 nil, 
Fork without box ... 128 :1014 *009 
Small Fork ............ 250 151 0158 Far from diapbragm. 
i E E ES i :323 "093 Near diaphragm. 
» a. ^ NEE 512 053 nil. 
Violin String (p)* ... 512 2 12 
» » (b) .. 512 :19 ‘05 
ji s» UB) as 102 33 23 
” » (5) .. 192 5'5 5'2 
1:05 :31 At beginning. 
B we ABE OSS { '04 ‘OT Later. 
» » (6) ... 384 8 0 


* p means plucked, 46 means bowed. 


The table seems to show that the fundamental of the lowest 
note on the violin is weak compared with its first and second 
overtones, and for some of the other notes the overtones are 
as powerful as the fundamental. Records of tuning-forks 
vibrating 320 and 384 per second show very little trace of 
overtones, so it is to be concluded that they are not produced 
in the diaphragin because of its asymmetry. 

Fig. 14 shows A string (427 per sec.) and G string (192 
per sec ) plucked successively. The vibration of the upper 
string had not quite died out when the lower one was started, 
and it may be this that gives the effect of a wandering over- 
tone (i.e. one not quite in tune with the octave of the funda- 
mental) to the vibration of the plucked G string. Fig. 15 
shows A (213 per sec.) and G (192 per sec.) bowed succes- 
sively on the same string, and fig. 16 shows D (288 per sec.) 
and G (192 per sec.) bowed successively on different strings. 
The two final notes give traces of approximately the same 
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form, and the fundamental is again seen to be small compared 
with the overtones. The first notes, D and A, are very different 
in type, the upper one showing one overtone and the lower 
one showing many, with the fundamental obscure. On the 
same string the change from one note to the other was 
accomplished in 4 sec., i.e. twenty-one vibrations of fre- 
quency 192 per second. On different strings the complete 
change took three times as long. This is due to the vibra- 
tion of the first string continuing after the bow has left it, 
so, when the second note begins, which is not for some time 
after the bow has left the first string, the first note is still 
sounding, and so distorts the wave due to the second note. 
Moreover, free vibrations of the string, belly, and diaphragm 
have to be damped out before the pure forced vibrations of 
the second string ure established. In the first case all these 
factors are not present, one string giving both notes, there 
can be no distortion due to the first note persisting after the 
second is established. 

Figs. 17 and 18 show note-changes made by singing. In 
the first case the change is from a lower note B (480 per sec.) 
to a higher one DẸ (600 per sec.). In the second case the 
change is downward from C (512 per sec.) to G (384 per 
sec.). In both cases the amplitude is seen to fluctuate during 
the change. The voice moves by small steps from one note 
to the other, the time taken to establish the second note 
being in each case about one-fifth of a second. In the case 
of the vielin changing from one note to another there is no 
sign of slurring between the notes. 

Figs. 19 and 20 are traces of portamento from G (768 per 
sec.) to C (512 per sec.) ; the first was obtained on the 
E string of a violin tuned to C, and the second by the human 
voice. It was thought that the amplitude of the vibration 
might be a function of the frequency, but response curves 
plotted between frequencies and amplitudes in the two cases 
gave entirely different results. In all probability the change 
of amplitude is partly due to change of intensity 1n producing 
the note. 

Figs. 21, 22, and 23 are attempted shakes. The first was 
obtained by the human voice on B (480 per sec.) and C (512 
persec.) Measuring up the curve it was found that ten notes 
per second were produced, but there was no definition between 
the successive notes, a slurring from one to the other being 
noticed as in the cases of jumping from one note to another. 
Further, the correct frequency of the higher note was not 
attained every time, being in most cases slightly sharp. 

The second and third are bowed notes on the violin, the 
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second being on A (213 per sec.) and B (240 per sec.) on 
the G string, and the third being on B (480 per sec.) and 
C (512 per sec.) on the A string. The records show in the 
case of the lower notes a change from A to B after one-fifth 
of a second, and a change hack to A after one-tenth of a 
second—but not a quick continuous shake. The higher 
notes do not give a true shake either, the change in the 
shape of the curve showing where one note passes to 
another. 

Fig. 24 is a record of a turn sung on C ; the notes were 
intended to be C (512), D (576), C (512), B (480), and 
C (512 per sec.) According to measurement, there is a 
longer pause on the lowest note than on the other notes, and 
the turn is wider than it should be, Bp being reached. 

Fig. 25 is the record of a tremolo sung on EE on C (512) 
the fluctuation of amplitude being well marked but irregular. 
The average number of changes of amplitude are about ten 
per second. 


Conclusion.— With ihe apparatus as at present used, one 
person must produce the sounds while another exposes a film 
at the required time. [ wish to thank Mr. T. R. Allitt for 
help in playing the violin and developing the films, and 
Mr. H. E. Beckett for his help with records of voice 
and tuning-forks. The author sang all the vocal passages 
produced in the paper. 


Nottingham, 
July 15th, 1926. 


LXXXVI. The Joule- Thomson Effect for Air. By N. Ev- 
MORFOPOULOS. Fellow of University College, London, and 
J. Rar, Lieutenant in the Imperial Japanese Navy *. 


HE experiments of which a description is given below 
were undertaken with the object of determining the 
thermodynamic correction to the gas thermometer.  Thev 
were begun in 1910, but it was not until the early part of 
1914 that the most suitable material (alundum) was decided 
on. Owing to the Great War and other circumstances the 
experiments were suspended for some years, but taken up 
again about two years ago. It has been thought preferable 
to publish them at the present stage, as one of us (J. R.) has 
been obliged to leave England, although experiments have so 


* Communicated by Prof. A. W. Porter, D.Sc., F.R.S. 
Phil. Mag. S. 7. Vol. 2. No. 11. Nov. 1926. 3R 
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far been carried out only at two temperatures, viz., at 20? C. 
and at 100? C. 

The Porous Plug Experiment, as it has been called, 
consists in forcing gas through a porous plug and measuring 
the difference of temperature of the gas on the two sides of 
the plug. In the case of air there is a cooling effect at 
ordinary temperatures and pressures. Owing to the narrow- 
ness of the channels in the plug the increase of the kinetic 
energy of the gas while passing through them may cause the 
temperature there to be considerably below that of the gas on 
either side of the plug. There will thus be a conduction of 
heat parallel to the direction of flow. This, however, will not 
alter the temperature of the gas, once tie steady state is set 
up. It is far otherwise with the heat conducted across the 
direction of flow. This quantity must either be allowed for 
or made negligibly small. Joule and Thomson allowed for it 
by assuming that it was proportional to the difference of 
temperature between the issuing gas and the bath in which 
the plug was immersed, and inversely proportional to the 
mass of gas flowing in the unit of time. The published 
statements do not, however, furnish sufficient information as 
to the exact way in which these subsidiary experiments were 
carried out. Heating the bath, as Joule and Thomson did, 
must certainly disturb the distribution of temperature and 
lead to an erroneous result. To diminish this correction it is 
necessary to make the plug as thin as possible. 

The disturbance caused by the inevitable fluctuations of 
pressure is, we think, largely diminished by making the 
thermal capacity of the plug and thermometers as small as 
possible. For this reason, as well as for others, we have 
used thermo-electric junctions in preference to platinum 
thermometers. 


DESCRIPTION OF THE APPARATUS. 


The apparatus has been designed to measure the Joule- 
Thomson Effect at the ordinary temperature and at the 
temperature of boiling liquids. Atmospheric air is dried by 
passing through layers of soda-lime and calcium chioride and 
then passes into an electrically-driven water-cooled pump. 
A by-pass, controlled by a needle-valve, between the inlet 
and outlet tubes of the pump enables the latter to be worked 
at a reasonable speed even at low pressures. From the pump 
the air passes into a reservoir of 25 litres capacity, through 
a second drying cylinder, and through a U-tube containing 
cotton-wool. From this last tube the air passes through two 
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heating baths, the first one normally contains oil, while the 
second one is a vapour-bath. Actual experiment has shown 
that these two baths are amply sufficient for the largest 
circulation the pump will give. From the second bath the 
gas passes directly into a third double-jacketed heater con- 
taining the plug-box, the double-jacketing being of the same 
nature as is used in an ordinary hypsometer. From the 
plug-box the gas passes through a small U-tube containing 
cotton-wool, through a water-cooled reservoir of 25 litres 
capacity, and so back to the pump. 

To return to the plug-box. Figure 1 gives a diagrammatic 
representation of the one used. 


Fig. 1. 
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The plug is cemented in the brass holder shown in fig. 2, 
which is placed between A and B of fig. 1; A, B, and the 
plug-holder are then screwed together by bolts passing 
through the flanges of A and B. 

The thermo-electric wires are not shown in the figure. 

It will be noticed that in the centre of the plug the gas 
does not come into contact with any metal with the 
exception of the thermo-electric wires. 

The high-pressure gauge (a Dewrance gauge) can be read 
to the hundredth part of an atmosphere, and was calibrated 
at the National Physical Laboratory. 

It has already been stated that temoeratures were measured 
with thermo-electric junctions. Three copper-constantan 
junctions (gauges Nos. 40 and 36 resp.) on each side of the 
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plug are arranged in series, the wires being passed through, 

and cemented in, the material of the plug itself. The wires 

project horizontallv about 5 cm. into the air space to the 

right and left of the plug as shown in fig. 2, and are then 

bent back so as to bring the junctions within a millimetre or 
Fig. 2. 
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two of the surface of the plug. The two copper ends of the 
junctions pass through a stuffing-box and thence to the 
potentiometer. 
The calibrated potentiometer KL consists of two No. 20 
manganin wires connected in parallel. On one of these a 
Fig. 3. 
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permanent junction is made (a in fig. 3), while the slider b 
is moved on the other until a balance is obtained. The 
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whole arranzement may thus be represented diagrammatically 
as follows (the Weston cell circuit is omitted) :— 

The resistance R is adjustable, while the Weston cell is 
balanced on the 1000 ohm coil. The two keys A and D are 
entirely of copper, and enclosed in two asbestos-lagged boxes. 
Contact is made by screwing down from the outside a wooden 
screw bearing on ebonite. These keys have been found 
thoroughly satisfactory. Great care has been taken in 
insulating the whole circuit from earth currents. 

As the temperature of the air passing through the plug 
does not remain absolutely constant, the following method 
of observation has been adopted. The key B is closed 
(A being open), the slider b having been already adjusted to 
the approximately correct balancing-point. Galvanometer 
readings are then taken at regular intervals for some minutes, 
the pressure being similarly read, and the means taken. 
Owing to the temperature variation in the room, there will 
always be some stray e.m.f.in the circuit. To evaluate this, 
immediately after the above observations have been taken, 
B is broken, € is disconnected, and then A is made, the 
slider remaining untouched. The deflexion so obtained is 
taken as a measure of the stray e.m.f. The potentiometer 
zero is obtained by moving the slider b to a position opposite 
a with B open and A closed (C being, of course, connected). 
The stray e.m.f. is measured in this case also. These four 
measurements are carried out in each observation. The 
galvanometer sensitiveness (for the interpretation of the 
meaning of small deflexions) is taken each day. Two 
measurements of sensitiveness are required—one for the 
main experiment, and the other for the stray e.m.f., as the 
resistance of the circuit in the latter case is smaller. Part of 
the stray e.m.f. arises in the galvanometer itself, and has 
been much diminished bv careful shielding. 

It must not be supposed that the pressure fluctuations 
cause the galvanometer readings to vary to any very large 
extent, while observations are being made on the Joule- 
Thomson effect. When one of the thin plugs referred to 
below is being used, the largest variation in the readings 
only amounts to some three millimetres of the galvanometer 
(say ‘005 dgr.), even when the pressure difference is small. 
When a thicker plug is used (Plug No. 3 referred to later), 
the variations at low pressure differences may be as much 
as five times the above quantities, but this is a somewhat 
extreme case. 

The thermo-electric e.m.f. of the couple used was deter- 
mined directly on the potentiometer. The pressure effect on 
this e.m.f. was tested and found to be negligible for present 
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purposes. The bridge-readings given later can be converted 
into degrees by multiplying by ‘02977 in case of observations 
at 20° and by :02570 for observations at 100? C. 


THE EXPERIMENTS. 

As has already been stated the substance ultimately decided 
n was alundum, which is made in different porosities, the 
densest being RA 84. Unless otherwise stated, it is to be 
understood that the plug used was made of this material and 
was cemented, in the form of a disk, in the holder shown in 
fig. 2. It had been hoped that, by making the conduction 
correction very small, it would be sufficiently accurate to 
apply the Joule-Thomson method of correction. This 
accounts for the multiplicity of readings at low pressures. 
It will be seen that our hope has not been fulfilled. 

In the following tables, P, indicates the pressure in 
atmospheres on the high-pressure side of the plug, P, that 
on the low-pressure side, v the volume of air passing through 
the plug in c.c./sec. measured at the ordinary temperature 
and pressure (a rough measurement), and L the bridge 
reading in cms. 

Plug No. 3. 

This plug is 42 mm. in diameter and 6 mm. thick. The 
outer portion had been glazed, leaving a central porous 
portion 25 mm. in diameter. Besides the asbestos tube 
shown in fig. 2 (which is present in all cases), the protection 
against conduction of heat consisted of a short glass tube 
(diam. 27 mm.) cemented on to the disk, and a second 
one (diam. 15 mm.) within this cutting off a guard-ring. 


May 15, 16,19, & 20,1924. Observations reduced to 20°C. 


P. P PP * Vi v. 
10-93 1-21 9-72 17°31 1470 
9:87 1:16 871 69-24 1275 
8-91 1:15 7-16 62:21 1100 
8:06 Vil 6:95 56:18 957 
6:89 1-08 5-81 47:21 756 
5:98 1:06 4-92 39:95 600 
5:03 1-04 3:99 31°63 447 
405 1:02 3-03 23:10 301 
3:00 101 1:99 19-34 169 
944 1-00 1-04 491 74 
170 1-00 0:70 1:98 45 
2:98 1:01 1:97 11-88 168 
472 1:03 3:69 28:59 401 
7-08 1-08 6-00 49:25 790 
9-20 115 8:05 64:96 1153 
10-68 1-20 948 75°38 1423 


1:05 1-08 »97 48:51 184 
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These results will be found plotted on diagram 3. 


Within the limit of our pressure range the Joule-Thomson 
effect can be represented by a formula of two terms: 


a(P, — P,) +6(P;!—P,?). 


If we could also assume, with Joule and Thomson, that the 
conduction etfect is proportional to tlie temperature difference 
and inversely proportional to the quantity of gas flowing in 
a viven time through the plug, then 


«(Py - P) (Pg Pi) Lc, 


where c is some constant. When the formula is applied to 
the experimental results as is done below, it is found that 
the value of c is not constant. 

It is obvious that, given enough experimental points, a, b, 
and c can all be determined, and such calculations have been 
carried out by the method of least squares with all the 
results communicated in this paper. 

With this plug the conduction is somewhat serious. Taking 
the points up to a pressure difference of 4 atmospheres, the 
value of c is found to be 115 c.c. If, however, the other ten 
observations of the above table are used, the value of c is only 
49 c.c. This diminution in the value of c as the pressure 
difference is increased is repeated with all the plugs used, 
without exception. 


February 11 & 12, 1926. Observatious reduced to 100? C. 


P, P,. P,-P,. L. 
10:87 113 974 52:14 
10-00 111 8:89 47-91 

8-97 1:09 T:89 42-05 

8:02 107 6:95 3797 

7-00 1-05 5:95 32:84 

6:00 1:03 4:97 26°79 

5-00 1-02 3-98 20°32 

4-04 1-01 3-03 123-93 

3-07 1-01 2:06 1:20 

2:50 1-00 1:50 . 418 

1-72 1:00 072 0-67 


These results will be found plotted on diagram 4. 


Plug No. 2. 

Disk identical in construction with No. 3, but only 3 mm. 
thick. Two concentric asbestos-paper tubes, about a cm. in 
length, were arranged on the low-pressure side, thus cutting 
off guard-rings. 
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June 4, 5, & 6, 1924. Observations reduced to 20°C. 


P PR. P,—P,. L. t. 
10°05 1:28 8:82 70°11 1555 
8'86 1:16 7'70 61:18 1317 
8'11 1:15 6:96 56:09 1161 
7:09 1-12 5°97 47:83 959 
5°82 1:08 4°74 37°76 710 
4°99 1-06 3:93 31:34 554 
3:93 1:03 2:90 22:51 372 
2:95 101 1:94 13°77 228 
1-99 1:00 0:99 5°34 94 
1°72 1:00 072 3:87 62 
3:22 101 2:21 15:09 260 


4°09 103 3:06 24:16 399 
These points are plotted on diagram 3. 

Calculation of c from all points above 3 atmospheres 
pressure difference gives a value of 36 c.c. On examining 
diagram 3 it will be found that while for the lowest pressure 
observed the conduction correction for plug No. 3 is about 
twice that for plug No. 2, the difference has practically 
disappeared by the time we get to a pressure difference of 
5 atmospheres. 

As the plugs just described gave, at low pressures, too 
high a conduction effect, it was decided to try disks witha 
thickness of 1 to 2 mm. only. These, if 4 cm. in diameter, 
would not be strong enough to support a pressure of 10 atmo- 
spheres, so a thick alundum ring was cemented in the holder 
(fig. 2). This ring carried the thermo-electric wires, and 
was glazed or cemented so as to be non-porous. The inside 
edge of the ring was bevelled so as to hold securely the disk, 
which was cemented in place. It will be seen shortly that 
most of these disks were so porous that a correction has to 
be made for the kinetic energy of the air on the low-pressure 
side. It is assumed that ne part of this energy is converted 
into heat on moving past the wires. The correction is 
occasionally large, and is thus open to some uncertainty. 


Plug No. 5. 


It was decided to try the effect of different methods of 
heat insulation. A porous disk of 2 cm. diameter and 1 mm. 
thickness was fixed as just described. On the low-pressure 
side an asbestos cylinder of the same diameter was cemented 
to the plug. As only comparative results were aimed at, 
the kinetic energy correction, although appreciable, has not 
been applied. Observations were made on May 28 and 
June 9, 1925. These will be found plotted on diagram 1. 
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Asbestos wool was now packed between the two asbestos 
cylinders. With the plug in this condition observation- were 
made on June 11, which will be found plotted on the same 
diagram. A small, though noticeable, improvement has been 
produced in bringing the low-pressure values into line with 
the high-pressure ones. 

After this, a cylinder, about 1 cm. in length and the same 
in diameter, made of asbestos paper, was fixed on the low- 
pressure side ; the air outside this cylinder was thus made 
to act as a guard-ring. The observations made on June 22 
(see diagram) show that a great improvement has been 
obtained, which is especially noticeable at low pressures. 

In all these cases the junctions were, as has already been 
stated, within a millimetre or two of the plug. They were 
now moved about 1 cm. away from the plug on the low- 
pressure side. This would bring them about level «ith the 
opening of the asbestos tube added for the observations on 
June 22. Results were obtained on June 25 with the plug 
in the altered condition. From the diagram it will be 
seen that the last change has produced but a small effect. 
This experiment shows that with the guard-ring the heat 
insulation is quite satisfactory, once the gas has passed 
through the plug. 

With such a disk the following measurements were 
taken :— 


August 7, 1925. Observations reduced to 20? C. 


Ps Ps P,—P, L. v. L corrected. 
10°76 1:17 9:59 1578 1553 74:85 
8:61 1:12 1:19 60-07 1169 59 49 
6°89 1:08 5°81 47:01 867 46:06 
5:42 105 4°37 35°24 609 35:06 
3 98 1:03 2:95 23°71 374 23°64 
3°20 1:02 2:18 17:07 261 17:03 
2:17 1-01 1:16 8:34 122 8:33 
1:82 1:00 0°82 5:43 82 543 
10-68 l17 9:51 7514 1540 74:82 
9:05 113 792 63:42 1248 6277 


The last column is the fourth column corrected for kinetic 
energy as already explained. The above points are indicated 
on diagram 3. The method of least squares applied to the 
five lowest points gives for c a value of 19 c.c., while the 
seven highest give 13:5. 
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August 10 & 11,1925. Observations reduced to!100? C. 


P.. P.. P,—P,. L. v. T corrected. 
1076 117 9-59 50°62 1453 49-05 
8:59 l1 1-48 40-00 1085 39:03 
7:08 1-08 6-00 32°81 825 32:21 
573 1:05 4°68 25:98 602 24:95 
4-07 1-02 3:05 16:23 355 1611 
3:01 1-01 2-00 10:23 213 10°19 
2-24 1:01 1:23 5:82 119 581 
184 1-00 084  - 355 76 3:54 
1077 117 9°60 50°04 1455 49:37 
9:67 1:14 8:53 45:60 1267 44:35 
8:30 1:10 7:20 38:14 1035 37:24 
6/34 1-05 6:29 28.97 704 28:51 
5:09 1-04 4:05 21-62 498 21:39 
3:48 102 2-46 12:91 272 12:84 
9.29 1-01 1:28 6:33 125 6:31 
1:85 1-00 0:85 9:58 78 3:57 
7:77 1:09 6:68 35:90 945 35:14 


Moltentoameter reading in centimetres, 
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For curve see diagram 4. 

The method of least squares applied to the seven lowest 
points gives for c a value of 25 c.c. while the eleven 
highest give 11:5. 


Plug No. 4. 


An attempt was made to diminish the conduction effect by 
supporting the disks on uralite rings cemented to the thic 


DIAGRAM 2. 
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alundum ring. The result is not altogether successful— 
the favourable effect of the uralite is no doubt neutralized 
bv the additional cement that had to be employed. A some- 
what different way of mounting on the uralite might be 
more successful. 
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July 28, 1925. Observations reduced to 20°C. 


P.. ) P,—P,. L. v. L corrected. 
1-78 1:00 078 3°23 55 3°23 
2:09 1-01 1:08 5°82 82 58) 
3°00 1-ul 1-99 13°55 167 13°52 
3°90 1:02 2:38 21:48 262 21:42 
5:41 1:03 4°38 34°60 445 34°43 
7:09 1:05 6:04 48:52 662 48:15 
8:88 1:08 7:80 62-02 899 61:85 
10:82 1-11 9°71 1115 1194 76:65 
3:48 1:01 2°47 17°90 217 17:86 
2°58 1:01 1:57 9°75 126 9-73 


These points will be found plotted on diagram 3. 


DIAGRAM 3. 
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The method of least squares applied to all the points gives 
for c a value of 61 c.c., while, if applied to the six highest 
points only, we get a value of 48. 


Potentiometer resono in centimetres 
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July 30 & 31, 1925. Observations reduced to 100? C. 


P;. P. P,—P,. L. v. L corrected. 
10:78 1:09 9°69 5211 966 50°71 
8:97 1:06 7.91 42-61 753 41-70 
6:97 1:04 5:93 32:22 529 31°76 
5:50 1:08 447 23-50 371 23°27 
3°90 1:01 2-89 14-20 216 14:12 
2:04 1:01 1:93 8:04 133 8:01 
2:14 1:01 1:13 3:83 70 3:82 
1:84 1:00 0-84 2-27 47 2°27 
10:88 1:10 9:78 52°55 975 51:13 
8:18 1:05 713 38°87 664 38°16 
10°95 1:10 9-85 52:02 984 51:47 


These points are plotted on diagram 4. From the eight 
highest points the value of c is 53 c.c. 
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After the above measurements were taken, a little alandum 
powder was suspended in water; the larger particles were 
allowed to settle, and then some of the water was passed 
through the disk so as to diminish the porosity. Experiments 
carried out en August 4 will be found plotted on the same 
diagram. 
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In this case a very porous plug was experimented on, and 
its porosity diminished by successive additions of fine alundum 
cement, asin thelastcase. A disk of RA 225 wasaccordingly 
set up (diameter 2 cm., thickness 1:6 mm.) with an asbestos 
tube 2 cm. in diameter, but no guard-ring. The results will 
be found plotted on diagram 2. In the observations on 
June 4, 1925, the highest pressure the pump would give was 
4 atmospheres, the low pressure registering 1:31 atm. No 
kinetic energy correction has been applied. 

After a first treatment with alundum powder observations 
were made on June 15 and 16. After a further treatment 
with alundum measurements were made on June 17 and 18. 
On June 24 further readings were taken, after asbestos wool 
was packed between the two asbestos tubes, and finally on 
June 26 a guard-ring was placed in position. These values 
are shown on diagram 2. 


DiscussioN OF THE RESULTS. 


On turning to Joule and Thomson's original experiments 
to see if the conduction correction is satisfactory, we find 
eight measurements in the neighbourhood of 77. On reducing 
these to the same temperature, but before applving the 
correction under discussion, we find an extreme variation of 
4 per cent. This is increased to 6 per cent. after the 
correction 1s applied, while the highest numbers are those to 
which the largest correction has been applied (11 or 12 
per cent.). The values round about 92? show the same effect, 
but the numbers are too variable for much stress to be laid 
on thein. 

In view of what we have said about the constant diminution 
of c with increase of pressure, it becomes a question whether, 
at the high pressures, there is any appreciable conduction 
correction to apply. On examining the curves in diagram 3 
it will be noticed that, however much they may differ 
initially, they all seem to coincide from a pressure difference 
of, say, 9 atmospheres upwards. This is confirmed by the 
results plotted on diagrams 1 and 2. Taking these, as seems 
justifiable, to give the true values we get the following 
expression for the Joule-Thomson effect for air at 20°C. (in 
degrees centigrade) : 


:2492(P,— P3) T :0012,(P,?* — P,’). 
Similarly the value at 100° is : 
:1453(P, — P1) —:0009,(P,* — P,?). 
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While this paper was being written, a communication by 
Roebuck has appeared on the Joule-Thomson effect in air 
(Proc. Amer. Acad. Ix. p. 537). This observer has extended 
his experiments over a wide range (220 atmospheres and 
280? C.. The plug is of the “radial flow” type, i.e. it 
consists of a porcelain tube with one end closed ; the gas 
passes from the outside to the inside of the tube, and the 
temperatures were meusured with encased platinum ther- 
mometers. On diagrams 3 and 4 three points are plotted 
from Roebuck’s results. It will be seen that his results are 
slightly lower than ours. It should be added that Roebuck 
states that his results for low pressures are not as concordant 
as those obtained for higher pressures. 


In conclusion we wish to tender our best thanks to 
Mr. J. Rose-Innes, who has borne practically the whole 
expense of the investigation and has otherwise given us much 
help. We have also to thank Prof. A. W. Porter, F.R.S., 
for constant advice and assistance. In the first part of the 
investigation we had the advantage of help from Mr. J. K. 
Aykroyd, whose engineering knowledge was of great aid in 
the designing of the apparatus. To him also we wish to 
express our indebtedness. 


LXXXVII. On Reversal in Vacuum Tube Spectra. 
By T. R. Merton, F.R.S.* 


qu reversal of the spectrum lines of gases which are 

excited in vacuum tubes has been observed frequently. 
This effect is to be expected with tubes in which the light 
from a constricted portion passes through à long region of 
larger bore and in which in consequence the excitation is, 
less intense. It is also sometimes observed in the con- 
ventional type of end-on tube, in which the capillary opens 
rather abruptly into a wide tube in which the luminositv is in 
general very small, but in which one may suppose that there 
are enough excited atoms to exhibit the phenomenon. This 
effect has been the subject of several investigations on 
account of its importance in connexion with secondary 
standards of wave-length. Perard (C. R. elxxvi. p. 375, 
1923) has found that in certain sources some of the neon 
lines appear double or even more complex. Buisson and 
Jausseran (C. R. clxxx. p. 505, 1925) state that this is due to 


* Communicated by the Author. 
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reversal, and were unable to observe the effect at right angles 
to the capillary*. The whole question has recently been 
discussed by Burns (Journ. Opt. Soc. Amer. xi. No. 4, p. 301, 
1925), who concludes that the neon lines are suitable as 
standards under specified conditions in which the observations 
are made perpendicular tothe capillary. Meissner (Ann. d. 
Phys. |xxvi. p. 124, 1924 ; cf. Phys. Zeits. xxvi. p. 687, 1925) 
has investiguied the phenomena of absorption by excited 
neon, and has found that thisis very conspicuous in the case 
of certain lines which arise from electron transitions termi- 
nating in a metastable state. A high resolving power is in 
general required to observe these reversals directly. I have 
recently found that this effect can be seen for the Ds line of 
helium, not only in long end-on tubes, but also perpendicular 
to the capillary of a vacuum tube of the conventional pattern 
if the current density is sufficiently great. The observations 
were made with an echelon grating having thirty -five plates of 
glass 15 mm. thick in optical contact, and preliminary analysis 
was made by means of a constant deviation spectroscope. 
With an end-on tube about 25cm. long and of 5 mm. internal 
bore containing helium at between 5 and 10 mm. pressure 
the reversal was distinctly seen with quite moderate currents, 
but it became much more conspicuous when the tube was 
excited by very heavy currents. Tbe most powerful discharges 
used were obtained by means of a transformer which raised 
the voltage of the A.C. supply to 5000 volts, and currents of 
rather more than 100 milliamperes could be passed through 
the tube for short periods. With these currents the reversal 
was very distinct, and appeared to be quite definitely un- 
d the intensitv on the more refrangible side of 
the reversal being somewhat greater. The interpretation of 
this in so far asthe asymmetry is concerned was rendered 
somewhat uncertain owing to the presence of the fainter 
component of the D, line, since this faint component was not 
resolved from the next order spectrum of the main line 
owing to the widths of the lines, the difference in wave- 
length corresponding to the separation of successive orders 
being 0:371 À, whilst the separation of the components is 
0:342 A. There was a distinct broadening of the line at 
high current densities, but the reversal was very narrow. 
When the tube was exeited by a feeble discharge the reversal 
could not be seen. It is not at once clear why a heavy 
discharge should be essential to the observation if the reversal 


* R, W. Wood (Phil. Mag. x. p: 876, 1926) has recently described the 
phenomena of reversal in long end-on hydrogen tubes. 
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is due to a less strongly excited layer at the end of the 
capillary, as it would seem that whatever the current through 
the tube there must be some region at which tlie conditions 
for a reversing layer would obtain. An alternative explanation 
ean perhaps be found in the assumption that the apparent 
reversal is not due toa reversing layer at all. We muy 
perhaps suppose that the final state in the transition which 
gives rise to the D; line possesses some measure of meta- 
stability, and that atoms remain in this state until they 
undergo collisions with other atoms. The faster moving 
atoms are responsible for the emission or absorption at the 
outer parts of the line, the width of which is due to the 
components of the velocities of the atoms in the line of 
sight, and the greater the velocity of an individual atom the 
shorter will be its expectation of light in a metastable state. 
The result of this will be that E/A, the ratio of the emissive 
to the absorptive power, will be a minimum at the centre of 
the line, since the absorptive power at a particular wave- 
length depends on the number of atoms in a metastable state 
which, in virtue of the component of their velocity in the line 
of sight can absorb that wave-length. An infinite thickness 
of the gas would thus show a minimum at the centre of the 
line, and the ebservation of this minimum in vacuum-tube 
spectra will depend on a sufficient thickness of the radiating 
gas, or alternatively on a high current density. It shoulc 
therefore be possible to observe the phenomenon perpen- 
dicular to the capillary of a vacuum tube with very heavy 
currents, and the experiment was accordingly tried. The 
tube contained helium at a few millimetres pressure and the 
internal bore of the capillary was about 2 millimetres. With 
moderate currents no effect could be seen, but with very 
heavy currents the reversal was distinctly visible. It was 
exceedingly narrow, and was indeed just within the resolving 
power ot the echelon, which was over 500,000 in this part of 
the spectrum, and could not be seen with a small Lummer 
Gehrcke plate having a nominal resolving power of 200,000. 

The above considerations afford no explanation of the appar- 
ent asymmetry, but it is probable that some broadening by 
the Stark effect is operative at these current densities, and this 
would cause a widening of the line to the violet, ac:ording to 
the observations of the Stark effect for this line by Takamine 
and Kokubu (Mem. Coll. Sci. Kyoto, iii. p. 9, 1919). It 
would seem that it may be necessary to specify the internal 
bore of vacuum tubes and the current density, when they are 
to be used as sources of lines for standard wave-lengths. 
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There is doubtless a layer of less strongly excited gas in the 
neighbourhood of the walls of any vacuum tube; but the 
fact that the observation of reversal seems to depend ona 
high current density appears to imply that the existence of 
this layer is not sufficient to explain the phenomena. 


July 31st, 1926. 


LXXXVIII. On “ Relazation- Oscillations." 
By BALTH. VAN DER Por, Jun., D.Sc.* 


1. [| 'HE condition of a simple oscillatory system, 
' possessing one degree of freedom and subjected 
to a dissipative force, may be represented by the well- 
known linear differential equation 


£qabreir-m0,. . .. . . (1) 
the solution of which is 


Eme a! 
ze LIED oo e (2) 
a0 


4 


the solution (2) represents a damped oscillation with a 
logarithmic decrement 6 given by 


If it happens that the “resistance” in the system is 
negative, such as may be the case in certain electrical 
circuits, the sign of a is reversed and (1) becomes 


£—a£teu-0, e .... (3) 


the solution of which is 


at D — O3 
z-CO,* 2 gin (fot eee) : 


If, again, we have a20 
a? 
4 
the solution (2 a) represents an oscillation ; but in this case 
the amplitude is gradually increasing instead of decreasing, 


and « o, 
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and the logarithmic decrement of the former case is replaced 
by a logarithmic increment 8 given by 


ase 


T. 0 


2. A solution of the form (24a) is, however, physically 
unrealizable because it indicates an amplitude growing to 
infinity. Thus for actual physical systems the differential 
equation (3) will only be valid for values of x up to a 
certain value. To express the limitation of the amplitude 
we must assume that the coefficient of the “resistance " 
term is a function of the amplitude itself, becoming positive 
at the higher values. Thus we may in (3) replace æ by the 
expression a—3y2?, where y is a constant. Hence we 
obtain instead of (3) : 


t—(a— 3y) +o r= . . . . (4) 


This equation has been previously considered * in con- 
nexion with the subject of triode oscillations. 
Let us now change the units of time and of x and write 


cot — tl, 


dnd s=4/ ev 090]; « . (de) 
3y ` 


Then (4) becomes (after dropping the accents) 


dy a dv 
da T oTe) +v=0. e. e ° ° (5) 
Writing further 
x 
— zz € 
o 


and using fluxional notation we have 
v—e(1—5)PEve—0. . . . . . (6) 


Now in the usual cases of triode oscillations we know 
from the experimental data that it takes several periods 
for the amplitude to build up to the final steady value. 
Expressed mathematically this means 


el. . . . . . . . (1) 


* Van der Pol, Tydsch . v. h. Ned. Radio Gen. i. (1920); Radio 
Review, i. p. 701 (1920). Hia and van der Pol, Phil. Mag. 
xliii. p. 177 (1922). Robb, Phil. Mag. xliii. p. 206 (1922). 
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Recognizing the condition (7) the equation (6) may be 
solved approximately in the following way : 

Let v=a sin (t 4- $), 
in which, since the logarithmie increment is small, we se 
assume a to be a slowly varying function of the time, suc 
that 


à a. 


On substituting (8) in (6), and omitting small quantities 
and neglecting higher harmonics, we find th 


at 
1 da? ` 1 à 
edt — i gi 
or a’ : 


T [pens 

The approximate solution of (6) may therefore be written 
_ 2sin(t+6) 
7 Ves 

which represents an oscillation the amplitude of which at 


€ 
first * increases with time according to the factor e °, but 
finally approaches the steady value 


a=2. 


Reverting to the original variables of (4) we thns have 


qc TA Sin aes (wttd).. . (8 

There is, however, a more «direct method of finding the 
steady final amplitude o£ the oscillations for cases repre- 
sented by (6). For example, let us assume that a periodic 
solution of the equation exists, Multiplying (6) throughout 


by (vdt and integrating over the (unknown) period we find 
that 


v= lyf e E 


. e e * 


(the horizontal dashes indicating integration over the period). 
If now we assume v to be very nearly sinusoidal, i. e. 


"za smt, 
(9) gives us at once 


azz2. 


* I.e., so long as the amplitude is so small that in (6) the non-linear 
term ev*v may be neglected in comparison with — eù. 
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To find the time period of the oscillations we multiply (6) 
by v and again integrate over the (unknown) period. In 
this case we find that 


d$—2v9,...... . (10 
so that, assuming again the solution to be approximately 
sinusoidal, we find from (10), that the angular frequency is 
unity. 


3. Up to the present we have considered (6) with 
the supplementary condition 


` € € l; ES e © è oè œ (7) 


but it is of considerable interest, and also the main object 
of this paper, to investigate the sequence of events when 


eale . . . . . . . (Ta) 


It may be noted that even with the new condition (7 a) 
the equation (6) has a periodic solution, since the relations 
(9) and (10) are independent of the numerical value of e. 
Further, on physical grounds, we may expect that there is 
a periodic solution of (6) when (7a) holds, as may be seen 
from the following considerations. For small values of v, 
(6) may be written approximately as 

v—evtv=0,.... . . (11) 
and this has, when (7 a) holds, an approximate solution 

t 

t= Cie! + Coe®. 
The value of v therefore would approach infinity asym- 
ptotically so that v 20 is not a stable solution. Thus, so 
long as (11) is valid, we are dealing with the well-known 
aperiodic case, but with negative damping. But when the 
amplitude increases and v!» 1, the coefficient of the second 
term on the left-hand side of (6) becomes positive 
indicating a positive resistance and therefore a reduction 
in amplitude with time. Now the limiting values v= 4-1 
are not solutions of (6), so that, in general, we may expect 
the solutions to be periodic, even when condition (7a) is 
fuljilled. Although for small amplitudes the resistance has 
such a big negative value that the linear case would be highly 
aperiodic, the non-linear term in (6), i. e. v?v, makes the 
solution periodic. We may thus say that we are dealing 
with a quasi-aperiodic solution” 


4. It has not been found possible to obtain an approxi- 
mate analytical solution for (6) with the supplementing 
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condition (7a), but a graphical solution may easily be 
found in the following way. If we write 


v-—2, 
(6) may be written 


dz sS , v . 

p» —e(1—v ) + " =0, . . . " (12) 
which is a first order equation of the super-Riccatti type. 
Let us draw in a z, v plane a series of * isoclynes," i. e. 


curves connecting all points for which a is equal to a 


certain quantity. An example of such isoclynes is denoted 
by 


where C, is a constant so that, combining with (12), we 
have as expression for an isoclyne : 


C,—e(1—»’) + : =0. 


Several of these isoclynes may be drawn in the c, v plane, 
and we can indicate by means of short lines, as is done in 
fig. 1, the direction the integral curve must have when it 
crosses an isoclyne. (For example, this direction for the 
isoclyne C, is given by 

d 
d. =C, ete.) 

From a diagram in which the inclinations of the integral 
curves are marked on the isoclynes we may easily draw the 
integral curves in the z, v plane. This is done in fig. 1 for 


the value 
e— 0:1, / 


and it is seen that the integral curve obtained indicates the 
track of a point approaching a closed curve after many 
complete circuits (small increment). 

In the same way fig. 2 is drawn for 


e=], 
and fig. 3 for 
e= 10, 


all three figures showing a closed curve solution. In the 
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case of fig. 3 (quasi-aperiodic case) the final steady closed 
curve, representing the periodic solution, is practically 
reached after one revolution only. When the intermediate 
integral z= f(v) has been obtained in this way it is easy to 
construct from it in a similar fashion the integral 


v=¢(t). 


Some examples of such results are exhibited in fig. 4 and 
represent the solution of (6) for the three cases 


ez 0:1, 
icm 
e= 10. 
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The first case (small increment) might also have been 
plotted from the solution (8), and a numerical comparison 
of the two solutions shows them to be in satisfactory agree- 
ment. This case represents a sinusoidal oscillation of 
gradually increasing amplitude, the value of which is finally 


steady and equal to 2. The angular frequency, for the units 
used, is unity. The second case of fig. 4, (i.e. e=1) 
indicates a somewhat similar sequence of events, but here 
the final amplitude is reached in fewer oscillations, while a 
marked departure from the sinusoidal form is noticed. The 
third case (i.e. €— 10) is particularly interesting. Here it 
is noticed that the curve first rises asymptotically and after 
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only one peried practically reaches the final steady state. 
This steadv state is characterized by a very marked departure 
from the sinusoidal form. It is seen that the amplitude 
alters very slowly from the value 2 to the value 1 and then 
very suddenly it drops to the value —2. Next we observe 
a very gradual increase from tlie value —2 to the value —1 
and again a sudden jump to the value 2. This cycle term 
proceeds indefinitely. 

Obviously this form of oscillation contains many higher 
harmonics of considerable amplitude. As will be seen later, 
the period T, instead of being 27 (as was the case when 
e <1) increases with increase of e, and when e»1 becomes 
equal to approximately e itself ; that is, we have 


T —e. 


Let us now consider more closely the physical factors 
determining the value of the period T. If our equation (1) 
represents the circulation of electricity in a system of 
resistance R, capacity C, and inductance L, we have, as 
usual, 


_R 

eae 
1 

3. 

ud ox 


Now for the time period expressed in units of /' we have 
already 
jus 


so that, expressed in terms of !, the period becomes 
Y a 1 
1 = - = RC, e e e ° . (13) 


which is a time of rela.cation (time constant). 
Thus our equation (6) for the quasi-aperiodic case, which 


differs considerably from the normal approximately sinusoidal | 


solution, has again a purely periodic solution, the time 
period of which is expressed by the time of relaxation of 
the system. For this reason the term relazation-oscillation 
is suggested for this phenomenon. 


5. A type of oscillation previously described by Abraham 

& Bloch* is an example of relaxation-oscillations. 
These authors used an electrical system comprising two 
triodes and resistances and capacities only, which system 
* Abraham & Bloch, Ann. de Physique, xii. p. 237 (1919). 


988 Dr. B. van der Pol on 


they called **multivibrateur ” because of the many higher 
harmonics of appreciable amplitude which it produced when 
oscillating. This system, which may be regarded as a 
two-stage resistance-capacity coupled amplifier with the 
output coupled back to the input side, is shown in a slightly 
modified form in fig. 5. In their original description of the 
system Abraham & Bloch draw attention to the fact that 
the time period of the oscillations produced by the multi- 
vibrator is approximately equal to the product RC (see 
fig. 5), but, so far as I am aware, no theoretical discussion 
of the way in which the oscillations are maintained has been 


published. 


Fig. 5. 


From the symmetrical value of the circuit we may expect 
that the two triodes can vibrate in exactly opposite phases. 
It is further known that the potentials and anode currents 
experience temporal variations closely represented by fig. 4 
(«=10). Now, in order to explain the reason for the 
maintenance of oscillation in this system containing 
resistances and capacities only, we found it necessary to 
take into account the inductance L of the wires connected 
to the two capacities. (These are represented by the dotted 
lines L in fig. 5.) With the notation of the latter figure 
the current and potential departures from the unstable 
equilibrium values are given by the following equation : 


. l 
— ta =ni = (R+L5 + ; (4); | 
Rosco | - . (14) 


la =U + t3=G(Vy1), 
where $(vj) denotes the characteristic of the first triode 
round the equilibrium position and where, for simplicity, 
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the influence of the anode potential on the anode current is 
neglected. Further, assuming that the triodes of this 
symmetrical system are exactly equal and vibrate in opposite 


phase, we have 
vgl — t'ga- e e oè >o ù» à (15) 
From (14) and (15) we derive ` 


d 1 
(Lo +(R+r)+ aD vn=Rrø(va).  . (16) 
Now, as an approximate expression for the characteristic | 


ia =È (tà); 


we may take again the third order parabola 


. va? 
in =8(1- 2) a e 8 e œ (17) 


Cgo 


where S is the slope of the anode-current/grid-voltage 
curve. 

Usually the anode lead resistance T is small compared 
with the grid leak R, 2. e. 


r<éR, 
so that from (16) and (17) we have 


' T PEN 
LH | (S—1)—75 5 f int gen=0. (18) 


? 


From (18) we note that the “resistance” of the system 
for small amplitudes is only negative so long as 


rS 21, 


so that we have here the approximate condition for the 
production of oscillations. If we further make the following 
substitution : 


vo — rs Low wo € x CEO) 


(18) may be written AEN TY 
$—e(1—w)v-cvz0, . . ¥ Ser B 
which is the equation originally discussed andf which may dou 
be said to be the representative differential eqgation otho, — ' '=- 
multivibrator (e? 1). But we may note that;'in order to wee 
represent the action of the multivibrator by this‘equation, Fo 
P Big 1I ET of 
e dg 


-4 


a. 
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we had to take into account the small inductance L of the 
wires connected to the capacities C, as shown in fig. 5. — 

We further note from (19) that e depends on the value of 
L-^* so that e increases without limit the further L is 


decreased. We may make a rough estimate of e for the 
following practical values : 


R=10° ohms, rS—1=3, C=0°01 pfd, L- 10 cm. 
In this case, 


ij 
105 * oon ee 5 
e=10°.3. 10-3 3.105, 
so that the conduction 
e»l 


is certainly satisfied. The smaller the value of the residual 
inductance L, the greater is this inequality. 

It therefore may be concluded that the special vibration of 
the multivibrator represents an example of a general type of 
relaxation-oscillations and that in order to explain the 
maintenance of the oscillations we have to take into account. the 
residual inductance of the system (as shown in fig. 5), however 
small this may be. 

The result of the above discussion illustrates how the form 
of the solution of differential equations like the representative 
equal (18) or (6) is entirely altered by taking into account a 
term with an infinitesimal coefficient (e. g. the first term 
Lùn in (18)). 

But the physical reason for taking this into account 
becomes immediately apparent when we solve (18) or (6) 
omitting the first term. In this case the solution of (6) is 


logi et EE, £OR Aces 20) 
which is represented graphically in fig. 6. We note that 
the value of v) first increases exponentially with time, but 
near v?=1 the curve bends upwards with an infinite slope, 
there being further no solution in the real domain. When 
the inductance is thus disregarded both v and ù become 
infinite when v= t1, so that the condensers C (fig. 5) 
would acquire a very large charge in an indefinitely small 
time. But these infinitely sudden changes of current are 
prevented by the presence of the small residual inductance. 

This is illustrated by the fact that the solution (20) for 
the derivation of which the inductance has been neglected, 
and which is represented by the repeated dotted lines in 
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fig. 4 (e=10), is found to coincide approximately with the 
exact solution so long as the slope of v is small. Whenever, 
however, the slope tends to become infinite we note that the 
term v in (6) becomes of importance and keeping the slope 
finite maintains the multivibrator in vibration. 

The multivibrator may therefore be compared to a double 
steam engine with a flywheel which is much too small. 
The small inertia of the flywheel must, however, be present 
to carry the system beyond its equilibrium (dead) points. 


Fig. 6. 


6. Now that the general equation (4) for relaxation- 
oscillations is known, it is an easy matter to devise further 
electrical systems of the same type. One such a system is 


Fig. 7. 


ML 


depicted in fig. 7 and comprises a tetrode, two resistances 
r and R, and a condenser C. If we again recognize the 
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inductance L of the wire connecting the condenser to the 
outer grid, we find that the circulation of electricity in the 
system is represented by (6). An experimental test of the 
system showed that the system produced oscillations with a 
time period approximately equal to CR. When r is replaced 
by a telephone receiver the oscillations become audible and 
the change of frequency by changing R or C is easily 
demonstrated. 


7. Finally it seems quite likely that, when the total 
characteristic (including the parts with a negative slope) is 
taken into account, the well-known vibration of a neon-tube 
connected to a resistance and condenser in shunt * may be 
similarly treated under the heading of relaxatien-oscillations. 

Similarly, (though no detailed investigation has be:n 
carried out) it is likely that tlie oscillations of a ** Wehnelt" 
interrupter belong to the general class of relaxation-oscil- 
lations and perhaps also heart-beats. 


Eindhoven, 6th May, 1926. 
Physical Laboratory, 
Philips’ Glowlampworks, Ltd. 


LXXXIX. The Crystalline Structure oy Anhydrite. 
By Prof. JARL A. WASASTJERNA f. 


[^ a particularly interesting paper published in the July 
number of this Journal, Messrs. Dickson and Binks 
examined the structure of Anhydrite. In a note added, it 
is stated that the present author had previously examined 
the same problem (Societas Scientiarum Fennica : Commenta- 
tiones Physico-Mathematice, ii. p. 26, 1925), and that the 
two investigations produced structures of the same type but 
of somewhat different parameter values. From that the 
conclusion might be drawn, that the two pieces of work 
stand in certain opposition to each other, if only in detail. 
But that can hardly be said to be the case. 
By virtue of a method of elimination, carried through 
tently, which takes every type of structure, mathe- 
‘ly possible, into consideration (in this case there are 
different types), the present author has shown that 
of anhydrite there are two, and only two, 
llreuter, * Ueber Schwingungserscheinungen in Entlad- 


uschweig, 1923. 
hy Prof. W. L. Bragg, F.R.S. 


2x4 ^ San 
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possible structures. In the present author's work these 
strnetures are denoted as IV and V (pp. 39-40). Let us 
call them A and B. These two structures are of the same 
type aud extremely closely related to one another. A dis- 
placement of the atom groups in the direction of the a-axis 
of 0-05 transforms one structure to the other. 

The atomic coordinates are :— 


c. f [rien [(. 8.0] 
([g+$-4-4]] [H] 
[[7.4.0]] [[7. 4 .0]] 


nt [Dd] IPRA 
(.3*3.00] — [[7.5.0)] 
LULA * 3.9. 8]] [[f/*3.g 4.3]; 
as [Cft 7+] [+A] 


[[4.4.4]] [[4..£]] 
[[4.4.4]] L[A4.1.4]] - 
[A*$.1.5*3]]  [[A+4.9.2+44)] 
[Lh+4.$.444]] [[h+4.2.k+4]] 


We introduce the following new parameters :— 


C (Uso) LP ge 4.0] 
| 
L 


f=rtt 
g—-i—u 
h=r—t, 
k= us. 


The parameters acquire the following values according tc 
Messrs. Dickson and Binks and to the present author :— 


Wasastjerna. Dickson and Binks *, 

t —0:16 & —0:15 
(,—0:16 t,=0°15 

u, —0:19 uQ—018 ` 

u,=0°19 u,=0°18 
g—itr g=}+r 

Alternative A. Alternative B. 
r—0:10 r—0:15 


It should be emphasized that r cannot have values in the 


* In Messrs. Dickson and Binks' work another System of notation is 
used. In our calculation the final results have been shortened so that 
all the parameters are given in two decimals only. 


Phil. May. 8. T. Vol. 2. No. 11. Nov. 1926. 3T 
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neighbourhood of 0:12-0:13, i. e. the value must be either 
0:10 or 0-15. There can be no further alternative. 

The choice between the alternatives A and B is difficult. 
While the present author preferred the alternative D, 
Dickson and Binks’ parameter values show themselves to 
correspond to the alternative A. As to the choice between 
these alternatives the present author does not. positively 
maintain his earlier opinion, which was principally dictated 
by the fact that the alternative A for the reflexion (210) leads 
to an intensity, theoretically calculated, which does not 
satisfactorily agree with experiments. Messrs. Dickson and 
Binks have found the same difference in the reflexion (210), 
but nevertheless held to structure A, since structure B, as 
Mr. Dickson kindly informed the present author, shows 
defective agreement with the spectrometrically measured 
reflexions (202), (220), and (440). In the powder photo- 
graphs examined by the present author, the reflexions (202) 
and (220) coincide. The reflexion (440) falls outside the 
ground observed 


XC. On Equilibrium and Motion of a Continuous Medium 
in Four-dimensional Space. By D. MEKSYN *. 


' § I. Introduction. 


T^ the present paper weapply the laws of four-dimensional 
space to a continuous medium (see D. Meksyn, Phil. 
Mag. Dec. 1925, p. 1227). 

Deriving the equation of continuity and the general 
conditions of equilibrium and motion of such a medium, we 
accept it as the dynamical laws of an electromagnetic field. 

The main results, which are obtained from these consider- 
ations, are :— - 

1. The transformation of mechanical forces in electro- 
dynamics is a particular case of transformation of volume 
forces in such medium. 

9. Radiation of an electron in continuous motion is in- 
compatible with the mechanical equilibrium of the electro- 
magnetic field. 

3. In connexion with this we show that a discontinuous 
change of velocity of a material point (electron) is accom- 
panied by heat generation. 


* Communicated by Mr. F. S. Spiers, O.B.E., B.Sc. 
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62. The Law of Continuity. 

Take a continuous medium at rest relative to un observer. 

The law of continuity of such medium in three-dimensional 
space is 

p d« dy dz — const. 

According to our assumption, motion of the three- 
dimensional space is equivalent to change of position in 
four-dimensional space-time continuum. Hence we take as 


the law of continuity in motion 

pdedydzdl=const., . . . . . (1) 
or V ordi dy dz dl — od. dy dz dl —-0. 

Denoting : 

Or, Ot, Qu Or) 

ov’ dy’ dz’ OF 

QA On on UA 

òr oys’ ò j o we. gece A) 

Q2 4 025 O41 

Or’ dy’ Oz’ Ol 

oh Oh oh ðh 

oe’ Oy’ dz’ al 
we obtain according to the well-known formula of trans- 
formation of coordinates : 


p Debe 6. 6. we cw 97 


To transform (2), we have 


da di 
z,o—cdr—arzdoy dr..... h=al+ a dr, 
where dT! zz d.e? + dy? 4 dz? 4 dl’. 
Denoting: 
Or _ dy di 0.2. (4) 


dr Tz dr! oe ae 4*5 
we have instead of (2) 


ò Q(g«dr) | O(qulr) lger) 
1+ au (gt), hy , dz ^ ol 


8(gudr) q O(guir) O(g,dr) — (Yuet) 
oc ^ 


oy ' Qs "' al . (5) 


Dz 
Ps) (qud T) O(qui7) Q(quiT) 0 
ET , Oy 3 Oz "9 1+ 3; (ndr) 


3 T2 
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Neglecting infinitely small quantities of higher order, we 
obtain from (3) and E 


p {14 erudi) È (uir) È qan) + Slade) } =e. 


Hence 


2.4 99: Og 09, 94 
pi—p+ Sa Me dub dr ual rd 


: Qdr e. OdT odT l= 
IS Qt -= Oy Wt 379 Q; t EJRL =0. 


The expression in brackets vanishes and (6) becomes after 
easy transformations : 


3; (002 + 2 (pay) + 2.09.) + D (on) =0, . (7) 


the equation of continuity accepted in the Theory of 
Relativity. 

This representation of the law of continuity brings out 
the meaning of Minkowsky' s well-known geometric con- 
struction in Raum und Zeit,’ which has to explain the change 
of dimensions of bodies ( space) in motion. 

As we see, it illustrates only the law of continuity of a fluid 
in motion, and not the properties of space and time. 


$3. Transformation of Forces. 

Consider how volume forces are transformed which arise 
in a continuous medium and are transmitted by such 
medium. 

Let F'(X', Y'...L') be a force on a unit of “ mass” (or 
unit of volume if p=const.) of our medium at a system M' 
and F(X, Y...L) the corresponding force in another system 
M in relative uniform rectilinear motion. 

We assume that the force is due to a displacement of the 
medium. 

According to the law of continuity, 


p' F'dz'dy'dz' di =pF dzdyd:dl, 
or for the summary forces : 
p'F'de'dy'dz-K' and pFdzdyd:— 
we obtain 


K^ =K o K'VI-vé-E. . . . (8 
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We see that the force is transformed not as a vector, but 
gets an additional factor, which is the result of the law of 
continuity of the medium. 

This explains the somewhat uncommon transformation of 
mechanical forces in electrodynamics. 


$4. Statics. 


On each element of a continuous medium volume and 
surface forces can act. At the basis of statics, as in the 
classical mechanics, we equate to zero the sum of projections 
of all forces upon the four axes, and the sum of momenta 
upon six coordinate planes; in all ten equations: 

As Epstein has shown (Ann. d. Phys. 1911, p. 36) in case 
of a stationary system we derive from the six equations of 
momenta the six equations of equilibrium of classical 
mechanics. 

Hence the conditions of equilibrium are 


ZK'-0, X[K’ ]=0. . .. . (9) 


If this system is set in motion, the forces considered from 
a stationary system become 


K= v1—^K' 
and the “ lengths ” r=r'. 
Hence EZK- V1—vrK-0, 


X[rK]-2 V1—v?S[7'K']=0, 


or if the medium isin equilibrium in one system of reference 
it remains in equilibrium in every other in relative uniform 
rectilinear motion. 


$5. Let p be the “density” of the medium. The con- 
ditions of equilibrium are the following ten equations : 


(Wo Xdv 4 WT do =), 


MIENNE . (10 
C o(yZ — zY)de (A (y — 2T,)de — 0, i ) 
where X, Y, Z, L; T, T,,T,, T, are respectively volume 
and surface forces, dv and da are elements of four-dimensional 
volume and three-dimensional surface. 


Using the same method as the classical mechanics, that is, 
considering the equilibrium of an elementary pentahedron in 
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four-dimensional space, and denoting 

Ta, To, Tn Ta 
Doss, da “Vg: gi 
ta; Tas deno 1z 
Tae, Ty Tu Tu 


T= e ouo s (D 


we obtain: 
T,=T,, cos a+ T4, cos 8+ Tr, cos y + T; cos 6, ! (12) 


dx _ dy 
where cos a, cos B= an 
and | dT? da? + dy? + dz? + dz. 


Inserting (12) in the first four equations of (10), and 
transforming, according to Gauss’ theorem, the surface 
integrals into volume, we obtain the four equations of 
equilibrium : 

oT, or, o1. oT. 
X TX LU “ar =O 
r wy a Ob” 
_ 01, ra OT, , 0T, 
ysg: iw y y. 
prx: tuy oz T ol >N, . 3 


aT, EIS 3T. Tn 

: = =0. 
e * Oy Oe Ol 

Inserting (12) in the six equations of momenta (10), 
transforming again the surface integrals into volume integrals, 
and using (13), six conditions of equilibrium are derived: 


Tig ly eee la co. wow (B) 
that is, the tensor T is symmetrical. 
If we introduce the real axis of time and denote c the, 


velocity of light propagation, we obtain for T the following 
expression : 


Ta TQ TQ DM 
C 
is ,t 
Tus Ta T5 " 
T- Ne denar an 08) 
T. Ty, TQ BZ 
C 
is, 
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We note that the expression for the forces, and the “law 
of energy " in electrodynamics are only particular cases of 
our equations of equilibrium. 


$6. The Equations of Motion. 


Following the classical mechanies, we take as equations 
of motion to a first approximation : 


d (du oT oT, oT: 1 QS. 

erli) = SPL T Dy le Oz zt E Ot. 

ad dy = , ol, 4 Oly Oly: o 
vf SERE ES FE tC. 6) 


— 


dr dr 


i aS, ix ay, as. oW 
pei (lp sppes DE edy cds ^ et 


, where 
dr=q/ 1— "at p is the density of “mass,” and p ot 


“ charge." 

From (16) follows that not only volume forces and 
gradient of surface forces influence motion, but also gradient 
(or absorption and emission) of momentum. 


II. THE Dynamics oF ELECTROMAGNETIC FIELD. 


$7. The Laws of Equilibrium. 


Classical electrodynamics rests on double foundation : the 
electromagnetic field is wholly given by Maxwell's equations, 
so that every solution which satisfies them represents a 
possible state of field; the dynamics of an electron is based 
upon the general dy 'namical principles of a material body 
(rigid or deformable) in connexion with Maxwell's field 
laws. 

If we consider that the general principles of dynamics 
can be applied to the electromagnetic field, that the latter is 
only a particular instance of a mechanical system, then there 
must exist some general dynamical couditions, which are to 
be satisfied by the field as by other similar mechanical 
systems. 

On the other liand, in conformity with Maxwell's point of 
view, laws of electricity are only laws of the electromagnetic 
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field itself, hence the dynamics of the electron must be based 
not upon any assumption about the form, sizes, and other 
properties of the electron, but mainly from the dynamical 
laws of the electromagnetic field itself. 

The considerations of the previous chapter suggest the 
application to the electromagnetic space, whether there 
exists a field or not, of the general conditions of equilibrium 
and motion of a continuous medium (13) (16). 

According to electrodynamics the tensor T has the value: 


pl 2_ V3. 734 43 2 e? 
Tz,— $0 Y?—Z? + a3 — B* — y?» 


T, (XY +48), 
o... (17) 
_ ¢(Yy— Z4) 
S2=— ^ 


W= qc (X Y! eZ ica! EB! 


where X, Y, Z is the electric, aud a, 8, y the magnetic 
forces. 


§ 8. Radiation. 


Let us find what form of solutions of Maxwell’s equations 
is compatible with our general laws of equilibrium. 


Let the solution be composed of terms I where f isa 


r^? 
function finite over the whole field; then T will consist of 
terms Je. 


Now, if we integrate the equations of equilibrium over 
the whole field, we find that if &2-1 the resultant stress 
will be finite, but the electromagnetic momentum and energy 
infinite unless n is equal to or more than $ both for the 
electric and magnetic field. But in this case the Poynting 


vector fdivS dv taken over the whole field vanishes, or 


there will be no radiation. 

Hence we come to the conclusion that radiation by an 
electron in continuous motion is incompatible with the 
mechanical equilibrium of the electromagnetic field. 

Radiation can go on only by discontinuous short pulses. 
These results agree with N. Bohr's model of the atom. 
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$9. Motion. 


We apply the general laws of motion (16) to the field. 
Integrating over the volume of the electron and the electro- 
magnetic space we find : 


d d.c i " 1 dSe 
m irg = F,- div T, dv — d Ji dv, 
d dy /([ S i = 1 dy 
"az uL = Ky — Jin Tydr— | a iw (18) 
d dt ou C, l1(4W 
ni ds d = I t AL: Sidv = » dt dv, 
where d7— ides s d and F,, F,.F, is the external 
force | 
(es [t]). P 


the tensor T relates to the field of the electron, therefore we 


have taken the negative sign. 
Now, as according to § 8 all divT vanish, we obtain from 
(18) the laws of motion of the electron in the electro- 


dynamics. 


$10. The Law of Energy. 


It is accepted in the electrodynamics to look on the time 
projection of the conditions of equilibrium as the law of 
energy; but this is only an equation of motion of the 
same kind as the first three. On the other hand, the law of 
energy of a material point represents an invariant property 
of the four-dimensional space, therefore we must in this case 
look also for a similar law. 

We multiply our equations (18) with dz, dy, dz, —cdt 
respectively and add them : 


(Fg) — Fc — (4 5 Side) + | aeo, . (19) 


where F is the space part of the four-force, and g the velocity. 


ÀS 
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we obtain from (19) | 

d me? q ds; 
(Fg)— dt 4. og + (al "dt dv) ; . ° (20) 
m 


/ 


or the work done by the external forces is spent on the 
increase of the kinetic energy of the electron and over- 
coming the electromagnetic resistance of the field. 

If the motion is accompanied by hent generation, then, as 
we shall see later, the left side of (19) is equal not to zere 
but to — R, when R is the heat absorbed by the electron. 

Hence the generalized law of energy will be 


d c? ds 
(Fg) +R= m (A de), . Qu 
c 


dt Y, i dt 
1 


or to the work of the external forces is added also the 
absorbed heat. 

The expression (20) of the law of energy, where there is 
no heat generation, is an invariant of the four-dimensional 
space ; the left side being zero in all systems of reference. 
But in case of radiation the law (21) will not be invariant ; 
to have such law we must multiply the equations of motion 
(16) by drdydzdt, integrate over four-dimensional volume 
and take the change of energy for an element of track. It 
is easily seen that this invariant law of energy has the 
dimensions of action. 

It may, perhaps, explain why Planck’s universal constant 
of radiation has also the dimensions of action. 

If we insert in (19) for the electric momentum and energy 
the values given by Theory of Relativity (see M. Laue, 
* Die Relativitütstheorie,' p. 134, 1921), and remember that 


(Fg) — Fc 0, 


a 


we obtain 


q (48 M LÍ 2,25. 9 
(4 "E md ae ae er al 


(ibid. p. 226), or if g is not constant, the law of energy is not 
satisfied, 
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This contradiction arises because the Lorentz trans- 
formations and our law of motion for the electromagnetic 
field can be considered as valid for variable velocities only 
to the first approximation. 


III. Tae Dynamics oF A MATERIAL Point. 


§ 11. We apply the four-dimensional dynamics to one 
particular instance: to a muterial point moving with heat 
generation. In this case the fourth law of motion is not a 
sequel of the first three, the time projection of force can 
have an arbitrary value, und in order to describe the motion 


we must use all four equations. 


§ 12. The Law of Energy. 

We have seen that the force is normal to the track. If 
we denote the scalar product of the force and the track 
(Fdr) as the four-dimensional work, we can say that in case 
of motion without heat effect the work 


(Fdr)=0. . . . . . . (93) 


But in the general case, where heat is absorbed or emitted,- 
the force is not normal to the trac 'k, and the work does not 
vanish ; it is equal to 

(Fdr)2XNdz 4 Yd, Zd:—Ledt- —dR, . (24) 
where the right side represents the heat absorbed by the 
moving body (if dR » 0). 

This. expression is the most general law of energy for a 
material point. 

In so far as the analytical ameron (24) is concerned, 
it can be applied not only to an electron but to a finite 
piece of matter, but the physical phenomenon is different in 


these cases. 
1. We consider an electron. We lave from (24) 


Xdet+Vdy+Zd:+dR=Ledt, . . . (25) 


which expresses that the work of the external forces and the 
absorbed heat is equal to the increase of the time(or kinetic) 
energy. 

Now the energv of an electron (or proton), as its charge 
is constant, can be increased only if its velocity increases ; 
hence the absorption (emission) of heat is accompanied by 
increase (decrease) of its velocity. 

2. Quite different appears this phenomenon in a material 
body. Its time energy consists of the energy of its motion 
as a whole, and the energy of the electrons and protons. 

Absorption by a material body goes on through its 


1004 Mr. D. Meksyn on Equilibrium and Motion of 


electrons and protons, it increases their energy (or the 
temperature of the body) but leaves unchanged the velocity 
of the body as a whole. 

These considerations have a bearing on the kinetic theory 
of matter. 


$13. Impulsive Forces. 

Now there arises the question: How can a motion be 
physically realized, where tle force is inclined to the 
track ? 

A straight answer gives us the geometry of motion. If 
the track is discontinuous, the radius of curvature has two 
directions, and, hence, is not normal to the track at,the 
singular point. 

This case corresponds to impulsive forces in dynamics. 


$14. Elastic Forces. 


Let us have a material body at rest. We apply to it some 
impulsive force, and it acquires a velocity v. If XAt is the 
impulse, then me— XAt. The acquired kinetic energy is 


3 
T the work done by the impulsive force is 
v me 
XAt. 9 =o? 


or equal to the acquired kinctic energy. The whole impulse 
is spent on increase of velocity. 

We consider now this problem from the point of view of 
the four-dimensional dynamics. 

The equations of motion ure : 


j ai l e LJ e. e. e e (20) 
d dl | 

C aps dida. ee L, 

dT at 


where dr? = d.c? + dP. 
To integrate (26) we denote : 


da 


; dl 
dr 7 ™ $ dp C08 Ps © . . . (27) 


d Ü y 
and as qose cosg =, (26) become 


d (cos ó in $ -- $ "m 
deme 
, 2 
m d Coe | 


2 dl 


fa Re 
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or introducing the real time, and denoting c the velocity of 
lis ht, we obtain 


iem? (onespe t) =X, | 


2 
a C... (29) 
me 9 aed exT, | 
2 du $ L, ; 
where 
tv 
c 1 


cos — 


NI. 


gin d= —_—_— ` » 
af ios / 1-3 
c? c 
Applying (29) to our case, we have 


—icm [e $ sin $t ey = XAt, | 


> [cos? $ — 1]; = LAt. | 


a 
w 


(30) 


We write the equation of energy. For this purpose we 
multiply the first of (30), as v= —ic cos $ sin $, with 


em Um e b $ 
vı = —W sin cosa, 


the second with —c, and add them : 


R=Xv,At—LeAt= me (ete) sin $ 
2 2 


— -z (co ġ—1), . . . (81) 


and it is easily seen that this expression will not be equal 
to zero. i 
For small velocities 
mvt 


R= 122? . . . e œ " (32) 


or the work is greater than the increase of the kinetic 
energy ; the difference R is lost by radiation. 

If we consider a more general case, where the initial 
velocity v, is changed by impulsive force into v, we find that 
the heut effect 1s 


m 


jaa (tet 0090 — v), - + 6 e (33) 


or if v,» v, there is radiation of v4 « vj —absorption. 
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$15. Elastic Collisions. 


Let us have two material points moving with velocities v, 
and v, respectively. They collide. What effect will bs 


produced ? 
From (29) we have 
—iem $ Ae $i mn fit 1) 
—icmy S (eds der oe) X,+X,=0,)- (34) 
me rco s! 2 23 £ © cost dam Li Ta =0- 


Hence if ¢,’ and $,' are the corresponding angles after 
collision we have from (34) 


m, cos dy sin $, + md, + m; cos He sin hy + Moho 
=m, cos $,' sind,’ + mid, + ms CoB pe sin $, + mgs’, (35) 
m, cos? hy + ms cos? do =m cos? $,' + m cos? ho’, 
two transcendental equations, which define the motion after 
collision. 
For small velocities (35) becomes the well-known con- 
ditions of elastic collision in classical mechanics. 
The energy lost or gained by radiation during the collision 
is from (33), (35), 
4 mm; (mit + mav)? 
3 c (my + m4) - MO REL EC 
or the heat effect is equal and opposite in the two material 
points. 


$16. Heat. 

This analysis elucidates some of the laws of matter. 

1. Heat is not a result of continuous motion of molecules. 
A material point in continuous motion does not generate 
heat, and there is no reason why a great number of them 
should produce this ettect. Heat generation arises solely 
from discontinuous motion. 

At the absolute zero only continuous motion is possible. 

2. If electrons and protons (a gas) are enclosed in a 
vessel, so that no heat interchange is possible with the outer 
space, once brought in motion, they will indefinitely con- 
tinue it. 

This does not apply to finite pieces of matter, which, as we 
have seen (§ 12), would soon stop. 
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XCI. The X-Ray Spectra of the Lower Elements. 
By Rogert TgRon vs *. 


[Plates XVII. & XVIII] 
Part II. 


N connexion with the recently published wave-length 
measurements within the K- and L-series of the lower 
elements f some observations have been made concerning 
the structure and general appearance of these X-ray spectra. 
Some new wave-lengths have also been measured. 

When studying tlie earlier wave-length tables of the lower 
L-series it was found that the main lines a and f, are 
accompanied by only one satellite called a3. By using 
the new high-vacuum spectrograph with a gypsum crystal 
that gives a rather good dispersion within this range of 
wave-lengths, both the main lines have been proved to be 
more complicated. As far as can now be stated, they have 
two satellites each that have been measured for the elements 
Br (35) to Cu(29). Prof. M. Siegbahn has proposed to 
denote these four satellites a’, a”, 8', and 8”. When doin 
this it must, however, be pointed out that the line called a, 
as far as can be stated from the wave-lengths, may be the 
same one as the earlier aj line. The intensity of the 
satellites on the plates is rather good. When passing from 
Zn (30) to Cu(29) a very interesting case appears. The 
satellites of Zn are rather well-defined and relatively strong, 
but in the case of Cu and still more that of Ni (28) they 
are very diffuse and tend to disappear in the continuous 
blackening on the photographie plate. Owing to this, it 
has not been possible to measure them for elements below 
Ni (28). 

The L-series of Ge(32) lie just within the range of 
elements investigated here, but they have never before been 
completely measured, as this element and its compounds are 
veryrare. By friendly help, however, from Dr. L. M. Dennis 
of Cornell University, U.S.A., I was able to get a small 
amount of metallic germanium quite sufficient for my 
exposures. The powdered metal was applied on a scratched 
aluminium plate dovetailed in the copper anticathode. 

In some cases I have also been able to measure the very 
faint emission lines 83 8,. It was not, however, possible to 
separate them, and so I have given only a mean value. 


.* Communicated by Prof. Manne Siegbahn, D.Sc. 
T Phil. Mag. February 1920. 
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In order to extend the knowledge of the K- and L-series, 
I have also made some attempts to photograph the K-series 
of oxygen and the L-series of vanadium with palmitic acid 
as crystal. In the case of oxygen fine-powdered quartz 
SiO,, was applied on the scratched copper anticathode. After 
an exposure of about two hours with 35 milliamps and 
5000 volts, I found three lines on the photographic plate. 
For identifying the lines, I had arranged, just before the 
plate, a cross-wire that left a white shadow on the plate. As 
the position of this shadow was known, I had no difficulty 
in identifying one of the lines as SiKa in the third order, 
and taking this line as reference the other lines could easily be 
measured. In the following Table I. 1 give the calculations. 

For taking the L-series of vanadium I have used ferro- 
vanadium as anticathode substance. This alloy contained 
about 45 per cent. Va, and was kindly supplied by the 
Metallographic Institute in Stockholm. The method of 
identifying the lines was the same as mentioned above. The 
calculations are to be found in Table II. 

In Part I. I gave the wave-lengths of the strongest lines 
of the lower L-series. In Table III. I have now collected 
these values together with the new ones, and Tables IV. 


and V. give the calculated v/R. and 4/v/R values. Comple- 
Fig. 1. 
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mentary to this, I have also drawn the diagram in fig. 1, 
containing all the up to date known wave-lengtlis of the lower 
L-series. Here the La lines are arranged on a vertical, and 
the other ones are set up from the scale given in the 
diagram. It is clearly to be seen how the displacement of 
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some groups of lines increases very much, especially that 
of the ly and 8,9, lines. In the case of Fe(26) the 
distance between the lņ- and the a,,-groups is about 
2:5 A.U., that is more than six times the distance between 
the lines within each group. 

Concerning the La line something peculiar seems to 
happen in the range of Zn and Cu. In the case of Zn 
this line is rather sharp, slightly broader than the slit, 
but the La of Cu and still more that of Ni is very broad 
and diffuse. As this also appears when using a mica 
crystal, it cannot be simply connected with the increased 
dispersion, and so I have performed a special investigation 
concerning the La lines of Zn, Cu, and Ni in different 
chemical states. The La lines have been examined for the 


following substances :— 
l. Zinc: Zn (met.), ZnO, and Zns. 
3. Copper: Cu (met.), Cu4O, CuO, and Cus. 


3. Nickel: Ni (met.), NiS, and N10,. 


All the compounds were applied on aluminium plates, as 
mentioned above. The results are rathersurprising. Inthe 
case of Zn the Le lines are all alike, but for Cu and Ni their 
general appearance changes very thoroughly. The La of 
Cu (met.) and €Cu4O are quite alike, a very broad line with 
diffuse edges, but for CuO and CuS they consist of two lines 
clearly separated and each of them of about the same breadth 
as the La of Zn. Thusthe metallic and monovalent Cu behave 
in tlie same way, but the bivalent Cu quite differently. In the 
case o£. Ni I have found that the metallic and bivalent ones 
are equal, but the trivalent atom in Ni,O; seems to give a 
separated La line, although not se sharply defined. In fig.2 
(Pl. XVII.) I supply the photometer curves of Cu La from 
CuO, where the separated lines are clearly to be seen. The 
curves are taken on three different places of the photographic 
plate. In fig. 3 (Pl. XVIII.) some photograms of different 
L-series are collected. All of them are taken with a gypsum 
crystal. 

In Part I. I gavea diagram showing how the wave-length 
difference La — L9, runs very smooth down to Zn (30), but 
for Cu (29) and the following elements belonging to the iron 
group behaves quite differently. Now the observations con- 
cerning the structure and general appearance of the La line 
seem to point in the same direction. Down to Zn the 
structure and intensity of both the Le and the LA, lines are 
quite regular, but at copper they have suddenly changed very 
considerably. The La line is very broad and diffuse, and in 
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the case of Ni it is most diffuse against longer wave-lengths. 
The intensity of the L9, is smaller when compared with that 
of the La, all the satellites are very faintand, moreover, from 
the diagram fig. 1 it will be seen liow they are somewhat dis- 
placed. So there are many facts that appear simultaneously 
in the same range of elements, but it is difficult to say 
whether they are of the same character or not. 

The irregularity of the wave-length difference may refer 
to some disturbances in the energy levels Ly Li probably 
connected with the magnetic properties of the iron group 
elements. This suggestion seems to be supported by the 
observation that the deviation is biggest in the case of iron, 
and that a similar effect also appears within the K-series of 
these elements. Now we may also imagine tliat the above- 
mentioned sudden change ot the structure and intensity 
within the L-spectra refers to some magnetic disturbances. 
Further, it may be due, more or less, to some changes of the 
electronic arrangement in the energy levels Mıy My that is 
connected with the electronic building-up process by which, 
in the range of these elements, the energy levels just men- 
tioned al get their electronic equipment. 

In the case of bivalent Cu the La line was found to consist 
of two lines. This may be due to the chemical state of the 
Cu atom. In recent papers Mr. E. Bücklin ° and Mr. B. 
B. Ray t have found such changes in the Ke line of S (16) 
when using different compounds. As the Ka, and Ka, lines 
were quite separated, they got three lines on the photo- 
graphic plate. In my case the La, and La, lines are not 
separated, and so, if due to the same effect, only two lines 
might be expected. 

From the v/R values of the new wave-lengths some 
energy-levels cin also be determined. The following 
transitions are then to be considered :— 


E Lu - L 

Ms Tum Li 
Mi,m= Ki; -KA, 
Miy = L- L8: 


My, y = Liu- La. 


The K- and L-absorption edges of the elements in question 
are, however, not very accurately measured. Mr. E. Ase, in 


* Zeits. f. Physik, Bd. xxxiii. Heft 7 (19265). 
T Phil. Mag. Sept. 1925. 
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this laboratory, has recently been working with measure- 
ments in this region, and from his not yet publisbed results 
he has kindly supplied me those of his new values which 
are necessary for the above calculations—that is, the 
K-absorption edges of the elements Zn (30)-Cr (24). 
Because of waiting for these values the publication of this 
paper has been somewhat delayed in order to get the content 
as complete as possible. 

From the K-levels as measured by Ase I have calculated the 
values of the Liz, Lyr, and Mir, rri levels by using Siegbahn 
and Dolejsek's precision-measurements within the K-series 
of these elements *. By the above formulas the Mı, Mry, 
and Mry, v levels are then calculated. In Table VI. I have 
collected all the energy-levels. 

By combining the doublet L/ and the levels Ly and Lin 
I have obtained two values of the My level. As can be 
seen from the table the agreement is very good. The 
difference between two corresponding values never amounts 
to 1 per cent. woe 

The following Table VII. gives the v/R values of the 
energy-levels as calculated from Table VI. 

In the diagram fig. 4 the v v/R values of the M-levels are 
plotted against the atomic number Z. From this diagram 
it is clearly to be seen liow a sudden change in the slope of 
the curves just appears at Cu (29), thus corresponding to 
the above-mentioned changes observed in the structure and 
general appearance of the L-series of these elements. 

Somewhat aside from the subject dealt with above, 
I supply the drawings (Pl. XVII. fig. 5) of a small high- 
vacuum spectrograph tlat has proved to be rather con- 
venient for finding the first approximate wave-length value 
of an unknown X-ray line. For this purpose there are no 
requirements of accuracy, and so the construction may be 
kept quite simple. The photograms are taken on circular 
bent film-strips 162 x 23 mm. in size and placed ata distance 
of 85 min. from the reflecting surface of the crystal. As 
may be seen from the drawing, a cone is arranged for 
inserting the film-strip, the position of which is then quite 
fixed. This arrangement, however, onlv allows reflecting 
angles from 0 to about 40?. When this spectrograph is 
used a rather small dispersion is wanted, that means in 
general small angles, and the satisfying of this condition 
raises no difficulties. By choosing a crystal with large 
lattice-constant a reflecting angle smaller than the above 
maximum of 40° will easily be obtained. When an un- 
known X-ray line is to be approximately determined it is 


* Zeits. f. Physik, Bd. x. Heft 3 (1922). 
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necessary to expose continuously over a rather big range of 
angle-values, and to run such an exposure within a suitable 
time requires a good intensity of the X-ray beam. To 
satisfy this requirement the slit is placed as near the anti- 


cathode as possible. The slit itself should beat least 0:2 mm. 
wide. 


Fig. 4. 


Atomic Number. 
24 25 26 27 28 29 30 SI 32 33 34 35 


The crystal table is also of a very simple construction 
that, I think, will easily be seen from the drawing. The 
body of the spectrograph is built of 5 mm. brass plate and 
all soldered together. At the circumference of the upper 
plate is arranged a scale for reading the movement of the 
crystal. The spectrograph is then connected to the X-ray 
tube by a cone; this is quite necessary, to get a good 


tichtening on this point. Other details, I think, will 
easily be understood when looking at the drawing. 


In conclusion I wish to express my best thanks to 
Professor Manne Siegbahn, who has suggested me this 
work, for his kind interest and much valuable advice on 
different points during the whole investigation. 


Upsala, 
Physical Laboratory of the University, 
April, 1926. 
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XCIT. Photophoresis of Colloidal Particles in Aqueous 
Solutions. By WitrreD W. Bankas, M.Sc. * 


[Plate XIX.] 


SUMMARY. 


THe action of light and X-rays on aqueous solutions of copper, 
gold, silver, and gamboge is observed. The cloud of particles, 
settling out of suspension under the action of gravity, moves on 
the average towards the light side of the containing cell, being 
thus light negative on Ehrenhaft’s convention. The upper surface 
of the cloud takes up a characteristic formation under the action 
of light, the boundary becoming much more sharply defined. The 
velocities of drift are calculated for particles near the top of the 
cloud ; these are greater in most cases than the velocities found by 
Ehrenhaft for particles suspended in gases aud illuminated by the 
intense beam of the ultra-microseope. The change of size of gold 
particles under the action of light is also measured. 


Wan determining the sizes of colloidal copper par- 
ticles in aqueous solutions, by the method of observing 
the rate of fall of the cloud-surface, it was noticed that light 
had a strong action on the formation of the settling cloud. 
Itf the particles settled in the dark, the cloud surface was 
horizontal and the exact upper boundary indefinite over a 
vertical distance of about 0:5 mm. The radius given by this 
method, by Stokes's law, was, for the smallest particles which 
settled out, in good agreement with that determined by other 
methods, e. g. centrifuging or by the final variation of con- 
centration with depth (Trans. Far. Soc. xxi., i. 1925). If, 
however, the solution was exposed to light, the cloud moved 
on the average towards the source of light, and its upper 
surface became more sharply defined than before. 

A few preliminary experiments were made which are 
recorded here, the quantitative measurements being taken 
from a single set of observations, but qualitatively the results 
are quite general. 

A glass-sided cell A (fig. 1), 7:7 cm. square and 1 cm. 
thick, was set up vertically containing a suspension of copper 
particles. The narrow face of the cell was illuminated by 
light from a 100-c.p. pointolite, P, placed at about 20 em. 


* Communicated by Prof. A. W. Porter, D.Sc., F.R.S. 
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away, the heat rays being absorbed by a large glass tank, T, 
8 cm. thick. Except for the side facing the light, the cell 
was completely screened from all light rays by the opaque 
screens S, S. The broad face of tlie cell could be photo- 
graphed in the camera, C, by means of transmitted light 
from a lamp, B, on the axis of the camera lens, diffused 
through two ground-plass screens G, G, an exposure of 
30 seconds being required. This light was, of course, only 
used during the taking of Uliotoget be 


Fig. 1. 


oq | 


A* Cell containing Sol 
B = Pointolite Lamp 100 cp. 
L * Condensing Lens. 
T * Water Tank. 
SS = Opaque Stops. 
C * Camera. 
BeGG: Bulb s ground glass t 
Screens for photographic 
illumination. 


Plan of apparatus for photographing photophoresis of colloidal solutions. 


The photographs taken ure mostly not good enough for 
half-tone production, though Plate XIX. gives representative 
prints corresponding to diagrams in fig. 2, nos. i., iii., and vi. 
The figures are drawn from the photographs. The curved 
line represents the upper surface of the cloud ; it 1s shown 
continuous where the cloud-surface is definite, and dotted 
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where it is diffuse. The details of the experiment are as 
follows :— 

Alter settling under gravity in the dark for 18 hours, two 
parallel diffuse cloud-surfaces can be seen (Pl. XIX., 1) at 
depths of 1*0 and 1:31 cm., indicating two predominant sizes of 
particles (3°15 and 3:58x 1075 em. radius). When the 
activating light was turned on, on the right-hand side, both 
cloud-surfaces moved similarly to one another. Photographs 
were taken every half hour. Fig. 2, nos. i. to vi., show the 
change of formation of the lower of the two clouds only, 


Fig. 2. 
^ 
V 
* 
(i) Original Formation. (ii) After 4% hour iii) After | hour 
(Settling in dark). 
^ 
22cms 
A v 
Xe 
(iv) After 2 hrs. (v) After 2 nrs. (vi) After 3% hrs. 


Light on right-hand side (see Pl. XIX.). (The curved line represents 
the upper surface of the cloud; a full line representing a sharp, and 
a dotted line a diffuse boundary.) 


up to 34 hours in the light; after this, further change was 
very slow. Thesurface of this cloud became sharply defined 
on the right and disappeared completely on the extreme left 
(fig. 2, ii.). It gradually took up the new form, and finally 
became sharp over its entire length from the top right-hand 
to the bottom left-hand corner of the cell, the definition 
being now much sharper than in the original cloud (fig. 2, vi.). 
It should be noticed that the cloud-surface on the top right- 
hand side (i. e. the edge near the light) rises against gravity 
a distance of 0:05 cm., i. e. at a rate of 1:4 x 107° em./sec. for 
the first hour, which is about 0*7 times the rate of fall under 
gravity in the dark. 


Digitized by Google 


1022 Mr. W. W. Barkas on Photophoresis of 


The movement of the cloud-surface indicates that the whole 
cloud is drawn over tothe light side of the cell until equi- 
librium is set up ; this equilibrium presumably being fes hio 
when the forces due to the light balance the osmotic pressure 
of the solution. If this is the case, we may obtain some idea 
of the speed of drift of the particles by considering, for 
example, a particle originally situated in the top left-hand 
corner of the cell in fig. 2 (at the point A in no. i.). If we 
make no assumption as to the direction of drift, it must move 
at least as {ar as to the nearest point on the cloud-surface 
(to the point B in nos. iii. to vi.). From the times taken this 
involves a minimum velocity of 5 x 107* cm.[sec. for the first 
hour, or 1°6 x 10^* cm./sec. for the whole period of 34 hours. 
In the first hour this is 25 times the rate of fall under 
gravity in the dark. If we assume only horizontal drift 
(i. e. along the beam of light), the velocity of such a particle 
cannot be so definitely calculated, but it will be of the same 
order. For points lower down in the suspension the motion 
is in both cases smaller, though not in general zero. 

This same suspension is afterwards left undisturbed in the 
dark for 17 hours. The top of the cloud is now roughly 
horizontal again, but very diffuse except for the edge 
previously nearest the light, which is still as sharp as before, 
but which in the case shown in the diagram has fallen to 
1:35 cm. below the liquid surface, this velocity being 
2:6 x 107 * cm./sec., or only 0°13 that of the previous night. 

After the cloud had been built up on the right as previously 
described, fig. 3 shows the effect of changing the light over 
to the left-hand side of thecell. A Meer reversal of the 
cloud formation takes place in 40 minutes. For a particle 
originally at the point A (fig. 3, i.) this involves a least 
possible velocity of 1:25 x 10^? em./sec. ! 

These velocities for the particular suspension under consi- 
deration may be summarized as follows :— 


Fall of cloud under gravity .................... 2:02 x 107* em./eec. 
Particles at point A (fig. 2) on | for Ist hour ...... 5:0 x107* cm./sec. 
exposure to light ........ average of 33 hours 1:64x 10-* cm./sec. 


Particles n = (fig. 2 E } average for 33 hours 1:25 x 10-* cm./sec. 
versing direction of light .. 

In later experiments the beam of light was rendered 
parallel by the introduction of the lens L (fig. I), but this 
made no apparent difference to the cloud formation. 

If the suspension is illuminated as soon as it is set up, 
without giving time for the particles to settle down in the 
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liquid, the reduction of volume of the cloud under the action 
of light is not measurably different from what it would have 
been if the cloud had settled for the same time under the 
action of gravity alone. Again, in the case of solution which 
had been left to stand for several weeks until it contained in 
suspension only these particles which remained permanently 
suspended by brownian movement (i. e. in which there was 


Fig. 3. 


I Original Formation After IO mins After 20 mins 


of o 


After 3O mins. After 4O mins. 
Change of cloud-formation on changing light from right- to left-hand side. 
Fig. 4. 


Cloud formation due to a 
narrow parellel beam of light 


no surface to the cloud of particles within the body of tlie 
solution), no cloud.surface was formed upon exposure to 
light. That this suspension was still rich in particles 
was confirmed by observation under the microscope. In 
the case illustrated in fig. 2, however, where settling had 
previously taken place, the volume of the cloud after 
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34 hours was about 10 per cent. smaller than it would have 
been, in the same time, if acted on by gravity alone. 

The next trial was made by illuminating the side of the 
cell by an accurately parallel beam of light from an arc lamp 
along the narrow parallel path shown by the dotted lines in 
fig. 4. In this case the cloud is drawn in at the bottom as 
well as at the top, the greatest horizontal width being in the 
beam of light. The cloud again becomes sharply defined, 
first at the top right-hand corner of the cell, though this is 
now well outside the direct illumination of the beam of light, 
and again this portion rises slightly against gravity. 

These experiments were repeated with colloidal suspensions 
i gold, silver, and gamboge, the effects being in each case 
the same. 


X- Rays. 


A suspension of gold was exposed to a narrow penetrating 
beam of X-rays from a tungsten anti-cathode. In this case 
also the cloud drifted towards the source of X-rays, the 
formation being similar to that shown in fig. 4. It is not 
possible to compare the intensities of the X-rays and light 


used, but the time taken to build up the cloud was roughly 


the same in each case. 


It cannot be assumed that the observed changes in cloud 
formation are due entirely to the action of light without 
other disturbances, such as temperature changes in the 
solution or slight convection currents to which the cleud 
would be very sensitive; and for this reason no attempt is 
here made to deduce a mathematical expression for the shape 
of the cloud-surface. It seems, however, that the light 
exerts a force on the particles, causing them to move towards 
the source of light, the greatest movements taking place 
neurest the top of the cloud where the concentration is 


least, in accordance with the laws of distribution of 
colloidal particles. 


Change of Size of Gold Particles. 


It was noticed that the colour of the gold suspension 
changed from ruby-red to deep mauve asa result of exposure 
to light, but that no such colour-change took place after 
exposure to X-rays. In one instance the change of colour 
along the narrow beam of light (as in fig. 4) could be seen 
quite distinctly, and remained visible for aboutan hour after 
the light had been turned off. The suspension previously 


exposed to X-rays changed colour on subsequent exposure to 
ordinary light. 
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Three samples of gold solution were taken from the same 
stock, one having been exposed to light, one to X-rays, and 
one having been kept in the dark. These were set up in 
hard glass test-tubes and allowed to settle in the dark for 
twelve days. The transition of colour from clear liquid 
at the top of the tube to dense solution below was indefinite 
over a depth of about 6 mm., showing that particles of all 
sizes were present (even after exposure to light) ; but the 
mean position of the cloud-surface was taken trom the sixth 
to the twelfth day. This gave the mean size of gold particles 
in the solution as follows : — 


Radius. Velocity. 
Particles kept in the dark. ...... 23 X10-° cm. 0:176 cm./day. 
Particles exposed to X-rays ..... 2:3x10-* ,, 0176  ,, 
Particles exposed to light ....... 2:0x10-* ,, 02/9 -— 


These show a decided increase in size after exposure to 
light. 

Ehrenhaft (Ann. der Phys. 1918, p. 81) describes expe- 
riments showing the drift of. particles suspended in gases, to 
which phenomenon he ascribes the name photophoresis. In 
several respects, however, the above results are not entirely 
analogous. In his experiments he deals with individual 
particles in gases which drift directly parallel to the beam 
of light except for the gravity component. In air certain 
particles drift in the direction of the light-beam, e. g. gold 
and silver. These he terms light-positive. Others drift 
against the direction of the light (light.negative). In the 
present experiments the particles of gold and silver, as well 
as copper and gamboge, are lighi-negative. Again, in the 
very intense beam of the ultra-microscope, Ehrenhaft's 
velocities of drift in air are some five or ten times greater 
than the velocities of fall under gravity in the same 
medium, the velocity being proportional to the intensity of 
the light. The actual velocities he records are of the order 
of 10 * em./sec. This ratio of velocities is less than half that 
in the present experiments, the actual velocities being of the 
same order as those referred to in fig. 2; but if account be 
taken of the intensity of the light in the Tyndal Cone 
compared with that of a 100-c.p. lamp placed 20 cm. away, 
and also to the resistance motion experienced by the particle 
in air(9 —2 x 1074) compared with that in water (g21x1077?, 
it will be seen that the forces required to produce tlie 
velocities in the experiments are considerably greater than 
those he records. 
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It has been noticed by C. G. T. Morison (Proc. Roy. Soc. 
cviii. p. 280) that soils in suspension showed stratifications on 
exposure to light, in this case the light being in line with the 
camera and not at right angles to it as here. He found 
that the width of the stratitications depended on the colour 
of the light used ; but, so far as I know, he has not published 
anything further on the question yet. The stratifications have 
their parallel, in the present work, in the sharp definition of 
the cloud-surface after exposure ; but while in his case the 
stratifications are definitely created by exposure to light, in 
the present instance it is only a change of shapeof an already 
existing cloud which takes place. The explanation of the 
sharp definition of the cloud-edge is not attempted here, but 
close observation of such a eloud leads one to the opinion 
that forces 1n the nature of surface tension of the cloud come 
into play at the transition from dense to clear solution. 

Complete references to other observations on the action 


Jof light on the Liesegang phenomenon, including that bv 


Hatschek (Proc. Roy. Soc. xcix. p. 496), are given by 
Morison in his paper. 


My thanks are due to Professor A. W. Porter, D.Sc., 
F.R.S., for his help in the present work. 


Carev Foster Laboratory, 
University College, University of Loadon. 
13 July, 1920. : 
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XCIII. Werners Co-ordination Theory and the Electrical 
Structure of the Atom. The Relationship between Valency 
and Co-ordination. By S. H. C. Brices, D.Sc.* 


LTHOUGH the electron theory of valency as developed 

by Thomson, Kossel, Lewis and Langmuir, Bohr, and 
others has given an almost complete solution of the valency 
problem so far as the simpler chemical compounds are con- 
cerned, it has not thrown much light upon the structure of 
the complex substances which were regarded by Werner as 
co-ordinalion compounds. The co-ordination compounds 
also include bodies of varying degrees of polarity, from the 
strongly polar crystallized sodium chloride on the one hand 
(Pfeiffer, Zeitsch. anorg. Chem. xci. p. 376, 1915; xcvil. 
p. 161, 1916) to the typically non-polar carbon tetrachloride 
(Werner) on the other. Werner’s co-ordination theory is 


* Communicated by the Author. 
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the only comprehensive theory hitherto suggested which 
satisfactorily explains the structure of these various com- 
pounds. It is therefore highly desirable that Werner’s 
theory of co-ordination and the electron theory of valency 
should be correlated. The object of the present paper is 
to determine the exact relationship between valency and 
co-ordination, and to show how Werner’s theory of co- 
ordination can be derived from the electrical theory of 
atomic structure. 


WERNER’S THEORY. 


A detailed account of the co-ordination theory is given 
in Werner’s book, ‘ Neuere Anschauungen auf dem Gebiete 
der anorganischen Chemie’ (3rd ed., 1913: Vieweg & Sohn 
Braunschweig) and also in the papers (Zeitsch. anorg. Chem. 
iii. p. 267, 1593 ; viii. pp. 153. 189, 1895). Werner re- 
garded the affinity of an atom as an attractive force directed 
from the centre of the atom equally towards all parts of the 
surface of the atomic sphere. |n Werner’s own words 
(‘Neuere Anschauungen, p. 83): “ Der bei gegenseitiger 
Bindung zweier Atome abgesiittigte Affinititsbetrag ver- 
teilt sich auf einen bestimmten kreisfirmigen Abschnitt 
der Kugeloberfliche der Atome (Bindeflüche) und wird 
mit der Natur dieser Atome in weiten Grenzen wechseln.” 
Werner made a distinction between principal valency 
(Hauptvalenz) and subsidiary valency  (Nebenvalenz). 
In platinic chloride PtCl, the chlorine atoms are attached 
by principal valencies. The platinum atom, however, is 
unsaturated and can combine by subsidiary valencies with 


2NH; 


two molecules of ammonia, to give the compound Pte , 
"4 


in which none of the chlorine atoms is ionizable, the 
ammonia molecules and the chlorine atoms all being in direct 
union (direktur Bindung) with the platinum atom. The 
addition of ammonia molecules in this manner is termed 
2NH; 
C], 

react with a further quantity of ammonia, the chlorine 
atoms being successively displaced by ammonia molecules 
until the compound (Pt6NH,)Cl, is obtained, in which 
all the ammonia molecules are in direct union with the 
platinum atom; but the chlorine atoms are now in an 
outer zone and are all ionizable, being in indirect union 
(indirekter Bindung) with the platinum. This process 
of displacement of chlorine atoms by ammonia molecules 


3X2 


* Anlagerung " (apposition). The compound Pt can 
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is termed “ Einlagerung " (intercalation). In the compound 
(Pt6NH;)Cl, the six molecules of ammonia together possess 
an amount of affinity equal to that of the platinum atom 
in PtCl,, and the chlorine atoms are thus held in position in 
the outer zone (Zeitsch. anorg. Chem. iii. p. 324, 1893). 

In the series of compounds (Pt6N H4)Cl,, (Pt4NH;C',)Cl,, 
(Pt3NH;Cl,)Cl, ¢Pt2NH,Cl,), (PtCl;NH;)K, and (PtCl,) K3, 
all of which are known, there are six atoms or groups, 
in every case in direct union with the platinum atom. 
Platinum is therefore said to have a maximum co-ordination 
number six. The maximum co-ordination number is defined 
by Werner as follows (* Neuere Anschauungen, p. 58) :— 
* Die maximale Ko-ordinationszahl muss als Haumzahl 
aufgefasst werden, d. h. als Zahlenbegriff, der angiebt, 
wievele Atome bestimmter Art sich in der ersten Sphäre 
eines anderen Elementaratoms rüumlich anordnen kónnen." 

Werner showed that the maximum co-ordination numbers 
in the cases of different elemenis are either four, six, or 
eight. These numbers represent the apices of the tbree 
simplest regular polyhedra, thus emphasizing the essentially 
geometrical character of the conception of co-ordination, 
the co-ordinated atoms or groups being arranged sym- 
metrically in space around the central atom. 


ELECTRON THEORIES OF CO-ORDINATION COMPOUNDS. 


The theory of valency of Lewis and Langmuir does not 
lead to any very definite conclusions with respect to co- 
ordination. As Langmuir has shown (J. Amer. Chem. Soc. 
xli. pp. 928-931, 1919), co-ordination compounds may 
equally well be regarded as electrovalency or covalency 
compounds. 

The most interesting application of the electron theory 
of valency to co-ordination has been made by Sidgwick 
(J. Chem. Soc. exxiii. p. 725, 1923). Sidgwick suggests 
that the element which acts as the central atom in the 
complex assumes the same external electron configuration 
as the inert gas which follows that element in the periodic 
table, each co-ordinated atom or group being united to 
the central atom by a bond of two electrons (covalency) 
such as is present in organie compounds. As examples, 
we may consider di- and trivalent chromium, di- and tri- 
valent iron, and di- and trivalent cobalt, all of which give 
compounds with co-ordination number 6. Sidgwick’s rule 
applies to the compounds of divalent iron and trivalent 
cobalt, but fails with trivalent iron, divalent cobalt, and 
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all the chromium compounds. Since, however, the co- 
ordination number is 6 in all cases, it is reasonable to 
conclude that the dominating factor in the formation of co- 
ordination compounds is the tendency to produce spatially 
symmetrical structures, the actual co-ordination number 
being determined by geometrical considerations, in accord- 
ance with Werner’s original views, and further that the 
formation of the electron configuration of an inert gas 
is a subsidiary factor only. When the two factors coincide, 
however, the compounds obtained possess a high devree of 
stabilitv, and it was to such bodies rather than to co- 
ordination compounds in general that Sidgwick applied 
his theory. 

Prideaux (‘Chemistry and Industry,’ xliv. p. 25, 1925) 
defines co-ordination compounds as compounds ‘ whose 
formule ... contain one or more mixed bonds." This 
definition appears to be inaccurate, as it excludes bodies 
such as SI, and CCL, which were regarded by Werner 
as typical, being co-ordinatively saturated (‘Neuere An- 
schauungen,’ p. 98). 

It should also be observed that if in all co-ordination 
compounds the co-ordinated groups are linked to the 
central atom by two electrons equally shared, as suggested 
by Sidgwick and also Iy S ( Chemistry and Industry,’ 
xlii. pp. 318, 412, &c., 1923) and Brockman (* Chemistry and 
Industry,’ xlii. p. 156, 15 24), then co-ordination compounds 
in general should have a degree of stability comparable 
to that of organic compounds, This is by no means the 
case, many true co-ordination compounds being highly 
unstable. It would therefore appear that any general 
theory of co-ordination based upon the arrangement of 
electrons around the central atom must of necessity be 
extremely complicated and difficult. After a critical 
examination of Sidgwick’s theory, J. D. Main Smith con- 
cluded (* Chemistry and Industry, xliv. pp. 944, 1925) :— 
It appears probable that the maximum co-ordination 
number is totally unrelated to the size of any group or 
sub-group in any atom. The experimental evidence points 
to the conclusion emphasized by Werner that the co- 
ordination number is governed chiefly by the number of atoms 
that can be accommodated at the surface of the co-ordinating 
atom." 

In tlie following pages it is shown that the co-ordination 
theory as originally established by Werner follows naturally 
with very slight modifications from the conception of an 
atom as a combination of electrons with a central positive 
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nucleus. . The point of view adopted is that of the theory of 
duplex affinity which I have developed in detail in previous 
papers (J. Chem. Soc. xciii. p. 1564, 1908; exi. p. 253, 1917 ; 
cxv. p. 278, 1919 ; cxix. p. 1876, 1921 ; Phil. Mag. xlii. 
p.448,1921). A number of general conclusions are drawn 
with reference to the properties of co-ordination compounds, 
and in the concluding section the exact relationship between 
valency and co-ordination is discussed. 


THE THEORY or DUPLEX AFFINITY. 


In the combination of potassium and chlorine to form 
potassium chloride, an electron is transferred from the 
potassium atom to the chlorine atom. Potassium is 
generally regarded as an element with positive affinity, and 
chlorine as an element with negative affinity. In terms 
of the electron theory we can therefore define positive 
affinity as a tendency to lose electrons, and negative 
affinity as a tendency to gain electrons. 

The potassium atom which has lost an electron becoming 
a potassium ion has now a positive charge. But a positive 
charge attracts electrons, and therefore, by definition, the 
potassium ¿on has negative affinity, whereas the potassium 
atom has positive affinity. Similarly, the chloride ion 
which carries one negative charge has now a tendency 
to give up an electron to a positive charge, and therefore 
the chloride ion, by definition, has positive afhnity. 

We may describe the affinity of the atom as primary 
affinity and the affinity of the ion as secondary affinity, 
becanse the affinity of the ion is a secondary phenomenon 
which only appears after the affinity of the atom, that is 
to say the primary affinity, has conie into action. 

Potassium is therefore an element with primary positive 
affinity and secondary negative affinity, whereas chlorine 
is an element with primary negative affinity and secondary 
positive affinity, so far as the mutual relationship of the 
two elements is concerned. 

The saturation of the affinity may be represented by an 
arrow pointing from positive to negative. Thus for the 
combination of potassium and chlorine we write K——>Cl, 
the thick arrow indicating the passage of an electron from 

otassium to chlorine. The combination of the two ions 
K and Cl’ to give a molecule may be written K*«—Cl’, 
the arrow again pointing from positive to negative, but 
a faint arrow being used in this instance because no 
passage of electrons occurs. Combining the two formule, 
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> 


we have K¢ Cl for a molecule of potassium chloride. 
Ifthe primary and secondary affinities are equally saturated, 
the formula must be written with two thin arrows pointing 
in opposite directions, since no transfer of electrons takes 
place in this case, which represents electron-sharing or 
non-polar union. As an example of a non-polar compound 
we may write carbon tetrachloride 


CI 


Attention should now be directed to an important differ- 
ence between secondary negative affinity and secondary 
positive affinity. Since atoms are incapable of inter- 
penetration, each atom, so far as its effect on other atoms 
is concerned, may be regarded as a sphere with the nucleus 
at the centre. In a positive ion the charge is situated 
in the nucleus, and therefore, so far as the effect on other 
atoms is concerned, the attractive force due to this charge 
(the secondary negative affinity) may be regarded as dis- 
tributed equally over the surface of the atomic sphere. 
A negative ion, on the other hand, has the charge on tle 
electrons of the outer shell, and consequently secondary 
positive affinity is not distributed equally over the atomie 
surface. [t may, indeed, be divided up equally among all 
the electrons of the outer layer as in a free negative ion 
such as Cl’, but, on the contrary, it may also be confined 
to two electrons only, as in bodies such as CCl, and SF, in 
which each halogen atom is united to the central atom by 
a pair of electrons equally shared. 

We see, therefore, that Werner's original conception of 
chemical affinity as an attractive force directed from the 
centre of the atom equally towards all points of the 
surface of the atomic sphere, applies in all cases with 
secondary negative affinity. The conception does not 
apply to secondary positive affinity in those instances in 
which the electrons are equally shared, as in CCl. When 
the secondary positive affinity is divided up equally among 
all the external electrons, however, the general effect is 
equivalent to an attractive force emanating from the centre, 
which is Werner's conception (see Kossel, * Valenzkrüfte 
und Róntgenspektren," 2nd ed. p. 15, 1924 : Julius Springer, 
Berlin). 
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It is significant that the majority of complexes have a 
positive atom at the centre. This is no doubt attributable 
to the fact that secondary negative affinity is always dis- 
tributed equally over the surface of the atomic sphere in 
contradistinction to secondary positive affinity. 


THE FORMATION OF COMPLEX COMPOUNDS. 


From the truly non-polar character of carbon tetra- 
chloride we may conclude that the geometrical conditions 
are such that the secondary affinities of the carbon and 
chlorine atoms are completely saturated. The case is 
different with platinum tetrachloride, the platinum atom 
(and therefore the chlorine atoms as well) being partially 
unsaturated. The platinum atom may consequently com- 
bine with two molecules of ammonia, the link being tormed 


by oo in the nitrogen octet, giving the compound 
2 
Pt 3, an example of the process called “ Anlagerung’ 
C ' 8 
4 


by Werner. NH 

In the compound PtCl,, and therefore also in Pte o 

4 
the chlorine atoms possess unsaturated secondary positive 
affinity, and will be attracted by the secondary negative 
affinity of the hydrogen in such molecules as water and 
ammonia. The attraction of the water molecules is not 
sufficiently great to cause the chloride ions to dissociate 
from the complex to any marked extent in the cold, freshly- 
prepared solution; but on boiling with a solution of 
ammonia, chloride ions are removed from tle complex 
and their places taken by ammonia molecules—an example 
of Werner’s process of ** Einlagerung.” 

We may now consider the case of a strong electrolyte 
(a strongly polar compound) such as sodium chloride. In 
the isolated moleeule NaCl, where the atoms are side by 
side, only a comparatively small portion of the surface 
of the atomic sphere of each ion comes under the immediate 
influence of the other ion. That portion of the atomic 
surface which is affected corresponds to Werner's ** Binde- 
flüche." ‘The rest of the surface of each atomic sphere may 
be regarded as unsaturated. When such a molecule is 
dissolved in water the secondary negative affinity of the 
unsaturated sodium ion attracts the electrons of the oxvgen 
in the water molecules, whereas the secondary positive 
affinity of the unsaturated chloride ion attracts the hydrogen 
nuclei of the water molecules. Water molecules therefore 
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crowd round each ion (are co-ordinated round each ion), 
and in the course of thermal agitation the ions separate in 
the hydrated condition, the process being exactly as assumed 
by Werner. 

In the vapour of sodium chloride, individual molecules are 
present, as shown by vapour-density determinations. When 
such a vapour cools down to the liquid and then to the solid 
state, since the ions are unsaturated in the individual mole- 
cules, the molecules will arrange themselves in such a manner 
that chloride ions surround the sodium ions, and sodium ions 
surround the chloride ions, giving finally a space-lattice built 
up of two kinds of interpenetrating complexes having the 
formule (NaCl) and (CINa;), as shown by X-ray analysis 
of the crystals. In other words, the compound crystallizes 
by polymerization, the new polymerized molecule comprising 
the whole crystal (see Phil. Mag. xlvii. p. 702, 1924). 

When sodium chlorideand platinic chloride react with each 
other, two chloride ions from the sodium chloride combine 
with each molecule of platinic chloride giving the compound 
Naj,PiCl, a further example of co-ordination. In the 
complex (PtCls) the central platinum atom has four positive 
charges, and the secondary negative affinity due to these 
charges is distributed over the surface of a comparatively 
small sphere. The complex is therefore markedly stable in 
solution. In the complex (NaClo) in the crystal of sodium 
chloride there is only one positive charge on the central 
atom, and, since the atomic volume of sodium is much 
greater than that of platinum, the secondary negative affinity 
due to this single charge is spread over the surface of a 
comparatively large sphere. The complex is therefore un- 
stable and breaks up when the crystal is dissolved. 

From these examples we see that co-ordination is involved 
in the solution and crystallization of strong electrolytes as 
well as in the formation of complex compounds. 

In the formation of such a complex as (Co6NH; 
it should be observed that when the secondary negative 
affinity of the central atom is saturated by the secondary 
positive affinity of the nitrogen atoms, a corresponding 
amount of secondary negative affinity is liberated at the 
hydrogen nuclei. Hence, whereas the secondary negative 
affinity was distributed over the sphereof the cobalt atom in 
the ion Co* **, in the complex ion (UCo6NH;)* ** (assuming 
complete saturation of the Co) the same amount of affinity 
is now divided up among eighteen hydrogen atoms which 
must be regarded as lying on the surface of a much larger 
sphere. This is in strict accordance with Werner's original 


\t++ 
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theory, in which the charge was supposed to be distributed 
over the surface of the complex ion. We might therefore 
expect to find that additional molecules of ammonia can be 
added to the complex (Co6NH;)***, and that these will 
arrange themselves outside the six already present and be 
much less firmly attached than the first six. Such com- 
pounds have been quite recently prepared by Ephraim 
(Zeit. anorg. Chem. cxlvii. p. 25, 1925), who finds that 
the substance having the formula (Co6NH;)Cl, 6NH; de- 
composes at — 24°. 

Lowry (‘Chemistry and Industry,’ xlii. pp. 316, 412, 462, 
&c., 1923) has suggested that in a negative complex such as 
(PCl) the two negative charges are situated on the 
centrai atom, 2. e. on the most electropositive atom in the 
complex. This somewhat remarkable conclusion results 
from the assumption that each chlorine atom is united to 
the platinum by a pair of electrons equally shared. Electrons 
need not always be shared equally, however (Fajans, Natur- 
wissenschaften, xi. p. 165, 1923; Knorr, Zeitsch. fiir anorganische 
und allgemeine Chem. cxxix. p. 109, 1925 ; Briggs, Phil. Mag. 
xlvii. p. 702, 1924); and if the sharing is such that the 
secondary negative affinity of the platinum atom is fully 
saturated, each chlorine atom will then be left with some 
unsaturated secondary positive affinity. Chlorine atoms in 
this condition will be attracted by the hydrogen nuclei of 
water molecules in aqueous solution, and will therefore 
exhibit some slight tendency to dissociate from the complex 
being replaced by water. [ showed some years ago that 
such very stable complexes as the ferrocyanide and the 
ferricyanide ions are dissociated in this way, their solutions 
containing a small amount of the corresponding aquopenta- 
cyano-complex (J. Chem. Soc. exvii. p. 1026, 1920). The 
charge in the negative complexes would therefore appear 
to be distributed over the surface of the outer zone in 
accordance with Werner's theory rather than in the central 
electropositive atom as assumed by Lowry. 

From the considerations put forward in this and the 
preceding sections of the present paper, it is seen that 
complex compounds are formed as the result of the action 
of secondary affinity, whereas the simpler binary compounds 
arise from the action of primary affinity. As the various 
electron theories of valency deal essentially with primary 
affinity phenomena, it is not surprising that they are of so 
little aid in elucidating the structure of complex compounds. 
It also follows that primary and secondary affinity corre- 
spond to Werner's Haupt- and Nebenvalenz (principal and 
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subsidiary valency) ; but whereas Werner’s two types of 
valency did not differ in sign, as we have already seen, 
it follows from the electron theory that primary and 
secondary affinity are opposite in sign. The difference 
between Werner’s Haupt- and Nebenvalenz is never very 
clear, and disappears entirely in such a compound as 
K;(PtClj), in which all the chlorine atoms are equal. It 
should therefore be noted that if we ignore the passage 
of electrons and regard all compounds as being built up of 
ions rather than atoms, the difference disappears from the 
electron point of view exactly as with Werner’s theory. 

Seeing that the secondary affinity of the central atom in 
a complex is distributed equally over the surface of the 
atomic sphere, it follows that for maximum saturation 
the co-ordinated atoms or groups must be arranged svmme- 
trically in space around the sphere. We therefore have 
the maximum co-ordination numbers referred to above, 
to which should be added the number 2 as the co-ordination 
number of hydrogen, in view of Lowry’s work (Lowry and 
Burgess, J. Chem. Soc. exxiil. p. 2111, 1923). 


THE PROPERTIES OF COMPLEX COMPOUNDS. 


The principles put forward in this paper make it possible 
to deduce some general rules with reference to the properties 
of complex compounds. Some, though not all of these rules, 
have been mentioned in the previous papers referred to 
above, but they are brought together for the first time 
in a complete form. 


(1) Since the limiting case of the strongest possible 
electrolyte may be represented by the formula A——>B, 
and a non-electrolyte by A¢——B, it follows that, if we 
diminish the secondary affinity bond in any compound AB, 
the tendency to electrolytic dissociation will be increased. 
The secondary affinity bond may be diminished by building 
a complex around A or B, because, as we have seen ubove, 
in the complex the secondary affinity is distributed over 
a much larger spherical surface than in the simple binary 
compound, and the attractive force on the “ Bindeflüche " 
will be correspondingly decreased. We therefore have the 
general rule that 

A complex electrolyte is a stronger electrolyte than the 
simple electrolyte from which it is derived . . . (1) 
Examples:—The weak bases Ni(OH),, Cu(OH):, Zn (OH);, 


&c., by combination with ammonia give complex bases as 
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strong as the alkalies, and the extremely weak acid HCN 
gives the Pos stron complex acids H,(Co(CN)g), 


Hy(Fe(CN),), H,(Fe(UN),), &c. 
(2) Ina iuis of compounds AB, AB,... AB, the charge 


on A increases with increase in valency. Therefore as the 
valency increases, the secondary negative affinity of A 
increases also, until we finally reach a stage in whieh it 
is sufficiently strong to pull an eleetron out of an anion B. 
A limit is thus placed to the value of z and to the valency 
of A. If, however, we saturate part of the secondary 
negative affinity of A bv building up a complex around A, 
we can then increase the value of «. We therefore have a 
general rule to tlie etfect that 


In the highest valencies of an element the complex com- 
pounds are more stable than the simpler dr d 
from which they are derived . . . . . . . (2 


As examples it may be noted that although CoCl; cannot 
be prepared, (Co6NH,j)Cl; is a very stable substance, and 
that the plumbichlorides are a very well-defined class of 
compounds, although PbCl, is highly unstable. The only 
exceptions to this rule appear to be the compounds of 
o-phen: anthrolin and æ- dipyridyl with ferrie salts (Werner, 

t Neuere Anschauungen, p. 66), which easily change into 
ferrous compounds, possibly owing to the action of Sidg- 
wick’s rule, referred to above (p. 1028). 


(3) The stability of the higher valencies may also be 
increased in another manner. In weak acids the secondary 
affinities are more fully saturated chan in strong acids, 
the limiting case of the strongest possible acid having the 
formula H—=—>X, whereas the weakest possible acid would 


be non-polar, as shown by the formula Hy -*X. Con- 


sequently in the salts of weak acids the secondary negative 
affinity of the metal will be more fully saturated than in the 
salts of strong acids, from which it follows that 


In the highest valencies of a metal the salts with weak 
acids have a tendency to be more stable than the salts 


of strong acids . e 6 6 ew . . . . . . (3) 


This explains why it is possible to prepare solutions and 
derivatives of cobaltie acetate but not of eobaltie chloride. 
A significant exception to the rule is found in ferric cvanide, 
which loses some cyanogen with the greatest ease. If ferric 
cyanide has the for mula. suggested in a former paper (Trans. 
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Chem. Soc. exvii. p. 1028, 1920), it is possible that this 
exception is also due to the working of Sidgwick's rule *. 


(4) Owing to the increase of the secondary negative 
affinity of a metal with increase in valency, it follows that 


With increase in valency the maximum co-ordination 
number tends to increase, and in those cases where the 
co-ordination number does not increase the complex 
compounds are the more stable the greater the valency 
of the central atom . . . . . . . . . . (4) 


As examples we find that platinum in the platinous salts 
has co-ordination number four, and in the platinie salts co- 
ordination number six, and also that in the cobaltic compound 
(CoN H;)Cl; the ammonia molecules are much more firmly 
attached than in the corresponding cobaltous compound 
(Co6N H;) Clg. 


(5) Consider a series of hydroxides M . OH, M(OH),, &c. 
Since the secondary negative affinity is spread equally over 
the surface of the atomic sphere, the attractive force increases. 
at every point of the atomic surface with increase in valency 
of the central atom. Therefore as we pass from M(OH) to 
M(OH),, not only do we add a second hydroxyl group, but 
the first hydroxyl group is more firmly attached in the 
dihydroxide than in the monohydroxide, because of the 
increase in the secondary negative affinity of that part of 
the surface of M which comes under the influence of the 
first hydroxyl. Consequently, as the valency of M increases, 
the oxygen atoms become more and more firmly attached. 
But as the secondary negative affinity of the oxygen is 
increasingly taken up by the central atom, the Intensity of 
the bond between the oxygen and the hydrogen ion is 
diminished. Therefore 


As the valency of an atom increases, its hydroxides tend 

to become decreasingly basic or increasingly acidic. (5) 

The compounds of manganese and the oxy-acids of 

nitrogen and of chlorine are well-known examples of this 
rule (compare Trans. Chem. Soc. exv. p. 287, 1919). 


(6) Again, in any series of compounds AB, AB, ... AB,, 
where A is a positive element and B is a negative element, 
as we pass along the series the B ions become more and more 
firmly attached with increase in the valency of A, as shown 


* Alternatively, the case may be similar to that of Cu(CN), and 
Cu(NO),, the instability of which has been explained by F'ajans(loc. cit.). 
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in the last paragraph. It therefore follows that 


The polar properties of the members of a series 
AB, AB,... AB, decrease with increase in valency 

of the central atom. . E. esr: us (6) 

Many examples are found in the metallie halides : thus 
SnCl,, SbCl,, and VCl; are solids, whereas SnCl,, VCL, and 


SbCl, are liquids at the ordinary temperature. 


(7) Since secondary negative affinity is distributed equally 
over the surface of the atomic sphere, the optimum conditions 
for complete saturation of the secondary negative affinity of 
the central atom will be attained when the co-ordinated 
atoms are sufficiently numerous to influence directly all parts 
of the atomic surface of the central ion, and when they can 
be distributed symmetrically in space around the central ion. 
Consequently 

Compounds of the type AB, will be most likely to exhibit 
non-polar properties when x= 4, 6, or 8, corresponding 
to arrangement of the B atoms around the A atom at 
the corners of a regular tetrahedron, a regular octa- 
hedron, and a cube respectively, . . . . . . (T) 

Examples:—CCl, RuO, OsO, SF, WF, and OsFs. 
(See Trans. Chem. Soc. exv. p. 281, 1919.) 


(8) If the salts of a metal combine with ammonia or other 
co-ordinatiny substance, the avidity will be greater with 
the sults of strong acids than with the salts of weak 
acids. . . . . ar. Xe uos AO) 


(See Trans. Chem. Soc. exi. p. 263, 1917.) 


THe FUNDAMENTAL CHARACTER OF THE CO-ORDINATION 
Process, AND THE RELATION BETWEEN VALENCY AND 
Co-ORDINATION. 


The atom of an alkali metal consists of a positive ion with 
one electron revolving around it. At any given instant, 
therefore, only a part of the surface of the atomic sphere of 
the positive ion comes under the direct influence of the 
electron, and the alkali metal, lithium for example, may be 
regarded asa strongly polar compound analogous to potassium 
chloride. Writing lithium as a compound of a kernel and an 
electron, we have Li*E, Li* being the lithium kernel and 
E the electron. As we pass along the series from lithium to 
neon, we continually increase the charge on the kernel and 
at the same time we add electrons. In accordance with rule 
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6 above therefore, as we pass along the series from lithium to 
neon, the valency electrons should become more and more 
firmly attached, and the polar properties (that is to say, the 
electropositive character) of the atom should diminish. This 
is actually the case, neon having the properties of an ideally 
non-polar substance. 

Further consideration must now be given to the polar 
character of the metals. From the researches of Kraus 
(J. Amer. Chem. Soc. xxx. p. 1323, 1908; xxxvi. p. 864, 
1914 ; xliii. p. 749, 1921) it may be concluded that, when an 
alkali metal is dissolved in liquid ammonia, the ammonia 
molecules are co-ordinated around tlie 1on of the metal, and 
dissociation takes place in accordance with the equation ; for 
example, 


K*E + xNH;= KNH; + E 
(or (KaNH;)°+ E, since K¥= Ko), 


the free electrons also becoming solvated. 

A similar process takes place if the solvent is metallic 
mercury, because Coehn and Duhem (Zettsch. Physik, xxvii. 
p. 358), by a study of the electrification produced in gases 
by bubbling through pure mereury and through mercury 
containing sodium, obtained evidence of the existence of 
complex ions (NaHg.)* *. 

In exactly the same way, when potassium is dissolved in 
water the water molecules are co-ordinated around the 
potassium ions as explained above (p. 1032), and dissociation 
into hydrated potassium ions and electrons takes place. The 
electrons then decompose the water with the formation of 


* A compound such as Nallg, would therefore appear to be an 
electride of a complex sodium mercury base, and. the formula should be 
written (Na*Hg,)E (compare Phil. Mag. xlii. p. 448, 1921). Other 
evidence in support of this formula ‘with mercury atoms co-ordinated 
around the sodium ion is obtained from the recent work of Kraus 
(J. Amer. Chem. Soc. xlvii. p. 43, 1925), who found that although 
sodium plumbides and tellurides in which the lead and tellurium are 
present as anions are readily soluble in liquid ammonia, the compounds 
of sodium and mercury are insoluble; and this is just what might be 
expected if the secondary negative affinity of the sodium ion were 
already saturated by the electrons of the co-ordinated mercury atoms, as 
in the formula (Na*Hg,)E (or (NaHg;) E). Other substances which may 
also be regarded as electrides are the compounds of metals with ammonia 
and with organic bases such as calcium ammonia(Ca6N H,) "E, andsodium 
pyridine (Na2C;H;N) E, and the free radicles, e.g. the monomeric form 
of tetraethylammonium (NEt,) E of Schlubach and Ballauf (Ber. der 
deutsch. chem. Gesellsch. liv. p. 2811, 1921). Bodies with such a feebly- 
bound electron are naturally very unstable and reactive, sodium pyridine, 
for example, being spontaneously inflammable in the air (Emmert, Ber. 
der deutsch. chem. Gesellsch. xlvii. p. 2098, 1914; xlix. p. 1660, 1916). 
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hydroxyl ions and hydrogen. If a piece of a less electro- 
positive metal is placed in water, in the course of thermal 
agitation a few positive ions at the surface, under the attrac- 
tion of the oxygen of the water molecules, will become 
sufficiently detached to undergo complete co-ordination, and 
will be carried away into the solution as hydrated ions. In 
such a metal, however, the positive ions have a greater charge 
and a smaller atomic volume than the ions of thealkali metals ; 
the electrons are therefore held more tirmly in the metal, and 
the excess of electrons after removal ot the hydrated positive 
ions remain as a layer of negative electricity on the surface 
of the metal, being held in position by the attraction of the 
positive ions near the surface. __ 

It would appear from these considerations that co- 
orlination is deeply involved in the phenomena observed 
when metals are immersed in an ionizing solvent such as. 
water. Tho actual process that takes place, from this point 
of view, is a solution of positive ions from the surface of the 
metal due to an attraction exerted by the molecules of the 
solvent, rather than to a force driving the ions outward from 
the metal, an electrolytic solution pressure. It may be 
observed that Langmuir has objected to the conception of a 
solution pressure on other grounds (J. Amer. Chem. Soc. xli. 
p. 877, 1919 ; cf. Pisarzhevskii, J. Russ. Phys. Chem. Soc. 
liv. p. 778, 1924). 

We have now seen the co-ordination process at work in 
the formation of complex salts, in the solution and crystal- 
lization of strong electrolytes, and in the phenomena of 
electrolytic **solution pressure." The fìeld of action ef the 
co-ordination process extends, however, into the subatomic 
region as well. According to the modern theories of atomic 
structure, the electrons or their orbits are arranged around 
the central positive charge with a high degree of symmetry, 
and it is significant that the maximum number of electrons 
in the subgroups of Bohr are 2, 4, 6, or 8—the same as the 
maximum co-ordination numbers given above, viz. Werner's 
numbers with the addition of 2 for hydrogen as suggested 
by Lowry. 

Now, if we write potassium and chlorine as compounds of 
kernels and electrons, the formation of potassium chloride is 
given by the equation : 

K^E + CIE; = R*(CIAE,), 
with potassium chloride as an electron co-ordination compound, 
the reaction being analogous to the formation of potassium 
platinichloride : 


2KCl 4- PtCl, = K,( PtCI,). 
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In an earlier paper (Phil. Mag. xlii. p. 448, 1921) it was 
shown that all types of chemical compounds may be repre- 
sented in this manner, their formation being due to the 
co-ordination of electrons (or electron orbits), so that, in 
the ultimate analysis, all valency phenomena are based upon 
co-ordination. It therefore follows that co-ordination, that 
is to say the symmetrical arrangement in space of electrons 
(or electron orbits), ions, or molecules around a central 
kernel or ion, is the fundamental plan according to which all 
chemical structures are built up. 

The relation between valency and co-ordination may also 
be demonstrated in another way. Suppose, for example, 
that a number of simple cyanides had been isolated in the 
pure condition and their combinations with each other had 
been studied, but that nothing were known with regard to 
the atoms of which they are composed. Let a=KCN, 
w= AgCN, «=CuCN, y Fe(CN), and zz Fe(CN), Then 
K(Ag(CN),)-aw, K(Cu(CN),-—az, K,(Cu(CN)3)=a,2, 
K;(Cu(CN))2a;z, K,(Fe(CN))) 2a,y, and K,(Fe(CN )e) 
=a,z. We thus obtain what correspond to ordinary valencv 
formul:e for the co-ordination compounds in question; and if 
a is regarded as monovalent, then w is also monovalent, 
xis monos, di-, or trivalent, y is trivalent, and < istetravalent. 
Consequently, if the simpler molecules are taken as the units 
of structure, only valency formulz are obtained. On the 
other hand, we have seen above that if the electrons and 
kernels are regarded as the units, all formule become co- 
ordination formule. In chemistry, however, it is customary 
to take as the units of structure the atoms which represent 
an intermediate stage between the simpler molecules on the 
one side and the kernels and electrons on the other. This 
leads us to the final conclusion that any system of formulating 
chemical compounds based on the atom as the unit must, of 
necessity, include both valency formula and co-ordination 
formule ; and consequently that attempts to devise valency 
formulz for the compounds with a co-ordination complex are 
doomed to failure, a system of valency based upon the atom 
to include al/ compounds being, in the nature of the case, an 


impossibility. 


April 10th, 1926. 
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XCIV. The Flash Arc Spectrum of Potassium. By F. H. 
NEWMAN, D.Sc., A.R.C.S., Professor of Physics, University 
College of the South- West of England, Exeter *. 


[Plate X X.] 
1. Introduction. 
Te author has described previously f the excitation of 


enhanced lines in an interrupted arc passed between 
sodium-potassium alloy electrodes, the arc lines being ex- 
tremely faint. The appearance of enhanced lines in the arc 
is of common occurrence, particularly at that part of the 
arc in the vicinity of the electrodes, but, as a rule, they are 
faint. Their great relative intensity in the interrupted arc 
was attributed to the relatively high potential fall which 
operated when the arc was started. The electric force in 
the vicinity of the electrodes, particularly the cathode, is 
great, and the electrons in these parts may acquire impacting 
energy between successive atomic collisions sufficient to 
doubly ionize the metallic atoms, thus giving rise to the 
enhanced lines. This phenomenon occurs only at low 
pressures when comparatively few electronic-atomic col- 
lisions take place over the short accelerating field consti- 
tuting the cathode potential fall. The latter must be greater 
than the minimum voltage through which an electron must 
fall in order to ionize the surrounding vapour atoms, but it 
is not always the ionizing potential. If the vapour is non- 
atomic it is probably identical with the first resonance 
potential, or the difference between the first resonance 
potential and the ionizing potential. Although no accurate 
measurements of the thickness of the region of the cathode 
fall in ares have been made, theoretical considerations 
indicate that it should be about equal to the mean free path 
of the electrons from the cathode, since they are likely to 
ionize at first impact, as the electric intensity diminishes 
with distance from the cathode. 

In the case of potassium there are two ways in which the 
atom may be doubly ionized. The outermost electron may 
be removed first by impacting energy equal to 4°32 volts, 
followed by a second collision ejecting an electron from the 
M ring. On the other hand, the electron from the M ring 
may be ejected first by the requisite energy—23 volts f. 

* Communicated by the Author. 
t Phil. Mag. i. p. 721 (1926). 
t Mohler & Foot, Bur. of Standards Sci. Paper No. 425 (1921). 
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The work necessary to remove the second electron from its 
orbit in the singly’ ionized atom is 11°5 volts, so that the 
complete spark spectrum of potassium requires for its exci- 
tation the removal of one M electron corresponding to energy 
23 volts followed by impacting energy of 11:5 volts through 
which the outer electron is removed. ‘The complete spark 
spectrum will therefore make its appearance when the energy 
is equivalent to 34-5 volts, although tbe enhanced lines should 
begin to appear if the impacting energy has a value greater 
than 23 volts, when the second electron is displaced to an 
outer orbit but not necessarily ejected from the atom. 

In a similar manner it may be proved that the enhanced 
lines for most elements should appear when the impacting 
energy is below 50 volts, so that these lines may be expected 
to occur under favourable conditions in the ordinary are dis- 
charge. Although they do sometimes appear in this manner 
they are, as a rule, faint, because the actual potential differ- 
ence across the are, when the latter is passing, is small, and 
unless the pressure is very low the mean free path of the 
electrons is small, so that the accelerating voltage per mean 
free path of the impacting electron is also likely to be very 
small. It is evident, however, that in the case of a flash are 
at low pressures, i. e. an arc which is intermittent, the actual 
potential difference between the electrodes at each flash or, 
at any rate, for a period of the duration of the flash, will be 
the full applied voltage, and if the vapour pressure is main- 
tained at a very low value, conditions are favourable for an 
appreciable fraction of the electrons to attain energy equiva- 
lent to that necessary for the production of the enhanced lines 
of the vapour. This theory has been tested in the following 
manner. 

2. Experiments. 


A vacuum are discharge-tube contained two potassium 
electrodes, the potassium being packed into glass tubes 
through which passed iron rods by means of which the 
voltage was applied. These potassium electrodes were 
distant apart 5 mm., and a third iron electrode was inserted 
in the tube so that a momentary electric discharge from a 
coil could be passed through the tube to start the arc. No 
external heating was applied. By means of a rotating com- 
mutator the arc, when once started, could be quenched and 
struck alternately, and if the time interval between make 
and break was small—less than a second—the arc would 
persist in this intermittent manner. It was assumed that 
the full applied potential difference, 120 volts, was operative 
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for at least an appreciable period of the time interval tha 
the arc was in existence. The tube was connected to a pump 
which, running continuously, maintained the pressure below 
1073 mm. of mercury. One end of tlie tube was closed by 
means of a quartz window and light from the potassium 
cathode was focussed directly on to the slit of a quartz 
spectrograph, the resulting spectrum being photographed on 
panchromatic plates with an iron comparison spectrum. The 
spectra obtained in this manner consisted almost entirely of 


enhanced potassium lines, the are lines being very faint in 
comparison, as shown in Plate XX. The chief lines were 
measured and are given in Table I. No lines appeared below 
422986 A.U. Most of the lines measured occur in the 
spark discharge obtained by passing a powerful electrodeless 
discharge through low density vapour. 


TABLE I. 


The “ flash " are spectrum of Potassium. 
Wave-length, 


. W ave-lengtb, 
VW Intensity. wat Intensity. 

6307 ew 3 4993. Vocis: 6 
OZAT isis 2 4910. in: 2 
6190- aus 4 4202 ese: 1 
5179 ......... 0 4186  ......... 8 
5464. uis 0 4140 ........ 4 
5056  ......... 2 4135 ......... 4 
HOOD! arista 4 ALIS. vesvsases 5 
AOD Asin 6 4094 ......... 6 
4660 ......... 2 4058  ......... 3 
46412 ......... 2 4025  ........ 3 
4608 ......... 5 4012  ........ 2 

4506  ......... 0 4009 ......... 1 
4505. ii 5 4001 ......... 4 
44107 ......... 3 3995 ......... 4 
4454 ......... 4 RIT  ......... 3 
44294 ......... 1 3063 ......... 9 
4988 ......... 5 3955 ......... 3 
49065. aiei 4 ! 3949 ........ 4 
4340 ......... 4 | 3924 ......... 3 
4909  ......... 6 3920 ......... 3 
4900 ......... 4 3898 ......... 9 
4988  ......... 1 3878 ......... 1 

4963 ......... 6 9874 ......... l 

4929 e 6 3862 5 
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TaBLa (continued), 


Wave-length, in. | Wave-length, 
X ALU. ntensity. wail Intensity. 
3818 ......... 8 | 33014 ......... 3 
SBUL . 2 6 353582 ......... 2 
DIOS -wiesetuss 4 33456 ......... 5 
BIOL ess 3 933244 ......... 1 
9145- iti 0 | 3312:8 ......... 3 
3139 ......... 1 9292 EN 3 
3122 2 02402 oin 1 
3716 ...... ids U 3202:1 EEEN 1 
BUGS - i135 4 326073 ......... 0 
3676 ......... à 9291 Daisies 1 
3669 ......... 2 3244 3 ......... 1 
3636  ......... l | 5 D ae 1 
2621. 2 iessueos 0 3220°6 ......... 2 
9618. Seueri 5 3209°4 ........ $ 1 
3699 acd: 4 3202-0 5 ovs 2 
350904 ......... . 0 3190-0 ......... 3 
3048 3 ......... 0 3170-0 ......... 2 
3531'0 ......... 8 91599 tn 1 
351775 rann 0 | 31480 ......... 1 
91794 ......... 0 31296 ......... 3 
294752 ......... 0 | 3105°1 ......... 4 
3440 4......... 3 30710 ......... 1 
31347 ......... 2 | 30621 ......... 5 
8422-3 ......... 1 30576 ......... 0 
3404-6 ......... 6 30531 ......... 1 
3392°4 ......... l 3035'0 ...... .. 1 
33853 ......... 5 | 30319 ......... 1 
33310 ......... 5 3024-6 ......... 1 
3374-0 ......... 5 2993:4 ........ 2 
3303:3 4. os 7 | 2986:0 ......... 1 


The configuration of the singly-ionized potassium atom 
resembles that of the normal argon atom, and it is to be 
expected therefore that the enhanced spectrum of potassium 
should resemble in type that of the ordinary are spectrum of 
argon. McLennan * has shown that such is the case. Argon 
emits two types of arc spectra, the red spectrum at moderate 
excitation and the blue one when intense stimulation is used. 
McLennan found that the enhanced lines of potassium fell 
approximately into two divisions with a certain amount of 


* Proc. Roy. Soc. A, 100. p. 182 (1922). 
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overlapping. In the first division, which corresponds with 
the argon red spectrum, the centre was approximately at 
A-3800 A.U., and in the other, corresponding to, the 
blue argon spectrum, the centre was at X-—2100 A.U. 
As stated, above, in the present work no lines below 
A=2986 A.U. were observed, so that the spectrum obtained 
is analogous to the argon red spectrum. This is to be 
expected when one considers the low excitation voltage used 
in the experiments, and this result still further emphasizes 
the similarity, suggested by Sommerfeld, between the normal 
argon atom and the singly-ionized potassium. Unfortunately 
the complexity of the argon arc and the potassium spark 
spectra has prevented this parallelism from being established 
numerically in a satisfactory manner. 


The author wishes to express his thanks to the Royal 
Society for a Government Grant which enabled this research 
to be carried out. 


ACV. Researches on the Electric Discharge in Gases and the 
accompanying Radiation. By A. DAUVILLIER, Z)r. és 
Sciences *. 


(1.) Pressure Effects. 


T a former paper f an hypothesis was put forward 
to explain the sharp cathodic edge of the negative 
glow. According to this theory, differences of pressure 
should exist in the discharge. We have investigated this 
effect by passing a narrow beam of soft X-rays transversely 
through the discharge, differences of opacity of the gas 
being an indication of pressure variations. 

The apparatus, in ** pyrex " glass, comprised three parts 
(fig. 1): the X-ray tube (hot cathode), the discharge tube, 
and the low-pressure ionizing chamber, for measuring the 
radiation intensities, separated bv very thin celluloid films, 
which were vacuum tight and of the order of a wave-length 
of light in thickness. Both the X-ray and discharge tubes 
were run on a voltage of about 400. "The discharge-tube 
electrodes were movable (magnetic device) so that it was 
possible to explore any portion of the discharge by means of 
the X-ray beam. 


* Communicated by the Author. 
t Comptes Rendus, 181. p. 601 (1925). 
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The gases used were He, Ne, and A, at pressures varying 
from about 0-1 to 3 mm. Since the intensity of the radiation 
of the discharge was ot the same order as that of the X-rays, 
this intensity was measured first, that of the combined 
X-rays and discharge secondly, and that of the X-rays alone 
thirdly. A comparison of the difference of intensities (2) 
and (1) with the intensity (3) for the X-rays alone gave an 
indication of the pressure effect. This effect proved to 
be feeble, being masked by the presence of a large number 
of neutral atoms. It was clearly greater (three times) 


Fig. 1. 


WAZA 
’ D- 


than the possible experimental error only in one point, 
namely, the sharp cathodic edge of the negative glow, 
proving the existence of a very considerable density of 
positive ions. It was always found at this point, located 
in a thin layer of gas of $ mm. or less in thickness. A much 
feebler effect of the same kind was also found at the 
cathodic edge of the positive column. In no part of 
the discharge were depressions observed, and these are 
probably located over large areas, like the Faraday Dark 
Space. The expected depression in the Crookes Dark Space 
would appear to have been masked by the double gas 
current which flows into it. The general trend of the 
experiments appeared to be in favour of the above. 
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(II.) Radiations from the discharge. 


These radiations, discovered by Wiedemann, were studied 
by Sir J. J. Thomson *, who arrived at the conclusion that 
they were of two types: the very absorbable radiation of 
Schumann, and penetrating X-rays corresponding to the 
quantum of the voltage applied to the discharge tube. 

We have studied the radiation for the different parts of 
the discharge, characterizing their quality by the filtration 
exercised by screens—a film of celluloid and a gold-leaf 
(beaten gold)—placed (magnetic device) in the path of 


Fig. 2. 


He: Imm 
20 m A ,400 V 


o Pressure Effect 


777 * | film cell 


o 2 films cell. 


10 
cms. 


the beam of radiation. Standardization of the radiations 
was carried out by the X-ray tube running at different 
voltages. The radiation was in general located in the visible 
parts of the discharge (fig. 2), with the exception of the 
Crookes Dark Space, where it is noteworthy. The positive 
glow invariably consisted of Schumann radiations, the 
intensity being proportional to the current and independent 
of the voltage. The quality of the radiation emitted by the 
negative glow was found to depend, at constant voltage, 
upon the pressure (fig. 3). When this was of the order of 
amm., radiations of a Schumann-Lyman type alone were 


* Phil. Mag., July 1924 and May 1926. 
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observed, but at pressures of about fọ mm. there appeared 
intense characteristic X-rays of short wave-length, such 
as the L rays of argon, characterized by their quality and 
critical potential of excitation (fig. 4). The Crookes Dark 
Space radiation was remarkable—very soft just in front of 
the cathode and increasing in penetration towards the edge 
of the negative ape where it increased brusquely and 


discontinuously. It thus appears to be due solely to the 
Fig. 3. 
Ne: O-3mm. 
I7 mA, 420 V. 
ec. 
+20 
— — = 2 Pressure 
YL (A hf A Ü 20 
I rl t z 
o Z films cell 
x If. cell* tf. Au. 
. oy t 
O 5 tO IS 20 


Cm. 


electrons from the cathode. The negative glow would thus 
appear as a gaseous anticathode of an X-ray tube with 
similar laws of emission. 

We have not found any appreciable amount of inde- 
pendent Röntgen radiation in the negative glow, as was 
found in the experiments of Sir J. J. Thomson. The 
comparison effected by means of the X-ray tube has shown 
that if this type of radiation exists it is considerably less 
than that emitted by a solid body *. 

* On the contrary, the Schumann-Lyman radiation, which is emitted 
with very great efficiency by free atoms, is very feeble in the radiation 
of the solid target. This radiation is responsible—by its photoelectric 
effect on the cathode—for the general cathodic stream (which causes 
the negative glow) and for the appearance of arc in the thermo-ionic 
discharge at low potential through gases at very low pressure. 
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(IIT.) The Nature of Soft X-Rays. 


The standardization of the radiations of the discharge 
naturally led to a study of the nature of the soft Róntgen rays 
emitted by the X-ray tube. Different authors * had already 
shown that these formed both qualitatively and quantitatively 
a continuous spectrum, independent of the nature of the 
anticathode and devoid of characteristic rays. This result 
is in opposition to the laws governing X-ray emission in the 
field of spectrography. We have, on the contrary, observed 


Fig. 4. 
=o A: 0:2 
. Qmm 
teel 20mA.420 V. 
Au 
2'0 


ae ee "e 


IS L vu, 
hadr TL bgs «7 


200 e (film cell. 
o 2 films cell. 
x | f.cell * 1f. Au. 


ioo g ^ i 


O | 2 3 10 15 20 
cm 


that these rays eontained intense characteristic radiations 
and that they depended largely upon the nature of the 
anticathode, exhibiting clear discontinuities. Experiments 
were made with anticathodes of carbon and tungsten. 
The former showed (fig. 5) emission of K-radiation at 295 
volts. For example, at 340 volts the K radiation of 
carbon was at least three times the intensity of the general 
radiation. These results were verified by the absorption 
experiments. 


* Cf. Holweck, Thèses (Paris, 1920). 
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We observed, with a tungsten target, many discontinuities 
which disappeared (fig. 5, lower curve) when the gas pressure 
in the tube attained a bar and that the output often dropped 
to a quarter of the normal value for much lower pressures. 


Fig. 5. 
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This appears to be due to the adsorption on the anode of gas 
layers which change the intensity of secondary cathode rays 
impinging on the celluloid window. 
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The nature of soft X-Rays was later definitely proved by 
obtaining their spectra: the Ka lines of oxygen (24 À.), 
carbon (43:5), and boron (70) *. 


The author wishes to express his indebtedness to Dr. J. 
Taylor, Rockefeller International Fellow, for his constant 
and helpful assistance during all the course of the work. 


Laboratoire de Recherches Physiques, 
sur les Rayons X, Paris. 


XCVI. A Simple Icposition. of Electromagnetic Relations. 
By H. F. Bicas, M.A., M.Sc., Demonstrator in Physics, 
Oxford. University t. 


qus following derivation of the circuital theorems on 

which Maxwell’s equations depend has been developed 
from the teacher's point of view, but it presents perhaps 
some points o£ physical interest. 

Now that the objective existence of point-charges has 
been a familiar idea for a quarter of a century, simplifications 
may well be made in tlie exposition of electromagnetic 
theory by basing it on the fundamental law of the force on 
a charge moving in a magnetic field. This law is the 
simplest electromagnetic relation, involves ne limits or 
approximations, is universally truef, and is directly verified 
by experiment with considerable accuracy. I doubt if any 
one stage of the reasoning is new, though many of the 
arguments are in the converse of the usual order, but I have 
not been able to find that the scheme has been presented as 
a whole before. 


` 


Fundamental Relation. 


The force on a charge e e.s.u. moving with a velocity 
v cm./sec. in a field H gauss is 


F= | evxH dynes. ko € * wo) 


* Comptes Rendus, 182. p. 927 (Avril 1926); Bulletin, Sté. fr. Sc. 
Phys. (¢ Mai, 1926). 

t Communicated by the Author. 

I Apart from quantum mechanics, 
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Mutual Action between Charge and Pole in Relative Motion. 


If H in (1) be due to a pole m at a distance r from e, we 
put H=m/r? and get for the magnitude of the force on e or 
on m the symmetrical expression 


F-- 


€ 


em sin 0 


Soe ee es s (9) 


where @ is the angle between r and v ; the direction of the 
forces is perpendicular to r and v. 
This may, of course, be written in vector notation 


1 1 i 
F=+-emyxy > pou. x Ae) 


Now putting e/r?— E, the electric intensity at m, we find 
for the force on m 


1 
F=- mvxE, a AD he we ws coe. (9) 


v being still the velocity of e relative to m. 

Supposing that e as it moves carries its own field with it, 
and also that it is only relative motion that matters, we may 
divide (1) by e and (3) by m, obtaining for the electric 
intensity due to a moving magnetic field 


1 
E= — TXH, o s s acs y (4) 
and for the magnetic intensity due to a moving electric field 
1 
H= vxE,. a Go ee im. EY yee O09) 
where v is now in each case the velocity of the field relative 
to the point considered. 


The electromotive force between two near points in a 
moving magnetic field is then 


E.ds=— *(vxH) .ds 
1 
=— = (dsxv).H 


(since the product of three vectors (ax b).c is the volume 
of the parallelepiped abc, and is therefore a symmetrical 
function of the three vectors). 

But ds xv is the area of the parallelogram whose sides 
are ds and the distance moved by the field in one second ; 


3z ”*a č = — 
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(dsxv).H is therefore the magnetic flux crossing ds per 


second. Inventing a symbol D, for this quantity, which 


does not mean the rate of increase of any actual quantity 9, 
we have 


E.ds— —Ó lc. 


Hence for a complete circuit or path, p, the emf is 


$ Eade, zc Xo us: ue. x B) 


where P, means the flux actually crossing the line p per 
second. ‘This result is obviously perfectly general in spite 
of the restrictions we have made in the proof. 

Precisely similar reasoning, starting from (5), gives for 
the magnetomotive force round a path p, due to the relative 
motion of the path of an electric field, 


bara à AU dcus ce A) 


where W, is the electric flux crossing p per second. 

The equations (4), (5), (6), and (7) must be regarded as 
universally true (although the relative velocity of path and 
field is often impossible to determine independently of these 
relations) whether or not there are charges, currents, etc., 
in the field. It is only when we come to deal with the 
surface integrals b=\H . 4S and V=\E . Q8 taken over sur- 
faces bounded by p, or rather with their rates of change, 
that the equations must be modified. 

For free space, however, E and H being solenoidal, the 
rate at which flux (magnetic or electric) crosses the boundary 
p is always equal to the rate of increase of the flux over any 
surface bounded by p, or of “ the flux through p.” We thus 
have the two circuital relations for free space leading, by 
Stokes’s theorem, to Maxwell’s electrodynamic equations for 


free space 
ldb 1ld( 
E.d = ——_— oa ~ Faas e. e. e e . 9 
$ "7 edi PAL Eà G 


and l dY ld 
H.ds——-—— = — -— . 7 " t 
j c dí C ;, Je às. e 


Moreover, since there is no such thing (microscopically 
speaking) as a free pole, (8) is true universally. 


With regard to (9), however, the case is different, since if 
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there are charges in the field, even stationary ones, we 
cannot properly speak of the electric flux through p at all, 
the flux over different surfaces bounded by p being different. 
If there are moving charges, the flux over any one surface 
changes discontinuously by the amount —4z7re every time a 
charge e crosses that surface in the positive direction. 
While, therefore, (7) remains true, (9) must be modified to 
take account of moving charges or of currents, if we wish to 
express the relation by a surfaceintegral. This modification 
is made by adding to the surface-integral of E the quantity 
4Te every time a charge e crosses our surface of integration 
S. This neutralizes the change of flux —4«re, which has no 
relation either to the motion of flux across the boundary p 
or, consequently, to the magnetomotive force, but depends 
on the position of the surface S, which is quite arbitrary, 
except as to its boundary. 

This can be expressed in symbols if we suppose electric 


charge to cross X continuously by elements de in time dt, 
for we then have 


: l/d de 
CERLE EE l 


or for a continuous current-distribution 


fuas- - j (E +47j). s, 


where j is the current density, which includes, of course, the 
true dielectric displacement current but no “ ther displace- 
ment current." 

If there is no macroscopic change of flux, but only “ con- 
tinuous currents," we have E—0, and 


fu . ds =4a1/c, 


where z is the current through p. 

So much for the two circuital relations leading to the 
electrodynamic equations. As to the other two equations of 
the field, the electrostatic equation, div. E=4ap, and the 
magnetostatic, div. H=0, the ordinary proof of the former 
fits into the present scheme, but the latter is more con- 
sistently proved thus :— 

The magnetic intensity due to a moving charge may be 
written, bv (2), 

i H=- l vx V E 
C r 
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Operating by V. gives 
div H=0. 

It should be noted that there are assumptions in this 
argument which imply immediate action at a distance, and 
are therefore true only for quasi-stationary fields. These 
assumptions are : (1) the inverse square law for poles and 
charges, and (2) Newton's third law. It is remarkable, 
however, that the relations deduced from these assumptions 
turn out to be universally true when they are relations 
between quantities existing together in space and time. 

In this scheme the ordinary relations between currents and 
magnetic fields are, of course, to be deduced by summing the 
forces on the moving electrons in an element of wire. 

The Electrical Laboratory, 


Oxford, 
14th May, 1926. 


mx >. — —— = mæ — 
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XOVII. Observations concerning the Artificial. Disintegration 


of Elements. By J. Cnapwick, Ph.D., Fellow of Gonville 
and Caius College, Cambridge *. 


$ 1. ps first observation of the artificial disintegration 


of an element was made by Sir E. Rutherford f 
in 1919, when he found that the passage of swift a-particles 


through nitrogen was accompanied by the appearance of 
particles of long range, which he supposed were hydrogen 
nuclei, or protons, ejected from the nitrogen nucleus by a 
close collision with an a-particle. 

Later, Sir E. Rutherford and the writer f. re-examined 
this effect in nitrogen, and, with the improved methods of 
counting scintillations then available, it was found that the 
protons arising from the disintegration of nitrogen by 
collision with «-particles from radium € had a maximum 
range in air of 40 em. Since the maximum range of the 
swift protons obtained when these a-particles are passed 
threugh hydrogen is about 30 em., this observation showed 
definitely that no unforeseen contamination with hydrogen 
could be responsible for the results, and opened the way to 
the examination of other elements. The element under 
test was bombarded by the a-particles from a source of 

* Communicated by the Author. 
t Rutherford, Phil. Mag. xxxvii. p. 538 (1919), 
t Rutherford and Chadwick, Phil. Mag. xlii. p, 809 (1921). 


the Artificial Disintegration of Elements. 1057 


radium active deposit, and a search was made for H-particles 
of more than 32 cm. range, that is, beyond the range of any 
particles due to hydrogen, whether free or in combination, 
in the material under examination. In this way we found 
unmistakable evidence of the disintegration of six elements: 
boron, nitrogen, fluorine, sodium, aluminium, and phosphorus. 
Many other elements were examined, but no certain evidence 
of disintegration resulting in the expulsion of protons of 
long range was found. Attempts were made to prepare 
materials free from hydrogen and to pursue the examination 
at absorptions less than 30 cm. of air. The results obtained 
in these experiments were, however, too indefinite to allow 
any conclusions to be drawn. It was found that some 
protons are always present under these conditions, whatever 
the material under examination, some are emitted from the 
source itself, and some are due to hydrogen contamination 
of substances in the path of the a-particles. The exam- 
ination at small absorptions is further complicated by the 
presence of long-range a-particles from the source of radium 
C, which are emitted in such numbers as probably to mask 
completely the small effect to be expected from disintegration 
of the bombarded material. 

These experiments had, however, shown that the protons 
liberated in disintegration were emitted in all directions. 
We'* therefore proceeded to search for particles ejected 
from the bombarded material in a direction at right angles 
to the direction of the incident a-particles. This method 
has the advantage that hydrogen in the material no longer 
affects the results, and also that the number of long-range 
a-particles scattered at 90° is so small as to be negligible. 
The examination can thus be pursued with safety down to an 
absorption corresponding to 7 cm. of air, and with special 
precautions to still smaller absorptions in the case of the 
lighter elements. In this way we found evidence of the 
disintegration of all elements from boron to potassium 
inclusive, with the two exceptions of carbon and oxvgen. 
We could detect no effect which could be ascribed with 
certainty to the disintegration of carbon or oxygen. The 
elements immediately beyond potassium gave somewhat 
indefinite results. In most cases we observed the liberation 
of a small number of H-particles, but these appeared to be 
due to the presence of nitrogen in the materials examined. 
For example, a piece of Swedish iron gave, on the first 


* Rutherford and Chadwick, Nature, exiii. p. 457 (1924); Proc. Phys. 
Soc. (London), xxxvi. p. 417 (1924). 


Phil. Mag. S. 1. Vol. 2. No. 11. .Vov. 1926. 3 Z 


1053 Dr. J. Chadwick : Observations concerning 


examination, a small but quite definite number of H-particles. 
After the iron had been heated in a vacuum for some hours, 
this effect was reduced to a small fraction of its first value. 
The effect was therefore attributed to the presence of some 
active element, probably nitrogen. Similar results, were 
obtained with the other elements in this region between 
potassium and iren. Experiments with heavier atoms showed 
that any disintegration effect, if present at all, was very 
small indeed. 

The experiments of Sir E. Rutherford and the writer have 
shown, then, that all light elements up to and including 
potassium can be disintegrated by collision with an a-particle 
of 7 cm. range, with the exceptions of helium, lithium, 
beryllium, carbon, and oxygen. With these, and with the 
heavier atoms, we have been able to detect no certain 
evidence of disintegration as manifested by the expulsion of 
hydrogen nuclei. 

On the other hand, Kirsch and Pettersson * have recently 
published accounts of experiments which lead to very 
different conclusions. These workers have observed, under 
similar conditions to those holding in our experiments, the 
disintegration not only of those lighter elements such as 
carbon and oxygen for which we failed to obtain any evidence 
of disintegration, but of almost every element they have 
been able to examine. For example, Kirsch and Pettersson 
find that when carbon, whether as graphite, diamond, or 
carbon dioxide, is bombarded by a-particles the emission of 
protons can always be detected. The number of protons 
obtained from carbon is for very small absorptions about the 
same as the number thev observe from aluminium, but the 
ranges are much shorter, the maximum range being about 
16 cm. in the direction of the incident a-particle, and 
about 8 cm. at right angles to this direction. These 
particles should have been recorded in the experiments of 
Sir E. Rutherford and myself, and it is a very surprising 
fact that we have been unable to detect them. Our failure 
to do so is attributed by Kirsch and Pettersson to the low 
numerical aperture of the microscupes we use for observing 
scintillations. This explanation, which I shall consider later, 
is advanced by these authors as the general reason why our 
observations give no evidence of disintegration in so many 
cases where they have obtained positive results. 

It must be pointed out here that, even in the few cases 
where both our observations and those of the Vienna workers 


* Kirsch and Pettersson, Wien. Ber. 1923 and Jater years. * Atomzer- 
trümmerung ' (Leipz g, 1916). 


the Artificial Disintegration oJ Elements. 1059 


agree in showing a disintegration effect, the agreement is 
more apparent than real. We may take as examples the 
cases of magnesium and silicon. For both these elements 
Kirsch and Pettersson find a disintegration effect several 
times greater than we observe, while the maximum ranges 
of the particles are actually much smaller than we measure. 
On the supposition that we cannot observe weak scintillations 
it is to be expected that we should find smaller maximum 
ranges than Kirsch and Pettersson. 

Many more such discrepancies between the Vienna 
observations and ours might be quoted, but sufficient has 
been said to show that differences exist of a very serious 
character. In this paper I shall discuss various points 
connected with experiments on the artificial disintegration 
of elements by collision with a-particles, and I shall 
endeavour to show that we have good reason for holding to 
the results obtained in this laboratory. 


§ 2. The Optical Systems used in Counting. 


I have mentioned already that Kirsch and Pettersson have 
suggested, in order to explain the discrepancies between our 
experiments and theirs, that our optical system is so weak in 
light-gathering power that we cannot observe the weak 
scintillations produced by H-particles of low range. Before 
discussing the question of the minimum energy of the 
H-particle which can be detected under our conditions 
of experiment, a few details of our optical arrangement will 
be given. 

It is evident that the first and essential property of a 
scintillation microscope must be that its light-gathering 
power should be sufficiently high to enable the observer to 
count the scintillations with ease and cer tainty. The second 
demand to be satisfied is that the field of view should be so 
large that the scinti!lations under observation are received 
in convenient numbers for counting. Further, the magni- 
fication of the system should not be less than about 30x, 
for experience shows that with low magnifieations some 
counters fail to observe a fairly large fraction of the 
scintillations. 

In the work in which we are interested here, we have to 
record chiefly the scintillations due to H-particles of varying 

ranges. The scintillations are, on the whole, not so bricht 
as those due to an e-particle of a few centimetres range, and 
those due to H-particles near the end of their range are very 
weak indeed. The microscope must therefore have a high 


322 
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numerical aperture. On the other hand, the disintegration 
of a nucleus by collision with an a-particle is a very rare 
event, and the number of H-particles received on the screen 
is usually small, of the order of 1 per minute per sq. mm. of 
screen. For many reasons it is unsatisfactory to deal with 
fewer than 20 scintillations per minute, that is, to work 
with a field of view of less than 10 sq. mm. area. The 
scintillation microscope must therefore possess not only a 
high numerical aperture but also a large field of view, two 
mutually opposed qualities. We have found that the 
Watson Holoscopic objective of 16 mm. focal length and :45 
numerical aperture satisfies these two conditions sufficiently 
well for general purposes. The numerical aperture is high 
enough to enable H-particles of short range to be counted, 
and a very large field of view can be obtained when a 
suitable evepiece is used. For example, an ordinary eye- 
piece, such as the Watson Holoscopic, gives with this 
ohjective a field of view of about 8 sq. mm. area, while a 
specially constructed wide-angle eyepiece gives a field of 
90 sq. mm. The magnification of the latter system is about 
35x. We have used this combination for some years and 
found it quite satisfactory for general use. The scintillations 
produced by H-particles of short range are very weak, but 
they can be counted without undue strain and with consistent 
results. If a higher numerical aperture is desirable, the 
Watson Holoscopie objective of 12 mm. focal length and 
*65 numerical aperture may be used. The scintillations 
then appear brighter, but the same field of view cannot be 
obtained. 

At tlie sametime we did not ignore the possibility that the 
above optical arrangement might not be sufficiently powerful 
to detect very weak scintillations. While itappeared unlikely 
that one could fail to observe the scintillations due to H-par- 
ticles of more than a few centimetres range, there was alwavs 
the possibility that other products of disintegration might 
be present which might give scintillations too weak to be 
observed with this system. In order to test this point a 
special microscope * was constructed for me about two years 
avo by Adam Hilger and Co. The eyepiece is very similar 
to that used in the system described above, but the objective 
is designed solely for the observation of scintillations. A 
detailed description of this objective will be published later 
by Mr. Perry, of Adam Hilger and Co., who is responsible 
for its calculation and design, but a brief account of its main 


* The cost of this microscope was covered by a grant trom the Caird 
Fund, for which I am indebted to the Council of the British Association. 
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features may be given here. In order to keep the numerical 
aperture as high as possible the first surface of the objective 
is also the scintillation screen, that is, the zinc sulphide is 
deposited on the surface of the objective itself. This front 
surface is hemispherical and about 106 sq. mm. of the 
surface can be obtained in good focus. The area of the 
projection of the object-field on a plane perpendicular to 
the axis of the microscope is about 80 sq. mm. In the 
correction for extra-axial foci, coma is eliminated, but 
residual astigmatism remains, the resulting image of a point 
being sharply focussed as an astigmatic liue. This appeared 
to be the best type of correction possible for tlie purpose in 
view, since it is essential to secure the greatest concentration 
of light in the image. A scintillation which occurs near 
the edge of the object-field is thus seen as a narrow line of 
light, whilst those in the centre appear as usual as bright 
points. The numerical aperture of this objective is 1:06, 
and the magnification of the system of objective and eye- 
piece is x 32. 

In this microscope there are thus combined a very high 
numerical aperture and a large field of view, with good 
definition and a sufficient magnification. It seems unlikely 
that any considerable improvement could be made in this 
system. The numerical aperture might perhaps be increased 
slightly, but only by the sacrifice of a large part of the field 
of view. 

With this special microscope the scintillations, both those of 
a-particles and those of H-particles, appear much brighter. 
The improvement is particularly marked in the case of the 
weak scintillations produced by H-particles of short range. 
Comparative tests in which this microscope and the old one 
were used under the same experimental conditions showed 
however, that while the connting was much easier with the 
new microscope about the same number of scintillations 
was observed with hoth. We found no evidence that 
scintillations could be observed with the Hilger microscope 
which were not visible with our old system. We concluded, 
therefore, that in general our observations of scintillations 
were trustworthy and that we were not failing to record the 
existence of particles owing to any weakness in our optical 
arrangement. 


$3. The Efficiencies of Counters. 
A further question arises, however, as to our personal 
powers of observing scintillations. We have hada long and 
varied experience in counting scintillations, and our assistants 
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have been carefully trained. Comparison of the observations 
of one counter with those of another has revealed only small 
variations in efficiency, and we have no evidence that one 
counter can observe scintillations of a type which are 
invisible to another. The actveal efficiency of an observer 
can be determined by a metho! due to Geiger and Werner *, 
which was used by them, in their measurement of the number 
of a-particles emitted by radium, to eliminate errors of 
counting caused bv fatigue or lack of concentration. The 
method consists in the simultaneous observation of the 
scintillations on the same screen by two counters. The zinc- 
sulphide screen can be observed through each of two micro- 
scopes. lhe area of the screen covered by zinc sulphide is 
so small that all the crystals are visible through each 
microscope. Each observer records the occurrence of a 
scintillation through an electrical contact kev on the tape of 
a chronograph. Now every scintillation which occurs on 
the screen should be visible to both observers, and, if both 
are perfect counters, should be recorded at the same time by 
each, and all the marks recorded by one observer A should 
coincide with those of the second, B. It is found, however, 
that all the marks do not coincide ; some scintillations are 
seen by A which are not recorded by B, and vice versa. 
From the tape record of a large number of observations we 
can deduce both the actual number of scintillations which 
occurred and the efficiencies of the counters. If N is the 
number of scintillations which actually occurred on the 
screen and A, is the probability that the counter A sees and 
records a scintillation, i. e. his efficiency in counting, then 
on the average he will make N,—A,N marks on his tape. 
Similarly counter B will record N,=A,N scintillations, 
where A, is B’s efficienev. The number of coincidences 
on the tape, or the number of scintillations which both 
A and B see, will be C2 A4A,N. The record on the tape 
gives N,. Ns, and C at once, and thus N, the number of 
scintillations which actually occurred, and A, A, the 
efficiencies of the two counters, can be calculated. 

This method of testing the efticiency of counters has been 
used in this laboratory during the past two years. The 
microscopes used in these tests consisted of the Watson 
Holoscope objective of *45 n.a. and a low-power evepiece. 
The field of view had an area of nearly 8 sq. mm. About 
thirty students have been examined, the majority of whom 
had had no previous experience of counting. When the 
scintillations are produced by a-particles of a few centimetres 


* Geiger and Werner, Zeit. f. Phys. xxi. p. 187 (1924). 
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range, even an untrained observer will count about 80 per 
cent. of the scintillations, and his efficiency generally rises 
in a short time to about 95 per cent. With scintillations 
due to a-particles of not more than a few millimetres range, 
the untrained observer may count only 60 to 70 per cent. at 
first, but in the course of time his efficiency will again rise 
to more than 90 per cent. | 

A series of experiments has also been carried out on the 
counting of scintillations due to H-particles. Three observers 
were used, A and B having had considerable experience in 
counting, having counted in many of the disintegration 
experiments, while C was relatively untrained. The source 
of H-particles was an a-ray tube containing radium emana- 
tion. The outer surface of the tube was coated with a layer 
of paraffin wax of 25 p thickness and a sheet of aluminium 
foil of about 5 em. stopping power. The H- particles falling 
on the screen had a maximum range of about 7 cm. in air. 
As no magnetic field was used to deflect the S-rays emitted 
by the emanation tube away from the ZnS screen, the screen 
was much brighter than one would use under normal 
conditions. In spite of this, the results of the test showed 
that A counted about 88 per cent, B about 80, and C, the 
untrained observer, about 60 per cent. of the scintillations. 

The conditions in these experiments were much less 
favourable to accurate counting than in any of our observa- 
tions of the disintegration particles. "These tests therefore 
give good grounds for the belief that the counting in the 
disintegration experiments was trustworthy, and that no 
large fraction of the scintillations present on the screen had 
been missed *. 


$4. The Detection of H Particles of Short Range. 


As far as our experience goes there is, on the average, 
little difference in the efficiencies of our counters.  Ucca- 
sionally it has been observed that a counter, owing to 
ill-health or some other temporary cause, has recorded in 
one experiment consistently fewer particles than the others ; 
but even in such a case the difference has been small. 
Taking the whole of our counting observation® into con- 
sideration, we must conclude that one counter can see what 


* One point of interest may be mentioned here in connexion with 
these experiments. When the scintillations appear on the screen at 
convenient intervals, it is possible for the two observers to compare their 
impressions of the intensity of the scintillation, It sometimes happens, 
particularly when dealing with the weaker scintilations, that a 
scintillation which appears bright to one observer is weak to the other. 
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is visible to another. This may mean either that particles 
even of very short range produce a scintillation which can 
be seen by most observers, or that the limit of vision is 
about the same for most observers. This question is con- 
nected with that of the intensity of the scintillation which 
can just be detected under the conditions prevailing in our 
experiments, or rather of the energy of the a-particle or of 
the H-particle which gives rise to such a scintillation. We 
alreidy possess a certain amount of information on tris 
point. Wor example, in the experiments of Bieler and the 
writer * on the collisions of a-particles with H atoms, 
scintillations produced by H-particles of about 2:5 cm. range 
were counted consistently and without difficulty. Again, 
Sir E. Rutherford + has observed scintillations due to 
a-particles the velocity of which was only :15 of that of the 
a-particle of radium C. This velocity corresponds to an 
energy of only 2 per cent. of that of the radium C a-particle, 
or to a range of :24 mm. [A proton of the same energy 
would have a range of about *7 mm.] In both these cases 
the optical system consisted of a Watson objective of *45 n.a. 
and a low-power eyepiece, that is, very similar to that used 
in many of the disintegration experiments. It seems clear, 
then, that in these latter experiments we should certainly 
have been able to detect any H-particles of range greater 
than 3 em. in air. To make the matter more conclusive, 
however, a special series of experiments was carried out to 
test whether, under as far as possible the same conditions 
as in the disintegration experiments, H-particles of still 
shorter range could be observed. The H-particles of definite 
inaximum range were produced by the impact of a-particles 
on H atoms, in paraffin wax in some cases, and in hydrogen 
gas in others. If the range of a H-particle projected in 
the direction of the colliding a-particle is Ro, then the range 
of the H-particle projected at an angle @ to this direction 
will be R=R, cos? 9. Now both scintillation and ionization 
measurements agree in giving a value of about 30 cm. of 
air for Ro, when the range of the colliding a-particle is 7 em. 
If we take 0—45? we get R=10°6 em. Even if the error 
in R, should be as great as 3 cm., the error in R will be 
only lem. If we use a beam of a-partioles of shorter range 
than 7 cm., the range of the H-particles produced by it will 
be correspondingly reduced. In this way it is possible to 
obtain a beam of H-particles the maximum range of which 
is known with sufficient accuracy. By placing absorbing 


* Chadwick and Bieler, Phil. Mag. xlii. p. 923 (1921). 
* Rutherford, Phil. Mag. xlvii. p. 277 (1924). 
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screens of mica in the path of this beam we can adjust the 
maximum range of the H-particles to any desired smaller 
value. The beams of H-particles defined in this way were 
received on a zinc-sulphide screen and observed under 
similar conditions to those prevailing in the disintegration 
experiments. The experimental arrangement is shown in 
fig. 1. 

"The source of a-rays was placed at S in a brass tube with 
a graphite extension which served to limit the beam of 


Fig. 1. 
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a-rays to a suitably narrow cone. ‘The H-particles were 
produced in a film of paraffin wax placed on the graphite 
support R. This support and the source-holder were carried 
on a slide fitting into the brass box VV. This box could be 
evacuated. The H-particles produced in the film of paraffin 
wax were observed on the zinc-sulphide screen Z. The 
window O in the face of the box, through which the 
H-particles passed, was covered with a sheet of mica 
equivalent in stopping power to 2:6 cm. of air. Further 
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absorbing screens of mica could be inserted between this 
window and the ZnS screen. A magnetic field was applied 
to deflect the S-rays emitted by the source away from the 
ZnS screen. 

The source of a-rays was a brass disk of 3 mm. diameter 
coated with radium active deposit. In order to obtain a 
beam of H-particles of suitable range, the source was 
covered with a sheet of mica of 3:35 cm. stopping power. 
The a-partieles incident on the paraffin wax thus had a 
maximum range of 3°65cm. The H-particles were observed 
in a direction at 45° to the direction of the incident a-par- 
ticles. The maximum range of the H-particles projected in 
this direction was therefore 5:5 cm. Owing, however, to 
the finite widths of the cone of a-rays and of the cone of 
H-particles received on the screen, there were a few particles 
present with greater ranges, up to 83cm. When the total 
absorption in the path of the H-particles was 4:3 cin. of 
air, that is, most of the particles had ranges less than 1:2 cm. 
while a few still had 4 cm. range, the number of scintillations 
was comparatively large. When the absorption was in- 
creased to 7*0 cm., some scintillations were still observed. 
That these were due to H-particles from the paraffin wax 
was shown by replacing the film by a thin sheet of graphite, 
when no scintillations were observed beyond those due to 
the natural effect of the screen. 

In other experiments the paraffin wax was removed and 
the box VV was filled with hydrogen at atmospheric pressure. 
Similar results were obtained, in that scintillations were 
observed when the maximum range of the H-particles falling 
on the screen was not more than 6 mm. 

Some experiments have been carried out with an apparatus 
of similar tvpe to that used in the work of Bieler and the 
writer. In these the H-particles were observed at angles 
between 60° and 70° to the direction of the incident 
a-particl:s. The results again showed that the scintillations | 
produced by H-particles of ranges less than 1 cm. can be 
counted consistently. 

In these experiments both the Watson objective of :45 n.a. 
and the specia! Hilger microscope were used. While the 
greater numerical aperture of the Hilger microscope rendered 
the counting of these weak scintillations much easier, there 
was no evidence that with this microscope scintillations were 
visible which could not be seen with the other. Since in 
the above experiments H-particles of only a few mms. range 
were observed consistently by all our counters, it would seem 
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that the energy necessary to produce a visible scintillation 
must be extremely small. In other words, the retina of the 
dark-adapted eye must be able to detect exceedingly small 
am unts of light. It is possible to form an e-timate of the 
amount of light received by the retina in the observation of 
a scintillation. For this purpose we may take the observa- 
tion of Sir E. Rutherford that a-particles of radium C 
possessing only °15 of their initial velocity still produce 
a visible scintillation. The energy of such an a-particle is 
2:75 x 1077 erg. Now Marsden * has shown that the visible 
light of the scintillation contains about 1°5 per cent. of the 
energy of the a-particle. Hence the energy of the total 
amount of light emitted in the scintillation observed by 
Rutherford was about 4 x 107? erg. The objective through 
which the scintillation was viewed had a numerical aperture 
of *45, and therefore collected about one-twentieth of the 
total light emitted by the scintillation. The energy finally 
received on the retina, omitting losses due to reflexion and 
absorption, was thus about 2 x 107" erg. 

This result is in general agreement with observations on 
the sensitivity of the dark-adapted eye made by many 
workers, in particular by Grijus and Noyons f, and by 
du Noüy 1. à close comparison with the results of these 
observers is not possible since the scintillation observations 
are made under rather different conditions. It may be 
mentioned, however, that Noyons was able to detect under 
suitable conditions an amount of white light of about 
4x107!' erg. Since theeye is relatively insensitive to light 
of the longer wave-lengths, Henri and des Bancels $ have 
concluded that the dark-adapted retina can just detect an 
amount of green light of energy about 5 x 107? erg, roughly 
one quantum, The visual spectrum of the light emitted in 
a scintillation in zinc sulphide has its maximum in the green 
at about 515 wu, very close to the region of wave-lengths to 
which the eye is most sensitive. It seems very probable, 
then, that we should be able to detect by their scintillations 
a-partieles of even smaller energy than those observed by 
Rutherford. If we assume that the H-particle is as efficient 
in producing a scintillation as the a-particle, it appears that 
we should be able to observe the scintillations due to H- 
particles of ranges of only a few tenths of a mm. of air. 


* Marsden, Proc. Roy. Soc. A, ixxxiii. p. 548 (1910). 

t Grijns and Noyons, Müllers Arch. f. Phys. p. 25 (1905). 

t du Noüy, J. Gen. Phys. iii. p. 743 (1920). 

$ Henri and des Bancels, J. Phys. Path, Gen. xii. p. 841 (1911). 
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$9. Experiments on the Disintegration of some 
Light Elements. 


The experiments described in the last two sections show 
that our observation of scintillations is reasonably efficient, 
and that the optical systems used in the disintegration 
experiments are sufficiently powerful to enable us to detect 
the presence of H-particles of short ranges. It seems then 
that the differences between our results and those of Kirsch 
and Pettersson cannot be explained by their suggestion that 


our optical arrangement is too weak. Before discussing 
these differences in further detail I shall now give an 
account of some recent experiments in which the effects 
were observed when certain light elements were bombarded 
by a-particles. 

The experimental arrangement will be clear from the 
dit ram of fig. 2, and need not be described in great detail. 

The source, a small disk coated with radium active deposit, 
was enclosed in a brass tube T, which could be evacuated 
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independently of the box VV. The end of the tube T was 
covered with a thin sheet of collodion of 2 to 3 mm. air 
equivalent. A diaphragm C of graphite served to limit the 
beam of a-particles. The material to be bombarded was 
placed at F, and was carried on a graphite frame. This 
was placed in position on slides fixed to two graphite plates 
(shown by dotted lines). Observations were made at an angle 
of 90? to the beam of a-particles. ‘The window O in the 
face of the box was covered with a sheet of mica of 2:6 cm. 
air equivalent. The zinc sulphide screen, in these experi- 
ments the front surface of tle Hilger mieroscope, was 
brought opposite this window at a distance of about 3 mm. 
Absorbiny screens of mica or aluminium could be introduced 
between the window O and the ZnS screen. The tox was 
placed between the poles of a magnet in order to reduce the 
luminosity of the screen caused by scattered 6-rays. 

As usual in experiments of this kind, precautions were 
taken against extraneous effects due to scattered a-particles 
and to contamination. To avoid the presence of scattered 
a-particles all surfaces exposed to the source were covered 
with sheets of graphite, except of course the material under 
examination. Owing to the low atomic weight of carbon, 
the a-particles scattered at an angle of 90° have a range 
only *354 of the incident range. The a-particles in these 
experiments had a range of about 6°8 cm. after passing 
through the fixed collodion film. The range of the a-particles 
scattered from the graphite walls at an angle of 90° was 
therefore 2:1 cm. Such a-particles were completely 
absorbed in the mica window at O and failed to reach the 
ZnS screen. Owing to the width of the beam of a-particles 
it was possible for a-particles to reach the window which had 
been scattered through only 75°. It was therefore not 
possible to eliminate completely the extraneous etfects below 
an absorption of about 3:5 em. | 

The disturbing effect of contamination was guarded 
against by enclosing the source in the tube T, and in 
addition by passing a slow stream of oxygen through the 
box. The oxygen was led in tlirough a series of fine holes 
in the face of the box. The pressure of exygen in the box 
was between 1 and 2 mm. of mercury. With these 
precautions contamination was only occasionally observed. 
Any experiment in which it oceurred was rejected. 

The results observed in these experiments may be 
summarized very briefly. When an aluminium foil of 
2:6 cm. air equivalent was bombarded, the number of H- 
particles observed at ranges greater than 8 cm. of air was 
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nearly 4 per minute per mgm. activity of the source. When 
the box was filled with dry air to atmospheric pressure and 
no radiator was used, i. e. nitrogen was under bombardment, 
about 4 to 5 particles per minute per mgm. were observed at 
an absorption corresponding to 6 cm. of air. These experi- 
ments gave a standard with which to compare the results 
obtained with the other elements to be specially examined, 
viz., lithium, beryllium, carbon, and oxygen. 

A piece of metallic beryllium of a high degree of purity 
was used. The total absorption inthe path of the H-particles 
was equivalent to 3 em. of air. An average of ten scintil- 
lations per minute was observed, giving nine after deduction 
of the natural effect of the screen. The activity of the 
source was 43 mgm. When an extra absorbing screen of 
1:3 em. of air was inserted in the path of the particles, the 
number of scintillations fell to the natural effect. On re- 
plaeing the beryllium radiator by a dummy carbon frame, 
we observed at an absorption of 3 cm. seven scintillations 
(net) per minute, the source having then decayed to 32 mgm. 
The effect observed at an absorption of 3 cm. was thus the 
same when the beryllium radiator was away as when it was 
present, and it has been pointed out above that a few 
scattered a-particles might be expected at this absorption. 
We concluded that the few scintillations observed were due 
to a-purticles scattered at smaller angles than 40° by the 
carbon surfaces, and that there was no residue to be ascribed 
to the beryllium. There were no particles present with 
ranges greater than 4 cm. of air. 

Similar results were found with carbon and oxygen. A 
sheet of Acheson graphite served as a carbon radiator, while 
for oxygen the box was filled with the gas to atmospheric 
pressure. In both cases there was no evidence of the 
emission of H-particles with ranges greater than 4 em. 
of air. 

The experiments with lithium as radiator were not so 
definite. At the smallest absorption scintillations were 
observed to the number of about 1 per min. per mgm. The 
number decreased rapidly as the absorption was increased, 
and fell to the natural effect of the screen at a total 
absorption of 4:3 em. The scintillations appeared rather 
bright for H-particles of such short range, and it seems 
probable that thev were due to a-particles scattered bv a 
small sodium impurity in the specimen of lithium. This 
explanation is supported by the observed range of the 
particles and by the fact that different samples of lithium 
gave different numbers of particles under the same conditions 
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of experiment. We can, however, say definitely that no 
particles were observed which had ranges greater than 
4°3 cm, of air. 

Those observations confirm the earlier experiments of 
Sir E. Rutherford and the author in showing no evidence 
that the nuclei of lithium, beryllium, carbon, and oxygen 
are disintegrated by collision with an ae-particle. ‘The 
number of H-particles with ranges of more than 4 cm. in 
air liberated from these elements is certainly less than one- 
fortieth of the number ejected from aluminium under the 
same conditions. Pettersson *, on the other hand, found for 
both beryllium and carbon a relatively large number of 
H-particles at low absorptions. At an absorption of 4 cm. 
there were present roughly as many H-particles as we 
observe from an aluminium radiator, while the maximum 
ranges of the H-particles observed at 90° to the incident 
a-particles was about 8 cm. in the case of carbon, about 
9 cm. for beryllium. The tests described in the previous 
sections have shown that our counters are able to observe 
consistently the scintillations due to H-particles of only a 
few mms. range. It seems most unlikely that they should 
all fail to observe those due to H-particles of 4 cm. range, 
and we are forced to the Endo that no such particles 
are present in our experiments. 

In the same series of experiments, Pettersson observed the 
disintegration of silicon. The number of H-particles was 
roughlv the same as for beryllium or carbon, and the maxi- 
mum range of the partic les was only slightly greater, about 
10 or llem. of air. Silicon behaves, therefore, according 
to these results, in a very similar way to carbon and beryllium. 
One would expect that, if our failure to observe the particles 
from carbon and beryllium is due to inefficiency of counting, 
we should fail also to observe the particles from silicon. 
This, however, is not the case. As we have stated previously, 
Sir E. Rutherford and the writer have also found that silicon 
is disintegrated by a-particles. We observed relatively far 
fewer H-particles than Pettersson, but found that the maxi- 
mum range was much greater, about 24 cm. of air. Though 
the agreement between the two sets of observations is more 
apparent than real, yet the comparison of the results 
strengthens the conviction that our counting is efficient. 

The objection may be raised that the experiments described 
above offer no evidence as to whether the elements bervllium, 
carbon, ete., disintegrate with the emission of H-particles of 


* Pettersson, Wien. Ber. cxxxiii. p. 445 (1924). 
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very short range. The difficulty in observing such a-particles 
lies in the presence of the scattered a-particles. While an 
a-particle of moderate range, say about 2 cm., produces 
a much brighter scintillation than does a H-particle of the 
same range, it is difficult in practice to distinguish the 
scintillations seen on the screen as due to « or to H particles. 
The beam of scattered a-particles contains a-rays of all 
ranges up to the maximum scattered range, and those of 
short range predominate, for although the beam of incident 
a-particles is homogeneous, the radiator is usvally infinitely 
thick, considered from the point of view of a-ray scattering. 
The scintillations produced by such a scattered beam will be 
mainly very ul with relatively few bright ones. To 
distinguish separately the scintillutions produced by a small 
number of H-particles superposed on this scattered beam, is, 
as far as our experience goes, impossible to achieve. We 
have found it advisable to restrict the investigations for 
products of disintegration to the region beyond the range 
of the a-particles scattered from the elements under 
examination. 

The Vienna workers, on the other hand, claim to be able 
to distinguish the scintillation produced by a H-particle 
trom that due to a scattered a-particle, and, relying on this, 
they have pursued the search for H-particles to the smallest 
absorptions, well within the range of the scattered a-particles. 
This difference in procedure is partly responsible for the 
difference between their results and ours. To take one 
example out of many, we may discuss the observations on 
the disintegration of aluminium. 


§ 6. Comparison of Observations on Aluminium. 


Schmidt *, working in Vienna, found no evidence of a 
lower limit to the ranges of the H-particles liberated from 
aluminium, and indeed the majority of the H-particles he 
observed liad ranges less than 4 em. of air. Healso compared 
the effects when aluminium was bombarded by a-particles 
of different ranges, and found that H-particles were still 
liberated when the impinging beam of a-rays had only 
1:3 em. range. The number of H-particles liberated from a 
thin sheet of aluminium by x-rays of low speed was not 
smaller than the number found when high speed a-rays were 
used, but the ranges of the H-particles were shorter. 

These results are very different from those obtained in this 

* Schmidt, Wien. Ber. exxxiv. (1925). This paper was not available 


to me. His results are taken from Kirsch and Pettersson, ‘Atom- 
zertrümmerung.' 
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laboratory, where we have observed that the H-particles 
liberated from aluminium have a minimum range of about 
10 to 12 cm. of air, and that a-rays of short range are unable 
to disintegrate the aluminium nucleus. In our early expe- 
riments we observed few, if any, H-particles of range greater 
thun 30 em. when aluminium was bombarded by a-particles 
of less than 4:9 cm. range, but did not pursue the examination 
to smaller absorptions. I have recently re-examined the 
effect of bombarding aluminium by a-particles of different 
ranges, using the apparatus shown in fig. 2. The H-particles 
were therefore observed at right angles to the direction of 
the beain of incident a-particles, and the observations could 
be carried down to the range of the scattered a-particles. It 
was found that as the range of the incident a-particles was 
reduced, the number of H-particles observed, and also their 
maximum range, decreased until with a-particles of about 
3 cm. range no definite evidence of H-particles could be 
detected *. The H-particles liberated by a-particles of short 
range still showed a minimum range of about the same value 
as observed for those ejected by fast a-particles. 

In earlier papers f it has been assumed that the force 
exerted by the nucleus on a positive charge chanyes in the 
nucleus or very close to it, from a repulsive force varying 
as the inverse square of the distance to one of attraction of 
more rapid variation. On this view there must be a critical 
surface around the nucleus at which the force is zero or the 
potential a maximum. The H-particle emitted from the 
nucleus in disintegration cannot escape from the nucleus 
with less final energy than corresponds to the potential at 
this critical surface. The H-particles must thus have a 
certain minimum range corresponding to this potential. 
However the disintegration of the nucleus is brought about, 
whether by switt a-particles or those of energy just sufficient 
to produce disintegration, the liberated H-particles cannot 
have less than this range. Further, no a-particle will cause 
disintegration unless it has sufficient energy to penetrate 
within this critical surface. We are thus able from the 
observations to obtain approximate values for the potential 
of this surface, both from measurements of the minimum 
ranges of the liberated H-particles and from the range of the 


* It is difficult to fix this minimum range of the effective a-particle 
with any accuracy. The beams of &-rays of short range are obtained by 
placing absorbing screens of mica over the source of radium B+C, and 
since a wide cone of ravs must be used in order to obtain a measurable 
effect the beam is necessarily heterogeneous. 

t Ruthertord and Chadwick, /oc. cit. 


Phil. Mag. S. 7. Vol. 2. No. 11. Nov. 1926. 4A 
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a-particle which is just able to produce disintegration ; and 
from this we can make an estimate of the distance of the 
critical surface from the centre of the nucleus, or of the 
“size”’ of the nucleus. 

Whatever view one may take of the structure of the 
nucleus or of the laws of force inside it, one would expect 
the H-particle emitted in disintegration to possess a mini- 
mum range corresponding to the energy gained in its 
flight down the electrical field of the nucleus, and also 
corresponding to the energy of the a-particle which is just 
able to bring about disintegration. Since we know that the 
law of force is ut least approximately that of the inverse 
square except at very close distances, we can ugain make 
some estimate of the ** size" of the nucleus. 

Interpreting our observations in this way, we find that the 
aluminium nucleus has a radius of about 8 x 107!? cm. 

The experiments of Schmidt would make the aluminium 
nucleus much larger, of radius about 20 x 10^ !? em. Indeed, 
his observation that many of the liberated H-particles have 
ranges corresponding to less than 1 em. of air would make 
the nucleus even larger than this. 

It seems to me improbable that the nucleus of aluminium 
can be solarge, for the experiments of Sir E. Rutherford and 
the writer on the scattering of a-particles have shown that 
aluminium behaves normally when the distance of collision 
between the nucleus and the a-particle is about 10 to 
12x10"? em.; the scattering by tbe silver nucleus, which 
one would expect to be larger than the aluminium nucleus, 
is normal for collisions at a distance of 20x 107?? em. These 
scattering experiments tberefore support in a general way 
our observations on the disintegration of aluminium. It 
may be objected that Schmidt’s observations have been 
carried further than ours, in that we have made no attempt 
to search for H-particles of range less than about 3 to 4 cm. 
of air. On the general views outlined above, one must 
expect that the H-particle must acquire in falling down the 
electrical field of the nucleus an energy sufficient to give it 
a range nearly three times the range of the a-particle which 
is just effective in producing disintegration. For example, 
an a-particle of 3 cm. range, if just able to disintegrate 
the aluminium nucleus, should liberate H-particles with a 
minimum range of nearly 9 em. To observe these it is not 
necessary to pursue the observations within the range of the 
scattered a-particles. 

In my opinion, the difference between our results and 
those of Schmidt is chiefly due to his procedure in counting 
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within the range of the scattered a-particles, and in judging 
from the brightness of the scintillation whether it was due to 
an a-particle or toa H-particle. As I have stated previously, 
we have never, in tiis laboratory, felt confident of our ability 
to pick out the scintillations of H-particles from those of a 
heterogeneous beam of a-particles, although we have had 
considerable experience in counting. 


§ 7. Summary. 


In this paper I have pointed out the conflicting nature of 
the results in investigations of the disintegration of elements 
by collisions with a-particles obtained by workers in Vienna 
and by Sir E. Rutherford and myself. While the former 
workers find that disintegration with the liberation of H- 
particles seems to be a common property of all elements, we 
find that only the lighter elements can be disintegrated and 
among these there are certain striking exceptions. 

Our failure to observe the eftects found in Vienna has 
been attributed by Kirsch and Pettersson to the unsatisfactory 
optical equipment at our disposal for the counting of scin- 
tillations. 1 have endeavoured to show here that this expla- 
nation is without foundation and that we can in fact observe 
with our microscopes the scintillations produced by any 
H-particles which are likely to be emitted in the disintegration 
of a nucleus. Our optical systems lave been described, 
and the results of some tests of the efficiencies of our counters 
have been given, together with some observations of scin- 
tillations due to H-particles of short range. 

Experiments have been made to re-examine the elements 
lithium, beryllium, carbon, and oxygen, but no evidence of 
disintegration has been detected. These results confirm the 
previous experiments carried out in this laboratory, but are 
in sharp disagreement with those of the Vienna workers. 

l am unable to suggest any explanation which will 
account satisfactorily for the ditterences between these results 
and those obtained in Vienna. In certain. cases it seems 
possible that their procedure of picking out the scintillations 
due to a-partieles and those due to H-particles bv the 
difference in brightness has led to error. Some of the 
conflicting results in the investigations of aluminium may 
perhaps be explained in this way. The main points at issue 
however, still remain without explanation. 


Cavendish Laboratory, 
Cambridge. 
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XCVIII. Scattering of Positive Rays by Gases.—I1YI. By 
G. P. Toomson, M.A., Fellow of Corpus Christi College, 


Cambridge, and Professor of Natural Philosophy in the 
University of Aberdeen *. 


í experiments described in this paper are a continuation 

of those recently published in this magazine f on the 
scattering of positive rays in hydrogen. The gases investi- 
gated are helium and argon, with a few experiments on 
oxygen. With a few minor modifications, mentioned below, 
the apparatus is the same as that described in the previous 
paper, to which reference should be made for details. The 
following is an outline of the method. A beam of positive 
rays was obtained by making a fine slit in the cathode of a 
discharge-tube, and fitting a similar parallel slit some 
distance behind. This heterogeneous beam then passed 
between the plates of a condenser, and thus was deflected 
into an energy spectrum. A small portion of the deflected 
rays was sorted out by means of a diaphragm with a slit 
:5 mm. wide, which allowed rays to pass of a certain small 
range of energy, the average of which could be adjusted at 
will by changing the potential difference, maintained between 
the plates of the condenser by a battery of dry cells. The 
rays thus isolated passed through the scattering chamber 
(10 em. long) and struck a photographie plate which could 
be raised and lowered as required. In the absence of 
scattering, the developed plate would have shown an 
approximately uniform blackened strip about 1'8 mm. wide, 
being the projection by tlie rays of the :5-mm. slit on the 
plate. Actually this strip was always bordered by a fainter 
blackening, due to the rays whose paths had been deflected 
from a straight line by collisions with the molecules of the 
gas. The intensities of the scattered rays at various 
distances from the edge of the main beam were measured 
photometrically. For the method used to calibrate the 


plates, and other photographic details, see the previous 
paper. 


Experiments in Argon and Helium. 


There was one important difference between these experi- 
ments and the previous ones. Previously the rays (protons) 
were derived from the gas (hydrogen) used for the scattering. 
In this case it was desired to test the scattering of protons 


* Communicated by the Author. 
t Phil. Mag. vol. i. p. 961 (1926). 
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by tle inert gases, and it seemed probable at first that 
different gases would have to be introduced into the 
discharge-tube to form the ravs, and the scattering chamber 
to scatter them. It was found, however, that the persistence 
of hydrogen in the positive ravs is so great that even after 
several hours' running, with a stream of argon or belium 
passing through the apparatus, the hydrogen rays were still 
far the strongest, as shown by a test exposure which was 
taken on each plate, with the addition of a magnetic field to 
form a mass spectrum. No doubt this is partly due to the 
much greater sensitivity of the photographic plate to the 
fast hydrogen rays, and probably, if an electrical method of 
measuring the rays bad been used, the result would have 
been very different. Nevertheless it is remarkable that, in 
some 60 photographs taken, the helium or argon lines were 
only visible, and that very faintly, on two or three, in spite 
of the fact that the spectrum of the discharge showed only 
helium or argon, as the case might be, and Hg. By far the 
strongest line on the mass spectrum was the H ,, or proton; 
the H, was very faint with helium, and, though rather 
stronger in argon, was under 15 per cent. of the strength of 
H, except in one or two plates, which were rejected for 
that reason. In addition, many of the plates showed a faint 
line at a mass of about 14, though with the verv small 
dispersion available it could not be measured accurately. 
This is probably due to the layer of air formed on the glass 
and metal when the apparatus is opened to the atmosphere 
to change a plate. The traces of air in the spectrum of the 
discharge were, however, very slight, and it 1s unlikely that 
the impurity was sufficient to affect the results to the order 
of accuracy of the experiment. 

The helium used was given me by Sir J. J. Thomson. It 
was purified before use by fractionation over charcoal in 
liquid air. 

I am indebted for the argon to the Research Department 
of the General Electric Company. It was 98 per cent. 
pure, the impurity being nitrogen and oxygen. It was 
further purified before use by being passed several times 
over calcium turnings at a bright red heat. 


Results. 


As in the case of hydrogen, each experiment gives a curve 
showing the relation between the density of the scattered 
radiation at any point and the distance of the point from the 
edge of the main beam. This curve can be used to calculate 
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the collision relation between a ray and a molecule of the 
gas. The experiments were made with ravs of various 
velocities and with various pressures in the scattering 
chamber. It was found that the shape of the curves was 
the same in both the gases, and was independent of the 
velocity within the errors of experiment. Thus the 
intensity at any fixed point of the curve can be taken as 
a measure of the scattering in investigating the way in 
which it depends on the speed of the rays. 


Variation with Pressure. 


In the case of helium it was found that consistent results 
were obtained by supposing that the scattering was pro- 
portional to the pressure, provided that the criterion for 
“single” scattering (see the previous paper) was satisfied. 
The results for argon, however, showed great discrepancies, 
if it was assumed that the scattering was proportional to the 
pressure as indicated by a McLeod gauge connected with 
the scattering chamber. The explanation is as follows. 
For helium, as for hydrogen, a tube filled with charcoal and 
immersed in liquid air was in close connexion with the 
scattering chamber through a tap of wide bore. In the 
argon experiments it was feared that this would lead to too 
great an absorption of argon, and that the gas left in the 
scattering chamber would be largely the residual hydrogen 
from the discharge. Thus the charcoal was turned ott, 
or only used in CO; snow. The effect of this was that the 
vapour from the taps, some of which (such as the one which 
served as a winch to lower the plate) were unavoidable, was 
present in the scattering chamber and produced an effect 
equivalent to about ‘(003 mm. of argon. A similar effect 
has also been observed by Rückhart *. In consequence of 
this it was necessary to make observatious at a number of 
pressures, and draw the graph, a straight line, in order to 
determine the scattering due to the argon itself. A speci- 
men graph is shown in fig. 1. The work thus became very 
laborious, as, in general, only one photograph can be taken 
in a day, and some of these have to be rejected owing to 
changes in the discharge, shown either by changes in the 
observed pressure or by differences hetween the blackness of 
the check exposures at the beginning and end of the series. 


Variation of Scattering with Speed of Rays. 
However, fig. 2 shows the scattering for helium and 


* Ann, Physik, lxxiii. p. 73 (1923). 
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argon plotted against the velocity of the protons. The 
scattering is measured in arbitrary units and at an arbitrary 
pressure 4/1000 mm., the same for each gas. The most 
interesting point about the result is that they show a. 
maximum of scattering at certain speeds. It is surprising 


Fig. 1. 
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that the scattering should ever decrease with decreasing 
speed of the rays, but it will be remembered that Ramsauer 
and others have found an analogous effect in studying the 
absorption of slow electrons by gases. They observed that 
the absorption was a maximum for a certain speed, and 
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decreased for smaller speeds. It ix of importance that these 
speeds are of the same order as those found in the present 
experiments, though of course the energies were much less, 
owing to the smaller mass of the electrons. Thus with 
argon Ramsauer found a maximum at 2:1 x 10° against 
"15 x 10* in the present experiment, and with helium one at 
1:35 x 10? against 1:4 x 105. Further, in both experiments 
the maximum for argon is a sharp one and that for helium 
flat. 


Collision Relation, 

It is theoretically possible to calculate, from a knowledge 
of the density of the scattered radiation at various distances 
from the main beam, the chance that a ray shall be deviated 
through a given angle by a collision with a gas molecule. 
If there are N molecules per c.c. in the gas, we may write 
the chance of a collision as NAr(0) dÜ de for a deviation 
between 8 and 0--d0 in the element of path dx. In the 
actual experiment the deflexions occur throughout the whole 
length of the scattering chamber, and are equally in all 
directions, while only the components perpendicular to the 
plane of the beam are observed. This has the effect of, as 
it were, blurring the features of the function vr, so that its 
precise form cannot be determined with certainty. However, 
the general rate of change of number seattered with angle 
can be determined with some accuracy, so that if it is 
assumed that ẹ(0) is a power of 6, say AO-", the values 
of n and A can be found. This seems to be the best way of 
expressing the results of the experiments; but it must be 
emphasised that the form assumed for W is arbitrary, and 
probably almost any functional form which gave the same 
avernge rate of variation over the range of angles considered 
would fit the experiments almost us well. Once, however, 
a power law is assumed, n can be found with tolerable 
accuracy. ‘The following is an outline of the method by 
which À and n can be determined. 

For collisions occurring in a small element dz of the path 
of a ray, the chance of a collision between 0 and 6446 is 
AN0-7"d0da. The surface density of the scattered particles 
on unit sphere with centre at dz is proportional to AN/2a6"*". 
In these experiments it is only scattering perpendicular to 
the slit which matters, and if $ is the projection of 0 in this 
direction (see fig. 3), the chance of a scattered ray lying 


between $ and $ -- d$ is 

CiANósecdada dd A 9 
dpfŽANodada dé, AN TO?) ga 
m Vo prt sect a 4" 2./7m T(n/2 , 1/2) say. 
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The rays may be regarded as diverging from the centre of 
the condenser, and scattering may occur before or after the 
limiting diaphragm is reached. ‘The pressure was such that 
the chances of multiple scattering can be neglected, and the 
scattering is considered as equally likely to occur at all 
points of the path of the ray. It is obvious that the law as 
stated can only hold if @ exceeds a certain minimum, other- 
wise the chance of scattering is no longer small. In practice 


Fig. 3. 


this is allowed for by only measuring the scattering some 
little distance from the edge of the main beam. (For a 
discussion of thc conditions to be observed so that the 
combined effect of a number of small deflexions is negligible, 
see the previous paper.) 

Let MdB be the number of rays starting from O in the 
angle between £9 and S-rd (see fig. 4). The value of ¢ 
for a ray to be scattered from a point (x, 8) to a point on 
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the plate at a distance y from the edge of the main beam is 


PEN al 


l,—.x 


, the angles all being small. 


The density at y due to scattering from z dB dz will be 


BM (l,—2)""!(y+ 81) ^*dz dB. 
The limits for 8 when 0 z«1, are 8, and f, namely 


y(l5—2)[z(h —l) and {y(l3— x) bh — 2) i[a(h 1). 


When l, « z «1; the limits for 8 are 0 to bll. A straight- 
forward integration gives for the total effect 


BM(h—hr (1 ^» 1 | 

ica eS (y+ et 
where 2a=Dl,/I,, the width of the main beam at the plate. 
The density at y as a fraction of that of the maiu beam 
1s thus 


AN D(n/2) ly (l4 —l,)"-} ¢ 1 1 P 
24/7 E(n/241/2) n.(n—1) ly! ^ (y2ay-7) - 
From the observed variation of density with y, the best value 
of n was determined by trial and error, and A can then be 

found. 
For both argon and helium, n=1°35 was found to give 
the best fit at all speeds. Valnes of A are shown in the 


table. Fig. 2 shows the scattering at an arbitrary point 

Table of Values of A x 1085 for Various Gases. 
Velocity Argon. Helium. Hydrogen (n—?). 
"OID -*- castes 6:5 

UE - o *Esweptwes 10:3 4:0 

U- E 6:9 43 

; MEM C n 6:3 4:5 175 
EQ: ——— oie ag 48 1:40 
To 5 dedisse 56 5l 1-05 
Få. duii ES 2 16 
DO. — — sess 45 56 
PS —— 0 uses n pi 4 
20- uses 36 


* Correction.—FYor the inverse square law of force n=8, and we hare 
Y | 1 l E 
cjut hhl) ly — TES . On pp: 973-4 of the previous paper, 


the factor (1,2—/,°) is given instead of 1,(/,—2,)* in calculating the 
scattering to be expected on the inverse square law. ‘The calculated 
figures on p. 9/4 are thus in error. As, however, the effect is to 
accentuate the ditferences between the observed and calculated values, 
the conclusion (that the inverse square law is inadequate) is not affected. 
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near the middle of the region studied, so as to make a rough 
comparison possible with hydrogen, for which n is different 
(approximately 2:0). 

Oxygen. 


Experiments had previously been made with oxygen. 
In this case it was necessary to have a stream of hydrogen 
flowing through the discharge-tube, and one of oxygen 
through the camera. Some mixing, of course, occurred 
through the slits in the cathode. ‘This was allowed for 
approximately by measurements of the pressure when each 
stream was flowing separately, but the method is not very 
accurate. The amount of scattering, also, was too large for 
the scattering to be entirely “single.” It could not be 
sufficiently reduced, as the amount of hydrogen present was 
fixed by the requirements of the discharge, and enough 
oxy gen had to be present in the camera for its pressure to be 
comparable with that of the oxygen there. These difficulties 
might have been overcome by re-designing the apparatus, 
but it was felt that the preliminary results did not show 
sufficient points of interest to justify the expenditure of 
time, and that the inert gases were a more promising field. 
It was found, however, that tlie scattering per molecule in 
oxygen was much more than (about five times) that in 
hydrogen. The scattering seemed to increase with de- 
creasing velocity throughout the range studied. The form 
of the collision relation was much the same as for the inert 
gases. 


I Ascussion. 


The most important point which emerges from these 
experiments is the analogy between scattering of protons and 
absorption of electrons shown by the occurrence of maxima 
at velocities of the same order (in the case of helium the 
velocities are the sume within the experimental error). The 
natural explanation is some form of resonance effect, and 
it is important that the speeds are of the same order as 
those of the electrons in the outer Bohr orbits. The positive 
ray results are, however, mucli harder to explain on ordinary 
mechanies, because it is difficult to see how an electron 
moving in an orbit can produce much effect on a particle 
1850 times its mass and moving with about the same 
speed. The angles of scattering observed are of the order 
‘015, and from the conservation of momentum they can only 
occur if the atom moves as a whole to an appreciable extent. 
If the nucleus and electrons in the atom act separately on 
the ray according to the Coulomb law, or indeed any law of 
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the same general kind, the speed. or indeed the existence, of 
an electron can only matter it it is sufficiently firmly attached 
to the nucleus to be able to transfer a considerable amount 
of momentum to it. 

The forces required to transfer this momentum are much 
larger than are usually supposed to be exerted on outer 
electrons. The inner electrons in argon would be expected 
to produce an appreciable effect ; but their speeds are much 
greater than those of the rays, and so it is difficult to see 
how they can account for the maximum.  Itlooks as though 
the atom must be regarded as a whole for the purposes of 
collisions of this kind, the periods associated with it being 
concerned with the whole mass and not merely with a 
particular electron. Alternatively one could suppose that 
the electrons are held rigidly in their orbits bv some unknown 
forces. Dempster * has found that protons of about 900 volts 
pass through hydrogen and helium without becoming 
neutralized, and apparently without appreciable scattering. 
The method of experiment used by me is limited on the side 
of small velocities by the inefficient blackening produced. 
Indeed, I should probably not have been able to go so far as 
I did in the case of argon but for a batch of plates which was 
appreciably more sensitive to slow rays than those used for 
hydrogen. 

It is hoped to continue the experiments on hydrogen, by 
another method, for slower speeds in order to see if there is 
a maximum in this case also. 


My sincere thanks are due to the Department of Scientific 
Research for a grant towards the expenses of an assistant, 


Mr. J. D. McKay, to whose able help I am much indebted. 


Summary. 


The experiments are in continuation of those described in 
Phil. Mag. (May 1926). It is found that argon and helium 
show a maximum of scattering for a certain velocity of 
proton (‘75 x108 and 1:4 x 10 respectively). This result 
appears to be analogous to those of Ramsauer and other 
workers with electrons of about the same speed, but is still 
more difficult to reconcile with the ordinary mechanical 
models of the atoms concerned. The experiments are con- 
sistent with a collision relation of the form A@-'® in the 
case of both helium and argon, the index being independent 
of the speed. A few experiments on oxygen show large 
scattering but apparently no maximum. 

Aberdeen, Sept. 1926. 


* Nat. Acad. Sci. vol. xii. p. 96 (1926); Nat. Acad. Sci. vol. xi. 
p. 052 (1925). 
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XCIX. The Activity Coefficients of Aqueous Hydrochloric 
Acid at Extreme Dilutions. By GorDOX NONHEBEL, B.A.,; 
D.Se., Assistant Lecturer in Chemistry at the University 
of Leeds *. 


TENHE present values of the activity coefficients of hydro- 

chloric acid in aqueous solutions are based on the 
E.M.F. measurements of Linhart f and on the freezing- 
point measurements of Randall and Vanselow f. In both 
cases an extrapolation of the experimental points to infinite 
dilution is necessary for the calculation of the activity co- 
efficients, and for this reason some uncertainty still exists 
as to their true values. Owing to experimental diffi- 
culties, the data of Randall and Vanselow are somewhat 
irregular in the most dilute solutions, while the data of 
Linhart are not sufficiently numerous to admit of an 
unchallenged extrapolation. 

Linhart measured the E. M.F. of cells H;/HCl, aq./AgCl: Ag 
at 25° C. ; if M is the molality of the acid and y the activity 
coefficient, then the observed electromotive force 1s given by 
E-2E—2 Biin My. Ep is a constant which is determined 
by extrapolation of the quantity E, (=n+25 In M) to. 
infinite dilution, at which y is, by definition, equal to unity. 
Linhart himself gave E, = 0:2234 volt, but his extrapolation 
was probably faulty, as he plotted Ey’ against the logarithm 
of the concentration. Randall and Vanselow, by combining 
the activity coefficients calculated from their cryoscopic 
measurements with the E.M.F. data of Linhart in more 
concentrated solutions, found E, = 0:2230; and by a plot 
of Linhart’s values for E; against the square root of the 
concentration found E, = 0:223]. 

Debye's expression for the interionic forces in an aqueous 
solution of a uni-univalent electrolyte $ leads to the limiting 
equation 

— log y = 0:5 M! at 25°. 
Since 
E, = E-0:1183 log M = E,—0:1183 log y, 


it follows that at extreme dilution E should vary as 
0:05915 M#. By making the curve Ej'/M! tangential to a 


* Communicated by Dr. J. W. Nicholson, F.R.S. 
t Journ. Amer. Chem. Soc. xli. pp. 1176 (1919). 
t Loc. cit. xlvi. p. 2418 (1924). 

$ Physikal. Z. xxv. p. 97 (1924). 
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line of this slope 0°05915, Scatchard found E, = 0:2226 volt *, 
a method of extrapolation which is open to criticism. Ina 
later paper t he has suggested that the value of Ej might be 
lowered to 0:2224 in order to better the agreement between 
the experimental data and the complete Hückel equation 1, 
in which account is also taken of the variation of the 
dielectric constant of the solution with the concentration. 
By plotting values of E; calculated from Milner’s equation, 
of E, calculated from Deby-'s limiting equation, and of E, 
against the square root of the concentration, and by extra- 
polating the three curves to the same point, Nonhebel and 

artley $ concluded that the most probable value of Ej was 
0:2229 +0 0001 volt. 

In the work to be described, an attempt has been made to 
establish the value of Ej for cells H,/HCl, aq./AgCl : Ag 
at 25? by the determination of sufficient experimental points 
to place the slope of the Ey’ curve beyond doubt. Once E, is 
accurately known, reliable values for the activity coefficients 
may readily be caleulated from the experimental data. 


EXPERIMENTAL. 


In view of the extreme dilution of the solutions, it is 
obvious that the slightest trace of impurity in the water may 
alter entirely their composition and properties. Uncertainty 
is also caused by possible adsorption of the acid on the 
electrodes, and by the necessity for a correction for the 
dissolved silver chloride, since in ten-thousandth molal 
solution this correction is as great as 0*6 millivolt. 

Linhart used the precipitated form of silver chloride 
electrode. This attains equilibrium after a period which 
may be as long as three days, during which time the 
solution may easily become contaminated. Since calomel 
electrodes are completely unreliable in solutions of hydro- 
chloric acid more dilute than 0:1 M, it was decided to use 
the electrolytic form of silver-chloride electrode which has 
been shown by Scatchard and by Nonhebel and Hartley 
(loe. cit.) to be reproducible to 0:1 mv. Such electrodes 
come to equilibrium rapidly, but will not maintain a con- 
stant poteutial in very dilute acid solutions for more than 
36 hours. 

In order to avoi contamination of the solutions by exposure 
to the atmosphere, a weighed amount of conductivity water 


* Journ. Amer. Chem. Soc. xlvii, p. 641 (1925). 
t Loc. cit. xlvii. p. 2098 (19255). . 

I Phusikal. Z. xxvi. p. 93 (1925). 

§ Phil, Mag. (6), l. p. 729 (1926). 
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was placed in the cell, and known quantities of a more con- 
centrated solution of the acid added from a weight pipette. 
By making further additions when the cell had come to 
equilibrium, several concentrations could be studied with the 
same electrodes. The electrode vessel] consisted of a “ well- 
aged” Jena flask of 250 c.c. capacity, stoppered with a 
five-holed rubber bung. This carried the iridized gold 
hydrogen electrode, two silver-chloride electrodes, and a 
tube with a fine jet for the inlet of the hydrogen. A central 
tube, carrying the outlet bubbler on a ground over-cap, was 
used-for the insertion of the weight pipette. The bubbler 
for saturating the incoming hydrogen with water-vapour 
was attached to the cell by means of a ground-joint, and 
was filled with conductivity water. The tubes carrying the 
electrodes etc. were of borosilicate glass. The rubber bunys 
were freed from uncombined sulphur by boiling in caustic- 
soda solution, washing with dilute acid and then with 
conductivity water. 

The hydrogen and silver-chloride electrodes were freshly 
made for each run; they were prepared in the manner 
described by Nonhebel and Hartley for methyl-alcohol 
solutions, except that the silver-chloride electrodes were 
chloridized by electrolysis in an aqueous N/10 solution of 
the acid. After preparation, they were soaked in conduc- 
tivity water for four hours before insertion in the cell. The 
hydrogen was generated by electrolysis of baryta ; it was 
freed trom spray by passage through a U tube packed with 
cellulose, and from traces of oxygen by passage over a hot 
tungsten filament. The freedom of the hydrogen from spray 
was proved by passing it through conductivity water for 
some time. The water used in these experiments had a 
conductivity of 0°5 reciprocal megohm; it was freed from 
dissolved air by evacuation in order to prevent the formation 
of air-bubbles on the electrodes and walls of the flask when 
the cell was placed in the thermostat. The solution of hydro- 
chloric acid added from the weight pipette was approximately 
007 N, and was standardized, through baryta, against 
constant boiling hydrochloric acid by weight titration. 
Owing to condensation of water in the tube leading to the 
exit bubbler, the concentration of the solution in the cell 
could not be known with an accuracy much greater than 
0:2 per cent., corresponding with an error in E,' of less 
than 0:1 mv. 

The electrical apparatus was the same as that used by 
Nonhebel and Hartley. All the measurements were carried 
out at 25? + 0*01*. 
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Experimental Procedure.—The Jena flask was dried and 
filled with a weighed amount of evacuated conductivity 
water. The electrodes, which were prepared the same day, 
were then mounted in the stopper, dried by touching their 
edges with filter paper, and inserted in the cell. Usually 
the cell was placed in the thermostat and the water saturated 
with hydrogen overnight ; additions of acid were then com- 
menced the following morning. The cells came to equili- 
brium within three hours of the first addition, but on further 
additions, equilibrium was reached within half an hour. 
A measurement was not accepted until the E.M.F. was 
constant for at least one hour. It was not found possible 
to make more than four additions in each run, as the elec- 
trodes then became sluggish and the silver-chloride electrodes 
often began to show discrepancies among themselves. An 
attempt was made to reach solutions of concentrations less 
than 0:0001 M, but experiments showed that at these dilutions 
the electrodes failed to come to equilibrium. 


RESULTS. 


All the observed E.M.F.’s have been corrected to a partial 
pressure of hydrogen of 760 mm. For the most dilute 
solutions correction also has been made for the solubility 
of the silver chloride in the manner described by Linhart. 
These corrected results, together with those obtained by 
Linhart and by Scatchard, are given in Table I. in order 


TABLE I. 
Series. M. E. Ey. Series, M. E. E,'. 
XVI. bese 0:0001182 0:6897 (0:2250) II, iii caves 0001705 0:5522 0:2247 
Linbart ...... 0001360 6805 2231 IV, iii ...... :001850 :5480 "2247 
H i xs 0001529 6748 2234 II, iv ...... *003377 ‘5178 :2254 
LV. wes 0001602  :6726 2236 III, ii ...... *004006 :5091 :2258 
Linhart ...... :000242:0 ‘8514 °2236 Linhart ...... 004826 5O02 "2262 
II, i 23 0004185 6233 2237 VII, ii ...... 007687 4768 :2267 
LUE] 25s :0004381 6210  :2937 Linhart ...... *009650 4658 2214 
b IM 70004579  :6189 2239 Scatchard ... :01002 *1638 "2273 
Linhart ...... ‘0004830 ‘6161  :2238 i .. "01010 4633 "2272 
IV, ii ..... 0005060 6137 2238 " .. "010831 4623 2272 
VI, ii zu "0005071 6137  :2239 III, iii ...... 701166 *4565 2278 
L ii is "0006793  :5987 2240 ITT, iv ...... *01970 4309 :3291 
hub uis 0008540 — :58;0 2240 VIT, iil ...... 02263 $242 "2296 
M, aues 0008915  :5849  :2241 VII, iv ...... 03616 4015 :2309 
Linhart ...... 001000 ‘5791 — 72942 Linhart ...... :04826 3874 :2317 
Da 23 on 001376 5628 — -2243 | Scatchard ... 04986 °3858 :2318 


V. estos 001467 "5597 = :2245 
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of ascending concentration, but the series in whieh the 
measurement was made is shown in the first column. Con- 
centrations are expressed in gm. equivalents per 1000 gm. 
water. The figure shows a plot of E,' against the square 
root of the molality: within the experimental error this 
curve is a straight line up to at least 0:005 M, and the points 
lie less well on the curve suggested by Scatchard*. The 
value of E, is therefore best calculated from the experimental 
data by the method of least squares, assuming that the 


* LINHART 
ASCATCHARD 
o NONHEBEL 


E, for celis t, | HCl ag | AgCI: Ag» 


equation to the curve is Ej = E,--c VM. If this equa- 
tion is true, then the activity coefficients are given by 
—logy= A 4M, where the coefficient A is equal to 
o/0°1183. Values of E; and of A calculated in this manner 
from the experimental data are given in Table II. 


TABLE IIT. 
Conen. range to zero e.e» 0:001 0:002 0:005 0:012 M 
Eo (volts) ............«.«... 02228, 0:2228, 0:2227, 0:2228, 
Wr 0:35, 0:35, 0°39, 0:38, 


It was deemed inadvisable to weight any of the points, 
though the first two in a run were possibly the more 
reliable. The most probable value of E, appears to be 
0:2228--0:0001 volt, in fair agreement with the value 
0:2226 volt obtained by Scatchard by extrapolation of 


æ Journ. Amer. Chem. Soc. xlvii. p. 641 (1925). 
Phil. Mag. S. 1. Vol. 2. No. 11. Nov. 1926. 4B 
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Linhart’s data. It is to be noted, however, that in his 
extrapolation Scatchard has made the line concave to the 
concentration axis in order to accommodate the point ob- 
tained by Linhart at the highest dilution measured, namely 
0:000136 M. This does not seem to be justifiable in view of 
Linhart’s belief that the point was unreliable and probably 
too low in value. 

The most probable value of A is 0°39. According to the 
theory of Debye, —logy = 0:004 M— BM, but up to 
0:001 M the term BM may be neglected without appreciable 
error. Milner's calculation, on the other hand, leads to the 
equation —log y = 0°37 M approximately *, which agrees 
fairly well with the value 0:39 obtained experimentally. 
It seems evident, therefore, that for aqueous hydrochloric 
acid, as for its solutions in methyl alcohol f, the theory of 
Debye, while predicting correctly the general shape of the 
activity-concentration curve, gives too great a value for 


the slope A f. 


SUMMARY. 
The E.M.F. of cells H,/HClaq./AgCl: Ag have been 


measured over a range of concentration extending from 
0:00015 M to 0:04 M. 

A new method of procedure for the measurement of these 
cells has been described. 

The results indicate that the activity coefficient-concen- 
tration curve up to 0'005 M is given by the equation 
—log y= A M, in which the constant A is equal to 
0:39, a value somewhat smaller than that demanded by 
the equation of Debye for the interionic attraction in a 
strong electrolyte. 


The author's thanks are due to Mr. D. M. Murray-Rust 
for carrying out two of the runs independently, to the 
Department of Scientifie and Industrial Research for a 
maintenance grant, and to General H. B. Hartley, F.R.S., 
for valuable advice and encouragement during the progress 
of the investigation. The experimental part of this work was 


done at the Balliol and Trinity College Laboratory, Oxford. 
August 1926 


* See Nonhebel and Hartley, loc. cit. 
t See, however, Scatchard, Phil. Mag. (7), ii. p. 577 (1926). 
T In this connexion, see Pike and Nonhebel, Phil Mag. 1. p. 723 
1925). 
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C. On the Oblique Rebound of a Ball from a Fixed Plane. 
By R. C. J. HowraAN», M.A., M.Sc., University College, 
London, and T. W. Dickson, B.A., City and Guilds 
(Engineering) College, London *. 


SUMMARY. 


À BALL was dropped on to a fixed inclined plane, describing 
a trajectory after rebound. From direct observation of the 
path the nature of the rebound was deduced. As a result 
the usually accepted Jaw of rebound is shown to be false, and 
an alternative law is suggested. 


Introd uctorye 


ue usually accepted laws of rebound may be summarized 


as follows :— 


(1) The reiative velocity normal to the surfaces at their 
point of instantaneous contact is reversed in direction and 
reduced in a ratio e. This ratio, generally called the co- 
efficient of restitution, is a constant for the bodies concerned. 

(2) The tangential impulse will be just sufficient to destroy 
the relative tangential velocity of the points in instantaneous 
contact unless the impulse required for this exceeds a certain 
limit. 

(3) This limit is reached when the ratio of the tangential 
impulse to the normal impulse is equal to the coefficient of 
statical friction between the surfaces. 

(4) When the tangential impulse needed to annul the 
relative tangential velocity exceeds this limit, the relative 
velocity is no longer destroyed : the ratio of the impulses 
remains at its limiting value. 


For a ball striking a fixed plane, it is a consequence of 
these laws that the tangents of the angles of incidence and 
reflexion are proportional to one another for values of the 
angles below certain critical values, and are linearly related 
for larger values of the angles. The existence of these linear 
relations was confirmed in a series of rather rough observa- 
tions by Mr. H. G. Green f. It is evident, however, that 
the truth of the laws cannot be inferred from these relations. 


* Communicated by Prof. S. Chapman, D.Sc., F.R.S. 
t “Ona Method of Measurement of Newton's Coefficient of Restitution 
and the Law of Oblique Impact." Phil. Mag. l. pp. 187-194 (1925). 
4B2 
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In some experiments undertaken for a different purpose, 
Mr. L. Hock observed the trajectories of balls dropped 
vertically and rebounding from an inclined plane*. The 
range on a horizontal plane was measured, iid also, in some 
cases, the angle of rebound. The results are compared by 
Mr. Hock only with the simplified theory in which the ball 
is treated as a particle. This naturally leads to a large 
discrepancy. It was, however, noticed by the present writers 
that, even when the theory is properly applied, a discrepancy 
remains. This is particularly noticeable in the angles of 
rebound. The angles observed indicate that the tangential 
impulse on the ball is considerably greater than that predicted 
by the theory. This unexpected result suggested that more 
refined experiments would be of interest. They were 
accordingly undertaken in the following manner. 


Mode of Experiment. 


The ball was dropped from a height on to a fixed inclined 
plane and allowed to rebound freely. It fell on a board 


Fig. 1. 


covered with white paper overlaid with carbon paper, so that 
the range was automatically recorded. Simultaneously, the 
trajectory was observed end-on with a cathetometer. It was 
found that a very clear sight of the ball at the top of its path 
could be obtained and the grentest height of the trajectory 
thus measured. 


The ball being dropped from A (fig. 1) falls through a 


* “ Beiträge zur Prüfung des elastichen Verhaltens von Kautschuk, 
Stahl und anderen Stoffen," Zeit. f. tech. Phys. 1925. 
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height H and, striking the plane at B, rebounds to C, ata 
depth y below B. Then writing 


height of top of path above B = h, 
vertical velocity before impact = V, 
» » after 3 == v) 
horizontal velocity after ,, =u, 
normal velocity towards plane before impact = N, 
3 j away from plane after , =n, 
tangential velocity down the plane before impact = T. 
» » » » after 3 =t, 
»: " of striking point of ball 
immediately after contact = 7, 
horizontal range — R, 
initial angular velocity of ball after impact = a, 
radius of ball = r, 
angle of incidence = a, 
» rebound = f, 


we have, neglecting air resistance, 
V =(29H)', v= (2g), . . . . . . (1) 


u = y [Ry 9) "o 

N = V cosa, T=Vsine, . . . . . . (3) 
n-vcosa--usina, t=ucosa—vsina, . (4) 
e=n/N, f=t/T, ... . «e e (3) 

ro = 5(T—t)/2, T = rø—t, . . . . . (6) 
tanb = tjn . . . we -— x 


The nature of the rebound can thus be fully deduced from 
measurements of H, h, R, y, and a. 


Apparatus and Materials. 


Most of the observations were made with small balls of 
case-hardened steel of the type used for ball-bearings. The 
plane, of steel or glass, was bolted to a heavy anvil whose 
face could be clamped at any required angle to the horizontal. 
Initial attempts with a plane of fairly soft steel showed that 
a ball of à in. diameter falling from a height of about 50 cm. 
indented the surface considerably. This increased the 
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resilience of the plane, and the ranges recorded in successive 
trials showed a systematic increase. sometimes up to 50 per 
cent. above the first observed. With a } in. ball this effect 
was still too great to allow of successful experiments This 
trouble was never wholly got over while a steel plane was 
used, but fairly satisfactory results were obtained with a 
plane of hardened silver-steel. 

The best results were obtained with a sheet of plate glass. 
A 1 in. ball, falling through about 60 om., could be allowed 
to drop five or six times on the same spot before the surface 
of the glass was much injured. This gave ample time to 
align the cathetemeter with the top of the path. 

it was, of course, important that the ball should drop 
without initial spin. For this purpose, electromagnetic und 
pneumatic releases were tried and found unsatisfactory. 
Finally a mechanical release was used. This consisted of a 
short brass bur, pivoted at one end about a horizontal axis 
and held in a horizontal position by a catch. When the 
catch was released the bar was pulled down by a spring, 
the initial acceleration of the free end being greater than g. 
The ball, previously supported in an indentation at this 
end, was thus left in mid-air and fell freely without spin. 
The satisfactory working of this release was confirmed by 
the consistency of the results obtained. 

All the vertical measurements were made with the 
cathetometer. The angle of the plane was taken with a 
clinometer. 

Experiments were also made with a golf ball falling from 
a height of 7 ft. on to a heavy iron plate. 


Results with $ in. Steel Ball on Glass Plane. 


The measurements made are recorded in Table I. From 
these the values of N, T, n, t, e. fare found from equations 
(1)to (5). These are shown in Table IJ. In Table III. 
will be found the values of 7, tan a, tan 8, and (T —t)/(N—n). 
This last measures the ratio of the tangential to the normal 
impulse. It should be noted that, according to the accepted 
theory, 7 should be zero for all small values of a. 

The upper limits to the experimentalerrors in the measure- 
ments of Table I. may be stated as 1 mm. in each of H, A, 
and y; 2 mm. in R; 5' in æ. Most of the errors were 
certainly much less than these, especially for the larger 
values of a. From equations (1) to (6) may be found the 
maximum possible errors in e, f, and v. These are shown, 
for three values of a, in Table IV. 


A. 
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TABLE I. 
a. H cm. h cm. y cm, R cm. 
i 0o o 601 497 = = 
4 45 60:4 49:0 13:5 29:3 
9 40 61:1 46:2 271 60:5 
14 30 61-0 41:0 18 83:4 
19 45 611 33:8 ^ 101:9 
94 40 61:9 25:4 27:5 113:5 
29 35 617 15:6 27-0 119:3 
34 50 612 T4 27:5 110:7 
39 40 61:0 1:9 27:8 95:2 
TABLE II. 
a N T. n t e f. 
09 Q' — — — -— 0:910 — 
4 45 343 28:5 313 17:6 0-912 0°62 
9 40 341 58-0 311 35°4 0:913 0:62 
14 30 335 86:6 306 5077 0:915 0:59 
19 45 326 117 298 68:6 0:916 0°59 
24 40 315 1445 288 92:3 0:916 0°64 
29 35 302 172 211 132°5 0:915 077 
34 50 285 198 261 164 0:917 0°83 
39 40 266 221 244 197 0:918 0:89 
TABLE III. 
a. T. tan a. tan 8. (T -O/(N +n). 
4° 45' 9 0083 0-056 0-017 
9 40 21 0:170 0:114 0:035 
14 30 39 0:259 0:166 0:050 
19 45 52 0:359 0:230 0-078 
24 40 38 0:459 (321 0:087 
29 35 — 34 0:568 0:479 0:068 
34 50 —80 0:696 0:630 0:062 
39 40 — 139 0:829 0 SUS 0:046 
TABLE IV. 
a. Error in e. Error in f. Error in r. 
"ge 40' — 40:002 +0021 +45 
19 45 + 0:003 +0012 +53 


29 35 +0004 :- 0:012 +72 


——— ————————— À —— — —— — 
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The regularity of the results for e indicates that the actual 
errors are considerably less than the limiting values here 
shown. But even if the errors are as great as these, the 
main conclusions are not affected. 


Fig. 9. 


tan 6. 


0:8 


O:6 


tan œ. 
O 0:2 O-4 O':6 o: 8 1O 


Relations between the Angles of Incidence and Rebound. 


In fig. 2 the relation between tana and tan 9 is shown 
graphically. It will be seen that, although the conditions of 
the ordinary theory are violated, the relations predicted by 
it are verified. This is especially remarkable in view of the 
figures given in the last column of Table III. It there 
appears that the ratio of the tangential to the normal impulse 
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increases with « until a critical value is reached, after which 
it shows a marked decrease. The maximum occurs at a 
point corresponding with the break in the graph in fig. 2. 
At this point slipping begins, and the lowest point of the 
ball moves forward after contact. 

A determination of the coefficient of statical friction 
between the glass plate and the steel balls was made, the 
value obtained being 0'9. This corresponds closely with 
the greatest value of the ratio of the tangential and normal 
impulses. 


Conclusions. 


All the main features of the results given above were again 
observed in the experiments with other materials, with the 
exception that the drop in the ratio of the impulses aftor 
slipping occurred was less marked. The values of hand y 
showed a greater variation about the mean, and the final 
results were a little less regular, but they confirm the results 
for steel on glass in every particular. 

The following statements may therefore be made with 
confidence :— 


(1) Of the ordinarily accepted laws of rebound as stated 
in the introductory paragraph only the first is fully verified. 
e may be regarded as practically constant, but it increases 
slightly as the angle of incidence increases. 

(2) The existence of a critical angle at which the law of 
rebound alters is also verified. This appears to happen 
when the ratio of the tangential to the normal impulse is 
slightly less than the coefficient of statical friction for the 
surfaces. 

(3) For angles less than the critical angle the tangential 
impulse is much more than sufficient to bring the striking 
point of the ball to instantaneous rest. This point comes off 
the plane with a considerable backwards velocity. 

(4) Before the critical angle is reached, the law is much 
more nearly expressed by the constancy of f, the ratio of the 
tangential velocity of the centre of the ball immediately 
after impact to that immediately before. 

(5) For angles above the critical angle the ratio of the 
tangential to the normal impulse falls below the maximum 
value which it attains at. the critical angle. 

(6) The angles of incidence and rebound satisfy equations 
of the form 

tana = a tan £, fora < ay; 


tana = btana—c, for a > a. 


1098 Mr. R. M. Wilmotte : General Formule 


If a, b, c, be regarded as constants to be determined by 
experiment for each kind of material and surface, these 
equations, combined with the constancy of e, may be regarded 
as giving tle laws of rebound. 

For angles less than the critical angle, constancy of eand f 
might be taken as an approximate law. It is possible that 
in this form the law may extend to impacts in which both 
bodies are in motion. Experiments on such impacts would 
be interesting, but are very difficult to carry out effectively. 


We are indebted to Assistant Professor H. n for 
Pe to perform the above experiments in the Mechanics 


aboratory of the City and Guilds (Engineering) College. 


CI. General Formule for Two Syntonized Coupled Circuits. 
By Raymonp M. WiLworrE, B.A.* 


M- has been written on the subject of coupled 

circuits. There is, however, a connexion between a 
balanced four-armed bridge and two syntonized coupled 
circuits, which, as far as I am aware, has not been pointed 
out. This similarity permits the general formulæ for tuned 
syntonized coupled circuits being obtained from the equivalent 
capacity and inductance of the coupled circuits. From 
this the general conditions for the coupled circuits having 
only one resonant frequency can be readily obtained. 


; 1. General Case. 
Consider the four-armed bridge (fig. 1). Suppose the 


impedances Z,, Zz, Zs, Z, are made up of resistances R,, H;, 
R, R, in series with reactances X,, X3, X5, X, respectively. 
Then no current will flow in Z, when 


Z] Z= Z] . . . . . . (d) 


Now, direct coupling between two circuits can be divided 
into three categories, in which the common reactance to 
both circuits is either in series with each circuit (as Zin 
fig. 2), or in parallel to each circuit (as Zọ'), or a combination 
of both. 

Fip.2 can be redrawn as in fig.3. The reactances X,, X,, 
X5, X, of DC, DB, CE, BE are Liw, —1/C;o, Lw, —1[C;0 


respectively, where w/27 is the frequency. 


* Communicated by the Author. 
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Fig. 1. 
Nd 


When the two circuits are syntonized, that is L,C,=L,C,, 


we have 
Xj X,= Xs] Xs. 
If at the same time 
R,/R,=R,/R;, " e l| " e [| (2) 


the equation is equivalent to equation (1). 
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Hence, if R,; and R, are small and can be neglected 
compared with L,w and Lw, as is usually the case, the 
coupled circuits become equivalent to a balanced four-armed 
bridge irrespective of condition (2). Hence, an E.M.F. 
across BC will produce no current in DE. This would be 
accurately so if the resistances R,’ and R,’ of the condensers 
C, and ©, were connected by the relation 


R,/Rj2R,|/B. .. wee (3) 
Suppose an E.M.F. be applied across BC. Let I, be the 
current at any point À in the primary circuit produced by 
this E.M.F., the reactance of the coupled circuits referred to 
the point A being Xa. Since no current flows in Z,', X, will 
be independent of Z. Then the reactive power is Ia’ X.a. 
Similarly, let I; be the current at À when an E.M.F. is 
applied across DE, X, being the reactance of the coupled 
circuits measured at A. In this case no current flows 
through Zo, so that X; will be independent of Zo. The reactive 
power in this case is I> Xə» Now, since I, is independent 
of L, the reactive powers can be added arithmetically. 
If the current and equivalent reactance at A, when 
E.M.F.’s are applied simultaneously to BC and DE, are I 
and X respectively, we have, by equating the reactive 


powers, 
W=PX=1,7X,+17X, . ... (4) 
Also it is evident that 
I-I, 4 L, s w a oe dw 9) 


so that W is a?minimum when 


I; X, = I, X;. 
|X.X, 
Hence X= PX -— $5 


This could have been obtained à priori, for the equations 
(4) and (5) are the same as those for two reactances X, and 
X» in parallel. ; 

From equation (6) we have that at resonance, that is when 
X — 0, either 

X,=0 or X;=0. e oe * òo o (7) 


From this we see that at resonance, if an E.M.F. be 
applied at A, the current will be zero in either Z, or Z,', and 
resonance can occur at two states, when X.=0 and X,=0, 
for X will then be zere. We shall see that X, and X; can 
be readily obtained for these conditions. 

Let us first consider X,. For this case the points D and 


" 
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E are at the same potential and the circuit can be redrawn 
as in fig. 4. The most general case is obtained by putting a 
self-inductance Lo, a capacity Cy, and a resistance Rọ all in 
series for Zp. 


Fig. 4. 


(* Zo) 


If we assume the resistances to be small compared with the 
reactances, with which they are connected in series, we can 
write immediately from the circuit the equivalent self. 
inductance, capacity, resistance, etc. of the coupled circuit, 
thus :— 


Equivalent self-inductancez La = PEE +13 
LL 
_ bil: + L Lo + Lib, 8 
L, + L; 8) 


1 
Equivalent capacity z C,— —1— ——i 


OEC." 0 
PEN (C, + CCo (9) 
i C; 4 C4 4- Co : 7 
Hence . 


Resonant frequency = 


mE SS 
2m VLC. 


gn E VIERNES Thi LG + Lo( Ci + Ca) ] Co. 


C, T C$  @+46,40, — 


(10) 
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In which, as before, 
L,C, = L4C; = LC. 

If the current in L, and C, is Ij, and that in L4 and C, 

is I,, then from fig. 4 it is evident that 
L/L; 2 Ci/Cs, e > è ò> oò >œ (11) 

and the current in Zo is (I, + L;). 

The power dissipated is therefore 

I(R, + Ry’) + (R4 - Rz) + (T; + I)! Rs. 
Hence the Equivalent resistance = R, 


_ (Ry + Ry’ RQOP + (Rg + Ry’ + Ro) CP? + 2C,C,Ro (12) 
u- ° Ca? . d 
and 
Equivalent logarithmic decrement = ort ,. (13) 


where n is the frequency. 

Treating X, in the same way, we obtain fig. 5. Calling 
Le, Cs, and R, the equivalent self-inductance, capacity, and 
resistance respectively, measured at A of the coupled 


Fig. 5. 


L|. Ri R2 L2 


circuits, when no current flows through Z,, we have for the 
most general case, in which Z, is made up of an inductance 
L,, a capacity Cy’, and a resistance Ry’ (which is usually 
large compared with Zo’), all in parallel, 


1 
1 1 

LLL. 

(Li LL... 

a ee Fe gg ee 9e Bek. Se 


L= 


(14) 


A 


— 
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l ' 
G= T tO 
— + — 
C; C$ 
(10, + C,C,/ + CC,’ 
uU a 
1 


Resonant frequency = on w/ La Gy 
aT 4b » b 
1 


ps DO. hs n GV OT 
Li+ L+ Ly’ [ G G 

If I,’ is the current in L, and L, and I, is the current 
in C, and Ce, 


I'/L/=1/LCo, . . . . . (17) 


Inserting the value for the resonant frequency, this 
becomes 


L'/L'— Ly (14 Sora: e [Gat LaL ^j. . (18) 
v oU oie ? 
Also the current Ij' in Rj’ is given by 


L,+ L 
I/-1/ y jh. 


Hence the power dissipated is 
T,7(Ry/+ R,) + I,?(R, + R5) + Ro Io”, 


from which we have 


R =R; +R, + mr R; (Ta + Lye? 


Tot t^ ug) Q9) 


and the equivalent logarithmic decrement = E .. (20) 


2La.n 
For the general case of fig. 2 there are two possible sets 
of constants for the resonant frequency. One is given by 
La, C, Ra, ete. of equations (1) to (18), and the other by 
Ly, Co, Rs, etc. of equations (14) to (20). From these 
equations any case of direct coupling can be calculated at 
the resonant frequencies, if the following conditions hold : 


R/R'= R,R;' 
and LC, = LC: = LC. 

The first condition seldom holds, but this does not invali- 
date the theory, which will apply very approximately, if 
the resistances are small compared with their corresponding 
reactances, as is almost invariably the case. 
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Libo 
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Li+L2 


(Li+L 2) 9 
L,*L2 
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C,* C2 


ses ef Ces 


Logarithmic 
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In Table I. is given a list of special cases, in which the 
svmbols are the same as have been used throughout. A point 
to be noticed in circuits 3 and 4 is that another impedence 
could be inserted between the points M and N; the effect on 
the formule would be to replace the coupling reactance by the 
sum of the two coupling reactances. Thus, if Lj" and Lọ” 
were the coupling inductances in circuit 3, the formulz 
would hold if (L,"-4-L,") were substituted for Lj. 
Similarly, for circuit 4 it would be necessary to write 


C "C In ! 


2. Conditions for Single Frequency. 


In certain cases using pure reactance coupling it is 
possible to obtain the condition that the two resonant 
frequencies are equal so that the circuit has apparently 
onlv one resenant frequency. 

From equations (10) and (16) we see that the general 
condition for this to occur is given by 


[ LC + Ly(C,+C_) ]Co — Lem Qo’ c] 
C, E C, t Co -Li+ Lit L,' S Cı * UE (21) 

In Table II. four special cases are given. 

The peculiar property of circuit 5 of giving only one 
resonant frequency was first mentioned by Eccles and 
Makower in a paper to the British Association in 1915 *. 
It will be seen that it is far from being the only case in 
which a single resonant frequency is obtainable when the 
resistances are small. 


3. Limitations, 


The method explained above only applies to forms of 
coupled circuits which can be represented by a balanced 
four-armed bridge. Thus, if circuit 1 of Table I. is adjusted 
so that 

(Lo + Lj) Ci = (Lo + L4) UR © e >% >œ (22) 


the method fails. This particular case is unfortunately of 
importance, for it is equivalent to the simple induction 
circuit. 

In a straight induction circuit part of the lines of force 
link both circuits, and part. (called the stray flux) link only one 
or other of the two circuits. If this stray flux produces 


* ‘Electrician,’ vol. Ixxv. p. 905 (1915). 
Phil. Mag. S. 7. Vol. 2. No. 11. Nov. 192€, AC 
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TABLE II. 


Resonant 
fr BQUENICY. 


Zn ALC 


enfic vU Leto 


ame Bee =- — = 


self-inductances Lı and Lg in the two circuits respectively, 
and the mutual inductance is M, the circuits bre | 
evidently equivalent to cireuit L, in which L, is replaced by 
M,. Usually, however, the circuits are syntonized accor Ing 
to condition (22). For this case, then, the method fails, but 


it would of course hold if the conditions were § 
(L/—MjC;7 (Lr 7 M;)Cs 


. : it 
where L,’ and L,’ are the self-inductances of each circu! 
respectively when no current flows in the other. 


uch that 


4. Experimental Verification. 


To test the theorv experimentally a circuit, as S iot 
fig.6, was set up. This was loosely coupled to an osci e 
and the current flowing in Li, Le and Co measured ^ 6 
frequency was altered. The coupling remained gd 
and it was ascertained that the current im ancy 
remained very nearly cons f m 
used. It was found, as expected, 
resonant frequency the value of Co cou 


dani „È BEEN glean i 
SL  Á ÓÀ—————————————————À——————— — De t —_— | 
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affecting the current in the parts of the circuit, and at 
resonance CO, could actually be short-circuited without 
producing any appreciable effect. Near the lower resonant 
frequency the same was true with regard to Cp. 


Fig. 6. 


-- 
2 
, 


I Co R2 


Two such circuits, having constants given in Table IIL., 
were examined. The currents [,, Iz, Io, IL, in the inductances 
L,, L, and condensers Cy, Co’ respectively were measured 
at the two resonant frequencies. The results are shown in 
Table IV., where they can be compared with the calculated - 
values. 

It will bə seen that the agreement is well within the 
experimental error, when one considers that the frequency 
was about half a million and that the thermo-junction and 


TABLE III. 


| 


Circuit. | C,. | C, Qs o 0 LC. 
T INE 1000 2274 20000 50 0112 x10-'? 
| 1195 , 500 5000. 250  0:0502x]10-!? 
i be, ee. ee 
TaBLE IV. 


Circuit A. 


Higher Frequency, | Lower Frequency. 
| 


| 
| Observed. ‘Calculated. Observed. Calculated. 


Lb. 222: 0:44 0438 |, 099 1:000 
LUE: ausos 33 3-28 | 0 0 
SUE dioi 0 0 ' 008 ' 0067 


, Frequency ...} 511.000 519,000 , 458,000 458,000 


4C2 
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Circuit B. 


Higher Frequency. Lower lFreqnency. ` 


Observed. | Calculated. Observed. Calculated. 


LL esae 0:43 0:418 100 ' 1000 
lg. se 1-42 1418 0 0 | 
Teil, NE 0 0 0:42 0415 | 


Frequency... 754,000 | 757,000 | 503,000 | 502,000 | 


heater (of the non-contact type) had to be moved from one 


position in the circuit to another without altering the shape: 


of the circuit in any way. 

It was also found that, though the E.M.F. induced in the 
circuit was greater at the higher frequency, the value of I, 
was less. That is because the effective resistance at the 
higher frequency is greater than at the lower, as will be seen 
on examining Table I., the two cases that occur being 2a 
and 2b. 


Circuit 8 (Table IT.) was also set up and adjusted to give | 


a single frequency. The constants of the circuit were as 
follows :—C, = 1000 uu F, C, = 2830 uu F, 0/2470 up F, 
L, = 11 p H, LC -0:060x107!35, The inductance L, was 
placed near the shield of a condenser, and it is probable that 
its effective value was appreciably decreased thereby. 

As it was, the condition Lj/C, = LC/C, . C, for a single 
frequency did not quite hold, for Lo/Co' = 0:023 and 
LC/C,.C,20:021. The agreement is not bad, but not 
perfect. By putting Lo; 10 u H perfect agreement would 
be obtained. The resonant frequency of this circuit was 
found to be 512,000, which compares well with the calculated 
value of 510,000. 


4. Conclusion. 


In conclusion, I would like to mention that for any given 
case it is probably easier to make use of the principle 


explained above for finding the equivalent constants of two. 


syntonized coupled circuits at their resonant frequencies 
rather than substitute particular values in the somewhat 
cumbrous general expressions obtained. It will be found 
that for the cases to which the method applies it is much 
easler than the ordinary method of writing down the 


equations for the currents in the various branches of the. 


net-work. 
August 1925. 
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CII. The Ranges of Secondary B-Hays. By J.M. NUTTALL, 
M.Sc., Senior Lecturer in Fhysics, University of Manchester, 
and E. J. WirtLiAMS, M.Sc., Fellow of the University of 
Wales *. 

l. /ntroduction. 


T cloud method of photographing the tracks of ionizing 

particles, due to Professor C. T. R. Wilson, F.R.S., 
provides a means of determining the lengths of B-rays, free 
from difficulties arising from the scattering of the rays. 
The latter effect is very pronounced in the case of S-rays 
which have initial energies of the order of those of the rays 
produced by the photoelectric action of X-ravs, and in other 
metliods of making observations it is impossible to deal with 
the total distance traversed hy these electrons. Theories of 
the decrease of velocity of electrons passing through matter 
deal with the total distance travelled, and it is important 
that this quantity should be observed. This is possible using 
Wilson's cloud method, since it records the actual path of 
the electron up to the point where it ceases to ionize the 
gas. This point can be taken as a convenient definition of 
the end of the ray, and tho distance travelled up to this point 
as the range of the ray. 

Previous measurements of the lengths of 8-ray tracks, 
obtained by the cloud method, have been made by C. T. R. 
Wilson t and by H. Ikeuti $. Wilson measured the ranges 
in air of the rays produced by the characteristic X-rays of 
copper and silver respectivelv, and Ikeuti determined the 
range in air of the rays produced by X-rays of wave-length 
0331 A. The results obtained by these observers are in 
accordance with Whiddington's law which states that the 
range of a -ray is proportional to the square of its initial 
energy. P. Auger§ has also made observations on the 
lengths of certain -rays produced in a mixture of hydrogen 
and small quantities of the rare gases, in au investigation of 
the phenomenon of the production of * paired" JB-rays, 
i.e., two rays having a common origin. In the theory of 
this phenomenon one of the two rays is assumed to he pro- 
duced by the absorption of a quantum of the primary 
X-rays, and the other (called the * tertiary ray ") by the 
absorption of the quantum of fluorescent X-rays subsequently 
emitted by the same atom. Auger finds that the relative 

* Communicated by Prof. W. L. Bragg, F.R.S. 
t C. T. R. Wilson, Proc. Roy. Soc. A, civ. p. 1 (1923). 


t H. Ikeuti, Comptes Rendus, clxxx. p: 1257 (1925). 
$ D. Auger, Journal de Physique, vi. No. 6, p. 205 (1925). 
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values of the ranges of the tertiary rays produced in different 
rare gases can be satisfactorily explained on the above- 
mentioned theory of their origin provided Whiddington's 
law holds. In the work of Wilson and Auger the -rays 
measured are produced by fluorescent X-radiations. The 
K and L radiations of an element differ in wave-length by 
about 15 per cent., and therefore produce -rays possessing 
initial energies differing to the same extent, and this makes 
an accurate interpretation of the results obtained in such cases 
difficult. Again, in all the experiments referred to the -rays 
are produced in gaseous mixtures, which means that there 
will be further inequalities in the initial energies due to the 
different ionization potentials of the constituent elements. 

In the present experiments simple gases have been used 
as far as possible, and the B-ravs have been produced by 
homogeneous X-rays reflected from a crystal. Observations 
have been made on the -rays produced in oxygen, nitrogen, 
hydrogen, and argon by X-rays of wave-lengths ranging 
from 0°41 A to 1:54 A. The results obtained and described 
in this paper show how the range of S-rays in a given gas 
varies with the initial energy of the rays, and also how the 
range depends on the nature of the gas. 


2. Experimental Method. 


The experimental arrangement used for the production 
and photographing of the 8-rays has been fully described in 
a previous paper * by the authors on *“ -rays associated 
with scattered X-rays,’ and it is only necessary here to 
point out that in all the experiments homogeneous X-rays, 
obtained by reflexion from a crystal, were used to produce 
the S-rays, and that in all cases stereoscopic photographs 
were taken in order that measurement of the lengths of 
the B-ray tracks in space might be made. "The lengths of 
the tracks were obtained from the stereoscopic photographs 
by replacing the photographic plates in the camera, illumin- 
ating them, and tracing out the common image, which 
coincides in space with the original track provided the 
adjustment of the camera is exactly the same as when the 
photographs were taken. 


3. Initial Energies of the B-rays. 


The initial energy, E, of the @-rays produced by the 
photoelectric action of radiation of frequency v is given by 
Einstein's photoelectric equation 

K=hy—e, 
* Nuttall & Williams, Phil. Mag. i. p. 1217 (1926). 


— A ae 
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€ being the energy lost by the photoelectron in escaping 
from the atom. It is almost impossible in the cases ot 
oxygen, nitrogen, and argon to ascertain from the -ray 
track the energy-level in the atom from which the photo- 
electron is ejected. The value of e, even for the most 
firmly bound electrons, is, however, in all these cases small 
compared with the energies of the X-ray quanta concerned, 
and a sufficiently accurate value of the effective binding 
energy can be deduced from the following considerations. 
The magnitude of the discontinuity in the absorption of 
X-rays by an element as the wave-length of the X-rays 
passes the K absorption limit for that element, and the 
nature of the variation of the absorption with wave-length 
on either side of the limit, indicate that for radiation of 
wave-length less than that corresponding to the I& absorption 
limit, the absorption by the K electrons is about 6/7ths of 
the total absorption. The magnitude of the L discontinuity 
shows that the greater part ot the remaining absorption is 
due to the L electrons. As eis small compared with hy, its 
effective value can therefore be taken us (6/7ex+1/Tex), 
where eg and er are the binding energies of the K and 
L electrons respectively. This is the effective value of e 
used in calculating the initial energies of the Jj-rays, 
equation (1) becoming 


E-hv—6[ie,—l/iey. . . . . (la) 


In the case of the -rays produced in a mixture of 
hydrogen and a small quantity of argon the paired tracks, 
according to Auger *, consist of a -ray ejected from the 
K level of argon and another ray due to the absorption by 
the same atom of the K fluorescent quantum subsequently 
emitted, which has a range of about 1 mm. Assuming 
the interpretation to be correct, we can distinguish the 
8-rays which originate in the K level of argon when argon 
is present in small quantities in an atmosphere of hydrogen. 
In the present experiments tliis has been done in the case of 
B-rays produced in such a mixture by X-rays of wave-length 
1:54 A, the initial energy in volts of the rays considered 
being 4800, as compared with an average initial energy of 
7560 volts for -rays ejected from oxygen atoms by tho 
same radiation. ‘lhe difference is appreciable, and by 
measuring the length of these rays additional information 
can be obtained about the B-ravs in hydrogen without using 
radiation of a different wave-length. 


* Loc. cit. 
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4. Range in Gaseous Miu.ctures. 


It can be readily shown that if the variation of range 
with initial energy obeys the same law in different gases 
91 93 - ++ Jas then the range 7,, of a -ray in a mixture of 


these gases is given by 


Lm ee (2) 


e. 0 © 2 e . LÀ e 


Tm Tı T9 Tr 
where r, is the range of the §-ray in the gas g, when its 


pressure und temperature are the same as those of the 
mixture, and p, is the partial pressure of the gas g, in the 


mixture expressed as a fraction of the total pressure of the 
mixture. 

Iu all experiments using the cloud metiod, water-vapour 
is essentially present in the cloud chamber where the 8-rays 
are produced, and the correction necessary in order to obtain 
the range in the pure gas concerned has been made by applying 
equation (2). In the cases of oxygen, nitrogen, and argon 
this correction 1s very small, being in no case greater than 
1 percent. Inthe case of hydrogen it is more appreciable, 
being of the order of 10 per cent. The condition of applica- 
tion of equation (2) is in all cases considered to be sufficiently 
well satistied to ensure corrections of the necessary accuracy. 


5. Results. 


The results obtained in the present experiments are shown 
in Table I. 

Column 1 gives the nature of the gas in the cloud 
chamber, column 2 the wave-length of the X-rays used to 
produce the secondary S-rays, and column 3 the number of 
-ray tracks measured in each case. 

The initial energy of the @-rays, calculated from equa- 
tion (la), is given in column 4 and is stated in volts (V). 
Column 5 gives the mean range (in cm.) of the -rays at 
0° C. and 76 cm. pressure. It might be pointed out here 
that the ranges of the separate -ray tracks for any given 
initial energy vary between fairly wide limits (+ 30 per 
cent. of the mean value), but that in taking a series of 
measurements the mean value is only altered by ver 
small amounts after about eight tracks have been inc 
In most cases about twenty tracks were measured, and in 
general it was found that the shorter tracks were those of 
-rays which had suffered most deflexions. The 6th column 
gives the value of R/V* in each case, and column 7 gives 
the mean value of R/V? for a given gas. 


PY a 
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Gas. 
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Nitrogen N, 


Argon A, 
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Hyd-ogen H, 


Oxygen O, ... 


HET LEM 


Wave-length 
of exciting X- 


| rays in "d 
| 
1:54 
"109 
| ‘614 


| "O45 


IDE 


72419 


| lot 


No. of tracks 
examined. 


20 


| Initial energy Mean range 


3 
of p-rays 


expressed in 


volts (V). 


7,560 


| 16.910 


19,590 


22,130 


19,700 
22,240 


17,220 
19,760 


27,190 


7,560 
4,800 


TABLE I. 


noua | ai 
N.T.P.(R). | 
/—— 4M | daóY — 

49 | 1-71 | 
‘67 | 1-76 | 
‘87 : 178 J 
77 | 1:98 
1:01 2:05 
48 | 162 
G5 L6 
1:20 162 
"ug 1271 | 
33 1563 j 


Mean values Atomic 
R stopping- 
of v? x 10°, power 
of gai. 
1:75 (8) 
201 70 
1:63 17:0 
14:3 1:0 


Atomic 
No. of 


gas. 
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6. The Variation of Range with the Initial Energy 
of the B-ray. 

According to Whiddingtoun * the range of a f-ray is 
proportional to the square of its energy or, in terms of our 
foregoing nomenciature, Re V?. The results given in 
colunn 6 of Table I. show that this law holds with a 
high degree of accuracy for 8-rays produced by X-rays of 
wave-lengths *41-1:54 A in oxygen, nitrogen, and argon. 
The initial energies of these -rays range from 7,560 to 
27,190 volts and in the case of oxygen, for instance, the 
results cover a  nine-fold variation of the range of 
the rays. The slight deviation in the two values of 
R/V* in the case of ‘hydrogen may be due to uncertainty 
in the calculation of V, the initial energy of the rays, 
since here the values of the binding energies of the ejected 
electrons are of more relative importance than in the other 
cases, and this is especially so in the case of the rays for 
which V is estimated as 4,800. 


7. Variation of Range of B-rays with Nature of the Gas. 


It is seen from column 7 of the Table (which gives the 
mean values of R/V? for a given gas) that the range of a 
B-ray of given initial energy varies with the nature of the 
gas in which it has been observed, being greater the lower 
the atomic number of the gas. The mean value of R/V? 
gives a measure of the reciprocal of the molecular stopping 
power of the gas. In order to obtain the atomic stopping 
power we must take into account the monatomic or 
diatomic nature of the gas. The stopping powers per atom 
for the different gases are given in column 8 of the Table, 
the value for oxygen being arbitrarily chosen as (8). The 
mean stopping powers of the atoms of nitrogen, argon, and 
hvdrogen then become 7, 17, and 1 respectively, "Thus 
the relative atomic stopping powers of the gases are 
approximately proportional to their atomic numbers or 
to the number of extra-nucieur electrons per atom, as given 
in the last column. We may therefore conclude that R is 


; 1 ; 
proportional to Ne where N is the atomic number of the gas 
and Ris the range in the gas ata given atomic concentration, 
of S-rays of given initial energy. 


The two laws connecting the range of the secondary 8-ravs 
with initial energy and atomic number of the gas traversed 


* R. Whiddington, Proc. Roy. Soc. A, Ixxxvi. p. 360 (1912). 
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respectively can be expressed by the relation 


= Ve 
R=K N? 
where K is a constant and R is the range in the gas at a 
iven atomic concentration. For an atomic concentration 
equal to that in a diatomic gas at N.T.P.the numerical value 
of K which represents the present results is 1:42 x 107°. 


Range in Cms. 


+ Nitrogen. 


X Argon. 


® Hydrogen. 


N (V. expressed in volts | 
The extent to which the ranges of the B-rays produced in 
the different cases investigated iu tlie present work obey this 
. . r 1 » a 
law can be realized from the figure. The values of R for the 


-r 
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gas at atomic concentration equal to that of a diatomic gas 
at N.T.P. is plotted along the axis of abscissze and tlie value 
of V?/N along the axis of ordinates. If the law was 
accurately obeyed all the points would lie on a straight line 
through the origin. The straight line drawn corresponds to 
the value of K given above. 

The theoretical significance of the results described in this 
paper are being considered and it is hoped to publish an 
account of the results in the near future. 


8. Summary. 


The Wilson cloud method has been used to photograph the 
tracks of secondary -rays produced by a beam of homo- 
geneous X-rays of known wave-length in the gases 
oxygen, nitrogen, argon, and hydrogen. The stereo- 
scopic photographs of the @-ray tracks have been examined 
and measured and the ranges of the B-rays at N.T.P. 
deduced. 

It is found that for any one gas, the range of the 
B-ray is proportional to the square of its initial energy 
(Whiddington's law), the agreement holding over a range 
of energies from 4,800-27,190 volts. It is also found that 
the range of the @-ray varies as the reciprocal of the 
atomic number of the gas, for equal atomic concentrations. 
Both these relations are included in the law expressed by 
R=KV?/N, K being a constant aud having the value 
1:42 x 107" when R is the range in a gas at atomic conceu- 
tration equal to that of a diatomic gas at N.T.P. 


In conclusion the authors desire to express their thanks 
to Professor W. L. Bragg, F.R.S., for his interest and 
helpful suggestions during the progress of the work. 

Physical Laboratories, 


Manchester University. 
August 1926. 
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CII. Notes on Scattered X-Rays. The J Phenomenon 
(Part V.). By Prof. C. G. Bankra, F.R.S., and Grapvs 
I. MACKENZIE, M.A., B.Sc., University of Edinburgh *. 


N an earlier paper t we described two alternative wavs in 

which the beams of X-rays scattered in directions making 

angles at 60° and 120? with the primary radiation differed 
* Communicated by the Authors, 


t “Notes on the Superposition of X-ravs and on Scattering. The 
J Phenomenon (Part II].)." Phil. Mag. Feb. 1926. 
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from one another. In one case the beam at 120? was absorbed 
al. the same rute as the beam at 60°; but the intensity of the 
former, as measured by ionization in a short electroscope, 
dropped suddenly when the heterogeneous beam by filtering 
reached certain critical penetrating powers. These were the 
J1, J2, Ja discontinuities shown by the radiation scattered at 
120° and not by that scattered at 60°. 

In the other case the beam at 120° appeared continuously 
more absorbable than that at 60°, giving the superficial 
appearance of the Compton difference of wave-length with 
angle of scattering. 

In the one case, Case a, as the beams were transmitted 
through aluminium, and by filtering reached higher and 
higher average frequencies, there appeared three strongly- 
marked “absorption lines” in the beam at 120°, but not in 
the beam at 609. In the other case, Case b, instead of 
showing “absorption lines" the beam at 120° was con- 
tinuously more absorbable than that at 60°. It was already 
in the region beyond an “absorption edge.” 


Fig. 1. 


lonization. 
lonization. 


Thickness of Aluminium Filters. Thickness of Aluminium Filters. 


Case a. Case b. 


These results are indicated in figs. 1 and 2. In fig. 1 
ionization is plotted against thickness of intercepting 
aluminium ; I;39 showing the steps, Igo. showing steadily 
decreasing intensity in Case a. In the alternative case, 
Case b (Exper. 13 in previous paper), neither beam showed 
any discontinuity by successive filtering, but Iiz fell more 
rapidly than Ig, that is the former was more absorbable. 
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1 dI 
In fig. 2 absorption-coefficients [| or more accurately — Id» 


where I is the ionization] are plotted against the thickness 
of aluminium, the beam at 120? showing the peaks, but that 
at 60? giving a smooth curve in Case a. The other case is 
shown on the right side of the figure with no unusual 
features, but the beam at 120? has a steadily higher ** absorp- 
tion-coefficient.”’ 


Fig. 2. 
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Case a. Case b. 


At the time of these experiments there was no indication 
of the eause of the differenee between the two results, or of 
the factors which determined whether the result of the 
experiment should be (a) or (5). It had, however, been 
made clear that these were of a nature never previously 
taken into consideration, and that the distinctive feature 
was the dependence on some sort of average constitution of 
the whole heterogeneous beam, and not on any particular 
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constituent frequency, or even simple combination of fre- 
quencies. A systematic search of the cause of the variable 
result showed at once that it depended on the details of the 
process of excitation of the X-rays. The X-ray tube was 
excited by an induction coil with mercury jet interrupter. 
The frequency of interruption of the primary current was 
varied, and experiments were performed in the manner 
previously described. It was seen that Case a, showing 
discontinuities, gradually merged into Case b, showing a 
steady difference of absorbability as the frequency of inter- 
ruption was changed. More precisely Case a, showing very 
abrupt discontinuities, was produced at only a very definite 
frequency of interruption, or over a verv narrow range of 
frequencies ; with lower and higher frequencies the width 
of the “absorption line" increased rapidly until it spread 
through the whole of the absorbability spectrum, and Case a 
had become Case b. Thus fig. 3 gives the ratio of Ijo/Is 
for various thicknesses of absorbing aluminium and for fre- 
quencies of interruption varying from 79 to 109 per second. 
At a frequency 97 per second the change in ionization was 
most abrupt. 

Thus by change of frequency of the interrupter the 
* absorption lines" of fig. 2 become wider and less strongly 
marked absorption-bands, until the band covers the whole 
range of the absorbability spectrum, which is then Case b 
(fig. 2). Case b was thus connected up to Case a by a con- 
tinuous series of results. The frequency of the interrupter 
is, of course, not the fundamental factor; indeed, with 
another X-ray tube the critical frequency was not 97 but 
considerably over 100. And later still, after many altera- 
tions, only Case b appeared throughout the whole range of 
frequencies, as is shown in fig. 4, obtained with the same tube. 
Cases a and b are only widely-separated forms of exactly the 
same phenomenon—a conclusion to which we were led by 
experiments of a different kind. Thus, again, what super- 
ficially appeared to support Compton's theory was shown to 
be no other than the J phenomenon appearing in the 
scattered radiation. 

The further discussion of the conditions essential to the 
appearance of a discontinuity will be given later. Our main 
purpose at present is to record the fact that the factor which 
decides the degree of activity due to a complex beam acting 
as a whole is to be found in the details of the method of 
excitation of the X-rays ; that is, it is determined by the 
large-scale structure of the radiation and not by its con- 
stituent frequencies, It might be expected that the more 
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continuous (the less intermittent) is a stream of radiation, 
the higher is the degree of coherence it will show. And 
though the magnitudes considered as providing a sufficient 
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degree of homogeneity in the radiation are large compared 
with a wave-length, they are probably minute compared with 
those associated with a frequency of one hundred or there- 
abouts. But the material necessary for a profitable discussion 
of these questions has not yet been fully published. 


Fig. 4. 
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It might be recorded that the variable factor appears to 
have been eliminated by Dr. W. H. Watson in this labora- 
tory, working with an alternator-transformer and Coolidge 
tube. Results will shortly be published. ‘The variations ot 
potential supplied by a coil and interrupter are naturally 
much less regular than those from such an alternator- 
transformer. 
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CIV. The Control of the J Phenomenon (Part VI.). By 
Prof. C. G. BankLA and Dr. W. H. Watson, University 
of Edinburgh *. 


HE conditions determining the nature and properties 

of a beam of X-rays have hitherto not been sufficiently 

under control to enable us to ensure the certain occurrence 

of the J discontinuities in the activity of the radiation 

studied. The apparently capricious nature of the pheno- 

menon, when its occurrence under a wide variety of con- 

ditions was established, became not a subject for criticisin, 

however, but one of its most significant and important 

features, for it indicated the influence of factors previously 
considered as of little moment. 

The regularity of the phenomenon under suitable con- 
ditions enabled us to determine many of the laws which govern 
it. In many cases these suitable conditions were sufficiently 
persistent to ensure the repetition of the phenomenon week 
after week, and even month after month. Also the con- 
ditions of experiments undertaken in the laboratory by eight 
or nine experimenters over many years were sufficiently 
varied to show the general nature of the phenomenon. 
[Probably not more than 1/20th part of the experimental 
evidence has been recorded. | 

In an attempt to obtain more complete control, it was, of 
course, essential to use a Coolidge tube. Such tubes had 
previously been employed, but not under the best conditions. 
In Dunbar’s experiments T, for instance, in which an 
induction coil and mercury interrupter were used, the 
discontinuities certainly appeared, but the conditions were 
not sufficiently controllable, nor was the experiment itself 
of the kind which was Jater found most suitable to exhibit 
the phenomenon. 

In other experiments with the Coolidge tube (conducted 
by Mr. Stevens: results unpublished) extensive series of 
observations showed the very precise difference in the levels 
of activity of a primary and of a scattered beam, exactly as 
with gas tubes away from the region of a discontinuity, 
showing that the sume laws were operative with the Coolidve 
and gas tubes. But on only one occasion was there observed 
the change of activitv in one beam such as characterizes a 
J discontinuity. The tube in this case also was worked by 
an induction coil and mercury interrupter. The only partial 


* Communicated by the Authors. 
t Phil. Mag., January 1925. 
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success of the experiments with the Coolidge tube and 
induction coil with mereury interrupter led to our use of a 
rotary converter with transformer to supply the high 
potential. 

By very careful regulation of the filament current in the 
Coolidge tube, and of the applied potential, some of the most 
interesting results have been obtained. 

The experiment, in brief, was to compare the radiations 
scattered from a paraffin cylinder in the direction making 
an angle of 90° with the primary beam with the primary 
itself by the method of Barkla and Kbastgir— i. e., by placing 
successive equal thicknesses of aluminium in both beams 
and studying the ratio of the ionizations produced by these 
two in similar electroscopes. Typical results are shown in 
fig. 1, in which the ratio of ionizations by scattered and 


Fig. 1. 
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primary radiations is plotted against thickness of filtering 
aluminium placed in the path of each. The constancy of this 
. ionization by scattered radiation . 
ratio, s, For various thicknesses 
ionization by primary radiation’ 
of aluminium shows the precisely equal absorptions of 
scattered and primary radiations between the J discon- 
tinuities. The discontinuities show the sudden changes in 
the ionization produced by the scattered radiation when by 
filtering this arrived at certain critical absorbabilities, or at 
any rate at certain average constitutions measured to a 
flrst degree of approximation by an average absorption- 
coefficient. These, of course, are the J discontinuities similar 
to those observed by Barkla and Khastgir in a comparison 
of the scattered with the primary X-radiation, and by 
Barkla and Gladys I. Mackenzie in the radiation scattered 
at 120°, when compared with that scattered at 60° with the 
primary. 


4D2 


Digitized by Google 


1124 Prof. C. G. Barkla and Dr. W. H. Watson on 


The important features of these experiments are the 
following :— 


(1) By careful control it has been found possible to 
obtain consistent results throughout the whole series 
of experiments. The J discontinuities have been 
observed without exception in every experiment ; 
they appear to be under perfect control. 

(2) New discontinuities have been observed between 
what have been previously called J, and J, and also 
between J, and Js. The second of these had, how- 
ever, been observed in one or two experiments by 
Miss Mackenzie. In our experiments it occurred 
without exception. 

(3) In previous experiments the discontinuities had 
appeared at absorbabilities which, though calculated 
from a 50-per-cent. absorption, were remarkably 
constant. In these experiments a regular systematic 


variation of ( E ) (calculated from a 50-per-cent. 
Jal 
absorption) has been obtained by varying the current 
Fig. 2. 


— 


( 4), for Jy discontin 
N N 


15 20 ma 
Current through Tube. 


Mo target: 40 kv. peak. 
through the Coolidge tube. Thus fig. 2 shows the 


relation between ^ corresponding to the critical state 
for the J; discontinuities and the current through 
the tube in milliamperes. The critical absorbability, 
as previously measured, is thus appreciably dependent 
upou the total measure of the stream of electrons 
striking theanti-cathode. Such a dependence of the 


critical Ë upon the current passing through the tube 


has been found for each of the discontinuities 
observed. 
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(4) Further, in each case a relationship of the form 
shown in fig. 2 for the J, discontinuities has been 


found. In each case also the minimum value for ad 
corresponds very closely with the value which was 
found to be so constunt in the experiments with 
gas-tubes and with a mercury break interrupter. 


In our experiments these minimum values of (5) 
are Al 

3°76, 3:24, 2°44, 1:94, 1:40, 0°73, 0°47, 
corresponding to the values— 


J, a d Í, J, 
: 38 — — r9 — 07 (047) 034 


previously published *. 


That this variation in the critical value of ^ was not due 


simply to variation in intensity of the radiation was shown 
by experiments at different distances from the anti-cathode. 
When the current through the tube was constant, the critical 
absorbability was independent of distance from the tube, 
and thus of simple intensity. The variations illustrated in 
fig. 2 are thus not fundamentally associated with intensity 
of radiation ; they are dependent on a quality of the whole 
stream of radiation generated at the anti-cathode. 

It should, however, be pointed out that the method of 
measuring the absorbabilitv of a complex radiation, by 
taking a 50-per-cent. diminution of the ionization, is a quite 
arbitrary one. And our method of measuring the average 
constitution could not be expected to give the quantity 
defining the position of a J discontinuity with any precision. 
The remarkable feature bas been that it has varied so little 
under great variety of conditions. Thisis partially explained 


by the relationship illustrated in fig. 2, for the critical 7 


as previously published is really a minimum value, so there 
is little variation of its value over a wide range of current. 
With a given current through the tube, a variation of 
potential applied to the tube of course changed the wave- 
length and general absorbability ; but the critical absorb- 
ability for the discontinuity was not appreciably changed. 


* “The J Phenomenon (Part I.)," Phil. Mag., May 1925. 
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Thus, when a lower potential was applied, the radiation was 
of lower frequency, softer, und thus had to be filtered by 
greater thicknesses of aluminium before the critical absorb- 
ability was reached —in agreement with previous experi- 
ments. 

The only difference observed between the absorbabilities 
of scattered and of primary radiations throughout these 
experiments has been in the appearance of the J discon- 
tinuities (or absorption lines) in the progressive absorption 
of the scattered radiation. Thus the horizontal lines between 
the discontinuities of fig. 1 show the precisely equal absorp- 
tions of secondary and primary. Such relationship as that 
of fig. 1 has previously been shown by Barkla and Miss 
Mackenzie for secondary radiations scattered at angles of 
120? and 609.  Barkla and Khastgir, however, usually found 
that beyond the discontinuity the scattered radiation was 
more absorbable than the primary, although it was equally 
absorbable before the occurrence of the discontinuity ; that 
is, the discontinuity initiated a definite change in the level 
of absorbability of the secondary radiation. In our experi- 
ments the difference between the secondary and primary 
was shown only at the discontinuities. There was never 
uny evidence of a difference in absorbability provided the 
discontinuities did not become blurred by the variation of 
conditions during the experiment. 

As the position of a discontinuity measured as indicated 
depends on the current through the tube, it would be 
expected that under variable conditions these discontinuities 
would be spread out and would show an apparently steady 
higher absorption of the scattered than of the primary 
radiation, such as has frequently been found in experiments 
on the progressive absorption of both beams. This suggests 
that all the apparent differences between scattered and 
primary radiations as shown by some absorption experiments 
may be fundamentally made up of such discontinuities. 

There is, of course, a vast field for research in the subject 
of the J phenomenon. We wish for the present only to 
record the advances made in these experiments, a fuller 
account of which will appear elsewhere. 


Summary. 


Control of the J discontinuities and associated phenomena 
has been obtained. 
Further discontinuities have been found. 


The Density of Fluids. 1127 


The critical absorbabilities (as usually measured) have 
been found to vary systematically with the current through 
the Coolidge tube. 

In these controlled experiments no difference has been 
observed between the absorptions of primary and scattered 
radiations, except by the occurrence of the J discontinuities 
(or absorption lines) in the progressive absorption of the 
scattered radiation. 


CV. The Density of Fluids. —I. On a Relation between 
Density and Temperature and on the Latent Heat of 
Voportzation. By J. H. Suaxsy, D.Sc., P.Inst.P., 
Physiology Institute, Cardiff *. 


IDHE average value of the intermolecular distances in any 
fluid, or iu other words the density of the fluid, must 
obviously be determined by a sort of balance between 
molecular attractions tending to greater condensation aud 
molecular movements tending to wider dispersal. The 
following paper is a somewhat speculative attempt to give 
these general notions a greater precision. 
Just as the relation of. density to height in the case of an 
isothermal atmosphere is given by the equation 


M. 
pe RT, . . . . . . (1) 


in which p is the density at a height where the potential 
energy is V, and py the density at datum level where the 
potential energy is zero, so we may suppose that the uniform 
densitv p of a fluid is given by an equation of tlie same form, 
where V now denotes the potential energy of intermolecular 
forces corresponding to the actual state of packing of the 
molecules, and py is the density of close packing when 
this potential energy is zero. V is itself therefore a function 
of the density p, and the problem resolves itself into that of 
finding the form of that function. 

To remove a molecule, initially in close proximity to a 
second, to an infinite distance in the absence of other 
molecules would reguire an amount of work E,, and in falling 
back the same :mount of work would be done by the 
molecule. In the case of an actual fluid this process becomes 


* Communicated by the Author. 
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less simple: other molecules intervene and disturb the 
returning one by their attractive forces and by collisions. 
Hence when a molecule, coming from infinity, does at last 
reach the second or “ goal” molecule it brings with it a 
quantity of energy which is no longer Ky. We may look at 
the matter in a rather different way by supposing the moving 
molecule to have reached a given stage in its journey, and 
considering its chances of continuing a stage further in tlie 
right direction without more than a permissible disturbance. 
Thus if a molecule P is at a given instant moving towards 
the ** goal " molecule, its direction must lie within a cone of 
solid angle determined by the diameter of the molecules and 
its distance from its destination, the axis of the cone being 
the line joining the centres of the given molecules. Let us 
call the solid angle e. The distribution of the remaining 
molecules may be supposed to possessa simplifying regularity, 
such that the molecules nearest P all lie on the surface of a 
sphere with its centre at P and of radius r equal to the 
average distance apart of molecules in the fluid of density p. 
The product pr? is constant for anv given fluid, so the area 
wr? cut off on this spherical shell by the cone is inversely 
proportional to p??, while the surface density of molecules in 
the shell is directly proportional to the same quantity. With 
closer packing, the chance of the molecule P coming within 
a given distance from another molecule is of course increased, 


but since all intermolecular distances are at the same time 


decreased P is moving, so to speak, in a “stiffer” field. 


The chance of a disturbance, measured by the angular 
deflexion of P's path, exceeding any specified amount is 
determined by the ratio of the distance of approach to tlie 
mean distance r. ‘Thus for a given angular displacement 
the distance of approach must be reduced in the same 
proportion as r. So we may take as the measure of the 
disturbance the chance of the ratio of the distance of P from 
a second molecule on its passage through the shell to the 
distance r being less than some assigned value. This chance 
is proportional to the number of molecules of the shell in the 
area œr? and is thus constant, whatever the packing. 

This is otherwise obvious, since the number of molecules 
in the shell remains constant as the density increases, so that 
the chance of a molecule lying within the solid angle o also 
remains unchanged. The chance of a given angular dis- 
turbance of P’s motion is thus independent of the density of 
the fluid. 

In traversing any given distance z, P has to run the 
gauntlet of such disturbance x[r times, and the total chance 
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of a given deviation is thus inversely proportional to r, in 
other words directly proportional to the cube root of the 
density. The chance of escaping such deviation is thus 
proportional to 1— cp!?, where c is a constant. 

Hence, with a large number of molecules such as P, the 
fraction which succeeds in bringing its quota of energy E, 
to the goal molecule is 1 — cp!?, so that the effective average 


energy 1S 


Ey(1—cep!3) = Ey— Bp". 


We may conveniently deal with a gramme-molecule of the 
substance, so that the symbols E R, etc. refer to that 
quantity, 2. e., to 6:07 x 1073 molecules. 

Thus, writing Bp;!? for Ej and «/3 for R/B, we have 


Bíp,!3— p'’3) 3(o,! 3— p! 4) 
p = poe RT = pe «To 0. . 42) 
Hence 


pi?—p?- 2 (logepo — logo) = «T(log. p)! ? —log, p3), (3) 
or 
p?3—a«Tlog,o!? = pj?—allog.p?. . . (4) 


2. Applying these equations to a liquid and its saturated 
vapour both at absolute temperature T, and denoting their 
densities by p and o respectively, we have 


1;3 


p? — gl?-— aT log, (5) | j Wr e dk. 36 (5) 


from which we can calculate the value of a. Table I. gives 
the result for a number of substances over wide ranges of 
temperature, the highest being in most cases the critical 
temperature. The dats have been drawn from the values of 
p and s given in the article on Vapour Pressures (L. Graetz) 
in Winkelmann’s Handbuch der Physik, Kaye and Laby's 
Tables and P Annuaire du Bureau des Longitudes. 


The value of a at the critical temperature T, is ne , the 


-— p^ — gi? 1. 
limiting value of ———— — 4 when both p and e become 
Tlog. (£) 
Q9 
equal to the critical density pe. 
It will be seen that the value of a is nearly independent 
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of temperature, at least for substances which are not asso- 
ciated in the liquid state. Values of fọ and pı were 
determined by trial and the equation (4) above found to 
hold satisfactorily, but such methods of evaluating po and p, 
are unnecessary, as will be shown, so their values are not 
inserted here. 


TABLE I. 
WATER. Mercury. CanBox DisSULPHDE. 
Temp.9C.  axl0*. Temp? C.  ax10;. Temp.? C. ax 105. 
0 2:07 180 2:88 —931 3 30 
20 2:13 220 2:01 8:2 3:20 
40 2:19 260 2:04 16:3 3°31 
60 2:24 300 2:95 22:4 3:32 
80 2-98 340 2°95 21:0 3:32 
100 2:31 360 2°95 373 3°05 
120 2:31 (Crit.) 
364:2 2-50 
(Crit.) 
AMMONIA, CARBON DIOXIDE. IsorENTANE. 
femp? C. axlo. Temp.?C. ax16%. Temp.? C. ax10*. 
0 3:43 0 575 20 3:05 
20 3:45 10 5:75 60 3°06 
40 3:46 30 482 100 3:04 
60 39:44 30:5 5:83 140 3:02 
RO 3°42 31 584 180 3:04 
100 3:39 31:35 5:86 1890 3°05 
132:9 3-51 (Crit.) 187:8 3:08 
(Crit.) | (Crit.) 
ETHER. PENTANE. HEXANE. 
Temp.?C. axlo. Temp.?C.  axl10) Temp.°C. a x 104. 
20 3:05 40 2:960 60 2°70 
60 3°09 80 2:96 100 27 
100 3:09 120 2-95 140 2-72 
140 3:08 160 2-95 180 272 
180 3°09 180 2:95 220 274 
190 3:12 190 2:97 230 2°75 
193:8 3:16 197:2 9:94 2347 2-80 
(Crit.) (Crit.) (Crit.) 


The values of « in Table I. are thus found by assuming 
that equation (4) holds equally for liquid and vapour, and 
the constancy of the resulting figures shows that this assump- 
tion is approximately true. But it appears desirable to 
explore the equation further, which we may do by taking 
the value of @ at the critical temperature where there is no 
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distinction between liquid and vaponr and inserting this. 
1/3 
value T in equation (4). We thus have 
i pa 
Ph T : 
pi? — P logep' = pi” — P T. loge po, . . (6) 


which at the critical temperature reduces to 
p. ^ (1— log, p) = p? — p? log, go. . . (7) 


Now at the critical temperature it is reasonable to suppose, 
as has often been done, that molecular kinetic and potential 
energies become equal. Thus V, = 3RT.. 

Hence from equation (1) 


Be esie ^ 
Po 
or 
13 .. pl/i24 L3 : 
Pou — e`: Pe e e . . . e (5) 


Substituting this value in (7), 
pel *(1— log, p, ?) = pj ^ —pe "(3 + logep.*) 
or pi Esp. Lue ae d quoe we WU) 


We may thus rewrite equation (6) in tlie form 


Adi , , porT 
pi^ — "T log, p!? = Jp — ; log, (e!2p,}), 
. pl? T p! 3 T 
l. e. pe!” = T, PE zr maa . * . (10) 


If we put £r p; $ and T/T, = 0, we obtain a “reduced” 


equation, containing no quantities specific to any particular 
substance : 


3— 
$—60log.4 =?" sod dex CLE) 
pla i 
Further, V = Ev 1 ee ^5) of which a special case is 
pi) 
p. ? 
Ve = E 1— 7») But V, = 3RT. and NEL 
1 


A RT, = 3H), or Ey=2RT. . . . (12) 
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Hence the characteristic molecular energy E, of a sub- 
stance is numerically equal to three times the kinetic energy 
at the critical temperature. The critical temperature may 
thus be taken as a measure of this characteristic energy, the 
energy required to dissipate the substance from a state of 
close molecular packing to one of infinite separation of its 
molecules. Numerically, Ej is 3°74T, x 105 ergs or approxi- 


mately 9-T, calories per gram-molecule, 6°17T, x 1075 erg 
per single molecule. 


3. The values of p,! 3, pt”, Eo, and Va, estimated from the 
experimental data for densities at different temperatures, are 
shown in Table IT. together with the corresponding quantities 
&/2p13, 8013, SRT, and 3RT,, for a number of substances, 


Taste II. 
| 7 
Substance. pyn. e gcn, pi”. $ec ^. aa 
Water ...... voee 1:142 1:139 1:039 1:036 1:099 
Mereury ......... 2:092 — 2:447 — ]:091 
Carbon 
di-ulphide ... 1:215 1:191 1:128 L084 1077 
Ammonia ......... 1-055 1:020 U041 0:927 1120 
Ether ............ 1:065 1:055 0:062 0:000 1:107 
laopentane ...... 1:000 1:016 0°910 0:025 1 099 
Heptane ......... 1:038 1:016 0 931 U'925 1114 
Meth yi 
propionate ... 1135 1119 1:022 1018 hill 
Diisopropy) ...... 1:001 1-010 0:920 0-932 1-088 
10'9 ergs/gm. molec, 
~- N — ———— M 
Substance, Js. 1 RT. Ve. 3 RTo. 
Water uos 23:02 JYs5 T89 T95 
Mercury ......... — — — — 
Carbon 
disulphide... 19-06 20°43 6:35 6-8] 
Ammonia ......... 1540 15:19 028 5:06 
Ether ......... .. 17:20 17°47 5°75 582 
Isopentane ...... 1718 17:24 5746 575 
Heptane ......... 20°99 2021 1:06 E 
Methyl 
propionate... 20°46 19°85 678 6:62 
Diisopropyl ...... 1817 18:73 5:00 6:24 


The ratio of pj? to p,!? is also given ; as shown above this 


1/2 
ratio should be an or 1:099, 
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Table III. exhibits the general fit of equations (4) or (6). 
Examination of this table shows that the equations hold 
with a high degree of accuracy for liquids, but less closely 
for saturated vapours. The latter give a fair approximation 
at temperatures not too far from the critical, t.e. when the 
vapour density is great, but there are increasing divergences 
as the temperature falls. 


TaBLE III. 
Temp.° C. p,!^ — aT log p,!”. p! 5 — aT log o! 4. c! ? aT log «73, 
WarER (a = 2:496 X 10-3, o,!? = 1:039, po” == 1:142). 
i eee eon 1:000 1:000 

OU uictis 0:992 0:996 
120 ............ 0:982 0:989 
3649 ............ 0:947 0°946 : 

AMMONIA (a = 3:°508X 1073, 9,1? = 0:93, p, ! ? = 1:02). 
Uie sou 0:9218 0:9234 1:008 

AO! uus 0:9206 0:9207 0:9297 

B osse 0:9194 0:9198 0:9322 
182:0..... ees 0:9177 0:9158 

Heptane (a = 2:60x 1075, o,!3 = 0:925, p,! = 1:016). 

80 autas 0:9182 0°9189 0:9523 
120: vaan 0:9175 0:9176 0:9378 
160 2: 0:9167 0:9165 0:9309 
200 anea. 0:9159 0:9163 0:9282 
240 - 22s 0:9153 (9161 0:9224 
ZOO. 5 tesoiss 0:9148 0:9149 0:9164 
264 ............ 0:9147 0:9142 0°9144 
26609 ......... 0:9147 0:9184 

TABLE IV. 
(d, liquid, $z saturated vapour.) 
HEPTANE 
3-0 
Temp. 9. $i. Pae $1—91oged,. $,—91og.9,. 79 * 

80 ...... 0654 1391 0204 1175 1243 1173 
140 ...... 0765 1346 0347 1119 1157 — 1118 
180 ...... 0839 1307 0457 1083 1114 1081 
220 ...... 0913 1253 0593 1047 1070 — 1044 
250 ...... 0:969 1:182 0:739 1:020 1:032 1:016 

METHYL PROPIONATE. 

80 ...... 0:666 1:391 0:217 1171 1:234 1:167 

180... 0854 1299 0485 1-076 1108 — 1073 


255..... 0996 1100 0879 1005 1:007 1-002 
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The “reduced”? equation (11) is tested in Table IV., 
which shows the same imperfect agreement for vapours and 


good fit for liquids. 


4. The relations obtained above give a means of calculating 
the critical temperature and critical density of substances 
for which these data have not been found by direct 
measurement. 

For instance, equation (11) may be rewritten in the form 


à 1/3 


t —0 š 
oy —0 log. y = —9 ^7» if we write y for ae j 
1 


This reduces, for calculation, to 


0:0630 — 1:535 log y 
T. — ee 


It is found that for saturated vapours the quantity pọ must 
be replaced by successively smaller values as one goes from 
higher to lower temperatures in order to force a fit with 
equation (4). At the lowest temperatures good agreement 
is found if one replaces pọ bv pj. Using this purely empirical 
fact, we have for vapours of low densities the relation 


3(1—q) * 9 oœ e e € (14) 


Thus, applying (13) to liquid mercury at 260? C., y = 0:960, 


taking pi? as 2-447 (Table IL). The calculated value of 


"[, is 1209° Abs. or 936°C. From the data for 360°C. we 
tind 1032? C. for Te. 

Using (14) for mercury vapour at 180°, 220°, and 260°C., 
we find respectively 998?, 981?, and 972? C. as the critical 
teinperature. 

Again we may evaluate this temperature from the relation 


p. 9 20,9 : 
a =! = —1—. For mercury a is 1:28x107*, whence 


T. is 996? C. 
These estimates then agree in suggesting that the critical 
temperature of mercury is about 980? C. and its critical 


1 
density about 4:35. Assuming the quantity Rp at tle 
critical temperature to be of its usual order of magnitude, 
the critical pressure indicated is about 600 atmospheres. 
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5. We may then conclude that the density of a fluid is 
Y 

represented by an expression of the form p = p,@ RT, where 
the energy term V = E,—Bp!?. E, is characteristic of each 
substance and is independent of the temperature and state 
of aggregation. The difference between Vj, the value for 
the liquid form at any temperature T, and V}, the value 
for the saturated vapour at the same temperature, represents 
the difference between the amounts of work done when the 
molecules are dissipated beyond each others’ range of 
attraction, according as we start with the liquid or the 
vapour phase. We should accordingly expect the work 
V,— Vi to be intimately related to the internal latent heat o 
vaporization at the temperature T. NowV,—V,= RT log, p/o, 
from (1), and it is well known that the internal latent heat 
of vaporization is represented with considerable accuracy by 
the expression CRT log, p/o, where C is a number, approxi- 
mately 1:7 to 2, varying somewhat for different substances, 
and rising slowly with temperature near the critical point to 
the lutter figure, 2. 

Further, Mills has shown that the internal latent heat is 
also given with some accuracy by an expression of the form 
K(p!3—9!3), where K is constant for a given substance. 
Mills derived this expression on the assumption that the law 
of attraction between molecules is that of the inverse square. 
From considerations of surface tension and many other 
properties of liquids we know that such a law of force is 
impossible, and Mills's work has consequently been strongly 
criticised and has perhaps not received the attention it 
deserves. From equation (5) we see that if the internal 
latent heat is equal to CRT log, p/a, it must also be given by 
Mills's expression. The latter results, in fact, not from any 
particular form of the law of intermolecular force, but from 
purely kinetic considerations, as set forth in the first section 
above. 


6. The * maximum density " po is given by equation (8) 
above in terms of the critical density. From pọ we may 
calculate the diameter of a molecule of the substance. 
A few values are given in the first column of Table V. ; the 
two other columns give the values drawn from measurements 
of viscosity, (a) by the usual equations, (b) as given by 
Sutherland. These data are quoted from Kaye and Laby’s 
Tables. 
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À large number of molecular diameters have been calcu- 
lated in this way and the data obtained will be discussed in 
a further paper. 


TABLE V. 


Molecular Diameters. 


From Viscosity Measurements. 


pu From paces (a) (b) Sutherland. 
Hydrogen ............ 2-88 2:47 2:17 
Helium ............... 2-82 2-18 1:92 
ATQOW con tiet 3:03 3°36 2-66 
Nitrogen ............ 3:21 3:50 2-95 
Oxygen ............... 3:01 3:39 271 
Nitrous Oxide ...... 3°30 4°27 3°33 
Carbon Monoxide... 3:21 3:50 274 
Carbon Dioxide ... 3°27 4:18 2-90 
Summary. 


It is shown that the density p of a fluid can be represented 
by the equation 


p'3—a'l log 13 = p,!8—aT log po", 


where p, is the ** maximum ” density of the substance, and 
p; and a are constants. Further æ = p,!/T., where the sub- 
script denotes data at the critical temperature. 

It is shown that p,’ = 3p./3 and p,!/3 = e!?7p,13, A 
* reduced " equation containing no constants peculiar to a 
particular substance is also obtained. "These equations hold 
very closely for liquids, approximately for saturated vapours. 

The internal latent heat of vaporization L; is discussed and 
itis shown that Mills's Equation L;= K(p!? — 1) (p = density 
of liquid, c = that of vapour) can be deduced from kinetic 
considerations and does not depend as lie supposed upon an 
inverse square law for intermolecular attractions. 

From the “maximum” density pọ the diameters of 
molecules can be estimated. 
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CVI. On a Simple Light- Quantum. 
By Prof. E. T. Wurrrakzn, F.R.S.” 


F light-quantum described below is a solution of the 
ordinary Maxwell's equations of the electromagnetic 
field, and therefore behaves in accordance with the 
* classical " theory so far as refraction, interference, polar- 
ization, etc., are concerned. But it has the property, which 
is required for“ quantum " phenomena, that if, after it has 
travelled any distance, however great, from its source, it 
encounters an atom, then the atom will in certain cases 
absorb the whole of the energy of the light-quantum, even 
though that energy was, immediately before the encounter, 
distributed over a very large region of space. 
Consider first an ordinary elementary magnetic inolecule at 
a point O, whose axis is in the lina AB. We shall for the 
moment regard this in the old-fashioned way as the limit of 


B (m) 
o| —————————————————» 


AÀe(—m) 


a positive magnetic charge m at the point B, together with 
a negative magnetic charge —m at the point A. This 
molecule sets up a magnetic field extending over all space. 

The ordinary law of action of magnetic charges asserts 
that the charges at A and B attract each other, so they must 
be supposed to be kept apart by some arrangement in the 
material molecule in which they are embedded. 

Now, let Ox be a direction at right angles to AB, and 
suppose that the magnetic molecule is set in motion in the 
direction Ox. Since a moving magnet generates an electric 
field which can act on another moving magnet, the force 
between the charges A and B is now affected by this 
additional force, which diminishes the original force between 
them. As the velocity of the magnetic molecule along Or 
increases, the total force between thetwo charges continually 
decreases, until in the limit when the molecule is moving with 
the velocity of light, the force is exactly null: the electro- 
magnetic force due to the motion exactly neutralizes the 
purely magnetic force. Thus if the molecule is moving 


* Communicated by the Author. 
Phil. Mag. 8.7. Vol. 2. No. 11. Nov. 1926. 4E 
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with the velocity of light, we have no longer any need of 
the material framework to keep the two charges apart, and 
we can suppose the charges completely disembodied. 

Now consider what has happened to the field. As was 
shown long ago by Heaviside, when the molecule is set in 
motion in the direction Oz, the lines of magnetic force due 
to the molecule tend to draw in nearer to the molecule so 
far as the direction Oz is concerned, so that thev concentrate 
towards the plane through O perpendicular to Oz ; until in 
the limit, when the velocity of the molecule is the velocity 
of light, the lines of force are entirely confined to this plane 
(which, of course, is travelling with the velocity of light), 
the field in the rest of space being null. There will now be 
lines of electric force (due to the motion of the magnetic 
charges) as well as lines ef magnetic force, and the lines of 
electric force will be every where perpendicular to the lines 
of magnetie force : in short, what we now have is essentially 
a plane wave of ordinary light. The original magnetostatic 
field has become a plane wave of light, by merely setting 
it in motion with the velocity of light. 

This plane wave of light, however, will have two peculiar- 
ities which distinguish it from the plane wave of light of 
the ordinary text-hooks. In the first place, the intensity of 
the disturbance is not the same over the whole of the infinite 
plane wave-front, but diminishes as we go outwards from 
the centre O of the plane, and is null at infinity. This is a 
salisfaetory feature, since Baldwin and Jeffery have shown 
recently * that the old-fashioned plane-wave, with its 
intensitv the same all over its infinite front, is an impossi- 
bility in general relativity. In the second place, our wave 
has a singularity at the point O, representing, in fact, the 
disembodied form of the magnetic molecules with which we 
Started. This singularity we shall call the ‘ speck” on the 
wave-front. 


As a matter of fact, if we take the axis of z along AOB, and take an 
axis of y at right angles to the axes of z and z, then the electric force 
(E,, E. E.) and the magnetic force (H,, H,, H;) in the wave-front are 
given by the equations 

Z 


E=0 Bases) Bs- pie) 
H,=0, H,z—E, H,=E,, 


and this field satisfies Maxwell’s equations, except at the point (y=0, 
z= 0), which is the “ speck.” 


* Proc. Roy. Soc. cxi. p. 95 (1916). 
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It is the ‘‘ speck” which confers on the wave the desired 
* quantum" properties, for in the original magnetostatic 
field, anyone who takes hold of the magnetic molecule and 
moves it about, thereby moves the whole of the magnetic 
field ; the magnetic field is, so to speak, led captive by the 
magnetic molecule. This property—that the whole field is 
an appanage of the magnetic molecule and can be carried 
about with it—still persists in the limiting case which we 
have considered, in which the magnetic molecule has shed 
its materiality and has become the “speck” on the wave- 
front of the light : it is still true that anyone who can take 
hold of and capture the “speck " thereby captures the whole 
of the energy in the light-wave, which is really a mere 
appanage of the “speck.” 

Now the “speck” retains the property possessed by the 
original magnetic molecule, of being acted on bv magnetic 
forces (and, since it is in motion, bv electric forces also) ; 
and therefore, if the “speck” happens to impinge on an 
atom, or to pass very near to one, there is a possibility that 
the speck may be attracted into the atom and swallowed up 
and, so to speak, digested by it. The result will be that the 
whole of the energy in the light-wave will now have become 
the property of the atom: it may be partly located in the 
space outside the atom, but it belongs to the atom in the 
sense that wherever the atom moves, this bundle of energy 
henceforth moves with it. Thus the theorem which Einstein 
many years ago deduced from thermodynamic reasoning, 
namely, that every parcel of light-energy which is emitted 
from an atom is ultimately entirely absorbed by a single other 
atom is here seen to be a consequence of the strict classical 
electromagnetic theory of light. If this fact has not been 
clearly pereeived before, it is because the expounders of the 
classical theory have been led astray by that artificial and 
(as we now know) physically imposs ble creation of mathe- 
inatical analysis, the infinite plane-wave of light. 


October 4th, 1926. 
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CVII. On the Rate and Mechanism of the Aeration of Water 
under Open-Air Conditions. By W. E. ApENEY, J).Sc., 
F.R.C.Sc.I., F.1.C.* 


HE problems of the rate at which the solution of oxygen 
and nitrogen occurs at the exposed surfaces of waters 
under open-air conditions, and of the mechanism by which 
the dissolved gases are transmitted to the unexposed portions 
of such waters, have become of considerable technical 
importance, especially in connexion with the disposal of 
normal sewage liquors by dilution with clean river waters, 
as recommended by the Royal Commission on Sewage 
Disposal in its eighth Report (1912), and also in connexion 
with the economical operation of the Bio-Aeration method 
of sewage purification. 

À large number of experiments have been made in 
connexion with these problems—first by the writer (1), 
then by him in collaboration with the late Mr. H. G. Becker 
(2), and latterly by him in collaboration with Dr. A. G. G. 
Leonard and Miss A. Richardson (3). 


Solution of Gases by Well- Mixed Water in Thin Films. 


Adeney and Becker employed a method for determining 
the rates of solution of oxvgen and nitrogen from the air 
by water, every part of which is successively exposed in 
thin films, and becomes aerated independently of downward 
“ streaming.” 

The method consists of enclosing a large bubble of air of 
known volume in a long narrow tube containing de-aerated 
water, also of known volume, and of allowing the bubble to 
ascend through the water column repeatedly until saturation 
of the water by air has been reached, the water-air surface 
remaining unbroken throughout the experiment. 

The time taken by the bubble to ascend the tube was 
measured in every case, and found to be practically constant, 
at 18 seconds per double journey. 

The loss of pressure in the bubble of air was measured, 
after each double passage up the tube, by means of a water 
manometer, and afforded the necessary data for calculating 
the amount of gas dissolved, step by step, until saturation 
was reached. 

The air in the bubble was renewed after each observation, 


* From the Scientific Proceedings of the Royal Dublin Society for 
April 1926. Communicated by the Author. 


of Aeration of Water under Open-Air Conditions. 1141 


by taking out the stopper of the tube and inserting into the 
air-space a tube connected with a filter-pump, which drew a 
current of air through the space. 

As the bubble of air ascends the tube from the bottom, 
the whole of the water gradually and uniformly flows over 
it in thin films, the mass of the water forming the films 
becoming mechanically and intimately mixed, after exposure 
of their surfaces to the air in the bubble, with the result 
that the column of water, when the experiment is properly 
carried out, becomes gradually charged with small additions 
of air throughout its length, by repeated passages of the 
bubble along the tube, until saturation is reached. So that 
the air-centent of the column of water is uniform throughout 
its length at any intermediate stage of solution up to 
saturation. Bubbles of air of 5, 7:5, 10, 12:5, and 15 c.c. 
in volume were employed. 

In the case of the bubble of 15 c.c. in volume, the 
thickness of the film was found to be 0°05 cm., and its 
effective area 71:33 sq. cm. 

The solution of oxygen and nitrogen was found to take 
place in accordance with the formula 


2 t 
w =W, — (W; — Wo) e. 
in which w = concentration at the end of t seconds. 


w, = saturation concentration at the given temper- 
ature and pressure. 

w = initial concentration at start, when t=0. 

f = coefficient of escape of the gas from the 
water per unit area. 

v = volume of water. 

a = area of surface exposed. 


The coefficient / varies with temperature according to 
the equations 


Oxygen f = 0:0096 (T— 237) per second. 
Nitrogen f = 00103(T—240) ,  , 
Air f200099(T—239) , a, 


It is noteworthy that, when the rates of solution are 
expressed in percentages of saturation, the curves drawn 
from the percentages of saturation for the three gases lie 
very close to each other, those for oxygen and nitrogen 
(pure) being practically identical. 


1142 Dr. W. E. Adenev on the Rate and Mechanism 


It is possible to calculate, with the aid of this formula, 
the rate of solution of exygen or nitrogen from the air, 
by films of fresh or salt waters, under different conditions 
of area of film and total volume of water, or initial degree of 
saturation, provided that the calculations are based upon 
data derived from experiments carried out so that all of the 
water is successively exposed in thin films, and thorough 
mixing is thus ensured. 

From the results of the experiments described in the 
papers, Nos. 31 and 44 (2), and with the aid of the 
above formula, the rate of solution of oxygen from the air 
by films of fresh and of sea water, 0°05 em. thick, have been 


calculated for temperatures between 0°C. and 30°C. The 
values obtained are given in Table I. 


TABLE I. 


Rates of Solution of Oxygen, expressed in Percentages 
of Saturation, by Films of De-aerated, Fresh, or Balt, 
Waters, 0°05 em. thick, when uniformly exposed to 
the Air, and independent of Evaporation and downward 
* Streaming.” 

Temperature 0° 5° 10° 15° 20° 250 90? C. 


Percentage of 


Emin Time in seconds. 
10 .. 10 08 08 0 O'T 0G 05 
20 Ve um l8 1:6 1-4 13 13 12 
30 Sau "euh PA | 2:3 2:0 18 17 16 
40 e. 49 40 39:6 33 2:9 27 24 
50 .. 60 52 4°6 4:2 3:9 36 93 
60 $90 rie" 6:4 57 5:0 46 43 
70 ... 1075 9:3 8&2 T3 67 61 58 
80 S 140 12:5 11:0 10:0 9:0 &3 T 


90 .. 19:8 17:5 15:6 142 130 119 1038 
49 ... 906 35:0 3132 28:4 260 298 216 


Pressure, 760 mm. (moist). 


For practical purposes these values may be taken as 
approximately representing the maximum rates of solution 
of oxvgen from the air by the exposed surfaces of water 
exposed to open-air conditions, at the given temperatures, 
independently of evaporation and downward * streaming." 
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Solution of Gases by Quiescent Columns of Water. 


In the case of quiescent columns of de-aerated water, 
freely exposed to the air, the dissolved atmospheric gases 
do not remain concentrated at the surface film. The latter, 
on the contrary, as the gases are dissolved by it, sinks 
towards the bottom of the column, for the reasons given 
below, with the result that the column becomes aerated 
gradually, and more or less uniformly, from top to bottom 
during every step of the process of aeration, until completely 
aerated. At no time does the surface layer of a column 
of de-aerated water become saturated until the whole 
column of water throughout its depth is also nearly 
saturated. 

From the results of the writer's experiments with three- 
and six-foot columns of water, and from those of the 
experiments recently carried out with great carein collabora- 
tion with Dr. A. G. G. Leonard and Miss Richardson with 
ten-foot columns of distilled water and of solutions of 
sodium chloride of various concentrations, it has been 
established that the aeration of quiescent columns of 
de-aerated water, both fresh and salt, under open-air 
conditions, is to be ascribed largely, though possibly not 
wholiv, to the effects of evaporation from the exposed 
surfaces of the water. 

Apparently, as evaporation proceeds from the surface of 
a body of quiescent water, the density of the exposed surface 
film of water is increased relatively to that of the unexposed 
portions of the water as a result of cooling, and also, in 
the case of salt waters, of concentration of the salts in 
solution, and the denser water sinks in minute imperceptible 
streamlets towards the bottom. The continuous downward 
“streaming ” thus produced causes a corresponding upward 
displacement of unexposed portions of the water, and sets 
up an imperceptible, but efficient, process of mechanical 
mixing ot the aerated surface film with the unexposed 
portions of the water. Although the mass of the water 
“streaming ” downward from the exposed surfaca at any 
particular time must be relatively minute, it. passes vertically 
downwards through the mass of water below the surface 
towards the bottom, and sets up a very efficient process 
of mixing, especially in the case of salt water. And since 
the experiments referred to above prove that the downward 
“ streaming " is effective in causing as uniform mechanical 
mixing to depths of 10 feet as to J, 3, and 5 feet, it may 
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sufely be assumed that it is effective in producing a similarly 
uniform mixing down to much greater depths. 

The “streaming” sets up a more rapid and uniform 
process of mixing in salt waters than in fresh waters when 
the conditions obtaining over their exposed surfaees are 
favourable for free evaporation, owing, ne doubt, largely, if 
not wholly, to the fact that in addition to the cooling effect 
of evaporation at the exposed surface film, there is also that 
of concentration of the salts in solution in the case of 
the former class of waters. 

It may be noted, furthermore, that the process of 
“streaming” also proceeds more rapidly and uniforml 
at temperatures at and above 10? C. than below it in bot 
fresh and salt waters. This is to be expected from the slow 
rate of evaporation at the lower temperatures, and from 
the fact of fresh water attaining its maximum density 
at 4? C. 

It also depends upon the concentration of the salts in 
solution. The optimum concentration is equivalent to about 
1:5 per cent. sodium chloride. 

It may finally be concluded that there are five conditions 
upon which the mechanism of the aeration of fresh and 
salt waters, under open-air conditions, primarily depends. 
They are :— 


(1) The area of water exposed to the air ; 
(2) temperature ; 

(3) humidity of the air ; 

(4) salinity (in the case of tidal waters) ; 


(5) wind, causing both an increase in area exposed and 
ap acceleration of evaporation per unit area. 


The influence of the humidity of the air and of the 
salinity of the water upon the rate of “streaming,” and 
therefore upon the rate of mixing of the exposed with the 
unexposed portions of a water, has recently been quite 
ini confirmed by Dr. J. A. N. Friend's inter- 
esting and important experiments on the corrosion of 
iron (4). 

The area of open waters exposed, in common with the 
other conditions, will not remain constant, but will be liable 
to considerable variation, according to the force of the wind 
or of water currents, or of both. 

The turbulent action of these two factors will also effect 
a more or less rapid increase in the rate of solution of 
atmospheric gases by the exposed surface films of the water. 
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The formula applicable to the calculation of the rate of 
aeration of wholly or partly de-aerated quiescent columns 
of fresh and of sea waters, when their exposed surfaces are 
undisturbed, and the humidity and temperature of the air 
are uniform, is of the same form as that above given for the 
rate of solution of oxygen and nitrogen by thin films of 
water, when independent of evaporation and downward 
*' streaming ” (2, xvi. 13). 

The effect of the humidity of the air in contact with the 
water on the rate of aeration is shown by the following 
experiment :— 

Four tubes, each 320 mm. long and 40 mm. diameter, 
were placed in a thermostat after being filled with de-aerated 
water. The upper ends of three of these tubes, after 50 c.c. 
water had been withdrawn from each, were connected in 
series by means of rubber corks and glass tubing, so that a 
current of air could be drawn through the air-spaces. The 
fourth tube was left open to the atmosphere. 

Unfiltered air was drawn through the air-space of tube 1, 
then through two U-tubes containing calcium chloride, and 
thence into the air-space of tube 2, whence it passed directly 
into the air-space of tube 3. "Thus the air was much drier 
when passing through the air-space of tube 2 than when 
passing through the air-space of tube 1; while the air on 
being drawn through the air-spacc in tube 3 was nearly, 
if not wholly, saturated with aqueous vapour. 

Tube 4 was exposed to the open air in the middle of the 
thermostat, where the humidity of the air was considerable. 

The results obtained from this experiment are given in 


Table II. 


TABLE II. 


: Experiment showing the Effect of the Humidity of the Air 
on the Rate of Aeration of Quiescent Columns of 
Distilled Water. "Temperature, 15? C. 


Degree of Time of Exposure. 
neration Calculated from rate of 
No. of Depthof in p.c. of Value Actual. — solution at surface at 
tube. water. saturation*®. off- 15°C. (Table I.) 
cms. per hour. hours, minutes. 
1 27:07 41:5 0:34 43:0 22:8 
2 26:37 63:3 0:61 44:0 46:9 
3 26:69 3l:3 0:23 44:5 10:9 
4 30:20 82:7 0:29 49:0 13:6 


* Initial aeration of each column — 10*3 per cent. saturation. 
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Area of surface of column 12:12:56 sq. cm., of each of 
the other columns —12:25 sq. cm. 


f; — coefficient of escape per unit area. 


On examining these results it will be noticed that the 
column exposed to the dried air absorbed more than twice 
as much air as the column exposed to the moist air. 

It may be noted, in connexion with the above experiment, 
that the values of f, in other experiments with quiescent 
columns of fresh, and of sea waters, when exposed to fresh. 
air and kept at as uniform a temperature as possible, were 
found to be equal to 0:388 and 0:509 respectively. 

The figures in the last column of the above table give the 
times in which the columns would have been aerated to the 
percentages of saturation which they respectively attained 
under the conditions of the experiment, had the aeration of 
each column proceeded at the rate given in Table I. for 
surface films ‘05 em. thick, at 15°C.; that is, at the 
approximately maximum rate of solution of oxvgen from 
the air by fresh and salt waters, as found by the bubble 
method for the same temperature. 

On comparing these figures with the actual times of 
exposure given in the table, it appears that the rates of 
aeration of quiescent columus of water by * streaming," 
under the specified conditions, were about 113, 56, 245, and 
185 times slower than the initial rate of solution by the 
surface film, *05 em. thick, according to the humidity of 
the air passing over their exposed surfaces. 

These rates of aeration apply only in cases of experiments 
with water columus in the laboratory, in which the surface 
layers can be preserved undisturbed without difficulty. 

Under natural conditions, however, the exposed surface 
of open water is usually in a more or less disturbed 
condition, and then the aeration by “ streaming" becomes 
greatly aecelerated, as shown bv tlie Following experiment, 
in whieh the exposed surfaces of quiescent columns of 
de-aerated fresh and sea waters were kept in a continuous 
state of gentle disturbance. In this experiment two tubes, 
each 110 cm. long and 5 em. diameter, were nearly filled, 
one with de-aerated fresh water, and the other with de- 
aerated sea water. A fine glass rod stirrer, bent into the 
shape of a gridiron, 4 cm. broad, was fixed so that its lower 
end dipped 2:5 em. below the surface of the water in each 
tube, and was mechanically rotated slowly for 19 hours, the 
speed being such that the surface was only moderately 
ruffled. At the end of this time the stirrers were stopped, 
and samples were drawn from the top and bottom layers of 
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the water column in each tube, and the dissolved nitrogen 
content was determined with the following results :— 


TABLE 3. 


Sea water. Fresh water. 
Top Bottom Top Bottom 
layer. layer. layer. layer. 
At commencement ... 10°7 107 92 92 per cent. saturation. 
19 bours later S. 983 YS 804 734 percent. saturation. 


Temperature of each column, 8°3° C. 


It is evident from the above results that, when the 
surface of the water is kept continuously and gently dis- 
turbed, the effective area exposed to the air becomes so 
much increased that thé downward “streaming " is greatly 
augmented, with a corresponding acceleration of the rate of 
aeration of the whole column. And this is true when the 
experiment is carried out at the low temperature of 8:3? C. 
The results recorded in the table show that in the course of 
19 hours the average aeration of the sea- and fresh-water 
columns was increased, on an average, froin 10°7 and 9:2 to 
97:4 and 76:9 per cent. saturation respectively. 

These columns would have reached like degrees of partial 
aeration in approximately 13 and 575 hours respectively 
had their exposed surfaces remained undisturbed, and had 
the aeration of the columns proceeded at the initial rates of 
solution of oxygen as found by the bubble experiments. 

It may, therefore, be fairlv assumed that the minimum 
rates of aeration of open waters by “streaming” may be 
approximately twofold and fourfold slower respectively than 
the rate that would be found by calculation for the given 
depth from the results of the bubble experiments. 

These rates of aeration for open waters may fairly be 
regarded as minimum rates, since the temperature at which 
the experiment was carried out was below 10°C., and since 
the air immediately above the columns of water ‘must have 
been well eharged with aqueous vapour during the experi- 
ment, owing to the fact that their surfaces were exposed to 
air partially enclosed within the mouths of the tubes 
containing the water. 

In the Bio-aeration method of purification the sewage 
liquid is intimatelv mixed, while in the aeration tank, by 
blowing air through it from the bottom of the tank, or by a 
propeller partially submerged in it. Whichever means of 
mixing is adopted, the surface of the sewage liquid is kept 
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in a state of turbulent agitation, and it will probably 
be found on investigation that the minimum rate of aeration 
of the sewage liquid by downward “streaming” will be 
fully equal to, or, owing to the greatly increased surface 
area, inay even exceed, that found by calculation from the 
results obtained by the bubble experiments for the given 
depth of the liquid, assuming an effective absorbing area 
equal to the undisturbed surface area of the tank. 


The author desires to express his indebtedness to Dr. H. 
H. Poole, Editor of the Scientific Proceedings of the Royal 
Dublin Society, for valuable suggestions given in the 
preparation of this communication for publication. 
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CVIII. On an Apparent Relation between the Rate in the 
Change of the Electric Resistance at Fusion and the Crystal 
Lattice of Metallic Elements. By HaRALD PERLITz, 
Assistant Professor of Theoretical Physics, University of 
Tartu *. 

1. "HE electric resistance of metallic elements changes 

abruptly at fusion in such a way that the phase 

with the smaller specific volume has the smaller resistance f. 

The structure of metallic elements also suffers a sudden 

change at fusion, and as melting means a complete collapse 


* Read at a meeting of the Naturalists’ Society at Tartu, March 18, 
1926. Communicated bv the Author. 
t P. W. Bridgman, Phys. Rev. (2) xvii. p. 61 (1921). 
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of the systematically arranged crystal lattices formed by 
the atoms of metallic elements in the solid state, in the 
place of which there appears a chaotic distribution in the 
liquid state, it is natural to look for a relation between 
the discontinuity of the electric resistance at fusion and the 
For this purpose 
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crystalline lattice of metallic elements. 


the following table was compiled :— 


TABLE. 
; Rate of change in Mean Group- 
Piement Type of lattice, resistance at fusion ?. rate. value. 

Bismuth ...... Rhombohedra] hexagonal. °4655; :467(5)5; 48 

‘476(5) ; 47; 

1/29; 43. 45:45 1/2 
Gallium ...... Not determined. 48? . -58 "53 | 
Antimony...... Rhomnbobedral hexagonal. ‘70; 677 "69 J 
Sodium......... Body-centred cubic. 1:375; 1:34; 1-68: 1°45 

1:45 ; 1°44 ; 1:53 9 
Lithium  ..... Body-centred cubic. 2°51; 1:68; 1:27”? 1:48 |? 
Potassium ... Body-centred cubic. 1-445; 1:39; 1:53; 1:50 

1:56; 1:53; 1:60? | 3/2 
Rubidium...... Not determined. 01:81; 1585; 1°58 1:54 13 
Aluminium ...  Face-centred cubic. 1:65 1:65 
Cesium ...... Not determined. 175; 165; 17”; 171 

179° 
Silver ......... Face-centred cubic. 1:98; 1°74 186 =) 
Cadmium...... Hexagonal close-packed. 185; 1:065; 1:97 1:91 
Lead ............ Face-centred cubic. 195; 1925; 206 1:97 
Thallium ...... Uncertain ? 2:05 94) 
Copper ......... Face-centred cubic. 2-09 : 1:97 2-03 | 2 
TANG EE Hexagonal close-packed. 2-0; 2:09 205 | 
Tellurium...... Rhombohedral 4. 2] & 2] 
Tin (rhombic). Not determined. 2:10; 225 9.015. 213 | 

2:12; 2:02 | 
Gold ............ Face-centred cubic. 9-28 9-98 j 
Mercury ...... Tetrahedral hexagonal. 4:1; 4:09; 4:05; 4:23 4(?) 

4:90; 5; 3:21 


! Authority, if not stated otherwise, Landolt-Bérnstein, 


Tabellen, pp. 865-867 (1923). 


4 Authority, if not stated otherwise 


Tabellen, pp. 1051-1052 (1923). 


* Karl Becker & Fritz Ebert, ZS. f. Physik, 


Ber. vi. p. 21 (1926). 


* A. J. Bradley, Phil. Mag. (6) xlviii, p. 490 (1924). 


* Ernst Wagner, Ann. Physik (4) xxxiii. p. 1486 ( 1910). 


Phys. chem. 


; Landolt-Bérnstein, Phys. chem. 
xvi. p. 169 (1923) ; Phys. 


* A. Guntz & W. Proniewski, J. d. Chem. phys. vii. p. 481 (1909). 
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2. Referring to the table, it should be mentioned that the 
change of resistane? has hitherto been measured for 19 metallic 
elements, 7. e. for roughly one-third of all metallic elements ; 
for 16 of them the crystal lattices have been determined. 
These data, gathered from the literature on the subject, have 
been collected in the above table, where the elements are 
arranged according to their average change of resistance. 
The crystal lattices given in the 2nd column are data obtained 
from X ray analysis 

3. The 3rd column contains all available data for the rate 
of change of resistance at fusion, which in each horizontal 
line are arranged in chronological order. From these have 
been computed the average values given in the 4th column. 
In computing the averages all data in the 3rd column were 
taken into account, except in two cases, as stated in footnotes 
10 and 11 ; questionable is the average for mercury, because 
the data for it, exhibit too much variation. 

4. If the supposition is correct that there exists a definite 
relation between the rate of change of the electric resistance 
at fusion and the crystal lattice, we should look for a relation 
between the data of the 2nd and 4th columns of the table. 
In this case we must first of all show that the average values 
in the 4th column are not distributed uniformly in the interval 
from the smallest to the greatest average, i.e. from :48 to 
4:23, but that they cluster about certain values. This is 


wT ca i a i — I————— A —— 


7 Phys. Der. ii. p. 1048 (1921). 

L. Hackspill, Thé-e, p. 80 (Paris, 1912). 

? Deduced by myself from curves obtained by Charles C. Bidwell, 
Phys. Rev. (2) xxui. p. 357 (1924). — For computing purposes the linear 
part of the curve for relative resistance, the part corresponding to the 
* e form," was prolonged to intersection with the melting-point ordinate ; 
tke point of intersection was assumed as the relative resistance of the 
“æ form” at melting-point; for this point was calculated the ratio of 
the relative resistance of the liquid phase to the relative resistance of the 
* æ form," and the values ana were used in compiling the table. 
For my purpose only figures 3, 6, 7, and 8, those for cæsium, potassium, 
sodium, and lithium, could be used; whilst figures 4 and 5, both for 
rubidium, were unsuitable (l. c. p. 306). 

w Arciero Bernini, Phys. ZS. vi. p. 78 (1905). The value 1:01, as 
stated in Landolt-Bornstein, Phys. chem. Tabellen, p. 1052 (1923), is due 
to misprints in A. Bernini's Table XIII.—4As the conditions of A. Ber- 
nini's experiment do not warrant the purity of the metal, his data have 
not been used in computing the average. 

n This value, computed by myself from Louis Hackspill, Thèse, p. 51, 
fig. 4 (Paris, 1907), has not been used, in computing the average, because 
L. Hackspill himself retracts it in his later investigation, Thése, p. 71 
(Paris, 1912). 

12 Compare the remark to footnote 10. 

13 Compare the remark to footnote 11. 
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done best by constructing a distribution graph for these data 
as has been done on the figure, where all averages have been 
marked by black dots except that for aluminium, which is 
represented by a circle for the reason stated in paragraph 8. 


299 —— — —de-oe— y S ——————— ———————— 
O l 2 3 4 


5. The figure indeed displays a tendency for the average 
values alluded toto cluster round certain values which will 
be referred to as group-values. As such, disregarding the 
isolated value of mercury, the values 1/2, 3/2, and 2 may be 
taken. 

6. Now, if our assumption holds good, there ought to be 
a relation between the group-values and the types of crystal 
lattices; in other words, metallic elements exhibiting 
common group-values should have lattices of the same type. 
On examining the data of the table for that purpose we 
find :— 

7. The group-value 1/2 is common to 3 elements: bis- 
muth, gallium, and antimony. The lattices of bismuth and 
antimony are of the same type, whereas that of gallium 
has not yet been determined. Therefore: out of 3 cases, 
two are in favour of the assumption made, whereas regarding 
one it remains questionable. 

8. The group-value 3/2 is common to 6 elements: 
lithium, sodium, potassium, rubidium, cæsium, and alu- 
minium. Of these, sodium and potassium have body-centred 
cubice lattices, lithium has probably the same lattice * 
while the lattices of rubidium and cæsium have not yet 
been determined. But considering that the elements of the 
second sub-group of the first groups, viz., copper, silver, and 
gold, have a lattice of the same type, it seems reasonable to 
suppose the same for the sub-group of the alkalies, i. e., to 
assume a body-centred lattice for rubidium and cesium. 
As further evidence in favour of this assumption may be 
mentioned the relationship between atomic numbers and 
properties of ions T. If, however, we turn to the lattice of 
aluminium, we find it to be at variance with the former: 


* A, W. Hull, Phys. Rev. (2) x. p. 691 (1917). 
t Arthur F. Scott, Journ. Ph. Chemistry, xxix. p. 306 (1925). 
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it is of the face-centred cubic type. Therefore: out of 
6 elements, thre are in favour. of the assumption made, 
whereas regarding two it .remains. questionable, and one, 
namely aluminium, is not in aecardance with it: for this 
reason the position of aluminium in the figure has been 
indicated by a mark different from those for other elements. 

9. The group-value 2 is common to 9 elements: copper, 
silver, gold, lead, cadmium, zinc, thallium, tin, and tellurium. 
Of these, copper, silver, gold, and lead have face-centred 
cubic lattices, whilst cadmium and zinc have hexagonal 
lattices. But as the face-centred cubic and the hexagonal 
lattices referred to belong to the close-packed structure, the 
elements copper,.silver, gold, cadmium, lead, and zinc may 
be united in one class— the class of the close-packed lattice. 
The lattice of the rhombic modification of tin, the modifica- 
tion which precedes the liquid phase, is still undetermined ; 
so is the lattice of tellurium in the temperature interval 
immediately preceding fusion, and there is evidence for 
assigning to this lattice a form different from the lattice at 
indoor temperature *. Therefore: of 9 elements, six are in 
favour of the assumption made, whereas regarding three it 
remains questionable. | | 

10. The group-value 4 (?) is shown only by mercury. As 
its lattice differs from the lattices of all other elements 
alluded to, this may be taken as an indirect evidence in 
favour of the assumption made. | MEM 

11. Summarizing : Out of 19 elements, 12 elements are 
in favour of the statement that the rates of change of 
electric resistance at fusion are related to the crystal lattices 
of metallic elements, whereas regarding. 6 elements the 
relation is still questionable, and divergence is exhibited by 
one element. ‘The relation itself may be formulated into the 
following rough and ready rules :— | 


(1) Metallic elements, the resistances of which at fusion 
change in the proportion of 1: 2, have rhombohedral 
hexagonal lattices of the antimony type. 

(2) Metallic elements, the resistances of which at fusion 
change in the proportion of 3:2, have cubic body- 
centred lattices. 

(3) Metallic elements, the resistances of which at fusion 
change in the proportion of 2: 1, have lattices of the 


close-packed ty pe. 
* A. Guntz & W. Broniewski, J. d. Chem. Phys. vii. p. 485 (1909). 
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COLLOIDAL SOLUTIONS OF COPPER, 
1. After settling in dark for 18 hours (fig. 2, 1.). 
2. Light on right-hand side for 1 hour (fig. 2, iii.). 
3. Light on right-hand side for 34 hours (fig. 2, vi.). 
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CIX. X-ray Examination of the Crystal Structure of Certain 
Compounds. By A. Nata Sarkar, Ph.D. * 


[Plates XXI. & XXIL] 


(A) CATECHOL. 
C,H,(CH),. 


HEN two hydrogens of benzene are replaced by two 
hydroxyl-groups, tliree isomeric compounds, catechol, 
resorcinol, and quinol, are formed. 

The first compound of this group, catechol, was taken for 
examination by the “ powder " method. Crystals of catechol 
grown from an aqueous solution were in the form of thin 
plates. The forms developed were a (100), (110), c (001), 
and probably x (121); the faces of large area were a (100) 

aces. 

Groth describes the crystal as follows :— 

.* Monoclinic prismatic. 
a:b:¢ = 1°6086:1:1°0229; B = 95°15’ ; 
A= 1:°367-1°375.”’ 
(Chemische Krystallographie, vol. iv. p. 84.) 

Since this crystal belongs to the prismatic class, thie 
possible number of molecules per cell is either 1, 2, 4, 
8, or 16. 

The spacings of the 3 axial planes corresponding to these 
five possible values of H, calculated from the crystallographic 


* Communicated by Prof. Alfred W. Porter, D.Sc., F.R.S. 
Phil. Mag. S. T. Vol. 2. No. 12. Dec. 1926. AF 
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data and density 1:37 (mean value), are shown below :— 
TABLE I. 


G-8pac. 
6:93 A. 
874 , 
11-01 , 
13:86 ,, 
1748 , 


b-spac. 
434 A. 
547 ,, 
6°90 ,, 
8°68 ,, 
10°84 ,, 


One of the ** powder ”’ photographs of this crystal obtained 
by using the K-characteristic rays of copper is shown 


(Pl. XXI). 


powder was 3:48 em. 


eaecetnecue 


eernerrser 


eeeecorenas 


eeeresees 


LE EEEIEE 


*92*e60499* 


The distance of the plate from the crvstal 
The spacings of the 17 diffraction lines 
occurring on the plate were calculated in the usual manner, 
and are given in the third column of the following table :— 


TABLE II. 
Calc. Indices 
spac. of 


N = 2. | Planes. 


120 


012 


Remarks. 


— M = —— oe 


2nd-order 100; ap. = 8°74. 


or 3rd-order 100; sp.=8-74. 
or 2nd-order 010; sp.= 5'47. 
or 102; sp. = 2°58. 


or 021: sp. = 2:45. 


121 or 


112 


303 


410 


or 2nd-order 110 (this line is 


| wide and looks double). 


= | 2nd-order 111 (7); sp.—3:65. 


| 2nd-order 201 (rather wide); 


sp. = 3°59, 
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The above table shows that the spacings of the planes 
corresponding to the first two lines on the plate agree with 
the full calculated spacings of the planes a (100) and b (010) 
corresponding to 2 molecules per cell. 

As this suggested the probability of the number of 
molecules per cell being 2, the spacings of all simple planes 
were calculated on this assumption from the crystallographic 
data and mean density of the crystal as given by Groth. 
The comparison of the observed and calculated spacings 
shows that the presence of all the 17 lines could be accounted 
for. 

Basic Lattice.—Table II. shows that the only axial plane 
which has its spacing abnormally reduced is c(001). This 
clearlv shows that the basic lattice of the crystal cannot be 
I'm, for the abnormal spacings that arise out of each of the 
three vases of Tm’ are the halvings of the spacings of all 
planes (Al) when either (A+ $), (A+1), or (A 4- £ 4-0) is odd ; 
so that each of them involves the halving of the spacings of 
at least two of the three axial-plane’s spacings. l 


Space- Group.—The table further shows that planes (001), 
(101). (101), (201), (201), etc., 1. e. planes (hol) when l is 
odd, do not produce lines at their full calculated spacings. 
Spacings of these planes can be halved (no other fraction 
being possible since the basic lattice of the crystal is Fm) 
only if the symmetry-plane is a glide-plane and its translation 


parallel to its own plane is - Since the basic lattice is I'm, 


the symmetry-plane is a glide-plane, the number of molecules 
per cell is 2, and the spacing b (010) is not halved, the axis 
of the symmetry cannot be a screw-axis. The space-group 
therefore is eos 

From the above it follows that the molecules should 
possess an element of symmetry which in the present case 
can be either a centre of symmetry or an axis of binary 
svmmetry. 

The data given by the “ powder " photograph of the crystal 
are not sufficient for fixing the relative positions of the two 
types of molecules in the unit cell, or for the differentiation 
between the two alternative types of possible molecular 
symmetry. 

' Since the translation of the glide-plane parallel to itself is 


5 and the number of molecules per cell is 2, the molecules 


are most densely packed in the a (100) plane. This accounts 
4F2 
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for the presence of the diffraction lines corresponding to the 
lst-, 2nd- and 3rd-order reflexions from this plane being 
present on the plate, and also the cleavage plane of this 
crystal being parallel to a (100) on the assumption that 
cleavage follows the direction of a plane of high molecular 
density. 


(B) PorAssiUM FERRICYANIDE. 
K3Fe(CN),. 


Crystals of potassium ferricyanide belong to the mono- 
clinic prismatic class. The forms commonly developed are 
a(100), z(322), w(111), ¢(011), V(122), o(111), and 
m (110). The plane of cleavage is parallel to a (100). 

The crystallographic data given by Groth are as follows :— 


*g:b:cz 1:287:1:°8013 ; B = 90° 6’; 
A = 1:°849-1°861.” 
(Groth, Chem. Krys. vol. i. p. 420.) 


A thin plate of the crystal with large a (100) faces was 
selected for X-ray examination by the Laue method. The 
crystal was so mounted that the incident beam was normal 
to the (100) face and the b-crystallographic axis vertical. 
The distance of the plate from the crystal was 4 cm. 

The source of X-rays was a Coolidge tube with a tungsten 
anticathode, and the tube was run ata voltage of 60 K.V. 
The photograph obtained is shown in (Pl. XXI.) The 
number of spots occurring on the plate is comparatively few, 
though the length of exposure was over 30 hours. This is 
probably due to the fact that this compound contains both 
iron and potassium, so that a wide band of the spectral 
range which was being used was very highly absorbed in 
the crystal. The symmetry of the pattern is two-fold about 
the horizontal line of the photograph (parallel to the c-axis of 
the ervstal),und characteristic of the Laue diagrams of crystals 
belonging to the cyclic group when the X-rays are incident 
normally on a crystal face containing the symmetry-axis. 

The spots which lie on the horizontal line are due to planes 
of the type (hol) and (hot). The glancing angles for the 
planes reflecting these spots were obtained from their distance 
from the centre of the photograph, and the probable indices 
of the reflecting planes fixed by comparison of the observed 
values of the glancing angles with those calculated for th 


Abs ... 
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above types of planes from the crystallographic data given 
by Groth *. 

The identification of the spots is shown in the PEE 


table ; the indices of the planes (referred to Groth's ratio 
are given in the 4th and 9th columns. 


TABLE III. 


Spots on + side of c-axis. | Spots on — side of c-axis. 


T Indices 


304 : 302 Abs ... = EXE 304, 


In the foregoing table we observe that the plane (102) 
produces a very strong spot, but no spot occurs correspondin 
to the plane (304). This seems unaccountable (unless the 
reflexion from 304 is naturally very weak), for any geo- 
metrical arrangements of molecules which will abnormally 
reduce the spacing of (304) will also affect (102) in a similar 
manner. We also find that not only are the spots corre- 
sponding to the planes (103) and (105) absent, but that no 
spot is reflected at the proper angle for (104). The two 
alternative solutions suggested by the absence of reflexions 
from (103) and (105) cannot account for the absence of 
spots corresponding to the planes (104) and (304) as well. 
Furthermore, the total absence of a spot due to (104) can- 
not be attributed to the plane reflecting rays which are too 
weak to produce an appreciable effect on the plate, for the 
spacing and glancing angles for this plane are intermediate 
between those of (102) and (106), both of which produce 
strong Laue spots. It is also equally impossible to account 
for the total absence of reflexion from (104) on the supposi- 
tion that the wave-lengths which could have contributed 


* For 6459; = cot^! 10081 --:0016 t +6’, 


ee 
6j = cot! | 116085 ~-0016 | —6', 


| 
| 
(d | ) 
Obs. | Calc. E t INT | Obs | Cale. Indices Correct 
0. | 0. Piunee: | Indices. | | 9g. 0g. Pilana: Indices. 
| | | 
EXPE a RENE oat es EE = 
(^27 | 6020 | 106 | 103 vs . 5e3l'| 5949 | 106 | 10i 
| | a am 
— 8°59 | 104 ' 102 Abs... — 8044' | 104 102 
i r | e am 
| 1169. : 10° 58° | 3.0.10 305 w . 9° 54' | 100 11' | 3.0.10 | 305 
i | 
| 17950! 170211 102 — 10l VS ... 16958 |1709 | 102 101 
| | | 
— | 049 520 302 
| 
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mostly to the intensity of the spot fall within the band of 
the incident beam which is highly absorbed in the crystal, 
because this band lies in the region of comparatively long 
wave-lengths. 

These anomalous results can be consistently reconciled if 
we assume that the ratio of b : c as given by Groth should be 
doubled (i.e. the true ratios area:b:ez 1:287 :1::4013). 
The various reflecting planes are re-indexed according to the 
corrected axial ratios in the 5th and 10th columns of Table ITT. 
According to the corrected axial ratios we find that the spots 
corresponding to the planes (102) and (302) are absent, 
whereas planes (103), (101), and (305) produce Laue spots. 
These abnormal reflexions are no longer anomalous, for they 
can arise out of either of the following cases :— 


(1) The plane of symmetry is a glide-plane, and the 
translation of the glide-plane parallel to itself is 


(5 + 5) This will halve the spacings of all 
planes (hol) when (+Ù is odd. 

(2) The basic lattice is the body-centred second lattice 
I'm’, when the spacings of all planes (hkl), for 
which (h+4+1) is odd, are halved. 


The indices of the planes which reflect the Laue spots 
lying on the vertical line through the centre of the photo- 
graph are of the type (Ako). The spacings of all such planes 
are unaffected by case (1), but case (2) will affect some of 
them. The two alternative cases may therefore be differen- 
tiated from the study of indices of this type of planes and the 
intensity of the spots reflected by them. 

Table IV. shows the identification of the 5 spots which lie 
on the positive side of the vertical line throughout the centre. 


TaBLE IV. 


GERE. 
| A 8? By! 80 50' 150 
M^ osse. 109 49 119 0' 140 
Vein 149 25' 14° 23' 130 
| seen 179 15' 179 15' 950 
Messe | 2197 | 21914 ; — 120 
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We thus find that the reflexions from all simple planes 
1905s 120, whether (4+ k +l) is odd or even, are present. 
This suggests the probability of the basic lattice not being 
I'm'; but, as the intensity of the spots due to the planes 
(140), (250), and (120) is weaker than that due to (130), it 
is just possible that odd-order reflexions from the three 
former planes are really absent and the corresponding spots 
are due to even-order reflexions. 

To settle this point definitely a gnomonic projection was 
made from the Laue diagram. The indices of the reflecting 
planes caleulated from the projection did not show any 
indication of the halving of the spacings of planes (hkl) 
when (h+k+1) is odd, either by the absence or by the 
comparative weakness of the spots reflected from such planes 
generally. 

It was therefore concluded that the basic lattice of the 
crystal is I'm. (Results given later in Table V. also confirm 
this conclusion.) 

The method adopted in this case for the determination of 
the number of molecules per cell requires a general idea 
of the relative energy in different parts of the incident 
radiation, and their photographic effect. They are briefly 
described below. 

Dauvillier * observed that when the source of X-ravs is 
a glass bulb, wave-lengths longer than 1:5 A. are entirely 
absorbed by ‘the thick glass walls. The general radiation 
curve for 60 K.V. obtained by Hull and Rice T using a 
Coolidge bulb with a tungsten target shows that the relative 
energy of the rays longer than -9 A. is very small. In the 
present case we can assume the contribution of wave-lengths 
longer than *9 A. to the intensity of a spot to be negligible, 
for they are very strongly absorbed by the crystal. 

The intensity of reflexion from a certain plane as measured 
from the density (blackening) of the Laue spots cannot 
always be tuken proportional to the energy of the reflected 
rays. Wyckoff} has carefully calculated the effect of the 
general radiation from a Coolidge tube with a tungsten 
target for different maximum voltages. His curve for 60 K.V. 
shows that the blackening effect of wave-lengths longer than 
'9 A. is approximately proportional to their “relative energy. 
At this point the effect begins to increase, suddenly reaching 


a maximum at X = ‘485 A, (critical absorption for silver) ; ; 
the maximum effect is maintained roughly to X = 4 Á. 


* Ledoux-Lebard and Dauvillier, * La Physique des Rayons-X.* 
t Hull and Rice, Proc. Acad. Nat. Sci. ii. (1916). 
f Wyckoff, Amer. Journ. Sci. 1. p. 336 (1920). 


1160 Dr. A. Nath Sarkar on an X-ray Examination 


After this point the blackening effect falls very rapidly (the 


effect of critical absorption by bromine of A = :917 A. need 
not be considered, as energy of this wave-length is very 
small), 

This abnormal effect on the photographic plate of certain 
wave-lengths affords a very convenient means of detecting 
the wave-lengths reflected by certain planes, for we can 
generally assume that the intensity of most of the strong 
spots produced by planes having comparatively complex 
indices is largely due to wave-lengths which lie between 


49 A. and 4 À. for 60 K.V. 

We have already found that the symmetry plane of the 
crystal is a glide-plane, and its basic lattice is Im ; the 
number of molecules per cell is therefore either 2 or 4. 

Pl. XXI. shows that the spots corresponding to the rather 
complex planes (131), (141), and (161) are very strong, and 
that the spot reflected by the plane (151) is weak. The 
spacings of these planes corresponding to 2 and 4 molecules 
per cell were calculated from the corrected crystallographic 
data and the glancing for these planes observed. The wave- 
lengths reflected by each of them calculated therefrom are 
shown below. 


TABLE V. 
| 131. | 14 161 151 
a bee ees ney eee 
(oy =181 | ay =90 | A 49 1 = 67 
| A, = 66 A, = 45 | A, = 725 A, = ‘34 
N= 4 ........ 4 
| Mo He | Ag = UO 
u A, = ‘34 
( A= 1:05 A, = 771 A, = 39 X= t03 
| 
NM uotis A, = C058 A, = 36 A, = 27 


From the foregoing discussion on the intensity of Laue 
spots it follows that the intensity of the spots produced by 
all the three planes (131), (141), and (161) could not have 
been very strong unless each reflected a wave-length which 
is photographically very effective. The above table clearly 
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shows that this is true when N is 4, for the 3rd-, 2nd-, and 
1st-order reflexions from the planes (131), (141), and (161) 
respectively are produced by wave-lengths all of which lie 


within the most effective range (49—4) À. Onthis assump- 
tion a weak spot from the plane (151) is also accounted for. 
On the other hand, if N had been 2, none of these spots 
should have been strong (possibly excepting that due to (161)) 
À strong spot due to (131) also proves that the basic lattice 
of the crystal cannot be Im’. 

The reflexion from the plane 6(010) does not occur on 
the plate ; therefore the exact nature of the symmetry-axis 
could not be decided from the Laue photograph of the 
a (100) face of the crystal. 

The final conclusions from the observed data are therefore 
that the space-group is C4, or C3,, according as the axis of 
symmetry is a simple or screw-axis, and that the molecules 
are asymmetric. 


(C) ALUMINIUM ACETYLACETONE, 
(C; H5,05);AI. 
Lang * describes this crystal as follows :— 


Class: Monoclinic prismatic. 
Forms : a (100), m (110), c (001), g' (101), 0/(103). 
a:b:c2 1:9001:1:1:3601; — 8-98? 54. 


Facets belonging to the forms g'(101) and b'(103) gave 
very poor reflexions, and he was not satisfied that they 
corresponded to real faces. 

Subsequent examination of the crystals by T. V. Barker f 
showed that the form g' was actually developed and that 
a:g' = 60? 26' (not 62° 24' as observed by Lang). The 
crystal elements according to the new observations are 
therefore :— 


a:b:c 1[901:1:1:111. 


A Laue photograph was taken with the rays incident 
normally on c(001) face and the b-erystallographic axis 
vertical. The pattern obtained is shown in Pl. XXII. The 
maximum voltage through the tube was 60-70 K.V. and 
the distance of the plate from the crystal 4 cm. 


í i V. Lang, Sitzungber. d. Akad. d. Wiss. (Wien), cxi. (2 a), p. 1166 
1902). 
t Morgan and Drew, Trans. Chem. Soc. cxix. (ii.), p. 1064 (1921). 
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The identification of one of the six pairs of spots on the 
vertical line through the centre of the pattern is shown in 
the following table. The fourth column gives the indices 
of the corresponding planes according to the axial ratios 
observed by Barker. 


M adc eas 24e TT' 


TABLE VI. 
INT | Obs. | Cale. | Indices of | Corrected 
g. | 0. Planes. Iudices. 
€ — o — a SÍ — | — —— ————Á | 
B aiii ' 6020 69 30' 081 | 041 
| 
NP ore atu 8o 21’ 8938 | 0601 | UBL 
| i 
VS hes | 12° 15' | 12° 40' 04]. | œl 
WM... ^ 169 30' | 16° 50' o1  , 09» 
Nene: 18° 26 18° 50’ 083 O43 
| 
| 24° 30' 021 011 


The table shows that spots due to the planes 071 and 051 
do not occur. Since strong reflexions from more complex 
planes (081 and 061) are present, it is improbable that the 
total absence of the spots from 071 und 051 is due to these 
planes reflecting weakly. Furthermore, in a normal case 
this cannot be accounted for on the supposition that the rays 
reflected by them are all outside the range of wave-lengths 
which was used, or that they had very little photographic 
value, for the spacing and glancing angles for 071 are 
intermediate between those of 081 and 061, and therefore 
the wave-lengths reflected by it should have an intermediate 
value. The same reasoning holds good for 051. However, 
the spots due to these planes could be absent if the basic 
lattice of the crystal is the c-face-centred lattice Tm’, which 
will halve the spacings of all planes (hkl) if (h+k) is odd. 
(Presence of a spot due to 031 might he assumed to be due 
to even-order reflexions from this plane.) 

For further information on this point and the determina- 
tion of the nature of the symmetry. plane, the indices of 
panes reflecting the various spots on the horizontal line 
through the centre of the photograph were obtained in the 
usual manner. The identification of the spots is shown in 
the following table :— 
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Spots on — ve side of a-axis. l. Spots on + ve side of a-uxis. 
Vul. E E EEEE] LM m 
fuge Ob. Cale. | Indices | Correct : inr | Obs Cale. | Indices | Correct 
g. | "Blanes pde p. 0. | l'lanes, | 12dices. 
EER ae a FEET = ie ieee LI eun oot Y 
Abs...) — | Jesi, gor | 407 Soad EDIT E | 100 | 10 
VW... 7°10" | 7? 21' GOL | sor | VW...) 16°37 17938 | 110.1 | 11. 0.2 
Abs...) — | 8°53" | 11.0.2 | 11.04 hi dum | 189 12" , 19° » | 9.0.1 | 902 
M...... | 10? 25’ | 10948 ^ oI | 502 TW. 21° 0’ | 220 Q' | 701 : 702 
m | 129 1» 12946 00: | 904 | : | | 
vs E 14954 150 28" | 401 | 201 | | | | | 
WM. 187 1894" ^ T2 | 704 | | | 
Ww | 199 20' | 190 36' | 10.0.5 | 503 | | | | 
W .. 92930 22047 301 | 302 | l 


——— — ——— - = — — — — — — —M 


The ubsence of reflexion from the ines 10.0.1 and 801 
and 801, and the presence of a very weak spot corresponding 
to 601, apparently indicate the symmetry-plane being a glide- 
plane ^ its translation parallel to its own plane either 
€ 
2 
due to the planes 501, 401, 301, etc., are present, and 
it does not account for the absence of a spot from 
701. Results given in the above table furthermore show 
that the basie lattice of the crystal cannot be the c-facc- 
centred lattice I'm’ which seemed probable from the study 
of Table VI. 

If we assume the ratio of b: c to be double of Barker's 
ratio, the anomalous nature of reflexion from tlie planes of 
the ty pe (okl) and (hol) disappears. The indices of the 
planes given in Tables VI. and VII. have been re-indexed 
according to the corrected axials (a: b:¢ = 1901 : 1 : 2:222) 
in separate columns of the tables headed * Correct Indices." 

In Table VII. we observe that, according to the corrected 
axial ratios, spots corresponding to planes 501, 401, 401. 301, 


i. e. planes (hol), when J is odd (excepting 201 and 503), are 
absent, and that reflexions from more complex planes such as 


or c d 5) ; but the deduction is improbable, for spots 
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502, 904, 704, and 302, i. e. planes (hol), when l is not odd, 
occur. This indicates that the plane of symmetry is a glide- 


plane and its translation parallel to itself is zx Spots 
corresponding to the planes 201 and 503 are exceptions, but 
they were found to be due to even-order reflexions from 
these planes. 

Though the results of Tables VI. and VII. suggest the 
improbability of the basic lattice of the crystal being I'm’, 
the point could be definitely settled when the number of 
molecules per cell is determined and the intensities of the 
spots produced by certain general planes (hkl) are compared 
with the wave-lengths reflected by them. Accordingly, the 
indices of the planes reflecting the various Laue spots were 
calculated from a gnomonic projection made out of the 
Laue diagram. 

It will be noticed that though the Laue diagram (P1. XXII.) 
shows a two-fold symmetry about the horizontal line, the 
distances from the centre of the pattern of spots reflected 
by two corresponding planes (Akl) and (hkl) are not exactly 
equal. This is evidently due to the fact that the crystal face 
c(001) was not quite normal to the incident beam, but 
rotated through a sinall angle about the a-axis of the crystal. 
For example, the distances of the spots reflected by the 
planes 412 and 41z from the centre are respectively 2°10 cm. 
and 2:04 cm. ; and we find that the spot corresponding to 412 
is weak, whereas that due to 412 is very strong. ‘The spacing 
and grating elements of these planes are the same; and since 
only the glancing angles for them are different, it is evident 
that one of the wave-longths reflected by 412 should be just 
outside the critical point at which the blackening effect of 
the rays begins to fall abruptly, i. e. it should be just longer 
than 485 A. (the critical absorption of silver), and that the 
corresponding order of reflexion from 412 should be within 
the range ot wave-lengths which is photographically very 
effective, £ n 

The spacing of the plane 412 (or 412) calculated from the 
corrected axial ratios and density = 1:267 is 3:05 A., and 
the glancing angles for 412 and 412 as calculated from the 
distances of the corresponding spots are 13° 50' and 13? 3u' 
respectively. The wave-lengths producing the 1st-, 2nd-, and 
3rd-order reflexions of 412 (calculated from nà = 2d .sin 6) 
are 1°46,°73, and 488 Å., and those of 412 are 1:42, *71, and 
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415 À. respectively. Since the 3rd-order spectrum of 412 
is produced by X =°488 A., which is just beyond the critical 
absorption of silver, the intensity of the corresponding Laue 


spot is weak. A strong spot corresponding to 412 is also 
accounted for, since the 3rd-order reflexion from this plane 


is due to X = 475 A., which is well within the range of 
wave-lengths producing maximum photographic effect. It 
is therefore concluded that the number of molecules per cell 
is 4. 

Since the intensity of the spot due to the plane 412 is 
mostly due to the 3rd-order reflexion, the basic lattice of the 
crystal cannot be I’m, for each of four cases of I'm will 
halve the spacing of 412, and in consequence the 3rd-order 
reflexion from this plane should have been absent. 

The final conclusions from the results given by the Laue 
photograph of this crystal are therefore that the molecules 
are asymmetric and the space-group Cy or Cy, according 
as the symmetry-axis is a simple or a screw-axis. 

As the reflexion from the b (010) plane does not occur on 
the plate, the exact nature of the symmetry-axis could not 
be determined from the annexed pattern (Pl. XXII). But 
Mr. Astbury has kindly supplied me with some data obtained 
with an ionization spectrometer. He obtains the value 


3:105 À. for the spacing of the b (010) plane. The full 

caleulated spacing of this piane corresponding to N = 4 is 
O 

1:425 A. Thus the b-spacing is halved, and therefore the 

axis is a screw-axis and the space-group C5,. 


In conclusion, I wish to thank Prof. A. W. Porter, F.R.S., 
for his direction and advice, and to express my indebtedness. 
to Mr. J. H. Smith, M.Sc., for his many helpful suggestions. 


CX. The Making of a Salt Haze. 
By J. S. Owens, M. D., A. M.4.C.E.* 


I OBSERVED recently an interesting phenomenon which, 

T think, might be termed the birth of a salt haze, 
On March 19th, 1926, on board the Booth liner * Hilde- 
brand, we were off the coast of Spain, south of Cape 
Finisterre; it was a bright sunny morning, with a light 
wind from the south-east, that is off the land. A long swell 


* Communicated by the Author. 
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was breaking on the rocky coast and throwing upa great 
deal of spray where partly submerged rocks occurred. The 
coast itselt was partly obscured by a white haze nearly up to 
the tops of the hills, which appeared about 400 or 500 feet 
high, but this was definitely denser near the sea-level. The 
visibility out to sea was very good. It was 9 A.M. and the 
sun was over the land, the sky clear of cloud except over 
the land. At certain places along the coast, over projecting 
rocks where the spray formation was very marked, the haze 
referred to was definitely denser than at other points; all 
such parts were overhuug by fairly well-defined patches 
of haze. 

While passing through the haze on the 19th I took some 
records with the jet dust counter *, and a 1000 c.c. record 
was distinctly visible with the naked eye. Examination 
under the microscope showed that the record consisted 
practically entirely of soluble crystalline matter. When 
tirst examined the line of the record was covered with 
small drops, which, on warming, dried and left well-defined 
crystals, chiefly skeletal and fern-like, some very small and 
indefinite in shape. There was a star-shaped erystal of eight 
rays, outside diameter about 4 microns; one imperfect star 
with one long ray, like a dagger blade, about the same size, 
but the crystals were mostly skeletal. . 

On the following morning, farther south along the same 
coast, it is perhaps of siguiticance to note that there wasa 
dense fog which gradually cleared as the sun got up, so that 
it was practically gone at 9 AM. At this time I took a wet 


and dry bulb observation which showed a dry bulb tempera- 
ture of 54°5° E. and wet 30° F. This represents a relative 
humidity of 71 per cent., which 1s therefore a little below 


the humidity at which sodium chloride deliquesces t, and it 
-eems to convey the suggestion that the presence of salt 
crystals in the air may have been responsible for the fog. 

On several occasions, haze composed practically entirely 
of salt crystals has been found in the vicinity of the sea. 
Such hazes have already been described in the Proceedings 
of the Royal Society, A, ex. (1926), and in the Ninth 
and Tenth Annual Reports of the Advisory Committee on 
Atmospheric Pollution. 

It seemed worth while finding, if possible, the humidity 
conditions under which the actual erystals obtained in the 
record taken on the 19th would deliquesce. The cover glass 


* Proc. Roy. Soc. A, ci. (1922). 


+ “Condensation of Water from the Air upon Hygroscopic Crystals,” 
by J. S. Owens, Proc. Roy. Soc. A, ex. (1926). 
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with its record was therefore removed from its mounting 
ring and set up on three wax pellets above a glass slip, 
leaving about 2 mm. air-space between the cord and the 
slip, the record being on the face of the cover glass next 
the slip. The crystals were observed under the microscope 
during different conditions of humidity as it altered naturally. 
The humidity was measured by an Assmann psychrometer, 
the bulbs of which were placed in close proximity to the 
record. 

The first observation showed the record to consist of drops 
only, the humidity was then 77 per cent. It fell to 
74 per cent. without any change in the drops. The next 
observation was at a humidity of 51 per cent., and all the 
drops had disappeared, leaving dry crystals; this condition 
persisted when the humidity rose again, and the last obser- 
vation was at 64 per cent., the crystais being all dry. 
During the last observation, on breathing near the record 
the trace became immediately converted into a line of drops, 
which disappeared again in three or four seconds, showing 
the rapid response to the surrounding conditions. 

The crystalline matter present in the air on the 19th was 
capable of collecting moisture, or retaining it, at 74 per cent. 
relative humidity at a temperature of 61:5? F., but lost its 
moisture at 64 per cent. at a temperature of 58? F. This is 
significantly similar to the behaviour of crystals of sea salt 
when observed under changing conditions of humidity. 

The above observations may throw some light upon the 
reputation which the Spanish and Portuguese western coasts 
have for fogs. It is evident that if the atmosphere contains 
large numbers of crystals which deliquesce at humidities 
25 per cent. below saturation, the conditions for fog for- 
mation must be exceptionally favourable. The nature of 
the coast and the exposure to the Atlantic swell is such that 
it mst be a prolific factory for salt haze, and apparently this 
may easily become converted into a thick fog. 

The method of formation of such a haze is worth con- 
sidering. It appears probable that the origin of the haze 
may have some effect uj on the distribution of the different 
salts forming it. It is well known that sea salt is a mixture 
consisting mainly of sodium chloride but with considerable 
proportions of other salts, such as magnesium chloride. If a 
salt haze is developed from spray thrown up from tlie surface 
of the sea under the action o£ the wind, the crvstals resulting 
from the evaporation of the liquid suspended in the air will 
be composed of a mixture of all salts present. If we picture 
a drop of solution of a mixture of sodium and magnesium 
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chlorides crying while suspended in the air, the less bygro- 
l 


scopic sodium chloride will doubtless crystallize out and torm 
a solid core to the drop when the humidity falls below about 
75 per cent. ; but at this stage there would be surrounding 
the core a more concentrated solution of magnesium chloride, 
and this would not evaporate until the air became much 
drier. Thus we might expect a core of sodium chloride 
with surface crystals of magnesium chloride. With such 
& formation it is not easy to see how a selective deposit 
could take place unless the surface crystals of the more 
hygroscopic salt became separated in some way from the 
less hygroscopic core. 

There are, however, other ways in which it is probable the 
salt haze is generated, which might produce a suspension of 
crystals in which the different salts were separated. For 
example, in the case of flat sandy foreshores where a great 
expanse of sand is exposed at low water there is usually a 
marked drift of sand under the action of the wind. This 
is responsible for the formation of sand dunes which often 
border the coast near such foreshores. The wind is capable 
of picking up sand while the latter is wet with sea water, 
and the sand may often be observed drifting in a dense laver 
over the surface of the damp foreshore. ‘The sand particles 
being wetted with sea water, under suitable conditions no 
doubt the surfaces of the grains become coated with minute 
crystals of sea salts ; these crystals may be detached by the 
rubbing of the sand grains together under the action of 
the wind, and thus a haze of very fine crystalline matter be 
distributed in the air. Sucha haze would probably have the 
crystals of the different salts to a great extent separated from 
each other, and as the humidity of the air alters there would 
probably be a selective settlement of the more hygroscopic 
particles before the others. If, for example, we picture con- 
ditions wl.en the relative humidity is over 75 per cent. for 
some time and the air is still, it would seem to be probable 
that all the salts which deliquesce at humidities above this 
would tend to settle out bv virtue of their increased mass 
after deliquescence, thus leaving behind the salts which 
remain drv under those conditions. 

I do not think we can assume, as has been done (Kohler) *, 
that salts derived from the sea necessarily maintain the same 
composition when suspended in the air. 


* Hilding Kohler, “The Condensation of Vapour in the Atmosphere,” 
Geophysical Publications, vol. ii., Danish Geophysical Commission, 
1921. 
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Haze at Holme, Norfolk. 


The following observation was made on August 31st and 
September 1st, 1926, on the coast at Holme, which is situated 
on the southern coast of the Wash:—A strong wind was 
blowing in from the sea on Tuesday, August 31st; the direc- 
tion was about NW’N., and on Wednesday this veered to 
nearly due North. The velocity was approximately 20 miles 
per hour, as measured by the flight of thistledown over a 
measured distance. The sea was rough and there was a large 
quantity of sand blowing on the foreshore. A dense haze 
covered the land, the limit of visibility being about 5 miles. 
The same was true over the sea, the horizon being very hazy. 
The weather was fine, except that on the night of Tuesday, 
August 31st, there was a slight fine rain. 

On Wednesday, September 1st, a trap was set up with the 
object of catching some of the haze particles. This trap was 
made from a tin, about 100 millimetres diameter and 120 
millimetres long, and open at one end. In the middle of the 
closed end of this tin a hole about 2 millimetres diameter 
was punched, and it was set up with the open mouth facing 
the wind with a microscope slide wedged about 2 millimetres 
behind the hole, so that the jet of air passing out through 
the hole in the hottom struck the microscope slide. The 
apparatus was set up about 100 yards landward of the 
foreshore. The tides at the time were neaps, and a large 
area of sand on the foreshore was exposed ; the sand, as 
stated above, was drifting with the wind. 

The first slide was put in at 10.30 a.m., and at 11.15 A.M. 
a` patch visible to the naked eye had formed opposite the 
hole. The slide was removed at 12.30 p.m. and, examined 
under a low power, showed mostly drops, which disappeared 
on warming the slide, leaving what was apparently crystalline 
deposit behind. Slide No. 2 was put in at 12.30 P.M. and 
removed at 3.35 r.m. The haze during the whole time 
remained about the same. On examining these slides under 
the mieroscope on my return to London, the visible patches 
were seen to consist almost entirely of drops. At the time 
of examination the humidity was taken with an Assmann 
psychrometer, the wet bulb was 63:7? F., the dry 67:4? F., 
indicating a relative humidity of 80 per cent. On warming 
the slides gently the drops disappeared and crystals were 
formed. These were mostly skeletal crystals with arms 
at 90°. The crystals were allowed again to deliquesce, when 
a few rhomboid crystals were found which did not liquefy. 
On being re-warmed, a large number of well-formed squares 
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aud rectangular plates appeared. The second slide showed 
the same appearance, except that there were large numbers 
of rhomboid erystals scattered through the drops, and, on 
drying, numbers of cubical crystals having sides up to 24 
microns diameter became visible—evidently sodium chloride, 
—but there were also a number of skeletal crystals with 
90? arms. 

It is evident, therefore, that the haze contained, if it did 
not entirely consist of, large numbers of salt crystals, aud 
as they were probably at the time partly if not completely 
deliquesced, it appears to bea somewhat interesting condition 
—probably the transition state from a haze of dry crystals 
to a fog of liquid drops. It is important to note that the 
relative humidity at which the crystals were found to have 
deliquesced was 80 per cent., while common salt is known to 
deliquesce at 74 per cent. to 75 per cent. relative humidity. 
The sea during the observation was rough, and doubtless one 
of the sources of the haze particles was the spray carried in 
the wind, but there was as well a large expanse of open 
foreshore over which sand was blowing, and this sand being 
wet with sea water doubtless set free salt particles into the 
wind. Particles so set free from blowing sand need not 
have the same composition ag sea salt, as the selective 
deliquescence of the salts would come into operation, some 
adhering to the sand particles when wet, while others might 
be crystalline and free to be knocked off by the impact of 
the sand particles with each other. 


CXI. The General Theory of the Sensation of Flickers in 
Peripheral and Central Vision. By P. Lasarerr, 
Member of the Academy of Sciences (Leningrad), Director 
of the Institute of Physics and Biophysics (Moscow) *. 


[^ my publications from the year 1914 I have demon- 

strated that many phenomena observed with Flickers can 
be explained if we apply the ionic theory of stimulation 
developed by myself t. 

For the moment at which we obtain a continuous sen- 
sation of illumination, the number of light interruptions in 

* Communicated by the Author. 

f Article by P. Lasareff in the special publication of the Ledentzov 
Society in Moscow, with an English resumé, 1914; later the same 
theory was published in my book ‘ Recherches sur la théorie ionique 


de lexcitation' (Moscou, 1918), and in P. Lasareff, * Ionentheorie der 
Reizung’ (Bern und Leipzig, 1923). 
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a second N, the intensity of the light J, and the time ¢ 
of darkness adaptation after strong illumination of the 
retina are connected by the following formula : 


(N —No) / AN? + a? = a kIC,(1—e7 42’) A. 


No» 45, %3, Cy, aj, and A are constants ; k is the constant of 


absorption. 
The above formula may he wriiten in another way : 


log (N—N,) +4 log (47*N? aj?) = logJ +B. . (1) 


B is a constant. 
Later Allen proposed another empirical formula con- 


necting N and J *. This formula has the form 
N = AlogJ4B.. . . . . . (2) 


A and B are constants which can be determined from 
experimental data. 

In Allen's experiments, which confirmed excellently 
formula (2), the variations of N and J are very large, 
aud it is necessary to investigate the connexion between 


the formule (1) and (2). 
This question is the purpose of the present paper. 


$ 1. General Theory of the Photochemical Phenomena 
during periodical illumination of the retina. 


We will first investigate the influence of the periodical 
illumination of the layer of sensitive pigment. The con- 
centration of this pigment is C and the concentration of 
the ionized products of photochemical reaction is C,’. 

As I have shown in my previous works T, the velocity 
of the reaction which gives the stimulating ionized products 
must be proportional to the absorbed energy, which is, 
when C is small, equal to a,kJO (J is the periodically 
varying intensity of light). At the same time as the 
destruction of the pigment we have, in the retina, the 
process of restoration of sensitive pigment, As I have 
demonstrated, this process has a velocity —a4C,'. We 


* F. Allen, Phil. Mag. ser. 6, xxxviii. p. 81 (1919). 
f P. Lasareff, Pflüger's Archiv, cliv. p. 459 (1913) and clv. p. 310 
(1914). P. Lasareff, ‘ Recherches sur la théorie ionique d» l'excitation,’ 
. 86 (Moscou, 1918). P. Lasareff, * Ionentheorie der Reizung, p. 13 


( Bern und Leipzig, 1923). 
4G2 
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have therefore for the process taking place in the retina 
during the action of light on the retina the following 
differential equation for the velocity of the reaction : 

dO, 


di = aykJIC—a,C, 3 


or putting J =Jo(l—sin nt), where n z2vN, we have 


dU. g aC = akd C(L—sin nt). "T 


The oscillation of C during continuous sensation is very 
small and the change in C, which produces the adaptation, 
is very slow, and we can therefore assume that during the 
experiment C is constant. 

With this hypothesis we obtain the solution of (3) in 
the form 
kC . 
| EN UNT (nt—4),. . . (4 
Ke N s^ + n? 
tan $ being equal to ~ 
2 


This equation gives us the law for the variation of 
concentration of the products during periodical illumination 
of the retina. 

The amplitude of the variation of concentration is equal to 


If we take into consideration that C varies very slowly in 
the darkness after the complete destruction of the pigment 
by the action of intensive light, we can calculate that this 
variation can be expressed by the formula *:. 


C = C 1-267255, 


y being a constant dependent on the intensity of the light J, 
which has acted on the retina (if J=%, y=1). We obtain 
therefore 

- ahd (Co 1 — yes") 


A S a 
N a4? tn? 


eos (9) 


* See P. Lasarett, Pfliiger’s Archiv, clv. p. 311 (1914). P. Lasareff, 
‘Recherches,’ p. 106. 
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§ 2. The conditions which must be fuljilled in order to obtain 
a continuous sensation during interrupted illumination 
of the retina. 


If we obtain a minimum sensation from flickers, the 
amplitude of variation of the concentration of ions (5) 
must be connected in the following way with the frequency 
n=27N, A=d(n). We can therefore express this connexion 
in the form 


A = 4() = 


a kd oMo(1 — e^ 2") 
V as +n i 
p(n) Vas? +è = akJoC (l= yet) 6 . . (7) 


These formulæ (6) and (7) are the most general ex- 
pressions for the conditions necessary for a continuous 
sensation during the action of flickering light, and every 
empirical formula giving a good agreement with experiment 
can be included in these formulæ. We will consider 


separately the three cases studied by myself and one case 
studied by F. Allen. 


(1) The first formula of Lasareff. 


If we make the simplest hypothesis about the form 
of (n) and if we put $(n)—HRn (R is a constant) we 


obtain 
a hd oCo 
R ( 


(6) 


or 


n V ag! += 


l—ye-*5*.. . . (8) 


(2) The second formula of Lasarejj. 


We can give to the function $(») a more complicated 
form.’ For instance, we can put h(n) =R(m— nj) 3 n isa 
constant. In this case 


(n—n) V aj +12? = m (1 yeas), . . (8a) 
This is the second type of equation proposed by myself, 


(8) The generalized formula of Allen. 
In order to satisfy the empirical formula of Allen we 


can put $(n)V/ a? - n* - ReP^; R and p are constants. 


The formula (7) gives us 
Te ay kd 9CO,(1 — yett), 


* P. Lasareff, Publication of the Ledenzov Society (loc. cit.). 
P. Lasareff, * Recherches sur la théorie ionique de l'excitation’ (loc. cit.). 
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This equation can be given another form : 


log R+pn log e = log Jo4 log (1 — ye7 3t) + log a3 k Co, 
or 


1 1 —a,t 
n lone I eo ) 
1 1 
NL ERE . (9 
uoc ru Go Mr oe 


If the conditions of adaptation are not variable the 
formula is identical with Allen's equation. 


(4) The third formula of Lasaref. — — 
We can assume that the amplitude A=¢(n) satisfies 


the following conditions. 
A increases with n, and we can assume that the relative 


increase of A, equal to E is proportional to dn. If pisa 
constant, we have 


7 = pdn or A = Re”, 


R being a constant. 
Substituting this value of A in formula (7) we have 


Rer” V ap tn —ak1-—ye7). . . (10) 


This is the formula deduced by myself. 
In conclusion we will show that the general equation 


$(n) = nx 

Ae +n 
can be made to give some interesting general results, 
without precise determination of the form of function (n). 
Indeed, as I have proved *, during the continuons action 
of light having a constant intensity the concentration of 
stimulating ions C,’ is equal to 


(10 a) 


C,’ = > kJC. 
2 
At the threshold of stimulation C,' — B [B isa constant], and 


the sensibility E— E is in this case equal to 


J 


and from this we get 
a, kC za, BE. 
* P. Lasareff, Pflüger's Archiv, liv. p. 464 (1913). P. Lasareff, * Re- 


cherches sur la théorie ionique de l'excitation, p. 88. P. Lasareff, 
* Ionentheorie der Reizung,’ p. 17. 
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Substituting this value in the equation (10 a) we have 


i 
$( n) = LIP. 


Le(2) 
p(n) i zy 5 = EJ, 


We conclude from this that if the product of sensibility E 
and the amplitude of intensity of interrupted light Jo is 
constant, the frequency of interruption giving a con- 
tinuous sensation remains the same. 

We can formulate the results obtained above as follows:— 


or 


(a) The first formula of Lasareff : | 

n / as! +1? = g nb — qe7 P). | 

(b) The second formula of Lasareff : | 

(n—nj) aj! +n? = g nba oL — ye") | " 

(c) The generalized formula of Allen: | | 

er” — H a kJ yCo(1 — qe7 5). | 

(d) The third formula of Lasareff : | 

e/a? +n? = 2: a kJ (Cyl — ye7 5^). | 


If no is the value of n corresponding to the maximum 
adaptation (complete darkness adaptation), we obtain : 


—— ) 

21) nov as! + nj = : a4 kJ oCo. 

R 
1 

(b) (tomy) Vag? + 29? = g^ | 


(c1) spm xia 


(di) e?" 4/ a4 + ni = i nbl Os 
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Dividing (a) by (aj), (b) by (bj), (c) by (ej), and 
(d) by (dj), we ünd: — DS am 


(A) (First formula of Lasarett) | 
n dia +n? = Lovet, i 
no V ay? + n? | 
(B) (Second formula of Lasareff) | 
(n—n)) Vay? +n? ae 
ee m I-ye Wo | 

n — nj) V ag + no 1 (13) 

(C) (Generalized formula of F. Allen) | ub 

er = ] — e^ st | 
ep y i | 
! 
(D) (Third formula of Lasareff) | 
UIN zz l= ye", | 
eP™ VY a + no? J 


$3. T'he comparison of the theoretical formule with 
the experiments. 


All the above formulz (13) give more or less complicated 
functions of n which must all be equal to 1—ye~%‘, ex- 
pressing the curve of darkness adaptation, after the action 
of light. "These formule (13) must be independent of the 
wave-length of the light producing the flicker. If, therefore, 
we find for all wave-lengths of interrupted light that the 
expression 1— ye~" is equal to the particular function of n 
we are considering, we conclude that the theory coincides 
with experiment. 

In order to test the formule (13) we may use the very 
precise data obtained by M. Schaternikoff *. For this case 
the intensity of the light producing the light adaptation was 
great, and therefore y=1. The results of the experiments 
ot Schaternikotf and the theoretical formula are given in 
Tables I., II., IIT., IV. In all cases a, is equal to 9°75 t. 

We see that in order to satisfy the condition (13) we 
must choose different values of æg, which are for 4 2510:5 


* M. Schaternikeff, Zeitschr. f. Psychologie und Physiolog. der Sinnes- 
org. Xxix. p. 2-4] (1902). 
t P. Lasaretf, Publication of Ledentzov Society (loc. cit.). 
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TABLE I. 
A = 510°5 up. A = 589 pp. A = 670:8 pp. 
EIER EM —— Sa ` mM A, 
peet, aie RS pom aM afar pyst Nune 
no Na, +n," nN a,? rub x 9o V ag 4- ni 
t (min). ay—0050. —,"—108. a,=0055. FY — 156. 33095. 5c 147. 
Deal edus 0-24 — 0:21 0:43 071 0:71 
Oh EREET E 0:42 0-48 0:12 0:53 0°76 0:76 
IS. diei 0:56 0-64 0:56 0:63 0:80 0-79 
A EEEE 075 0-77 075 0°78 0:87 0-88 
ere eee 0:85 0'88 ^— «85 0:82 0:91 0:92 
NONE T 0:94 0:94 0:04 0:93 0:95 0:97 
TO ra NORTE 0-98 0:95 0:98 0:08 0:98 0-98 


90 ous TN ees 0:99 0-99 0:99 0:99 0:99 1:00 
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and 589 equal to 0:055 and for X—670:8 to 0:04. This 
first theoretical case therefore is in contradiction with 


experiment. 
TABLE II. 
A = 5105 up. A = 589 pp. A = 6708 pp. 
SN yin ——— — 
]—e.4" ** (n—n,) V a,?7+ n? (n —n) aj 4n (n—n,)V tad ni 


(mm) atn — (m—n)Maj-nà ^ (mo — 0, ) VF + ue 


t (min.). a3: 0:055. 91 mb; = 16:8. d e o. = 156. si =103; =i. 
AE NA 0:24 e 0:36 039 

10 oes 0:42 0:42 0:46 0:49 

15. iruan 0:56 0:60 0°58 0:56 

2D tiiv: 075 0:74 074 0:7-4 

OD reres 0:85 0'86 0:78 0:84 

00 cus 094 0:92 0:91 0-94 

TO iasa 0:98 0:95 0:07 0:95 

QU iie 0:99 0:99 0:99 1:00 


We see that in this case cg remains constant, and 
therefore the above formula gives us a good agreement 
with experiment. 


TABLE III. . 


A = 510:5 pp. = 589 pu. A = 670°8 pup. 
oP” aP” eP” 
(1—67 995. eP" P ePho 
t (min.. a,=0°045. 2-p—02; = =167. 2-p-022; 55-156. 2rp=0°48 ; 5 =1li7 
s A 0:20 — 0:31 0:33 
10 ries 0:36 0:35 0:39 041 
15 44e 0:49 0:51 0:50 046 
20. soinstase 0:67 0°67 0:67 0:66 
SO: sirere 0:79 0:82 0:72 0-76 
BO seedvies 0:90 0'91 0:88 0°91 
ri 0:96 0-04 0:96 0:03 


90 ,........ 0:98 1*01 0:08 0:99 
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TABLE IV. 
A = 51055 pp. A = 589 wp. A = 670°8 up. 
Pag Psp Pap 
deg Os: PN a ptn ef" o A atn? oP a tn? 

M ^ n = . . n . — (M4 :- n ma . 
¢(min.), a,—0:015. 2zp—0195; 94 7167. 2Qrp=0'15; 2,715 6. 2vp—01; 5. —147. 
i EE, 0°20 — 0:30 0°33 

10 ue 0:36 0:32 0:38 0°41 
19:2 0:49 0:40 0:50 0°47 
BO: Anica ws 0°67 0:66 0:67 0°65 
DD visis: 0:79 0°81 0:72 0°77 
DO cse 0:90 0:99 0:88 0:91 
TU retia 0:06 0°93 0:96 0:93 
90 ici 0:98 1:01 098 . 1'01 


We see from these tables that with the formulæ 


(n=n) Vati _ Lat P ay ato i 
AL———————————— l — Ss — : Š — — ; 
(no —n1) V ag + n? e?» A as + ng? 

ep” 


€ pno 


and 


we obtain a good agreement with the experimental results, 


the formula 

nyat o 1—e-2ast 

Ny V a3! + ng? 
being in contradiction with Schaternikoffs experiments, 
because ag changes for different wave-lengths. We conclude 
from this that formule 12 (b, c, d) can be used to express 
the law of the phenomena of flickers. In order to decide 
which of these three formule (b, c, or d) expresses the 
actual relations, we can test the equations 12 (b and d) by 
comparing with Allen’s experiments. The formula (12, c) 
is a generalization of Allen’s empirical formula and for 
constant adaptation gives the same relation between n and J 
as Allen’s original formula, which is in good agreement 
with experiment. We need therefore to test only the 


formule 12 (b) and 12 (d). 
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In Tables V. and VI. we give for three wave-lengths 


A= 520 pu, A=590 pH, and XA— 665 pp the values of J ob- 


served and J calculated from the formula 
Jag ns (n—n)) B 
(B is a constant ; Table V.), and from the formula 


J a agai. ee- (Table VL). 


TABLE V. 
A = 590 up. 

- J (obs.). J =0-00008 pa - 50) y a FR 
65°36 1000 0:93 
61:52 0-883 0:873 
6173 0:587 0-672 
56:18 0-250 0323 
51:02 0:117 0-048 
ds d negative 
33:03 0-0076 | 
21:32 0:0022 value 
25:19 0-0010 of J. 
23:04 0:0007 


We see from this, that the first formula proposed by mysel 
is in contradiction with Allen's data (fig. 1 
Fig. 1. 
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eee oam ayes tas 


A = 520 pp 
——— ~ 
J=A/ a2 +n? eP" - e) 
2rp= 01485. 

J (obs.) az —85 0. 

1:000 ] 276 

0:833 0:074 

0:587 0:574 

0:250 0:2: 4 

0:117 0111 

0:030 0:031 

0 0076 0:0076 

0:0022 0:0028 

0:0010 0:0017 


TABLE VI. 
A = 590 pp. X = 665 up. 
= ————M —- — — € o — € — MÀ —M—— 
T= agat P"O J= atm. n 9? 
2rp= 01306. 9mp- 01248. 

go (obe) j. -7973. ac J (obe). —853. 
6536 1000 1-000 54:35 1000 1:003 
6452 — 0883 OERS 3348 OBES 0:890 
61573 — O8; 0-588 (050 — O5NT 0:579 
5618 — 0:250 0:259 4464 0-750 0:246 
5102 — 0117 0:120 '984 0117 0:121 
4202 — 0030 0:030 3076  0:030 0:030 
3303 00076 0:0074 2203 00076 0-0072 
2732 00022 0 0029 1600 00022 00025 
9519 0-0010 0:0020 1219 00010 0:0012 
93:04 00007 0-0014 
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J calculated (continuous line), (abscisse are =: We see 
T 


that the formula (12, d) gives very good agreement with 
the experiments of Allen. 


Fig. 4. 
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From what has been said above we may conclude that the 
formule determining the threshold of continuous sensation 
during the action of flickering light which are in best 
agreement with Allen’s and Schaternikofi’s experimental 
results have the form 
1 


R a kJ pCo(1 — yet) 


e?” = 


and 
ef" Vogt n1 — gab T ye as), 


It is impossible now to decide which of these formula— 
the generalized formula of Allen or the third formula of 
Lasareff—is in better agreement with experiment. 

The importance of the study of flickers suggests the 
further investigation of this region of science, and expe- 
riments with the phenomena of flickers are being pursued in 
my Institute. 

Moscow, Institute of Physics 

and Biophysics, 
3 Miusskaja, 3. 
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CXII. Zhe Legendre Function 4 Order —4. 
By H. V. Lowry * 


l. "pe Legendre — of order a is the solution of 


d 1 
(1— ni 2275 — 17/79 e e œ (1) 


which equals 1 when «=1. 
The solution regular near z—1 satisfying this condition is 


1 1 l—« 
F(p b^) 
The general solution regular near r=% 18 

e-t[(A+ Blog z)K(z) + BI(z) |, s wo (2) 


where 
1.3.5.7 1 


E 
K(z21*-u- ut 4.8 az 


a. * o 9*9 ọ * 9 


and 


I(«) = a^ *(3)a* UST eg r Sat «Ji 


i rt 
Putting r= and y=ttw, 


(1) becomes 


1-02 +- -2)97 oe Qu 


Hence 
1 1 1— 
Pa(z) -F (5: z L + -aF (5, 5 T 1-t). (3) 


Using the analytical continuation of F(4, 4, 1, 1-4), 
regular near t=0, which is given in Forsyth’s e Theory of 


Differential Equations,’ pt. 3, P- 130, 
P. (2-74 2n n 2 log 2— ; ‘Fl a ik t) 


- («D r^ Gi) 
(i+ gt za) |: .. (4) 
Comparing (2) and (4) when t —>0, 


a/ 2 T 
A= ~~ (3log 2 d B= —=. 
7. 31og2) and B= 75- 


* Communicated by the Author. 


The Legendre Function of Order —1. 1185 


2. The quarter period K of the Jacobian Elliptic Function 
of modulus & is 


a F(a) 3 pb e) =F (> 5 2 1, ni) 


] 1 l—z 


Identifying the last form in (5) with F (s: 9? 


—231 

which by (4) 
1 

ect) (s de] 


- (03) + Moon 


The last form is suitable for calculating K when k is 
nearly 1. 
By identifying each of the forms in (5) with 


{ X odes 1 1 
F(s, T >) and F(s. z» 1, 1-1), 


we obtain various transformations of K corresponding to the 
quadratic transformations of the elliptic integrals. 


3. Since 


yl 
(6) 
E 3.3 l—z 
(= §F (Gs $$ 7^ 
Differentiating (1), we find P (2) satisfies 
d*y dy 9 
— 2 ——— —— — e —]/jz— 


Phil. Mag. S. 7. Vol. 2. No. 12. Dec. 1926. 4H 
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; xt 
Putting oo 


=g an nd y==thw, 
(6) becomes 
d*w 


9 
t(1—t) —- TE +(1— 4) 52 — y=. 
Hence Pao) - eR (3, 3,8, 1-1). . . (8) 
The general solution of (7) regular near z=% is 
2-4 [(A'+B'log 2)K(2)+BI(2)], . . (9) 


3.91 . 3.5.7.9 I 
where K\(«) = l+ — Ae p + IM a 
3. aE 
and 1,(2) =2 453 ( -3) 5+ t—BgB 
1 l 1X1 
bini stp Tu 
But when z is very large, we have from (2) 
P_(@= «~4{B—3(A+Blogz)} nearly. 


,__A V2 
Hence A-—35 +B= -— -zy Glog 2-2) 


nd B’ v2 


--—  — 
* 


rm 


The corresponding solution regular near t=0 is 
- [u log 2—4—log t) F (5: ee t) -4 OG -j 
5 
GO Ga (5*5-$-1 09M]. . (5 


4. The mutual inductance of two parallel circular coaxial 
circuits radii a, A, and d apart is 


m= (" Aw Aacosid? — 
V A3 + a? + d?—2Aa cos 6 


= (re) cos 0 d0 


o (nnt V a — (zi — 1i cos 0” 
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where ri z(AÀ-Fa)! +d’, 
r= (A—a)? + d?, 
ri? Te To 
and T= nm rire? t= (7 P) or (2). 
Hence 
Me pie | V. z — (4? — 1)! cos 0d0 
(r173)? 
_ m(ri-—31 —ny k 9TP 
EE 9(rr,)l "m T -4(2)]) 
a? (rj? 7T UY — T3 » r 
=— P" (a). 
oC (nr) -al ) 


Using the forms of P_,(z) given in (6), (8), (9), and (10), 


we have 


=T ror (3 3, (mn-ny 
M 8 (r rg) F(5, 9:2 Arq, ) e e oè œ (11) 


T? (r!—r?»?./3 3 rir? 
UT (S, 3:9» Ec LC (12) 
_ 2n(n? vr")? 
(r? trê 


= trln =r j? 


[(3log 2—2 + log zx) Ki(z) -Iu(a)]. (18) 
| 41g2- 4 — log t) *( 4 1, i) 


- (9) -3)« +) G) s (3 + 57371)" 
we. . (4) 


(12) and (14) are formule given by Maxwell. 
By using a hypergeometric transformation, (11) becomes 


utm RS Lz(B— y), . as 


Ti t T4 2? 2* d Tit 79 


another formula given by Maxwell. 


4H 2 
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CXIII. The Thermoelectric Properties of Certain Metallic 
Solid Solutions. By A. L. Norsury, D.Sc. (University 
College, Swansea) *. 


CONTENTS. 


1. Determination of E.M.Fs. set up at temperatures between — 191° 
and 5009 C. by certain copper alpha solid solution alloys when 
coupled against copper. 

2. Comparison of effects of equiatomic quantities of elements in solid 
solution on the thermoelectric properties of copper and certain 
other metals. 

8. A new type of thermoelectric formula. 


1. DETERMINATION OF E.M.Fs. SET UP AT TEMPERATURES 
BETWEEN — 191? AND 500? C. By CERTAIN CoPPER ALPHA 
SoLID SOLUTIONS WHEN COUPLED AGAINST COPPER. 


HE alloys used were in the form of wires (0:03 inch 

diam.). Their compositions are given in Table I. ; 

their preparation etc. is described in previous papers f ; 

they were annealed at a red heat by passing them through 
a bunsen burner. 

The E.M.Fs. set up by these alloys at various temperatures 
against a H.C. copper wire (0°03 inch diameter, 101:6 per 
cent. conductivity) were measured with a Tinsley Vernier 
Potentiometer reading to 1 microvolt. 

The cold junctions were maintained throughout at 16? C. 
in a thermos flask. The hot junctions were fused (using 
borax) for the higher temperatures; for the lower tem- 
peratures, satisfactory junctions were made by plugging 
the cleaned ends of the wires into a small piece of copper 
tubing. 

ju onus to obtain reliable results it was found very 
necessary—owing to heat conduction—to have several inches 
of the couple immersed in a constant-temperature medium. 

This was effected by placing the hot junctions of the 
couples in glass tubes—closed at one end—which were 
immersed to a depth of about nine inches in the vapours 
generated by boiling ethyl alcohol (78°), water (100°), 
aniline (183?), and napthalene (218? C.) in 5-litre flasks, 
and by boiling mercury (356°) and sulphur f (444? C.) 

* Communicated by the Author. 

f ‘Journal of the Institute of Metals, xxix. p. 423 (1928); xxxiii. 
p. 91 (1925) 

I The temperature of the glass tubes in this thermostat was constant 


at 438° vice 444°. The difference was probably due to liquid sulphur 
condensing and running down the tubes. 
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{the latter in an atmosphere of nitrogen) in four-inch 
internal diameter steel tubes. 

For the temperatures below 0°C., Dewar flasks con- 
taining liquid air (—191°), and alcohol cooled with solid 
carbon dioxide (0° to —78°) were used. In the latter 
range, the temperatures were taken with a pentane thermo- 
meter, calibrated in liquid air (assumed to be — 191^), solid 
carbon dioxide (—78°), and ice (0? C.). For temperatures 
above 444° the hot junctions were placed in silica tubes 
immersed to a depth of about nine inches in an electrically 
heated bath of molten lead. 

Every time an E.M.F. measurement was made, the 
temperature of the thermostat in question was checked 
by means of a calibrated Pt-Pt, Rh thermocouple, which 
was placed in the thermostat in a similar tube to that 
containing the couple under measurement. 

Fig. 1. 
E.M.Fs. set up against Copper by Certain Copper Alpha 
Solid Solution Alloys. 
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The E.M.Fs. set up by the various copper alpha solid 
solutions when coupled against copper at temperatures 
between —191? and 500? C. are given in Table I, and 
plotted in fig. 1. 
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It will be seen in fig. 1 that the curves for most of the 
alloys are relatively simple and similar in nature. Those 
for the manganese-copper alloys are, however, of a different 
type from any of the others. The fact that manganese- 
copper alloys give small E.M.Fs. against copper round 
about room temperatures is clearly shown. 


9. COMPARISON OF EFFECTS OF EQUIATOMIC QUANTITIES OF 
ELEMENTS IN SoLID SOLUTION ON THE THERMOELECTRIC 
PROPERTIES OF CERTAIN METALS. 


In order to compare the atomic effect of one solute 
element with the atomic effect of another solute element 


Fig. 2. 


E.M.Fs. (calculated) that Co 3 Solid Solutions (each containing 
1:0 atomic per cent. Added Element) would set up against Copper 
at various Temperatures if the Cold Junction was at —273? C. 
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on the thermoelectric properties of copper, the curves in 
fig. 2 have been constructed by interpolation. 

They show the E.M.Fs. that would be set up if copper 
alloys—each containing 1*0 atomic per cent. added element 
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in solid solution— were coupled against copper at the 
temperatures indicated. A second simplification has been 
introduced by constructing the curves for a cold junction 
temperature of —273?, the necessary data being obtained 
by extrapolation. It has not been possible to construct 
a 1:0 atomic per cent. curve for manganese owing to 
this element’s complicated effect. The curves for the two 
manganese alloys available have, however, been dotted-in 
in fig. 2. 


Fig. 3. 
E.M.Fs. set up by :— 


A. Cepper Solid Solutions against Copper at 100? C. 
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Electromotive Force 
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It is suggestive that the order of the atomic effects in 
fig. 1,—viz. Ag, Zn, Al, Sn, Ni,—is the same as the order of 
these elements in the Periodic Table, reading from Ag 
in Group 1 to Ni in Group 8. 

. In order to find out if this type of relationship occurs 
in other solid solutions, the curves in figs. 3 (A-F) and 4 
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have been constructed from the data published by previous 
investigators *. 

Owing to the nature of the data available it has only been 
possible to plot E M.F. against atomic per cent. added 
element for'a single temperature in each case ; but a study 
of figures 1 and 2 indicates that this should give—except in 
exceptional cases like the manganese-copper alloys—a general 
idea of the relative atomic effects of the solute elements. 

In figs. 3 A, 3 B, and 3C it will be seen that the silver 
and gold solid solutions are similar to the copper solid 
in that the solute elements in Groups 1 and 2 have small 
electronegative effects and those in Group 8 large electro- 
negative effects. 

Considering now the palladium and platinum solid 
solutions in figs. 3 D and 3E, it will be seen that Cu, 
Ag, and Au (Group 1) have electronegative effects (Cu 
in Pt has a small electropositive effect), while the elements 
in Group 8 have electropositive effects. The order of the 
solute elements is similar to that in figs. 3 A, 3 B, 3C, 
but inverted. 

Fig. 3F shows iron solid solutions. The elements C, 
Mn, Ni, and W probably have complex effects in that 
they also cause an allotropic change to take place in the 
solvent metal, and the water-quenched carbon-iron alloys— 
although included in this figure—are not true solid solu- 
tions. The Al and Si curves should, however, be fairly 
representative. 

The curves for the Ni solid solutions in fig. 4 have been 
construoted in a similar manner to those in fig. 2, only they 
represent 5:0 atomic per cent. alloys, since for one or two of 
the solute elements only one alloy of approximately this 


composition was tested. 
It will be seen that Cu has an electronegative effect 


* These figures have been constructed from data as follows :— . 

3 A. From Table I. and from Sedstróm, Annalen der Physik, lix. (4) 
p. 134 (1919). 

3 B. From Sedstrém, Joc. cit., and from Geibel, Zeit. für Anorg. 
Chem. lxix. p. 38 (1910), lxx. p. 240 (1911). 

3 C. From Sedstróm and Geibel, loc. cit. 

3 D. From Geibel, loc. cit. 

3E. From Geibel, loc. cit., and Barus, Bull. U.S. Geol. Survey, 
1889, Nos. 54 and 103. 

3 F. From Dupuy and Portevin, Journ. Iron and Steel Inst. 1915 
(1) p. 308. 

4. From Robin, Lert. für Metallkunde, Aug. 1924, p. 297, and from 
‘The Measurement of High Temperatures,’ by Le Chatelier 


and Burgess, 1912, p. 171. 
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recalling the effects of Ag and Au on Pd and Pt in figs. 3 D 
and 3 E (since Ni, Pd, and Pt are all in Group 8c). 

The curves for several of the other solute elements in 
fig. 4 are somewhat complicated and cross one another. 

In general, a consideration of the foregoing figures 
suggests that there is a connexion—provided complications 
do not occur—between the effect of a solute element on 
the thermoelectric properties of a metallic solvent and the 
positions of the solute and solvent elements in the Periodic 


Table. i 
Fig. 4. 


1:.M.Fs. set up against Nickel by Nickel Alpha Solid Solutions (each 
containing 5:0 atomic per cent. Added Element) at Temperatures 
between 0° and 1200°. 
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Electromotive Force in microvolts (Cold Junction 0°) 
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The positions of the elements in the Periodic Table 
necessarily only give an approximate guide to the actual 
factors concerned, which are presumably connected with 
the effects of the solute atoms on the electrons of the 
solvent atoms. It is significant that the effect of a solute 
element on the thermoelectric properties of a metallic 
solvent is different from its effect on the latter’s electrical 
resistivity *, since, in the latter case, proximity of solute 
and solvent in the Periodic Table—rather than position—- 
appears to be the deciding factor. 


* Cf. Norbury, Trans. Faraday Soc. xvii. p. 261 (1921), and Journ. 
Inst. Metals, xxxiii. p. 91 (1925). 
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3. A New TYPE or THERMOELECTIO FORMULA. 


Various formule have been put forward from time to 
time for expressing the temperature-E.M.F. relationship 
of tlie platinum-platinum 90 per cent., rhodium 10 per cent. 


thermocouple. 
The following formule are given by Le Chatelier and 


Burgess *, who discuss and compare them :— 
l. 3 e — mt^ (Holman). 
2. Efe =—a+bt+ct? (Holborn and Day). 


3. e =aT+b log T+c (Stansfield). 
4 t =a+be = ce’. 
Fig. 5. 


E. M. Fe. set up at Temperatures between — 191? and 1083? C. by 
Platinum- Platinum 90 %, Rhodium 10 7; Thermocouple. 


c) 
o 


o wm d 
oO ly 
o 6 8 


$ 


-100° 


5000 


Electromotive Force in microvolts (Cold Junction 16? 
e 
Q 
o 


“100° O° 100° 200° 300° 400° 500° 600? 700? 800° 900? 1000? 
Hot Junction Temperature (Centigrade) 
The data obtained for the Pt-Pt, Rh thermocouple used 
in tlie present experiments have been plotted in fig. 5. 
* ‘The Measurement of High Temperatures, by Le Chatelier and 
Burgess, p. 114 (1912). 
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TABLE II, 


Observed E.M.Fs. of Pt— Pt 90 %/, Rh 10 °/, Thermocouple 
compared with E.M.Fs. calculated using Formule of 
the type: E.M.F.=—a+6T+c.10-%. 


l. 2. 3. 4. 5. 6. 7 
Hot Junction E.M.F. E.M.F. Difference °. E.M.F. Difference *. 
oer ciini observed. calculated. (Column 3 calculated. (Column 3 


169 C.) (mierovolts.) (Formula a.)! — Column 4) (Formula b)? — Column 6) 


= — = —Á——— 


Cent. Abs. 

— 19] 82 —356 — 357 1 — 383 2 
— 78 195 —401 — 393 -8 — 389 —12 
— 62 211 — 360 — 945 —15 — 342 —18 
— 42 231 —292 —278 —]14 —272 — 20 
— 29 244 — 240 — 221 —13 —217 —23 
— 16 251 —181 —170 —]11 — 159 —22 
— 10 263 — 144 = 142 —2 —132 — 13 
0 273 — 89 — 93 4 — 8l — 3 
16 289 0 — 10 10 1 — 1 
78 351 404 378 26 391 13 
100 373 558 536 22 548 10 
183 456 1234 1209 25 1216 18 
218 49] 1533 1523 10 1526 1 
232 505 1650 1648 2 1654 — 4 
327 600 2585 2583 2 2513 12 
356 629 2874 2882 — 8 2868 6 
419 692 3520 3550 — 30 3527 — 7 
438 711 3733 3755 — 22 3729 4 
658 931 6150 6232 —82 6167 —17 
719 1052 7580 7650 —70 7553 24 
961 1234 9750 9789 — 49 9666 84 
1083 1356 11240 11243 — 3 11094 146 


— ——— -e — — ——— —— —— 


* Formulaa: E.M.F.= —5,050+12-0 T 5,210 x 107 990187 microvolts. 
2 Formula b: E.M.F.— —4,900--11:8 T4-5,020 x 107 99918T microvolts. 


* A difference of 19 C. causes a difference of 6 mierovolts at 16? C. 
and 12 microvolts at 10009 C 
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It will be seen that the curve passes through a minimum 
at about — 135? C. It follows, in consequence, that none of 
the above formule is of the right type to fit the curve at 
temperatures below — 135°. A formula of the following ty pe 
has been found to express the results closely over a wide 
temperature range : 


0. e =—a+bT +e. 10-7, 


where T=absolute temperature of hot junction, and a, b, c, 
and d are constants depending on the thermocouple and 
on the cold junction temperature. The constants can be 
evaluated grapin by drawing a tangent to the high 
temperature end of the curve and plotting the logarithms of 
the E.M.F. differences between the tangent ánd the curve 
against the absolute temperatures. The latter relationship, 
being a linear one, gives the values of the constants c and d. 

The observed E.M.F. values plotted in fig. 5 are given in 
Table II. column 3. Columns 4 and 6 in this table show 
the E.M.Fs. calculated, using formule of the new type (5) 
with slightly different values for the constants in each case. 


TABLE III. 
Comparison of Thermoelectric Formulz. 


(Pt-90 */, Pt, 10 %/, Rh.) 


Formule 1 to 4 from Le Chatelier and Burgess, loc. cit. 
Formula 5: E.M.F.— — 5,000 + 13:0T + 6,060 x 10-79901gT, 


i Observed Minus Calculated 
SENT | SEANA Temperaturo 
Substance. R 3 Formula used. 
"0. (microvolts,)| ,—————— — ——J-— —— — — - 


2. 3. 4. 5. 


Cadmium ...... 320-0 2,502 —02 -—03 69 —1l1 -—01 


EH acqecenes 418:2 * 3,429 00* O0O* 00* 00* —2:25* 
Antimony ...... 629:2 5,529 2:38 0:0 00 -01 —17 
BU OR AEPA TERTI 960:0 9,111 2°5 0:2 22 —09 1:9 
Gall uins 1062:5 10,296 04 0:2 0:0 0:0 1:3 
Copper. 1082:6 10,535 0-0 0-0 0:0 01 1:0 
Diopside .. ... 1391 14,231 —6 10 —10 19 —0'6 
INIGEGL osse: 1452 14,969 —6 14 —1ll 28 —O0'3 
Cobalt .........| 1490 15,423 —7 14 -13 31 0:6 
Palladium ... 1549 16,140 —5 20 —14 42 1:3 
Platinum ...... 1755 18,613 | 1 42 —15 73 80 


* The F.P. of Zn is now usually taken as 419?:4 C. This alters the 
differences in columns 1-5 to 192, 1?:2, 192, 19:2, and —1?:3. 
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Columns 5 and 7 show the differences between observed and 
calculated values. It will be seen that the formul:e fit the 
results fairly accurately, since a difference of only 1? C. 
causes a difference of about 6 microvolts at 16° C. and about 
12 microvolts at 1000? C. There are, however, certain 
sinall systematic differences which show that the formule 
are not exact. 

Columns 1-7 in Table III. are reproduced from Le Chatelier 
and Burgess. In this table they compare the accuracv with 
which formule 1 to 4 (referred to previously) fit the experi- 
mental results of Day and Sosman. In column 8 are shown 
results calculated using the new type of formula. It will be 
seen that this formula fits the results more accurately than 
formule 1—4,—in fact, does so within the limits of experi- 
mental error. This type of formula also fits all the results 
plotted in fig. 1— within the limits of experimental error. 


In conclusion the author wishes to acknowledge his 
indebtedness to Mr. R. Wilson, M.A., for suggestions with 
regard to the third section of the paper; to Professor 
C. A. Edwards, D.Sc., for facilities for carrying out the 
work and for his encouragement ; and to the Royal Society 
for a Government Grant. 


CXIV. The Adsorption of Nitrogen at Low Pressures by 
Activated Charcoal. By Rurus CHAPLIN, B.Sc., A.7.C.* 


INTRODUCTION. 


qus investigation was suggested by a consideration of 

the results of a preliminary study of the action of 
activated charcoal at ordinary temperature on traces of air. 
The preliminary study, undertaken in connexion with 
another investigation on charcoal involving vacuum tech- 
nique, indicated that the nitrogen of the air is not very 
efficiently dealt with in a “clean-up” process carried out 
with a moderate amount of charcoal at ordinary temper- 
atures. The extent to which pure nitrogen at low pressures 
was taken up by charcoal was therefore studied. 

The experiment with nitrogen consisted in determining 
the 25° isotherm in the pressure region 2x10-* to 
1:3 x 107? mm. of Hg. 

The preliminary experiments with air are also included in 
this paper and are described later. 


* Communicated by the Author. 
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EXPERIMENTAL. 


The pressures were measured on a modified form of 
McLeod gauge. The quantities of gas adsorbed are minute 
at these low pressures and had to be arrived at from a con- 
sideration of pressure changes in an apparatus of constant 
volume and sufficiently constant temperature, a special 
precaution being taken in the case of the isotherm to prevent 
the quantity errors from becoming cumulative (vide nitrogen 
experiments). Thus no other measurements but those of 
pressure were necessary, and since on these the validity of 
the results entirely depended, a specially designed McLeod 


gauge" was employed. This is described in some detail 
below. 


Fig. 1. 


4— Fuss&b JOINT 
"e APPARATUS 


Leven or Hg; 


Fig. 1 shows a sketch of the gauge, which is of fused glass 
throughout. “R,” the reservoir bulb, has a capacity of 
3001c.c. and is furnished with a vacuum tap A. 


* Due in great part to one of the author's colleagues. 
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The total capacity of B, including the bulbed appendix 
“a” to the cut-off level C, is 247 c.c. 

“g” and “f” are cut from the same piece of 0'8 mm. 
capillary tubing, carefully selected for uniformity of bore. 

« f" ig 26 cm. long, “g” is 22 cm. long, and before 
fusing on at “e” bulbs, conveniently spaced, are blown on 
it as follows :— 


upper bulb 0:1 c.c. capacity 
centre ,, O'Dc.c.  , (approx.). 


lower , 1-8 c.c. s 


“gt? “b? “oe * d” are fine scratches on the capillary. 
The volumes from tip of “g?” to these scratches are accur- 
ately obtained by calibration with mercury, as is also the 
volume per unit length of capillary round about each 
scratch. “g” is then fused on to “B?” at “e? The 
sketch shows disposition of * B" and “ R.” 

In use “B” and “R” are evacuated alternately in 
stages, “ B” via the apparatus by the h.v. pumps, and “ R 
via * A" by a Geryk hand pump. To raise the Hg in “ B” 
a sufficient pressure of air is slowly admitted through “ A? 
into *R." “R” is evacuated again when the mercury is 
to be lowered. In making a measurement the mercury is 
slowly raised up into *g," always being brought to rest in 
one of the capillaries. “f”? and “g” are gently tapped, 
and the difference in height of the two mercury columns is 
read off on a cathetometer to within 0-05 mm. The distance 
between the mereury meniscus in “g” and the selected 
mark is similarly read off, and tbis measures the volume to 
be added to or subtracted from the datum volume. The 
pressure and volume of compressed gas are thus accurately 
determined. 

A gauge of these dimensions used in this manner for pure 
nitrogen gives consistent results over the range 1 x 107* to 
2x107! mm. of Hg with au error not exceeding 4 x 107? 
mm. Qualitative indications of much smaller pressures can 
be obtained. With air the results are less consistent. 

In addition to the gauge the apparatus comprised a 
500 c.c. flask as further reservoir space for the gas, and a 
detachable silica container for the charcoal. The latter was 
furnished with a mercury-sealed vacuum tap and a side tube 
ground to fit into a ground cup fused to the apparatus, to 
which it was sealed with vacuum wax after the “ furnacing ” 
of the charcoal had been carried out. All other connexions 
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were of fused glass. The whole apparatus could be put into 
communication with high vacuum pumps. 

The procedure was essentially the same for both the air 
and nitrogen experiments. The charcoal vessel being 
attached, the whole apparatus is evacuated to < 1 x 1075 mm. 
Hg, and maintained at this for several hours. No appreci- 
able pressure must accumulate during 30 minutes of * rest." 
The charcoal being shut off, the gas 1s admitted to the main 
apparatus and its pressure adjusted to or near the required 
value*. Time is allowed tor equalization of the pressure 
throughout the apparatus, after which this initial pressure is 
read. This is corrected for the expansion which takes place 
into the free space over the charcoal when the latter is opened 
up by means of the vacuum tap to the rest of the apparatus. 
After a sufficient time of contact between gas and charcoal 
the final pressure is read, and this is the equilibrium pressure 
for a quantity of gas adsorbed which is simply related to the 
pressure change. Thus we obtain data for a point on the 
curve. Different points are obtained trom different initial 
pressures. The quantity of gas adsorbed for any final 
pressure is obtained, in the case of air, by adding together 
all preceding pressure changes. Large errors were found 
to be introduced in this way t, and because of this and of 
the fact that the McLeod gauge does not give consistent 
results with air, the air results are not regarded as much 
more than semi-quantitative. In the more exact measure- 
ments on nitrogen the charcoal was evacuated (at 25° C. 
with the pumps) between each two points, so that only two 
pressure measurements were involved in the calculation of 
any quantity value. For purposes of comparison quantities 
of gas are referred to one gram of charcoal in all cases. 
The charcoal bulb was maintained at 25? C.--0:05?. The 
rest of the apparatus was at 17° C.+ 2°. 


The Results with Air. 


Three different charcoals, each evacuated for four hours at 
800° C., were employed. The cooled charcoals were re- 
evacuated at 25°.C. until they ceased to evolve a measurable 
pressure of gas in a period of 18-24 hours. The air used in 
the experiments was drawn from the atmosphere through 
soda-lime, caleium chloride, and finally phosphorus pent- 
oxide, into the apparatus. The results obtained are given in 

* By operating a tap leading to the pumps. 

T Evident from the trial experiments with N;—especialy on de- 
sorbing —due only to accumulated errors in pressure readings. 
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the following Tables, in which P represents the initial 
pressure, P, the final equilibrium pressure, and P. the fall 
in pressure due to adsorption. A period of 30 minutes was 
allowed for equilibrium for all points. 

Results with Air at 25? C. (pressures in mm. of Hg). 


TABLE I. 
Birchwood Charcoal (1:765 grams). 


IT xl € — ase 
P. SP,+1-765. | 


P; Pr | 

7710-5 | 49x10-5 | 28 x10-5 28x10- 

22:8 dh 15:0 T T8 ” 10°6 ” 

240 | 190 . 50 . 15:6 

313 , 930 |. 83 | 2939 

875 , 252 > | 193 | $62 . 
X | 

TABLE II. 


HCl extracted Birchwood Charcoal (1:783 grams). 


| 
P; Ps | P.. EP, + 1-783. | 


3:3x 1075 2°3x10-° | l0x10-5 | 10x10-' 

956 ,, 2:7? ,, 229 , + 939 , 

1930 ,, 1470 , | 460 , | 699 , 

209-0 ,, 1520 , | WS , | 1204 , 
TABLE III. 


Coconut Charcoal (4:077 grams). 


| P,. | Pr. | P | IP.-4077. 

| m a aaa | 

| 56x10-5 37 x10-5 L9x10-5 |  L9x10-5 
385 ,, IB s 20 w | 9S & | 
448, 310 158 4. 1 3064 4 —(| 
ES 1 5-2 4 I$. 477, 
mE wn 875, 150 ,, 627 | 
49:4 » ! 352 " 14:2 " 76:9 99 
2050 , 1430  , Gn s 1389 ,, | 


It will be noticed throughout how near Py is to the partial 
pressure of nitrogen in the initial charge, i. e. to 4 of the 
initial pressure. Very little nitrogen appears to be adsorbed. 
In Table III. the third and fourth final pressures are 
practically identical, although a further considerable amount 
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of gas has been adsorbed in the case of point four. ‘This is 
true also of points five and six. In these cases the whole 
of the pressure fall is due to adsorption of oxygen. If the 
final pressures are due practically entirely to nitrogen the 
non-adsorption of nitrogen in the case of points four and 
six would be expected, for here the initial pressures of 
nitrogen barely exceed the final pressures (due to nitrogen) 
of points preceding. The oxygen equilibrium pressures, on 
the other hand, are considered to be very low, in view of 
Lowry and Hulett’s results *, where it is shown that such 
quantities of oxygen as are here adsorbed are not recoverable 
at ordinary temperatures, t. e. the equilibrium pressure is 
very low. That the total amount of nitrogen adsorbed was 
small and the oxygen not recoverable was fully confirmed 
by opening up the charcoal to the evacuated apparatus at 
the end of och run. In no case was more than a trace of 
gas evolved. 

The importance, from the present point of view, of deter- 
minations with pure nitrogen is apparent from these results 
with air. 


The Results with Nitrogen. 


The preceding results indicate that the amounts of nitrogen 
adsorbed at these low pressures are exceedingly small, and 
consequently that any direct measurements must be carried 
out on very pure nitrogen. <A trial run on atmospheric 
nitrogen from a cylinder showed that the impurities present 
masked the results entirely, causing irregularity and very 
marked hysteresis. Only with pure chemical nitrogen 
could consistent results be obtained. This nitrogen was 
obtained by the hypochlorite-urea reaction and purified by 
passage in order through dilute sulphuric acid, over heated 
copper gauze, soda-lime and phosphorus pentoxide. It was 
stored over the latter reagent. 

The nitrogen pressures were read in duplicate and mean 
values used. 

All points, with the exception of three referred to later, 
were determined from zero, č. e. on the charcoal freshly 
evacuated at 25° C. 

The volume of the apparatus, determined by expanding 
nitrogen from the gauge, was 787 c.c. The free space over 
the charcoal in the container was estimated at 11°35 c.c. 
The pressure change due to expansion of the gas into the 


* Lowry and Hulett, J. A. C. S. xlii. p. 1408 (1920). 
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free space is thus of the same order as that due to adsorption, 
and has accordingly been allowed for throughout. 

Equilibrium between gas and charcoal was found to be 
rapidly attained, the same results being obtained with 
10 minutes, 30 minutes, or 17 hours of contact. In one 
case the charcoal was evacuated rapidly from 1x 107? mm. 
(nitrogen) to zero and then left for 48 hours. No measurable 
pressure was found to have developed at the end of this 
period. 

Through pressure of other work the nitrogen determinations 
had to be confined to one charcoal, viz. steam-activated 
coconut chareoal evacuated for four hours at 800? C. (re- 
evacuated cold as foregoing samples). Weight of charcoal 
—4-087 grams. 

The results follow in Table IV. 


Adsorption of Nitrogen at 25° C. 


TaBLE IV. 
Pressures in mm. of Hg. " Mora. 

2 Mapa l : Mgrs. N per iA 
No. ! adsorbed. charcoal. 

| P; Pp | P. 
1..| 2256x10-*| 2117x10-*, 19:9x10-* 169x10-—'| 41x10-* 
2..| 3847 n | 3508 „ | 281 „n | 343 , ps — 
$.4 5164. , | SOT 4 | 867 ., | M^ 5 1109 = | 
koal 4954 4, | 0825 w | 629 , | 645 4 | 157 ., 
b..| 9887 , | 9156 , 791 sO, E » | . 
6 ...| 1037°5 9570 ,, | 805 985 . 19290 — 
7..123920 ,, |11450 , | 870 , |1001 , | 958 ” 
B ..L5988 gg. | SOIT |o 1 005 . 140  ,, 
9..| 9423 ,, | 8760 a 663. ., | 908 s (197 n 
10.) 8144... | 20823- | 21:9 | 258 ,, 63 
11 5682 ,, | 5463 ,, |+219 „f| 525 , 128 | 
12 8351 ., | 757 , oe ae TE V. LI S 
13 440 ” 93°7 ” | —49°7 4 11:8 " 2:8 e 
14 ..112670 |, \11749 ,, 990 ,1]|1184 ,, 4180. 4 
15 ..| 2634 |, | 3289 |-655 „J| 395 . | 81 ” 
16 ..|13540  , |12510 ,, | 1030 x |1256 , | 306 . 
17 240. p | 47. 4 | 19 | C 04 


Fig. 2 shows the plot of the equilibrium pressures P, 


against the quantities in PNE: 
ram. 
The only points that were not determined on the fresh] 
evacuated charcoal were points 11, 12, and 15 (vide Table IV.). 
Point 11 was obtained in two stages, the first stage being 


point 10. The pressure fall of point 11 has been added to 
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that of point 10 before calculating the quantity of gas ad- 
sorbed. It will be seen that point 11 lies well on the curve. 
This adsorption point, obtained in more than one stage, has 
been included to show that there is no fundamental difference 
in the final values whether they are arrived at in one stage 
or more. However, if many quantities are added in this 
way, a gradual accumulation of errors results, particularly 
evident on attempting to reverse the adsorption process *. 


Fig. 2. 


E Apsor?PTion of NeTRoOGEN. By CHARCOAL 
10 
ar 25°C. 


0 A $ 12 1b 20 24. 28 3210 


- Points 13 and 15 are desorption points carried out from 
points 12 and 14 respectively. Here the initial pressures 
in the apparatus were less than the equilibrium pressures 
over the charcoal, and consequently a rise in pressure, 
corresponding to a loss of gas from the charcoal, took place. 
These pressure changes have been subtracted from those of 
the preceding points, before calculating the quantity of gas 
remaining in the charcoal. 

The weights of gas adsorbed were calculated from the 
pressure changes and the volume of the apparatus (787 c.c.) 
using the gas laws. Mean T=290° abs. 

The time allowed for attainment of equilibrium in this 
final series of measurements was 10 minutes, which, as 


* Observed in the preliminary experiments not described here. 
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previously stated, was found to lead to the same results as 
much longer times of contact between gas and charcoal. 

The points were actually determined in the order shown 
in Table IV. 

In view of the minuteness of the quantities of nitrogen 
adsorbed, it was thought desirable to investigate any effect 
due to the interior surface of the charcoal container (silica). 
This was done by carrying out a few precisely similar 
measurements with the same container, but with the charcoal 
removed and replaced by the same volume of mercury. No 
effects beyond those due to expansion (from the apparatus 
reservoir into the evacuated container), as the following 
table shows, were found. As before stated, these were 
allowed for in the measurements on nitrogen and charcoal. 


TABLE V. 


Control experiment without Charcoal. 


P;. P,. P, obs. P, calc. 
266:8 x 10-5 | 263:6x10 5 $:2x10-5 37 x107* 
4612  , 4556  , 56 CS, 64 , 
71Y6  ,, 7016, 100 ,, 10:0 , 


6800  , 6710 ,„ 90 , 95 , 
Pressures in mm. of Hg. 


To show the behaviour of the McLeod gauge, these 
observed pressure changes due to expansion were divided 
by the weight of charcoal, converted to mgrs. of N,, and 
plotted against the final pressures in fig. 2 alongside the 
adsorption curve. 


DISCUSSION. 


These two curves represent exactly comparable results 
obtained with and without charcoal. What is important to 
notice is that both pass through the origin and the adsorption 
curve is, in addition, reversible. Apparently Rowe* did 
not test the reversibility of his curves. In the author's view 
some such test of the reliability of the results is essential 
before they can be accepted and formule applied. The 
results obtained in the preliminary work where less care 
was taken in using the gauge, in purifying the nitrogen, and 
where the charcoal was not evacuated between each two points 

* Phil. Mag. i. p. 109 (1926). 
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on the curve, were not reproducible nor was any curve 
reversible, and, if the present results are taken as correct, 
large relative errors were committed. The acceptance or 
rejection of a particular formula on such results would have 
been quite unwarranted. 

It will be seen that the nitrogen adsorption curve shows 
the quantity of nitrogen adsorbed to be a linear function of 
the pressure, i. e. q— Kp. These results show K to have 


the value 0-023 when 4 isin Ee and pin mm. of mercury. 


This is in agreement with the results of Claude *, who also 
found at — 183? C. a linear relation between quantity of 
nitrogen adsorbed and the pressure in the low pressure 
region. The Freundlich adsorption formula is q— Kp'^. 
[f this formula applies to the present results, then n —1 for 
nitrogen in this pressure region. 

The results show that equilibrium is rapidly attained and 
is set up from either direction with completeness in a time 
not greater than that required for equalization of pressure 
throughout the apparatus empleyed. They show also, 
incidentally, that nitvogen is completely and readily recover- 
able from charcoal at ordinary temperatures by evacuation. 
For, if this were not so, point one, obtained on the nitrogen- 
free charcoal, would not lie on the same curve as the other 
points, nor would the curve be regular if a variable amount 
of nitrogen were left in the charcoal after evacuating for 
each new point. 


SUMMARY. 


l. The isotherm for nitrogen and charcoal at 25? C. has 
been determined between the pressure limits 2 x 107* and 
1:3 x 107? mm. of Hg. 

2. At this temperature and in this pressure region the 
quantity of nitrogen adsorbed is a linear function of the 
pressure. 

3. The isotherm is reversible and equilibrium is rapidly 
attained. 


The author wishes in conclusion to express his best 
thanks to Professor A. J. Alimand for helpful criticism 
throughout the work. 

University of London, 


King’s College, 
May 1926. 


* Comptes Rendus, clviii. p. 861 (1914). 
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CXV. On Sir J. J. Thomson's Model of a Light-Quantum. 
By Prof. N. P. KasrERIN, Research Institute of the 
1 Moscow University *. 


r is commonly accepted that the quantum theory is 

almost incompatible with Maxwell’s equations (** Clerk 
Maxwell's Electromagnetic Theory," by H. A. Lorentz, the 
Rede Lecture, 1923, p. 34) ; however, Sir J. J. Thomson t 
constructed a most valuable model of a light-quantum which, 
as will be shown, is formally consistent with the system of 
Maxwell’s equations. 

By the way of examining the simplest case of a light- 
quantum, we shall explain the difference of the Faraday- 
Maxwell-J. J. Thomson’s electrodynamics from the usual 
Maxwell-Hertz-Lorentz’s interpretation of an electromag- 
netic field, the form of the differential equations for the free 
sether being the same in both theories. 

The light-quantum in the model of Sir J. J. Thomson 
consists in a ring-shaped Faraday tube moving with the 
speed of light at right angles to its own plane. The ring is 
preceded and followed by ordinary waves of feeble intensity ; 
their wave-length is equal to the circumference of the ring. 
The energy contained in such a ring will be of the form hv 
(Planck’s law) if we admit, with Sir J. J. Thomson, that 
the cross-section of the tube is proportional to the square of 
the radius of the ring. 

These two fundamental laws, as will be shown, are 
formally in accordance with the system of Maxwell’s equa- 
tions under the condition that we accept Sir J. J. Thomson's 
interpretation of an electromagnetic field. 

Let E, (fig. 1) be a closed ring-shaped Faraday tube 
referred to fixed axes. Let us suppose that at t=0 the 
plane of the ring coincides with the plane ZOY, and that 
u, is the velocity of the ring. The Maxwell’s equations for 
the free æther are of the form 


divE=0, . . . . .. . (1) 
1 QE 

curl M m Ot? 7 © © © è è œ (2) 

divM=0, ..... . . . (3) 

icurl E = — d IBN (4) 


* Communicated by the Author. 
t “A Suggestion as to the Structure of Light,” Phil. Mag. [6| xlviii. 
p. 787 (1924); * The Structure of Light," Phil. Mag. l. p. 1182 (1925). 
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where c is the velocity of light, E the electric and M the 
magnetic intensity. In the case of stationary motion the 


operation I will be replaced by -8,2. if B, m, 
and the equations (2) and (4) will be transformed into 

SoH M Ü uos ox ou E) 

and mee), oor oro o UU) 


where M has for components 
Mz, M, + 8, E;, M;— B.E, 
and Boiss E,  E,—,M,, Ez +My. 


Fig. 1. 


The simplest solutions of the equations (2') and (4) are the 
following: M=0 and E-0 for the whole space. Now 
M —0 gives M, —0, M, = — 9,E;, and M; = Ey. Since E=0, 
we have E; —0, E,(1—8,?)=0, and E,(1—8,?)=0. These 
equations can be satisfied by two different suppositions : 


E,—0, E,—0, E,—0; or E,—0, E, 4-0, E-#0, 1— 8,?— 0. 


Let us divide the whole space round the point O into three 
parts :—Part I, annular space between two cones (fig. 2), 
obtained by rotation of OA and OB round the z-axis, having 
a common vertex at O, the angle AOB being infinitesimal. 
Part II, the inside of the above-mentioned cones. Part III 
is taken out of 1 by the spheres of rı and rg, with the centre 
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at O. For parts I and II we take the first solution of the 
equations (2’) and (4), i.e. Er=0, E,-0, E,=0; hence 
M,=0, My=0, Mz=0. For the region III we take the 
second solution: Ez=0, E,— — E, sina, E,=E, cose, E.Ż), 
B,=+1; hence M,—0, M,— —E,cosa, M,-— —E, sina. 
Thus we obtain an electric field only in the region III. This 
field is moving with the velocity of light (first law of the 
light-quantum theory). If we A the equation 
div E =0, using polar coordinates r, d, a, we obtain 
OE, 


da 0. Thus E, is a function of r only ; the cross-section 
of the Faraday tube is constant. 


Fig. 2. 


The equation div M=0, which is also to be solved for the 
region ILI, after transformation takes the form 


d " 5 
SOMAS less (8) 
or 5; (EL) 20. 2 ee th c and 
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Here, namely in this equation (5), lies the divergence 
between the Maxwell-Hertz-Lorentz electrodynamics and 
the theory of Faraday-Maxwell-J. J. Thomson. From the 
standpoint of the first theory the equation (5) is valid in 
the whole space occupied by the free æther, and consequently 
will be valid in regions I and III and at their boundaries. 
So that if we admit E,=0 and M,=0 for the region I, the 


const. 
yt 


the region III must also vanish. So, according to the first 
theory, there can be no electromagnetic field in the 
region III, since there is no field in the regions I and II. 
We cannot admit the existence of a field in the region I, us 


constant in the solution E,— of the equation (5") for 


it must have the form E,= ou. which gives for the 


point O, E,—. ii 

From the point of view of Sir J. J. Thomson’s theory the 
structure of the field is discontinuous. The field consists in 
a system of Faraday tubes moving relatively to one another ; 
the intensity of the magnetic field is determined by the 
intensity of the electric field and by the normal velocity 8, 
of the tube, from the equation M=8,E. It follows (1) that 
the equation (2’) is satisfied identically; (2) that the 
intensity M hasa definite value different from zero only 
where the Faraday tubes are in motion. The equation (3), 
div M=0, exists only where the Faraday tubes are in motion ; 
in the rest of the free æther M does not exist. If we admit 
the theory of J.J. Thomson, the equation div M=0 must 
be satisfied in our case only in the region III up to its 
boundaries of II. At the boundary I-III we may havea 
discontinuity of M, and consequently of Es. Hence for the 
region III we may satisfy (5') by th. supposition E,7? = finite 
constant. 

Calculating the energy ot the ring, we obtain 


1 216? 


- (E? + M?) x volume of the ring = 2. 4e. E,.2mr— (n V, 
where e is the charge of the electron, - Il and e/2ġo 


the constant of integration. Thus we obtain the second law 


of the light-quantum theory (Law of Planck). 
From the preceding considerations we may conclude that 
the Maxwell's equations actually lead to the solution given 


by Sir J. J. Thomson. 


It seems to me also that the difference between the 
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Maxwell-Hertz-Lorentz electromagnetic theory and the 
theory of Faraday-Maxwell-J. J. Thomson might be ana- 
lytically formulated as follows :—(1) For the free ether the 
differential equations are the same in both theories, being 
the Maxwell’s system : 


dv E= 0, . . . . . . . (D 
_10E á 
curl M p 3t" © e oe LZ è œ (2) 
div M= 0, (3) 
1 oM | 
and curl E= Ca 2 ee Se (4) 


(2) The first theory postulated that all these equations are 
valid in the whole space filled by the free sther; in 
the second theory the equation (3) occurs only where we 
have a moving electric field. Formulating this difference 
geometrically, we may say that the electric lines of force in 
the free ether are everywhere continuous, while the magnetic 
may be discontinuous : they must end on the boundaries di- 
viding the moving Faraday tubes from those at rest. This 
circumstance gives the possibility of introducing discontinuities 
in electromagnetic field, and enormously increases the varia- 
bility of the special instances, which satisfy the Maxwell 
systems of equations. The Maxwell equations, as it has been 
shown above, admit such forms of electromagnetic fields as 
have the same properties as the light-quanta. 

It seems to me that this interpretation enables us to 
construct, on the basis of Maxwell's equations, investigating 
thein for the case 9,* —1, a rational quantum theory. 

Research Institute of the 


1 Moscow University, 
1 April, 1926. 
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CXVI. The Resistance of High-Frequency Circuits. By 
R. R. Ramsey, Ph.D., Professor of Physics, Indiana 
University *. 


HE resistance of a high-frequency circuit is apparently 

easy to determine. However, the separation of the 

resistance of the coil from that of the condenser is a difficult 
matter. 

It has been customary to consider the resistance of 
the condenser small enough to be neglected, so that the 
entire resistance of the circuit is ascribed to the coil. 

The first attempt to measure the resistance of a condenser 
at high frequency was made a little more than a year ago 
by Weyl and Harris (Institute of Radio Engineers, Proc. 
vol. xiii. p. 109, Feb., 1925). In this work the resistance 
of a rectangular coil approximately eighteen feet by twenty- 
five feet was calculated, assuming the resistance of the 
rectangle at the given frequency to be the same as the high 
frequency resistance of a straight wire of the same diameter, 
whose length was the same as the perimeter of the coil. 
The resistance obtained in this manner varied with the 
capacity of the condenser from one ohm at :0005 microfarad 
to about twenty ohms at *00005 microfarad. 

Callis (Phil. Mag. vol. i. p. 428, Feb. 1926) has made 


measurements in which he used coils made of No. 36 


and No. 40 copper wire. The method used was to measure. 


the resistance of a circuit with a coil and condenser at 
a given setting using the resistance variation method, then 
to measure the resistance of the circuit again after the first 
coil had been replaced by one made exactly like the 
first. Then the two were connected in series opposition 
and their position adjusted, so the combined inductance 
of the two was the same as the inductance of a single 
coil, and the combined resistance was measured again. 
From these results the resistance of the condenser could 
be eliminated and the resistance of the coils determined. 
Since the results gave the resistance of the coils to be 
the same as the D.C. resistance, it was assumed that the 
resistance of small wire wound in a coil was the same as 
the resistance of the wire when straight, which was very 
close to its D.C. resistance at a frequency of one million. 
From these same equations the resistance of the condenser 
was determined. It was found that the resistance of a 


* Communicated by the Author. 
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4l plate variable condenser of the *low loss" type varied 
from 1:5 ohins at ‘001 microfarad capacity to 15 ohms at 
‘00001 microfarad. 

Maibanser and Taylor (Phys. Rev. vol. xxvii. p. 251, 
1926), in the abstract of a paper presented before the 
American Physical Society, state that they have found 
the resistance of a variable condenser to be so large that the 
usual assumption that the resistance of the condenser is 
small enough to be neglected was not justified. However, 
the abstract does not give the values found. 

All these results are much larger than the usual assump- 
tion,—so much larger that they may be said to be revolu- 
tionary. These experimenters find that the resistance of a 
good variable condenser varies from near one ohm at full 
capacity to fifteen or more at small capacity. The resistance 
varies as the reciprocal of the capacity, and the resistance 
may be said to be proportional to the reciprocal of the 
capacity as a very close approximation to the law. 

The writer has tried to devise some circuit so as to verify 
these results. He tried measuring condensers in series and 
in multiple but could not get a check on the results. If one 
stops to calculate the resistance of condensers in series or in 
multiple, assuming that the resistance is proportional to the 
reciprocal of the capacity, one will find that the resistance 
of two condensers is equal to the resistance of one condenser. 
Thus when one condenser was replaced by two in parallel 
or in series, it was found that the resistance of the two was 
the same as that of one condenser. If the resistance of a 
condenser is negligibly small or zero, this is true also. 

In order to get a check it was necessary to resort to heat 
measurements. The condenser or coil was placed in one 
bulb of a differential air thermometer while a known D.C. 
resistance was placed in the second bulb. The thermometer 
was made of two pyrex glass beakers inverted and sealed 
to glass plates. Through each glass plate three holes were 
drilled. In two of these holes electrical connexions were 
sealed, and in the third a glass tube was sealed. By 
connecting the glass tubes to a U-tube which contained 
a small amount of water, the relative pressure of the air in 
the beakers could be determined. Two T-tuhes were placed 
above the U-tube, one under each beaker. By opening 
these T-tubes the pressure of the air in the beaker could be 
made equal to the pressure of the atmosphere. 

The beakers were sealed to the glass plates with beeswax. 
At times there was some difficulty in getting the connexion 
air-tight. This was tested by noting whether the pressure 
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would become equal after a run. If there was evidence that 
one of the beakers leaked the result was discarded. 

The coil or condenser under investigation was placed 
in one of the beakers and electrical connexions were made 
with solder. In the second beaker a known D.C. resistance 
was placed and soldered to the electrical connexions. It 
was found that when a coil was under investigation the best 
D.C. resistance to use was a coll which was an exact 
duplicate of the first coil. When the resistance of a 
condenser was being measured a short piece of '*croimel" 
resistance wire, 3°4 ohms, was connected to the terminals in 


the D.C. beaker. 


When making a measurement the procedure was as 


follows :—The coil or condenser was placed in the beaker 
and connected in a high-frequency circuit which was 
inductively connected to an oscillating circuit driven by a 
five-watt tube. The high-frequency circuit was adjusted to 
the proper current value. The approximate value of the 
D.C. current was found and then the apparatus was left for 
some time to cool down to the temperature of the room, the 
two side T tubes being open. In an hour or more the run 
proper was made. ‘The side T-tubes were closed and the 
high-frequency generator was started. ‘The D.C. current 
was turned on and adjusted so as to keep the pressure equal, 
as indicated by the water in the U-tube. After some 
minutes when final equilibrium was obtained the two 
ammeters were read. ‘he high-frequency ammeter was a 
Weston 1:5 ampere thermo-ammeter which was correct for 
D.C. current and guaranteed by the maker to be accurate 
for 1500 kilocycle current. For small values of radio- 
frequency current a General Radio 250 milliampere hot 
wire milliammeter was used. To measure D.C. current 
a Weston ammeter was placed in the circuit. 

When thermal equilibrium is obtained the heat produced 
in one beaker is equal to the heat produced in the second 
beaker, assuming the thermal constants of the two beakers 
to be the same. Then I*R —2r, where I and R refer to the 
current and resistance in the high-frequency circuit and 2 
and r refer to the current and resistance in the D.C. circuit. 
Then we have the resistance of the radio-frequency circuit 
R-(?7r)D. Any dielectric losses, eddy current losses, or 
resistance losses will appear as heat. R, the resistance 
of the circuit, is the series resistance in the circuit which 
will produce the same heat as all these effects. 

The accuracy of heat measurements is not as great as the 
accuracy of ordinary resistance measurements, and the 
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accuracy of these measurements is not as great as might be 
desired, but they are sufficiently aecurate to indicate the 
approximate values and to settle the point in question. 

First, coils were measured, and it was found that the resis- 
tance of a coil is less than the resistance of the circuit 
obtained by the resistance variation method. This result 
indicates that the condenser must have a resistance which 
cannot be neglected. A condenser was then placed in the 
beaker and the resistance was found to be very small— 
about 0:1 ohm—the capacity of the condenser being ‘00008 
microfarad. This indicates that the heat generated in the 
circuit is less than the total energy of the circuit. 

Table I. gives the data taken using five different coils. 
A.C. resistance is the resistance of the coil measured by the 
resistance variation method, assuming the resistance of 
the condenser to be small. Resistance (Heat) is the resis- 
tance obtained by means of the calorimeter. 


TABLE I. 


Resistance of Coils at 1000 kilocycles. 


| 


Remarks. 


(Heat). . 
microhenries. 


Capacity of 
condenser in 
inicrofarade. 
D.C. resistance. 
A.O. resistance. 
Resistance 
Inductance in 


Coils of No. 20 copper wire, 30 turns each. 


00008 | 0:35 | 107 | 8'2 | sie | Two coils in series. 


00028 | 0:35 &3 | 73 | 91 | Two coils series opposition. 
| 0:175 | 431 37 | 91 | Single coil. 


Li H 


Coil of No. 30 copper wire, 20 turns. 


11:5 | 127 | Single coil. 


00020 | 9:6 es 


Coil of No. 40 copper wire, 14 turns. 


172 | 47 |Singlecoil. 


00054 | 16:6 | 211 


Coil of No. 40 copper wire, 30 turns. 


Single coil. 


-00009 | sss |525 | 366 | 282 


= Pw 
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Each result given in the above table is the average of a 
number of separate determinations. 

It will be noticed that in every case the resistance as 
measured by the heat method is less than that measured by 
the resistance-variation method. The high-frequency resis- 
tance of the coil was balauced against the D.C. resistance of 
a similar coil. As a check the connexions were inter- 
changed so as to test the equality of the thermal constants 
of the two bulbs. It was found that within the accuracy of 
the method there was no difference. Instead of a duplicate 
coil in some cases, the coil was checked against a short piece 
of resistance wire. These results agreed with the results 
obtained by using duplicate coils. Since the results obtained 
by the two methods check, it shows that the resistance of 
the condenser as given in the following table can be relied 
upon, as it was necessary to use unsymmetrical circuits when 
measuring the resistance of the condenser. To make the 
two circuits and bulbs as symmetrical as possible, a dummy 
condenser was placed in the D.C. side with the resistance 
wire in order to make the thermal capacity of the contents of 
the two bulbs equal. 

In Table IL, given below, the average of a number of 
readings is given. 


TABLE II. 


Resistance of a 11-Plate Condenser set at *00008 m.f. 
(about one-third maximum). 


| 
| 300 metres. | 80 metres. | 40 metres. | 27 metres. 


Highest ......... ]5 ohm. | | | 
Lowest ......... 05. , : | 
Mean  ......... 098 ,, | 06 *04 | 06 


The results for 80, 40 and 27 metres are too low, since the 
ammeter in all probability reads too high. In the work 
at 300 metres it was necessary to keep the current at 
or below :8 ampere, since the potential became so high that 
an arc started between the plates of the condenser when the 
current was *'9 ampere. 

After these results were taken the condenser was com- 
pared with three others made by different firms, and it 
was found that there was no appreciable difference between 
this condenser and the average condenser. 


Phil. Mag. S. 7. Vol. 2. No. 12. Dec. 1926. 4K 
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These results show that the resistance of a good radio 
condenser is not excessive and that the results of Weyl and 
Harris, and Callis are entirely too large. Their results 
must be explained in some other manner. The probable 
explanation is as follows :—The calorimeter method measures 
the energy that remains in the pyrex glass beaker. Any 
energy radiated through the glass will not cause heat. 
Therefore, there must be an appreciable amount of energy 
radiated from an ordinary circuit. In other words, there 1s 
a certain amount of resistance in the circuit which cannot be 
ascribed to either the condenser or to the coil. 


Bloomington, Indiana, U.S.A. 
April 6, 1926. 
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I. The Problem of the Pre-Cambrian Granites. 


T is a well-known fact of geological history that the 
greatest and most widespread intrusions of granitic 
rocks were those which invaded the continental crust during 
the earlier Pre-Cambrian eras. According to Daly, more 
than nine-tenths of tlie world’s granites are of Pre-Cambrian 
aget. In later ages the more voluminous intrusions of 
granite and granodiorite have been restricted -to belts 
characterized by intense mountain-building movements, 
such, for example, as those known as the Caledonian, 
Hercynian, and Appalachian. The great Pre-Cambrian 
shields have not been visibly penetrated by granite on an 


* Communicated by the Authors. 
t ‘Igneous Rocks and their Origin,’ p. 57 (1914). 
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important scale since the close of the Pre-Cambrian, except 
in the immediate neighbourhood of the bordering geo- 
synclines and mountain belts. Moreover, the earlier inva- 
sions were on a far greater scale than those that followed. 
The continents began as great granitic regions, and through 
them surged four or more successive waves of granitic 
magma at long intervals, gradually becoming less voluminous 
—or less penetrative—as time went on, until by the end of 
the Pre-Cambrian eras that particular manifestation of 
regional magmatic activity came to an end, so far as the 


levels of the crust which are accessible to observation are ` 


concerned. 

It is easy at the present day to understand why there 
should be no evidence of the development of such magmas 
during the later geological periods, because the radioactivity 
of the rocks is insufficient to generate the necessary heat 
for the production, within the continents, of the enormous 
volumes of magma, which alone could ascend so high that 
denudation should afterwards be able to disclose the rocks 
consolidated from them. The condition for the occurrence 
of such phenomena would be a far greater continental 
thickness than we can justifiably assume. Incidentally, 
this consideration explains why, in the later periods, granitic 
magmas have been generated deep within the cores of 
mountain ranges, for such situations are precisely those in 
which, because of compression, the continental rocks have 
been locally thickened *. 

The problem thus arises as to how it was that such regional 
phenomena occurred, and occurred on a decreasing scale, 
during the Pre-Cambrian eras. Were the continents far 
thicker then than now, or was the radioactive generation of 
heat more potent to provide the necessary supplies? The 
first assumption would lead to the conception of highland 
continents which could never have come beneath the waves. 
Yet we know that the lands were then, as afterwards, 
subject to marine transgressions and recessions. The second 
ussumption would lead to the conclusion that basaltic lavas 
should also have been more abundant than in more recent 
periods. Again we know that they were not, for the 
eruptions of plateau-basalts in North and South America, 
the Brito-Arctic region and the Deccan, which occurred 
between the beginning of the Jurassic and the middle of 
the Eocene, were on as vast a scale as anything of which we 
have evidence from the Pre-Cambrian. 


* A. Holmes, Geol. Mag. s pp. 507 & 533-534 (1925). 
4K 2 
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The extra source of heat must therefore be looked for 
either in the former distribution of the radioactive elements, 
or in the presence in the granitic rocks of some radioactive 
element not specially characteristic of basaltic rocks. It 
was the latter consideration that led us to suspect potassium 
as a possible active thermal agent. The joint investigation, 
of which this paper is a record, was therefore undertaken. 
The surprising result has emerged that potassium, on account 
of its great abundance in the rocks, is an emitter of radio- 
thermal energy of the same order of importance as either 
uranium or thorium *.  Rubidium is clearly negligible from 
the geological standpoint on account of its extreme rarity, 
despite the fact that its total activity is greater than that of 
an equal amount of potassium. 

It was thought possible that the radioactivity of potassium 
might have been greater in early geological time than it is 
now, and so have led to the extensive intrusions of granite 
that then took place. It is, however, not yet possible to 
draw anv such conclusion from the available data, nor will 
it become possible, unless future investigations indicate that 
the activity is confined to a still undiscovered isotope, which 
has been appreciably wearing out during geological time. 
Unfortunately, the detection of an end-product (isotope of 
calcium) in old potassium minerals is not practicable, owin 
to the very slow rate of decay of potassium. Meanwhile, 
the problem of the Pre-Cambrian granites remains unsolved, 
though it is not improbable that the explanation lies in the 
formerly more uniform distribution of potassium through 
the depths of the continents. Later intrusions would 
inevitably tend to concentrate potassium, as well as uranium 
and thorium, towards the surface, and so to reduce the 
temperatures natural to the lower regions of the continents. 
Thus in the early ages the ascent of heat from the substratum 
beneath the continents would be more effective in promoting 
fusion than it is now. | 


II. Zhe Radioactive Constants of Rubidium and Potassium. 


Of the alkali metals, only rubidium and potassium show a 
measurable radioactivity. Whereas potassium emits S-ravs 
of greater penetrating power than rubidium, it is generally 
recognized that the total activity (ionization corresponding 
to complete absorption) of rubidium is greater than that of 
an equal amount of potassium, though the estimates of the 
total relative activities vary within wide limits (1:4/1— 


* A. Holmes & R. W. Lawson, ‘Nature,’ exvii. p. 620 (1936). 
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Harkins and Guy, and 7/1— N. R. Campbell) *. The con- 


siderations set forth in the preceding section were responsible 
for our undertaking an examination of the extent to which 
the elements rubidium and potassium have contributed 
towards the thermal history of the earth, and for this 
purpose it was necessary to ascertain the radioactive constants 
of these two elements as accurately as possible from the 
evidence hitherto accumulated. 

In order to obtain the most reliable values of the radio- 
active constants for these two elements, we have carefully 
analysed the data available, with the results recorded below. 
We shall deal first with the velocity and energy of the 
B-rays emitted by the two substances, and then with their 
most probable half-value periods, before applying the results 
to the materials of the earth's crust. 

The -rays from rubidium are fairly homogeneous, and 
their mean velocity has been determined + by direct com- 
parison of their deflexion in a magnetic field with that of the 
rays from Rak. In this way the velocity of the rays was 
found to be about 0:62c. This result is supported by 
estimates based on measurements of the coefficient of ab- 
sorption of the rubidium rays. Thus Hahn and Rothenbach 1 
found that the rays are slightly softer than the §-rays from 
radium, but distinctly harder than the S.rays from UX, 
whence they estimated the velocitv to be about 0:58—0'60c. 
We obtain a result in substantial agreement with the 
above, if we apply Lenard's curves of absorption$ of 
B-rays of different velocity to Hahn and Rothenbach's value 
(4. 5341 em.^! aluminium) for the coefficient of absorption 
of the S-rays from rubidium. We shall therefore assume 
that the velocity of these rays is 0-60 c, or that the kinetic 
energy of a single 8-ray is 2:04 x 107’ erg. 

The B-rays from potassium do not appear to be quite so 
homogeneous as those from rubidium, the coetlicient of 
absorption varying for different observers from about 16 em.~! 
to 50 cm.7! aluminium |j. Since, however, the ravs are on 
an average only slightly less penetrating than those from 


* N. R. Campbell, Proc. Cambr. Phil. Soc. xv. p. 11 (1909). 
E. Henriot, C. R. cxlviii. p. 910 (1909). W. D. Harkins & 
W. G. Guy, Proc. Nat. Acad. Sc. xi. p. 628 (1925). Full references to 
the earlier literature are given in the standard works of Rutherford, and 
of Meyer and Schweidler. 

t K. Bergwitz, Phys. Zeit. xiv. p. 655 (1913). 

t O. Hahn & M. Rothenbach, Phys. Zeit. xx. p. 194 (1919). 

$ ‘The Structure of the Atom,’ Andrade, Appendix I. p. 296 (G. Bell, 
1923). 

|| Campbell, ete., 2. c. 
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UX, (u=14'4 em.^! aluminium, v=ca. 0:92 c), Hahn (l. c.) 
concludes that the average velocity of the -rays from 
potassium cannot differ much from 0°90c. If we assume 
p to be about 20 cm.~! aluminium, Lenard’s curves indicate 
that the velocity will be about 0:85 c, and this value probably 
makes sufficient allowance for the heterogeneous nature of 
the rays. The corresponding kinetic energy of a 8-ray 
from potassium is, then, 7:30 x 107? erg. 

We next require the half-value periods (or disintegration 
constants) of rubidium and potassium. In the case of 
rubidium, Hahn and Rothenbach (l. c.) have compared the 
activity of the B-rays emitted by 1 gm. of the element with 
that of the S-rays from the amount of UX, in equilibrium 
with 1 gm. of uranium. Since these two types of rav are 
of the same order of hardness, it follows that the ratio of the 
half-periods of rubidium and uranium will be inversely as 
their activities (viz. 1/15), so that the resulting half-value 
period of rubidium is 7 x 10!? years. Strictly speaking, we 
must take account of the different values of & (no. of ions 
per em.) for the rays from the two substances, and of the 
fact that the Loschmidt number (per gm.) is not the same 
for the two elements. We find the corrected value of Tg, to 
be 1:4 x 10!! years. 

By using an extremely delicate apparatus, Hoffmann * has 
compared the activities of rubidium and potassium with 
that of uranium, and he concludes that his measurements 
confirm the value of the half-period for rubidium given by 
Hahn and Rothenbach, though his results point to a slightly 
smaller value for Te. From the point of view of the half- 
value periods of potassium and rubidium, Hoffmann's 
measurements are probably the most valuable yet available, 
for they lend themselves to an approximately absolute 
interpretation when certain plausible assumptions are made, 
though he does not appear to have applied them in this way. 
He used two arrangements: (a) Method I, in which the 
active material was distributed on a concentric cylinder a 
few ems. away from his spherical ionization chamber ; and 
(b) Method II, in which the active material was placed in 
the bounding surface of his ionization chamber ; this latter 
method, however, was not applicable to uranium, owing to 
the disturbing action of the a-rays. In both methods the 
apparatus was filled with CO; at 1300 mm. pressure. 

From known data on the absorption of S-rays in CO,, 
and by assuming the constancy of u/p for the B-rays from 


* G. Hoffmann, Phys. Zeit. xxiv. p. 475 (1923) ; Zeit. f. Phys. xxv. 
p. 177 (1924). 
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a given substance, we have applied corrections to Hoffmann's 
results to take account of the absorption of the rays in his 
apparatus and in the active film. Moreover, since the 
ionization produced by a -ray per cm. of its path (i. e. k) 
is approximately known for rays of different velocity, we 
have been able to calculate that the half-period of rubidium 
is about 25 times that of uranium (4:4x10? years), i. e. 
Tuo 11x 10! years, using the results of Method I. The 
corresponding calculation using the results of Method II 
gives Tg, —ca. 8x10!? years. There is thus satisfactory 
agreement between the different estimates of the half-value 
period of rubidium. 

It appears, then, that the half-period of rubidium cannot 
be far removed from Tgy— 10" years (4.2679 x 1071? years !), 
and we shall make use of these values in our subsequent 
considerations. 

Unfortunately, the data for potassium are not known to 
the same degree of accuracy as those for rubidium, and 
further work is desirable with this element. It has already 
been mentioned that the estimates of the total activity 
(corresponding to complete absorption) of rubidium relative 
to that of an equal weight of potassium vary between 7 and 
1-4. If we assume that the total ionization produced by a 
B-ray is proportional to its initial energy, and take account 
of the difference of the Loschmidt number (per gm.) for 
these two elements, the above estimates ot the total relative 
activities indicate that the half-value period of potassium is 
respectively 50 or 11 times that of rubidium. Assuming 
Tro 2 10!! years, the corresponding values for potassium are 
Tk=5x10? and 1:1 x 10? years respectively. In deciding 
between tliese extreme values of the half-period of potassium 
we can again appeal to Hoffmann’s delicate measurements, 
by applyiug corrections to his results in the manner indicated 
above for rubidium. From the results of Method I we find 
that the half-period of potassium is about 14 times that of 
rubidium, or 22 times according to Method II. Hoffmann’s 
measurements thus indicate that the half-value period of 
potassium is Tg- 1:4 x 10'? years (Method I), or 22 x 10" 
years (Method II), the former value being probably the 
more reliable. 

We do not believe that the correct value of Tg exceeds 
about 2x 10? years, and consider that the evidence points 
to Tk= [1:5 x 10? years (A=4'6 x 107? year?!) as being the 
most representative value in the present state of our 
knowledge. We shall assume these values of Tx and X in 
what follows. It should be mentioned that Hahn and 


1224 Radioactivity of Potassium. 


Rothenbach’s estimate of the half-period of potassium, based 
on the relative activities of potassium and rubidiam, is from 
3 to 7 times that of rubidium, but that they only intended 
to indicate the general order of magnitude of the result. 

In our previous considerations we have assumed that the 
whole of potassium is radioactive, whereas theoretical con- 
siderations render it probable that the activity will be a 
property of the isotope K,;, rather than of K}. The decision 
of this point must await further experimental investigation. 
Should the radioactivity be due to Ky,, our previous estimate 
of the disintegration constant would require to be increased 
20 times, so that we should have T=7°5 X10" years. Early 
Archean rocks (age of the order and greater than 10? years) * 
would then have been heated by the contained potassium 
slightly more than at present, but as the increase is not more 
than one per cent., it can be neglected in geothermal 
problems. Should the activity be due to a hitherto un- 
discovered isotope, of atomic weight say 40, its increased 
effect in early geological time might demand consideration. 


III. The Emission of Energy by Rubidium and Potassium. 


We are now in a position to calculate the annual heat 
production of 1 gram of potassium and rubidium respectively, 
from which, by making use of the content in average rock 
of these two elements, we ure able to calculate the annual 
heat production due to potassium and rubidium in each 
gram of average rock, and similarly for any other kind of 
rock. The calculations are embodied in the accompanying 
Table, and for comparison, the annual heat production due 
to uranium and to thorium (plus disintegration products) 
per gram of rock are included. The values assumed for the 
annual heat developed from 1 gram of uranium (0:79 cal. 
per annum = 9:0x 107* cal./hour) and from 1 gram of 
thorium (0:23 cal. per annum 2:6 x 1075 cal./hour) have 
been caleulated on the basis of the most recent data, and are 
in good accord with the values as found experimentally. 

It is clear from the Table that the geothermal effect 
of rubidium is negligible, and the same holds for sodium, 
which has been found to be practically inactive. On tle 
other hand, the heat developed by the potassium in rocks is 
comparable with that developed by uranium and by thorium, 
and must have exerted an important, if not a controlling 
influence on the igneous history of the earth. 


* A. Holmes, Phil. Mag. (7) i. p. 1074 (1926). 


RvBiDrIUM. 


Element ... | URANIUM, Trorium. POTASSIUM. 


-— — 1 


"n 


Loschmidt Number, Ce 15:5 x 10?! | 7-09 x 107! 
N, atoms per gram. | 


Half-valué Period, T, | 15x10! | 1x10" 
Miyxee Lo eee Docs | 
Disintegration Con-| ^ 13 | —13 
AR] ee p. see 46x10- | 69x10 
=S — —— ee SE). —— 
Annual Number of | 
Atoms disinte- 71x 10° 49 x 10° 
grating peau] 99. [o ome | 
nzAN. | 


Kinetic Energy, E — | |. T:30x1077 | 204x10-7* 
ergs per 3-ray. | | 


- —— Á L ——— OOOO kh COC 


Energy liberated per | 
per year, (7900 x 10—*) (2300x107 | 1:24x 10-* | 238x 10-4 


gram 
nE/(4:19 x 107) ii | 


(Contents in grams | | 

per gram  of| 6x10-° | 15x107° 26,000 x 10=" | m x 10-5 
average igneous | 
rock *. 


— — ——— c _. ——— — 


Heat generated in 
ces, per grum of ariga | g:45x10-* | $4 10-4 238m x 10-10 


average igneous | 
| rock per year. — | | 


Average 
Igneous Rock. 
Po dis 


| | 


— —— —— —— E) 
m — ————— 
— 
————ÉÉÁÉ 


Contents in gm. per 


gram of average 9x10-* 20x10-° 34,000x10-* n.d. 


| 


| 
CN ie 
| 


g E | granite *. WE "Sm 
4 E Heat generated in 
«uU cals. per gram of| ,. _6 . "yr 49 \—6 
average granite per 1x10 £6x107* XM n.d. 
year. 
( Contents in gm. per 
; — 6 
= | gram of average 2:2X10 9x10-*^ . 8000x10-* n.d. 
g Ž | plateau-bagalt *. 
mel —— —— | —À —« — Se — — ——ÀÀ 


g? j ——— 
E Heat generated in 
<j cals. per gm. o : zk } DAPR » 
3 | Average [^k 17x10 12x10-6 l'0x 107* n.d. 
| basalt per year. 


| 


Total Heat in Calories per Year generated in :— 


Average Igneous Rock =11:4x10—® per gm.—31:4 x 10-6 per c.c. 
(density — 2 75). 


Average Granite —15:9x 1075 per gm.—42:2X 107* per c.c. 
(density = 2:65). 

average Plateau-Basalt = 3°9X 1076 per gm.=11-7X 10-5 per c.c. 
(density — 3). —1933x10 6 per c.c. of eclogite, 


p density =3'4. 
For the data for radium and thorium, see J. Jo] , Phil. Mag. (6) xlviii. p. 819 
(1924); nnd for radium alone, A. Holmes, Geol. Mis. lxii. p. 509 (1925).” The 
gures o potassium are based on thousands of analyses of rocks from all parts of 
® world, 
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IV. Possible Effects other than Thermal. 


It is a well-known fact that the coloration of pleochroic 
haloes is produced by the action of the a-particles emitted 
from the central radioactive inclusion, and Lord Rayleigh * 
has brought forward strong evidence that the colour of 
zircons, which are always radioactive, is produced in the 
same way. Since B-rays and y-rays also produce colorations 
in minerals when the radiation is of sufficient intensity, 
it has been suggested that the colour of many minerals 
may be due to this cause, particularly in view of the 
widespread occurrence and -radioactivity of potassium. 
These latter colorations, however, would be expected to 
require much longer periods for their development than 
those due te the much more energetic a-particles. It is, 
in fact, theoretically possible that the depth of coloration 
due to the potassium radiation found in a pure potassium 
mineral free from other colouring agents may serve to 
give a qualitative idea of the age of the formation in 
which the mineral occurs, for undoubtedly long periods 
will be necessary before any colour could appreciably 
develop from this cause. In practice such effects are 
likely to be always masked by the presence of other 
colouring agents. 

The more important question arises, however: Is any 
appreciable fraction of the energy of the radioactive ravs 
used up in producing these colorations? If so, the 
thermal effect in the mineral will be less than the eftect 
as calculated from the energy of the rays. In a recent 
Presidential Address before the Geological Society, this 
question was raised by Dr. J. W. Evans, who stated: 
“Tt is certain, however, that the whole of this energy 
is not converted into heat; much of it must be employed 
in effecting physical, chemical, or atomic changes in the 
surrounding rock. The substance of the ionized pleochroic 
haloes in mica is hundreds of thousands of times greater 
than the radioactive material in the zircon round which 
they are formed, and they must represent a relatively 
enormous absorption of energy.” 

We think, with Lord Rayleigh t, that the evidence 
decides conclusively against Dr. Evans's view. In all 
determinations of the heat developed by radium and by 
it and its disintegration products, the substance has been 
enclosed in a glass tube of sufficient thickness to absorb 


* R. J. Strutt, Proc. Roy. Soc. (A), jurc o 405 (1914). 
t Lord Rayleigh, * The Observatory,’ p. 57, Feb. 1926. 
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the a-rays completely, as well as more than 30 per cent. 
of the S-rays, and it is well-known that the glass container 
rapidly becomes coloured by the action of the rays, just 
as in the case of minerals. We should therefore expect 
that, if Dr. Evans's view were correct, the heat development 
as determined experimentally would be distinctly less than 
the value calculated from a knowledge of the number 
and energy of the rays involved ; but this is far from 
being the case. Thus for diam alone, 2. e. without 
disintegration products, the calculated heat development 
per gram of the element is 25:47 cals. per hour, whereas 
the measured value (Hess) is 25°2 cals. per hour, and 
this experimental value probably requires to be raised by 
0:2 or 0°3 cal. per hour owing to incomplete absorption 
of the y-rays from radium in the apparatus used *. 
Moreover, the total heat developed by 1 gram of radium 
together ‘with its short-lived products was found by 
Rutherford and Robinson to be 135 cals. /hour, and by 
St. Mever and Hess to be 137 cals./hour, both results 
probably being somewhat low owing to insufficient. 
allowance for the effect of the y-rays. Using the latest 
data, we have calculated the total heat production of 
radium per gram, including the short-lived products, on 
the assumption that all the energv is converted into heat, 
and we obtain the value 137:7 eals./hour. Jt seems safe 
to conclude from these results that the energy of the 
radioactive rays expended in the manner suggested by Dr. 
Evans does not amount to one per cent. "of the total 
energv, and is probably not more than about one-t 
of this value. 


V. The Average Thickness of the a ae 


The geological consequences of the E y of 


potassium are clearly of great importance, for the heat 
generated within the rocks is now found to be considerably 
greater than the amounts hitherto calculated from uranium 
and thorium alone. 


A maximum estimate of the mean thickness of T E 


average rocks (sial) of the continents can be arrived at 
by equating the amount of heat escaping at the surface 
with the heat generated within the sial. Geothermal 
gradients are very variable f, but a reasonable average, 


* R. W. Lawson, ‘ Nature,’ exvi. p. 897 (1925). 
tT See R. A. Dalv, Amer. Jour. Sc. v. p. 349 (1923) ; and B. Gutenberg, 
Der Aufbau der Erde, p. 52 (1925), for recent discussions of the data. 
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sufficiently good for our present purpose, is 35? C. per 
kilometre. Taking the conductivity as 0:006 C.G.S., the 
heat lost per annum from a column of 1 sq. cm. cross 
section amounts to 63 calories, and evidently this could 
be entirely supplied by 15 km. of average granite (density 
2:65), or by 20 km. of average continental rock (density 
2:15). On the assumption made, the thickness of the 
continents should, then, be less than 20 km., for in addition 
to the heat generated within them, heat must also ascend 
from the hotter rocks beneath. On no reasonable assump- 
tions whatever is it now possible 10 admit an average 
continental thickness of as much as 30 km., though 
more than 20 km. may still be possible if the radioactivity 
of the rocks rapidly decreases downwards Like the 
gradients, the actual thickness must, of course, vary 
through a wide range, but the average is now definitely 
limited. Yet, until recently, 30 km. or thereabouts has 
been the estimate most favoured by seismologists. 

In 1924, for example, an attempt was made by Guten- 
berg" to determine the thickness from measurements of 
surface waves of known period that had traversed tlie 
continental crust. Taking :— 


T as the thickness of the surface layer ; 

c3 = Y2 km./sec. as the velocity of distortional waves 
in the surface layer ; 

ej =44 km./sec. as the velocity of distortional waves 
in the substratum ; and 

c = 3°8 km./sec. as the velocity of the surface waves 
having a period of 30 secs. ; 


he found T=30 km. A recomputation by Stoneley gave 
T=31:18 km. 

Stoneley f, however, drew atiention to a serious flaw 
in the method. He pointed out that, owing to dispersion 
effects, it is not c, the wave velocity, that is given by 
the earthquake records, but C, the group velocity. Jeffrevs 
then applied the necessary corrections, and worked out 
the group velocities for Love waves in a surface layer 
corresponding to that of the continental crust ł. He 
adopted a density of 2/7, and took e, 23:1 km./sec. For 
the underlying material the corresponding data used were— 
density 23:4; c,'—42 km./sec. There is a period for 

* Bp, Gutenberg, Phus. Zeit. xxv. pp. 377-381 (1924). 

t R. Stonelev, M. N. Roy. Astr. Soc., Geophysical Suppl. vol. i. 
No. 6, p. 280 (Dee. 1925). 

t H. Jeffrevs, M. N. Roy. Astr. Soc., Geophys. Suppl., vol. i. No. 6, 
p. 282 (Dec. 1925). 
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which the group velocitv of surface waves is a minimum, 
the value of the latter being just under 3 km./sec. on the 
data adopted. The corresponding period is approximately 
10 secs. These data give T—15:2 km. The adoption of 
any reasonable figure for the continental density, other 
than 2:7, which is itself reasonable, would have made no 
serious difference to the estimate of thickness finally reached. 

Applying the same method to other results recorded by 
Gutenberg *, one finds that for Eurasia T varies from 
10 to 20 km. ; and for America from 11 to 19 km. The 
thickness Tz15 km. is therefore a good average. For 
the sub-oceanic regions a light surface layer ranging from 
4 to 8 km. in thickness is indicated. Thus, provided that 
the densities of 2/7 und 3'4 are justified, the average 
thickness of the sial of the oceanic regions should be about 
6 km. 

Seismic and thermal evidence have thus again come into 
close agreement, and for two independent reasons. The 
30 km. continent on which Joly founded his theory of 
the surface history of the earth has become considerably 
thinner. This conclusion does not, however, invalidate the 
theory in any way. On the contrary, it relieves the theory 
of certain embarrassing consequences, and to that extent 
fortifies it. On the original view developed before the 
radioactivity of potassium was taken into account, and 
before the revision of the seismological estimates, cooling 
of the substratum by conduction through the continents 
was thought to be of little importance, as the basal 
temperature was naturally not far from the fusion point 
of the rocks. With a 15 km. continent, however, the 
natural temperature of the base is hundreds of degrees 
below any possible fusion point, and consequently cooling of 
the substratum through the continents becomes an important 
process. 


VI. Zhe Nature of the Substratum. 


If we accept an average thickness of 15 km. for the 
continental crust, and of 6 km. for the surface layer of 
the ocean floor, it is easy to show from the principle 
of isostasy that the substratum must everywhere have a 
density ranging from 3:4 to 3°5 or even a little more. 
This is not a consequence of the circumstance that Jeffreys 
adopted 3:4 for the substratum in his work on surface 
waves. It follows independently from the recognition of 


* B. Gutenberg, Der Aufbau der Erde (1925), Table 49. 
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the thermal effects due to potassium and the limit which 
is hereby set to the average continental thickness. More- 
over, Jetfreys adopted that particular figure because the 
velocities of both longitudinal and distortional waves 
correspond, once they penetrate beyond the lighter crust, 
to those characteristic of silicate rocks with a density of 
3:4 or more *. 

Were the substratum, as Joly and one of the present 
writers formerly assumed, to have a density of about 3, 
then continents only 15 km. thick would be submerged 
beneath an overflow from the oceans. A very much 
higher substratum density is necessary to give the requisite 
buoyancy to the continents. One may now picture the 
surface layer ranging from little or nothing over the sites 
of the greatest oceanic deeps, to possibly 6 km. thick 
over the average oceanic regions ; rising to 15 km. over 
the average continental regions, and reaching as much 
as 30 or 40 km. in regions like the Thibet Plateau and 
the Himalayas.  High-standing areas like the latter can 
only exist without fusion at the base on the condition 
that the radioactive content of the underlying column of 
rocks is unusually low. 

The material of the substratum has long been thought 
by petrologists to be of basaltic composition f. Basaltic 
lavas have been extruded more often and more abundantly 
than any other type, and with a striking uniformity of 
chemical composition 1. They have, moreover, as already 
stated, shown no sign of becoming less voluminous during 
geological time. The parent rocks from which they come 
must therefore occur in a layer which is very thick 
compared with the known igneous rocks of basaltic com- 
position. Furthermore, this layer must extend to depths 
at which the temperature is high enough to permit fusion 
to occur. 

Now there is only one known kind of rock which has the 
composition of basalt or gabbro and a density of 3:4 or 
3:5, and that is eclogite $. Thus the assumptions that 
the substratum is eclogite, a high-pressure facies of basalt, 
satisfies the isostatic, seismic and petrological data. The 
only alternative assumption, that the material is peridotite, 


* L. H. Adams & E. D. Williamson, Jour. Franklin Inst. excv. p. 520 
(1923). 

t R. A. Daly, ‘Igneous Rocks and their Origin,’ p. 164 (1914). 

t H.S. Washington, Bull. Geol. Soc. Amer., vol. 33, p. 797 (1922). 

$ L. L. Fermor, Hec. Geol. Surv, India, vol. xliii. p. 41 (1913) 
P. Eskola, Norsk. Geol. Tiddsk. vol. vi. p. 182 (1920-22). 
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fails to satisfy the petrological data, for it would leave 
the basalts of the whole of geological time entirely un- 
explained. No doubt at a certain depth peridotite comes 
into place, but a thick eclogite layer must generally 
intervene between the feridotite of the greater depths 
and the granitic and related rocks of the surface layer *. 


VII. Geotogical Time and Latent Heat. 


According to the theory of basaltic cycles, originated 
by Joly, heat accumulates in the substratum below the 
level at which the temperature is that of fusion, and so, 
by supplying latent heat, leads to the production of magma. 
The latent heat of basaltic material of density 3 is about 
270 calories per c.c., and the time taken to supply the 
whole of this by internal radioactive heating at the rate 
of 11:7 x 1075 calorie per year would evidently be about 
23 million years. Joly f has attempted to apply a simple 
caleulation of this sort to the problem of geological time, 
and since he took into consideration only uranium and 
thorium he naturally arrived at a longer estimate of the 
time required to supply the latent heat. Unfortunately, 
the method seems SEO ever to lead to acceptable 
results for two reasons. We have now to consider the 
latent heat not of basalt or gabbro, but of their high- 
pressure equivalent, eclogite; and not merely of eclogite 
as we occasionally encounter it near the earth's surface, 
but eclogite at a pressure of thousands of atmospheres. 
Moreover, it seems somewhat improbable that exactly 
all the eclogite of the zone of fusion should become 
liquid during a single cycle. When half the latent heat 
has been supplied, half of the material will have changed 
to the liquid state ; and as the magma rises, as it must 
do, into the zone of cooling above, it may consolidate 
and die out long before the rest of the substratum has 
altogether fused. 

The amount of magma produced depends not only on 
the supply of latent heat, but on the thickness of the 
zone through which it is being supplied, and also on 
the rate at which it rises, by a process of crystal stoping 


* SUUM possibly at certain times in the earth's history when the 
peridotite below may have fused and risen through the eclogite. Such 
& condition would be unstable, for later the eclogite would fuse and 
rise again above the peridotite. See A. Holmes, Geol. Mag., July, 
1926. p. 326. 

+ J. Joly, ‘The Surface History of the Earth, pp. 90-92 and 168 
(1926). 
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into the cooler regions above. Indeed, the magma rises 
because the crystal debris liberated from the roof hy 
corrosion along the crystal boundaries falls to the bottom 
and so displaces the liquid upwards. The magma is there- 
fore always underlain by solid material (unless, exceptionally, 
the peridotite of still greater depths also becomes fluid 
and engulfs that material), and consequently there is always 
being generated a certain supply of magma. It is the 
ascent and consolidation of the accumulated magma that 
gives rise to the periodicity ; and each cycle consists of 
a period of magma accumulation and ascent, followed 
by a period of cooling and the consequent descent of 
the level beneath which magma can form. 

The process may be capable of mathematical treatment 
in such a way as to give an expression for time in term: 
of other quantities, but the latter involve matters on which 
we have absolutely no data. The thickness of the eclogite 
zone, for example, is not likely to be revealed by seismic 
evidence, because the density is practically identical with 
that of peridotite, and no significant difference in elastic 
constants is to be anticipated. Thus, as already stated 
in a former publication *, there are good reasons for con- 
sidering “ that far-reaching hypotheses of this kind should 
not be regarded as providing any sort of method for 
estimating geological time, but should themselves be tested, 
and modified where necessary, hy reference to the ascet 
tained data of geological time-measurements.” 


VIII. Conclusions. 


(a) The velocities of the B-rays emitted by rubidium 
and potassium are respectively 0-60c and 0°85c. The 
corresponding kinetic energies are respectively 2:04 x 10"' 
and 7:30 x 107 erg. 

(b) On available data, the most probable half-value 
period of rubidium is Tpp»=10" years, and of potassium 
Tg—1:5x10? years. The disintegration constants are 
Ago 60:9x 10- year^! for rubidium, and »Ax=4'6x 10°" 
year”? for potassium. 

(c) As an emitter of radio-thermal energy in rocks 


potassium is, in the aggregate, of the same order ol 
importance as uranium or thorium. 


* A. Holmes, Phil, Mag. (7) i. p. 1072 (1926). 
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(d) The radioactivity of rubidium has no geological 
significance, on account of the rarity of the element. 

(e) There is no reason to suppose that as much as 
one per cent. of the energy of radioactive rays (from 
whatever source) can be expended in any other way than 
by conversion into heat. 

(f) The continental crust must be less than 30 km., and 
probably does not exceed 20 km. in average thickness, a 
result that agrees with a recent estimate of 15 km. due to 
Jeffreys. 

(g) The substratum beneath the continents and the surface 
layer of the ocean floor are shown to consist most probably 
of eclogite, a high-pressure facies of basaltic rock, having 
a density of 3*4 to 35. 

(h) The time required for the accumulation of the latent 
heat of the material of the substratum may he about 23 million 
years, but this result is of theoretical interest only, and 
provides at present no basis for the erection of a geological 


time-scale. 
June 21, 1926. 


Note added Nov. 1, 1926.—Since this paper was written, 
further information has become available beariny on the 
thickness and structure of the continental masses. The 
following communications should therefore be referred to. 
They point to an average continental thickness ranging from 
20 km. to 30 km., the lower estimate being preferable for 
thermal reasons; and to a dowuward distribution of rock- 
types tentatively interpreted by Jeffreys as granite- basaltic 
glass-dunite ; and alternatively interpreted by one of us 
(A. H.) as granite-diorite-eclogite-dunite. 


A. Holmes: “Contributions to the Theory of Magmatic Cycles." 
Geol. Mag., July 1926, p. 306. 

L. H. Adams and R. E. Gibson: “The Compressibilities of Dunite 
and of Basalt Glass and their Bearing on the Composition of 
the Earth." Proc. Nat. Acad. Sci. xii. p. 275 (1926). 

H. Jeffreys: ‘The Structure of the Continents." ‘Nature,’ Sept. 25, 
1926. p. 443. 

A. Holmes: Zbid. Oct. 28, 1926, p. 586. 


The Presidential Address by Dr. J. W. Evans, which 
was cited in Section IV., has now been published in the 


Q. J. G.S. Ixxxii. p. 60 (1926). 
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OXVIII. On the Stresses in a Spoked Wheel under Loads 
applied tothe Rim. By Prof essorA. J. SUTTON PrPPARD, 
M.B.E., D.Sc., and J. F. BAKER, B.A., University College, 
Cardiff *. 


NE of the commonest units employed in engineering 
construction is the wheel, consisting of a rim con- 
nected to a central boss or hub by a number of evenly spaced 
arms or spokes. In general these spokes are rigidly attached 
both to the rim and tothe hub. In consequence, the analysis 
of the stresses in such a wheel is a matter of considerable 
importance, and while solutions have been obtained for 
certain particular cases f of loading, it does not appear that 
the general problem has received the attention which its 
interest and importance merits. 

In the present paper is given an analysis of the stresses in 
such a wheel when it is held rigidly at the hub and subjected 
to any system of loads applied to the rim. Since the effects 
produced by a number of loads can be found by superim- 
posing those due to the loads considered separately, it is only 
necessary to analyse the case of a single load,.and this in 
turn can be considered as two loads, one acting tangentially 
and the other acting radially. The problem is therefore 
reduced to the analysis of the stresses under a tangential and 
a radial load, and these cases are considered separately. 

The results obtained appear somewhat complex: this, in 
view of the general nature of the problem, is unavoidable, 
but the actual computation in any particular case, although 
somewhat long, is not difficult. It is necessary, however, to 
work to a considerable degree of accuracv. 

Figure 1 indicates the type of wheel considered. 


Let N = number of arms evenly spaced. 
20 = angle between arms. 
R = radius of rim measured to the centroid of its 
section. 
R= radius of hub. 
I = moment of inertia of the cross-section of the rim 
about its axis of bending. 


* Communicated by the Authors. 

+ Cp. “Stresses in the rim and arms of a Flywheel rotating at con- 
stant speed,” J. Longbottom : Trans. Inst. of Engineers and Shipbuilders 
of Scotland, lxii. (1919). “Stresses in a uniformly rotating Fly- 
wheel," A. J. S. Pippard: Inst. Mech. Engs., Jan. 1924. “Stresses in a 
Flywheel due to acceleration,” A. J. S. Pippard: Inst. Mech. Engs., 
Jan. 1926. 
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I, moment of inertia of cross-section of an arm 
about its axis of bending. 

a = area of cross-section of rim. 

y= area of cross-section of an arm. 

E = modulus of elasticity of material of rim and arm. 


The method of solution adopted is to consider the wheel 
as a framework with a number of redundant reactions and 
to apply the Principle of Least Work to obtain the necessary 


equations. 
Fig. 1. 


The frame contains 2N nodes, and so the number of 
bars required to make it just stiff is 4N —3. If the 
segments of the rim and the arms were pinjointed together 
and the arms pinned to tlie hub, the number of bars provided 
would be 2N. Since the N nodes on the hub are fixed rela- 
tively to each other the hub itself is equivalent to (2N —3) 
members and could be replaced by this number of bars 

4L2 


Digitized by Google 
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Hence the effective number of bars provided in the pinned 
framework is (4N — 3), i. e. such a wheel would be just stiff. 
The continuity of the rim over the arms introduces one 
* redundancy ” at'each point, and since the arms are rigidly 
fixed to the rim and the hub, these attachments introduce 
two “ redundancies " more for each arm. Hence the total 
number of “ redundancies ” in the frame is 3N. 

In fig. 2 let the reactions between the arms and the hub 
consist of 


Forces H,, H,... Hy tangential to the hub, 
Forces T,, T, ... Ty acting along the arms, 
Moments M;, M, ... My. 

We shall treat H, ... Hy_,, T, ... Tw-1, and M; ... My. ; as 


* redundancies,” giving 3(N — 1) of the total number present. 
Hy, Ty, and My are then determinate from the conditions of 
static equilibrium. 

The remaining three * redundancies” are conveniently 
taken to be the resultant actions at a section of the rim just 
to the right of the Nth arm. These consist of a radial force 
Vo, a tangential force Hy, and a couple Mo. 

There are then 3(N +1) unknown forces and couples to be 
determined. Three of the essential equations are provided 
by a consideration of the static equilibrium of the wheel and 
the remaining 3N by application of the Principle of Least 
Work as follows :— 

Let U be the total strain energy of the wheel. 

Then : 


oU 

oH, ~ ^ 

aU _ 

av, 7 9 

QU 

3M,^ ^ 
QU oU. aU (c cQ 
oH, oH, e e*c.70909099^06 OHy_1 9 
ðU oU. QU _ 
ol, oT, eeeeeeeeeens lra 9 
ðU — aU _ oU 
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Case [.— Tangential load on rim. 


In fig. 2 let P be a tangential force acting on the rim 
between the (N —1)th and Nth arms, and let its point of 
application be at an angular distance $ from the Nth arm. 


Fig. 2. 


Resolving forces perpendicular to, and along this arm and 
taking moments about the centre of the wheel, the conditions 
for static equilibrium are obtained as follows :— 


(Hi cos 20 + H; cos 40 ... + Hy cos 2N0) 
T (T, sin 20 -- T, sin 40 ... -- Tx. , sin (N — 1)0) = P cos, 
EK (2) 
—( H sin 20 + H; sin 40 ... + Hy sin 2(N — 1)0) 
+ (T1 cos 20 c T4 cos 40 ... +Tycos2N0) = Psing,. (3) 


R,(H, +H; ... -Hx) (M; M,... +My) = PR. . . (4) 


Under the action of P the rim and arms of the wheel are 
subjected to bending, axial loads and shearing forces, all of 
which contribute to the strain energy. The effect of shearing 
force is, however, negligible compared with the others, and, 
following the usual custom, the strain energy due to bending 
and direct tension or compression will alone be considered. 
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The hub will be assumed to be rigid and will therefore con- 
tribute nothing to the strain energy. Also, in writing down 
the strain energy, the effect of the initial curvature of the 
rim will be neglected. The extra terms which would be 
involved would needlessly complicate the equations and 
their effect is entirely unimportant. 

Let X beany point on the rim between the pth and 
(p+1)th arms, and let the angle between the radius to X 
and the Nth arm be a. 

When a «(27 —$) the compressive tangential force in 
the rim at X is 


T, = Ho cosa + Vo sin a 
—(H, cos (a — 20) + H5 cos (x— 40) ... H, cos (a— 2p0) } 

+ (T; sin (a—20) +T; sin (a —40) ... T, sin (a—250) }. 

. . (5) 

When «a >(27—¢@) an extra term P cos (a+¢) must be 


added. 
When a « (2: — 4) the bending moment in the rim at X is 


M, = Mo+ H,R(1— cos a) —V, Rain a 
+ R(H, cos (a—20) + Hy cos (a—40) ... Hp cos (a — 2p0)) 
— R(T, sin (a— 20) +T; sin (« — 40) ... T, sin (a—2p60)) 
—R,{H,+H,...H,}—{M,+M,...M,}. . . . (6) 


When a » (27 - b). an extra term PR(1— cos (a 4- $)) must 
be added. 


Then the value of 2 7 for the segment of rim between 
0 


a = 2p and « = 2( p+ 1)0 is 


d oM. 
EI ANS ** 9M," 


and for the whole wheel, since the energy of the arms does 
not involve the terms M, H,, and V,, 


oU "S R "NUT oM 


OM, =, Er yee 
ao oe 
SS MC, Les R in oT, 
= [mx E AME On, sda} = x 
A 


oU _ p=N-1 "MS oM. R ( *»tbe oT. 
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On integrating and summing these expressions after sub- 
stituting the values of M;, T,, etc., we obtain equations (7), 
(8), and (9). 


In these equations we write 


R? 
A — EI? 
"3 
~ az’ 
EX a 
C = gp 
1 
D= 
L = (R— R} 


2v(M, +RH)—R(T, - T, ... Tx) 
+ 26{R,(H, +2H,+3H;... NH) c (M4 2M; ... NMx)) 
—PR(2*z—$) 20. . . . . . . . wg e. se (T) 

(A+B) Lu = (H, sin 26+ H; sin 40 ... Hy- sin 2(N—1)0} 
+ R0{ (H, cos 20 + 2H, cos 40 ... NHy) 

+ (T; sin 20 - 2T, sin 40 ... (N — 1) Ty. , sin 2(N —1)0)) 
— E (2v — ) cos $ — sin $} | 
—A | (M, sin 20 + M, sin 46 ... Ms, sin 2(N — 1)6] 

+ R;(H, sin 20 + H, sin 40 ... Hy_, sin 2(N —1)0] 
+PR sin g | = 0. Bo secu Ro, SE Sp a eS. we SD) 


(A+B) [aRVo+ Rip sin 20-& T, sin 40 ... Ts. sin 2(N—1)8} 


+ RO{H, sin 20 + 2H, sin 40...(N—1)Hy_, sin 2(N — 1)8) 
— (T, cos 20 + 2T, cos 40 ... NTy) } 


+ TE (n= 9) sin $| 
+ A | (M, cos 20 + M, cos 46 ... My} 
+ Ro{H, cos 20 + H, cos 40 ... H*}—PR cos ¢ | z 0. (9) 
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The three groups of equations obtained bv differentiating 


the strain energy with respect to H, Hxc Tie dyn 
and Mı... My., must now be considered. To form these 


equations we write down 


oU oU ðU _ 
3,79 357. *" aT” 
and then by giving 7 all values from r=1 to rz (N-1) 
inclusive all the required equations are obtained. 
Since the bending and direct loads in the rth and Nth 
arms are functions of M,, H,, and T, the strain energy of 
these arms will appear in the value of U. 


Then 


oU ] (( Om, om, 
I, lo 


3M, E mex TM, 


R 2(p+1)6 oM. 
s 2t ul 
EE "I ES 


where m, and m, are the bending moments at any point n 
the rth and Nth arms respectively, so that m,z M,- e^ 
where z is measured from the point where the arm Joins 
the hub. l 

The second integral relates to the segment of the nm 
between the pth and (p * 1)th arms, and after evaluation 
the terms composing it must be summed appropriately as 
follows :— 


a, 


Terms in Mo, Hy, and V, from p=r to p=(N -1) : 
Terms in M,, T, and H, where q<7 from p=” to p=(d 2 

and where q >r from p—4 to pz (N- ) 
In a similar manner we may write 


oU zl cL on, om, 447 Oly ds 
3H." bl, f (m,. Sup eme Sm det a.) NSA, 


RA OM, gag d ME 
T 2 PANES AH. at "AMT "3H, 


and 


QU 1 (7L dm 1 ty Olx\ az 
S~ PER Ru. px T.-Tx.x- J 
dT, gi, Y, (m STe) da + =x \, ( Nm 1.) 
R ^2(p4-1)0 oM 1 apt OT: d 
tit M oon TST a |. 
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Upon substituting and integrating, and summin 


2 = A - — 
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expressions the equations (10), (11), and (12) àre obtained, 
where 


a, = 2M,—H,L, 
a, = 2My—HylL, 
8, = 3M, —2H,L, 
Ba = 3My—2HyL, ete. 
A ESN + HpR{2(N—r)6+ sin 276) + V R(1— cos 276, 


+ R sin 276 = (H, cos 290 + T, sin 290) 
+ R cos 276 E (T, cos 250 — H, sin tlie —R = i 


+26" i Nun ^ r44) 


—PR{sin (2004-9) & (N —9— -4]«$ dc (meee N 


2L He 
(10) 
(A+B) EL {sin 2r0 + 26 cos 2r8] + V R(rÓ sin 2r8) 


RN ; 
PS 2 H Sin 2(r—q)0 
LRO“ x "Gp sin je a H, cos 2(r—9)9} | 
*A[- Olim E (RB, +M,( (sin 2(r—9)6 | 
+y Ce cos iig 


" oup 2r0)+LDTxsin2°0 = 0. . . (11) 


=re-] 


ee 2 T, sin 2(r — ur 
—Re' B COE, sin 2(r—g)0+ Ty cos 2(r— 96] | 
—A Fat, R)(1 —cos 276) 
= X (RH, + M,)(1—cos 2(r—¢)6) | + (B, sin 2r8) 


+ a, sin2rü--LD(T,—T,cos2r8) = 0. . . (12 
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The reduction of these equations to a useful form is a 
rather long process, but by operating with (10). (11), and 
(12) and the corresponding equations obtained when r is 
replaced by (r+1), the results given in (13), (14), and (15) 
are obtained. 


ar41 77e 
" AT [ —26(Mo+ HR) + HoR (sin 2(r4- 1)0 —sin 270} 
+ VR (cos 2r0 —cos 2(r -- 1)0 
+20 i (M, 4 R,H,) * 2R sin 0 x (T, sin(2r—2q 4- 1)8 
— H, cos (2r—2q + 16) | ; 
T,41—T, cos 20 sce « (13) 
= | | HoR (sin 20 sin 2r0 — 20 sin 2(r —- 1)0) 
+ VR (20 cos 2(r + 1)0 —sin 20 cos 2r0) 
+2R0 X (H, sin 2(r—g +1)0 +T, cos2 (r—g -- 16] 


—Rsin 20 X (T, cos 2(r— g)0 + Hg sin 2(r—9)0j 
q=1 
= zu sin 20 + H, cos 20) | 


" ES [0+ H,R)— X (My+RoHy) | (1—eos 20) 
D Q-1 


C m CR 
= SLp* sin 20 — JL: arsin 20. . . . (14) 
Br41— B. cos 20 
3(A+B) 


| HoR (sin 26 cos 2rÜ + 20 cos 2(r-- 1)0] 
+ V,R (20 sin 2(r + 1)0 + sin 20 sin 2r61 
q=r 

+2R0 X (T,sin2(r—q-1)0 —H, cos 2(r—g +1)0} 
q=1 


C 


+R sin 20 * (T, sin 2(r — 9)8 — H, cos 2(r — 4)0! 
q=1 
+ 2 cos 20 — H, sin 20} | 


6A = ; 
E | (Mo + H,R)— S (M, + RH9) | sin 20 
q-1 


eLD, . on 
+O T, sin 20 — 979 (ar41 —a, cos 26) - (15) 
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In order that the difference equations (13), (14), and (15) 
can be used it is necessary to determine values for a, 9j, 
and T,. If, in equations (10), (11), and (12) r is put equal 
to unity, the resulting expressions can be reduced to simple 
forms by the use of equations (7), (8), and (9) and we 
obtain 


a, = ^L [—28(M, - HR) + H,R sin 20 . 


+ V,lt(1—cos28)]--a,. (16) 
p= CEED [PT sin 20+ H RA cos 26+ VjRÓ sin 26 | 


— zm sin 20 [ M, - HR] 
= = (a,;—2, cos 20) + 8, cos 20+ m (Tx sin 20). (17) 
A+B ; ES onu eltos 
T =- LD | HRe sin 20 VRO cos 20+ -9- Sin 20 | 
A 
+ LD (1— cos 20) [Mo + HoR} 
C À CR) us 
—eLD' 8, sin 20 — opi sin 20) an + Ty cos 20. (18) 


These equations give a,, 8), and T, in terms of the unknown 
uantities M,, Hy, Vy, ax, Bx, and Ty, and having found 
them we have 


H,L=(3e,—28,) and M,=(2a,—8)). 


Equations (13), (14), and (15) can now be used, since if 
we put r=1 we obtain as, B: and T; in terms of the same 
six quantities, and so H, and M3. 

Successive substitution up to r=(N—2) enables all the 
quantities T),...Ty-1, H,... Hy, and M, ... My-1 to be 
found in terms of Mog, an, etc. 

The static equations (2), (3), and (4) and the equations (7), 
(8), and (9) can now be used to furnish solutions for M,, Ho, 
Vs; Ty, Hx, and My. 

The equations so far obtained are perfectly general and 
may be used for the -determination of the stress distribution 
in any wheel. The arithmetical work is rather long, but 
further simplification of the equations does not appear to be 
practicable and in any case does not lessen the labour of 
computation. 
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There are, however, two limiting cases which deserve 
attention, viz. the case of a rigid rim and the case of rigi 
arms. 


Wheel in which the rim is rigid. 
When the rim is rigid A=B=0, so that 


Oy = Ag =... = Ay. 
And an 
i=- 3 (1— cos 20)an+ Bn cos 26+ ~v “Ty sin 20, 
2 
B.—— E (1— cos 2r0)a, + Bn C05 rb + e Ts sin 2rf. 
While 


CR, 
=~ es C sin 20) B- (apap 20 Ja, T eos 


i= > (at sin 2:6) B.— a p en 2:6) a, + Lx 0057 rb. 
pa 
= (2a,— B.) = 2an t ^Y, 3Re (1— cos 270 )an 


— B, cos 2ró— -C E. Ty sin 2r 
and E" 
: 1 :9 2rÜ)os 
== — a 4254. ] — cos 
H, = 7 (3«- 284) H s FI - 
— 28, cos 2r0— ^ — Ty sin Mw 
4) 
Using the static conditions in equations (2), (3), and (4) 
it is found that - NS 
3 3 
Hy = P cosp o4 7 + a ed ILD 
—? CN 
+847 t BUD 
6DN N-2 
Ty = P sin ġp— Ty i oa 


My= PR- Rocosd)— an1 R/N(o«i)* E as} 
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And from these results 


HK PR 


B. = 3P — Leosó à R 
"=" N+ o | 
ae ©) 2(3+ qub A. 


3T 
T. e 2P sin $ = 


N(14 77?) 


Now C is generally verv large compared with D, so that we 
can put 


gerbes, OR 
N c 2| 34- 3H. x) 
4D 2/ L R 


Then substituting for a,, 8,, and Ty, we find that approxi- 
mately | 


T, = Zo (sin (276 + $)). 


This is a maximum when sin (276+) is a maximum, 


i. e. when (2r6+¢) = 7 or >. 


Hence the maximum value of tho tension in an arm occurs 

when ¢ is such as to make the load act parallel to an arm, 
2 

and the maximum value of T is then N: 
_ df the wheel hasan even number of arms there will 
simultaneously occur an equal compresaion in the opposite 
arm to that carrying the maximum tension. 

Again, it is found that 


r 2L " 
PR H 12PDL 
Me = ON | SRST | + cy [eeQr634)], 
$4 0 


which is a maximum when cos (2r4+ $) is a maximum. 
This occurs when $—0 and r=N, i. e. when the load is 
applied at the end of one arm, and the value of M is then 


2L 7 
uw LPR| Rt?  12PLD 
en 2N 342k L NC 
( L R 
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Similarly, : 
- 
H-= te M EE ; L + dd cos(270 4-6): 
IN bd (+F ATEM i x) | A 


this is also 1 maximum when the load is applied to the end 
of one arm an 


r L 9 
n 24PD 


—— 


0  — 


3P 
Hasr. = 3NL ne L +N 
9t Nya 


Wheel in which the arms are rigid. 


When the arms are rigid and the rim is elastic any load P 
placed between the ( —]yh a and Nth arms Wl cause 
streases only in these two arms. 


Bence T, = T, 5. NEU 
= M,= i Mx-37 0, 
H, = p — .Hy-2= 0 
The static equations (2), ), and (4) then give 
Hy = P cos 9 — Hx- : cds. , sin 20, 
Ty = P sin p—Tr-1 08 20 —Hx- sin 20, 


My= PR —My-17 Rol Hy- i Leaf 20) 
4+ Ty_1 Sin 96 4. P cos et 


^ Also, since M, Vo and are all zero, We he Tu 
tuting the values of E Hy, T and Mx in (7), (8) d (9),th 
M 


Hy- (sin 20 + R@ cos 20 — R, sin 2) —T—1(RA sin 20) 


Ma sin 28+ 9 (sin $— —$ cos d) = 
Hy- (Role 20) — Rô sin 20) 
S E sin 20 — R cos 20 h E TE aA 30) 


pT 
PR jpn d- —9(1— cos $) j} = 0. 
Hy {20R 3 28 Tx UR. 7 cos 20) } 
x if 0 sin 26} N EU i o pR gingt" 
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The general solution of these is rather long, but for any 
special case the coefficients of Hy_,, Tx. ;, and My. , are 
easily found and the particular solution readily obtained. 
Hy, Ty, and My are then found from the static conditions. 


Case 2.— Radial load on rim. 


This case is shown in fig. 3 where a radial load P is 
applied between the (N—1)th and Nth arms at a point 
defined by the angle ¢ measured from the Nth arm. 


Fig. 3. 


The conditions for static equilibrium of the wheel now 
become 


(Hi; cos 20 + H, cos 40 ... Hy) 


t (T; sin 20 4 T; sin 40 ... Ty_, sin 2(N—1)8) = P gos 
: Ra vei 
—(H, sin 20 + H; sin 40 ... Hy- sin 2(N —1)0) -— 
+ (T; cos 20 +T, cos 40 ... Ty) =—P cosġ, . . (20) 
R((H;--H;... Hy)+(Mi+M,...My)=0.. . . (21) 
R The compressive tangential force in the rim, and the 
bending moment at a point æ from the Nth arm when 
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a < (2m— 0) will be the same as for Case I. and formule 
(5) and (6) are applicable. 

When a > (2r—4) the extra terms to be added to these 
equations are P sin (a +$) and —PR s (a +o) 1? spectively. 


Ò 
= 0, =r = 0, and 
ò Ho 


aU = 0 are, except for the terms involving 
9 V, | 


same form as in the case of a tangential loa 
in (22), (23), and (24). 
95 ( M, + RH) —R(T, +7: --- Tx) 
+ 20( R4(H, 7 2Ha 3H, ... NHw) + (M, +M: NMs)} 
LpRe0 .. 09 


The equations derived from 3M; 
P, of the 


(A +B) aRH,+ E ( H, sin 20 
+ H, sin 40 ... Hysit a(N—1)0} 

+ R8 (H, cos 90 + 2H, cos 48 ... NHx) 
4- (T, sin 20 + 2T, sin 40... (N — 1)Ts-isin 9(N -100j 


PR ! 
=g (24 — $) sin e| 
=À [OL sin 20 + M, sin 40 ... Ma. isin s(N —1)0} 


L R,LH, sin 204-Hasin 40.. Hy-asin 9(N-1)0)]=" 
2. Q0) 


(A4 B) | rRVo* D (T, sin 20 T, sin 40 ... T, sin 20712 


+ RO{ (Hsin 20 + 2H, sin 40...(N — 1) Hs- a(N -1y) 
— (T; cos 96 + 2T, cos 49 + NT) 
Y EX (sin $ + (20-4) cos $) 


e 
+ A {Mi cos 26+M, cos 48 ... My} 


+ RH, cos 90 + H; cos 40 ... Hx) | =Q. > (24) 


The remainder of the work follows closely the trestme 
described in the first case and the results given in eqs. C } 
(14), (15), (16), (17), and (18) can be used for the prese? 
type of loading. 
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Having found M,, H,, T,, etc. the values must be substi- 
tuted in equations (19), (20), and (21), and (22), (23), and 
(24) to solve for MN, Hy, Ty and Mo, Ho, and V,. 

The two special cases considered in the previous type of 
loading will now be examined. 


W heel in which the rim is rigid. 


The equations for M,, H,, and T, are as in the case of a 
tangential load, and from the equations of static equilibrium 
we find 


Hy = Psing+-2" i a4 20N ge BON l 


L '*4DLD 
(N—9 CN )» 
+B liL +p} 
GDN N-2 
Tw = — P cos ġ—Ty i oe t+} ’ 
: RAN C 6R,N 
M, =—PRysin $—a "hs (9+ £5) 4 m €XN-0| 
RN C i 
-8| TL (1*5) 1] ; 
From these results 
æn = 0, 
3P rLsin h 
B, Bea Y 9 
di 
4D 
T lt 2P oe 
N(1+ t) 
If : is very large it will be found that 
24PD 
Has — CN ^ 
| 12PDL 
Mas = “ON 


These occur in the arm which is parallel to the load but are 
- ; C. 
negligible since p? large. 


Phil. Mag. S. 7. Vol. 2. No. 12. Dec. 1926. 4M 
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The maximum value of T occurs when the load acts at the 
end of one arm and its value in that arm is — zu i. e. itis 
compressive. 

The value of T, becomes 


T,=- A (cos 2r0 -- ¢), 


giving the axial load in any arm. 


Wheel 1n which the arms are rigid. 
As in the first case, 


T; = T, =... Ty: = 0, 
H, = H,=... Hy_, = 0, 
M, = M: = ... My = 0. 
From the equations for static equilibrium we have 
Hy = P sin p~ Hy. cos 20 +Ty_ sin 26, 
Ty =—P cos 6—Ty_, cos 20 — Hy. , sin 20, 
My = — My_1— Ro{ Hx, 1(1— cos 20) + Ty_, sin 20 +P sin} 


And since Mo, Ho, and Vo are all zero, we have from 
equations (22), (23), and (24) : 


Hy (S sin 20 + R8 cos 20 — Ry sin 20) 


—Ty_,(R6 sin 20) — My. , sin 20— DR sing = 0, 
Hx-4 { Ro(1 —cos 20) — R0 sin 26} 


+Ty_, f 3 sin 20 — RÓ cos 20) + My. (1— 00s 20) 


PR,. 
—7 {sin $ + (4m —$) cos] = 0, 
l Hy- {20Ro— R sin 20) +Ty_y (R(1— cos 26)} 


+ 20My_, — PR cos ¢ = 0. 


These, again, in any special case, can be readily solved, 


although the expressions for the general solution are some- 
what cumbersome. 
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Example of a wheel with two spokes. 


As an example of the results obtained by the foregoing 
method of analysis a wheel with two spokes was investigated. 
The particulars assumed in making the calculations were as 
follows : 


Ry = 0:25 R, 
A 

g= op 

C 

D= 1080. 


B was negligible compared with A, 


These values give a rim of the same order of rigidity as 
the arms. 

The load P was applied tangentially to the rim and the 
resultant actions were found for the two cases ¢=0 and 
óc. 

By taking these two cases a check on the accuracy of the 
method was provided since the values of T,, M;, and H, in 
one case should become those of T4, M;, and H, in the other 
case, and vice versa. 

Further, the values of Mo, H,, and V, for $—«* can be 
deduced from the results of the analysis for $ =0 by calcu- 
lating the actions in the rim just past the first arm. 

The results are given in the following table :— 


i. ge [ye qus om emer me Dac 

?- PRO PC PC | PC P P’ P',PR'|PR 
eee 135 | —052 | 106 ! Q | O | 104 L104 | 142 | -554 
| een ere M CT: — 

a ids - 030 | —055 | —-108 | 0 | O |1101 -101 | 554 | 141 


| | 


The deduced values of M;/PR, H,/P, and V,/P are —:031, 
—':052, and —-'106 respectively. Within the limits of 
accuracy adopted in calculation therefore the agreement 
of these and of the other quantities may be considered 
good. 

4M 2 
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Fig. 4. 


BENDING MOMENTS IN 2 ARMED WHEEL 
Orainates give M/PR 


The bending moment diagrams for the rim and arms have 
been plotted in fig. 4 for the case $0. 
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CONCLUSION. 


The analysis of the problem given in this paper has been 
kept in as general a form as possible so that a complete solu- 
tion might be presented. This attempt at generality has 
made the results appear to be complex, and although the 
arithmetical work required in a particular case is straight- 
forward in character it must be done with considerable 
accuracy since small differences of large numbers are 
involved. 

From the standpoint of design it is generally sufficient to 
obtain results of an approximate nature, and it is hoped at a 
later date to develop the results of this analysis, by the intro- 
duction of simplitying assumptions, to a form which will 
make them more readily available for application to design. 


CXIX. Critical. Potentials and X-ray Term Values. By 
ANN CATHERINE Davies, D.Sc., and Prof. FRANK Horton, 
Sc. D., F.R.S.* 


HE critical potentials for the production of soft X-rays 
from solids have been investigated during the course 

of the last few years by several investigators T. The 
method emploved in such investigations consists essentially 
in bombarding a solid target oE the element under test by 


electrons from a hot filament, the energy of these electrons 


* Communicated by the Authors. 
t O. W. Richardson and C. B. Bazzoni, Phil. Mag. xlii. p. 1015 (1921). 
O. W. Richardson and F. C. Challilin, Proc. Ruy. Soc. A, ex. p. 247 
1926). 
E. H Kurth, Phys. Rev. xviii. p. 461 (1921). 
F. L. Mohler and P. D. Foote, Sci. Papers, Bur. of Standards, 
No. 425 (1922). 
J. Holtsmark, Phys. Zeit. xxiii. p. 232 (1922), and Phys. Zeit. xxiv. 
p. 225 (1923). 
J. C. McLennan and M. L. Clark, Proc. Roy. Soc. A, cii. p. 389 
(1923). 
U. Andrewes, A. C. Davies and F. Horton, Phil. Mag. xlvi. p. 721 
(1923) ; Proc. Roy. Soc. A, cx. p. 64 (1926). 
C. B. Bazzoni and C. T. Chu, Journal Franklin Institute, 197. 
p. 183 (1924). 
C. T. Chu, Journal Franklin Institute, 200. p. 615 (1925). 
E Sueton, Phys. Rev. xxiii. p. 35 (1924), & xxv. p. 740 
(1925). 
C. Boyce, Phys. Rev. xxiii. p. 575 (1924). 
Levi, Traus. R. S. Canada, xviii. p. 159 (1924). 
sepa Phys. Rev. xxv. p. 322 (1925), & xxvi. p. 739 
(1925). 
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being varied by varying the voltage used to accelerate them. 
The radiation emitted as the result of the bombardment is 
measured by its photoelectric action on a suitably placed 
electrode, and the ratio of the photoelectric current per 
unit bombarding current for any target is plotted against 
the voltage corresponding to the energy of the electrons 
. bombarding the target, obtained by adding a correction for 
various factors to the value of the applied accelerating 
potential difference. The voltages at which discontinuities 
in the resulting curves occur are taken as critical points 
indicating stages in the excitation of the targets, and 
therefore as being related to the different “shells” of 
electrons in the utoms of the targets, and to their X-ray 
levels. 

The outstanding feature of the curves obtained in such 
investigations is the large number of critical points which 
they show, and in consequence of this, the interpretation of 
the results presents considerable difficulty. There appear 
to be many more potentials which represent critical stages 
in the production of radiation than can be accounted for by 
the ionization of the successive shells of the bombarded 
atoms. Moreover, where an element has been examined by 
several investigators, the results obtained are not satisfactorily 
concordant either as regards the number of critical points 
found within any given voltage range, or as regards the 
actual values of critical points. Dr. Andrewes, working 
with the authors, has examined a series of seven elements 
of consecutive atomic numbers, Cr (24), Mn (25), Fe (26), 
Co (27), Ni (28), Cu (29), Zn (30), over a voltage range 
extending from 0-230. Some of these elements have been 
examined by other investigators, some of whom (Thomas, 
Rollefson, Richardson and Chalklin) have recorded many 
more critical points in their curves than were obtained by 
Dr. Andrewes and the authors. The fact that different 
investigations yield very different results as regards number 
of critical points indicated, suggests at once that in the cases 
where only a few indications are obtained only the more 
fundamental types of atomic disturbances are being effected, 
and that in the other cases the experimental conditions are 
such as to facilitate a greater variety of atomic disturbances. 
The intensity of the bombarding electron stream is a factor 
which might be expected to influence the variety of disturb- 
ances possible, very considerably, and in the experiments of 
Thomas and of Rollefson the intensity of the bombarding 
electron stream was certainly considerably greater than in 
the experiments of Dr. Andrewes and the writers. 
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In the later of the two papers previously referred to, the 
authors have discussed the question of a possible explanation 
of the several points they obtained for each element, and 
the correlation between these points and X-ray levels. They 
have shown tbat for all the elements they investigated, 
critical points falling within the range of those found must 
be associated with the M. shell of electrons. Employing 
X-ray data for the heavier elements, and for the fight 
elements in so far as data were available, and extrapolating 
in the case of elements where X-ray measurements had not 
been made, reasons were given for selecting particular 
critical points for each element as corresponding to the My 
and Mir, 11 absorption limits of those elements, an absorption 
edge being taken to correspond to a displacement of an 
electron from its usual shell to the first possible unoccupied 
(or virtual) orbit. It was argued that there might be critical 
points at voltages somewhat higher than those corresponding 
to absorption edges, at which electrons from the shells 
concerned might be removed to successively more distant 
virtua! orbits until actual ionization of the shells occurred. 

For convenience of reference the values of the critical 
mcos found in the experiments referred to are given 

elow in tabular form. The figures in the different vertical 
columns a, b, c, etc. indicate what the authors took to be 
corresponding critical points for the different elements in 
interpreting their results. 


TABLE I. 
Critical potentials (volts). 
g. J e. d. C. b. a. 
Or (24)......... M 60 70 a 143 160 173 
Mn (25) ...... n 68 83 100 152 174 184 
Fe.CDY cux 47 19 90 106 166 181 
Co (27)......... E 94 113 171 191 
Ni (28)......... E: a 104 » 178 196 
Cu (29)... " is 112 » 193 9206 
Zn (30)......... n " 119 E 200 24 


Tn an extension of the investigation, at present in progress, 
using a modification in the method of measurement of the 
radiation current, indications of critical potentials in the 
lower region of the curves, corresponding to the g and f 
points for iron, have been obtained with the other targets. 
As the investigation is not yet completed, and as in the light 
of these newer indications some modifications may be necessary 
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in the correlation of the various critical points in different 
elements, the additional values are not included in Table I. 

By plotting the 4/(vy/R) values of the voltages given in 
the table against the atomic numbers of the elements, and 
by constructing the ,/(v/R) against atomic number curves 
for various X-ray levels, and differences of X-ray levels, 
from X-ray line and absorption edge measurements, the 
value in the g column was shown to be that most nearly 
corresponding to a displacement to the periphery of tbe 
atom, of an electron from the group associated with the 
My, irr level, while the values in column d were shown to 
be those most nearly corresponding to similar transitions 
from the electron group associated with the level My. In 
the case of the My, m level, the correlation could be made 
directly as the requisite X-ray line measurements were 
available for the elements in question. In the case of the 
Mr level, the correlation had to be made by extrapolation 
from X-ray data extending only down to atomic number 37. 
From the sequence of the points g, f, and e, and of the points 
d, c, and b, for iron, and by analogy for the other elements, 
it was suggested that the g, f, and e values were connected 
with displacements of an electron from the group associated 
with Mir, nir to different final positions, and the points d, 
c, b, and a with displacements to various final positions of an 
electron from the group associated with My. 

Some precision X-ray measurements of certain L lines" 
for some of the elements investigated by Dr. Andrewes and 
the authors, published since the date of their paper, make it 
now possible to calculate entirely from X-ray data the value: 
of Mi— Nri i for these elements. These quantities cannot 
differ very much from the values of the energy of the first 
possible transition from the electron shells associated with 
Mı in the different atoms, and they show that the critical 
potentials given in column e of the table, rather than those 
in column d, are the ones which should be connected vith 
such displacements, in spite of the fact that the d points 
rather than the e points appear to be most nearly in line 
with the corresponding values for heavier elements when 
extrapolating. 

In a recent paper t Stoner has given a discussion of the 
significance of measurements of critical radiation potentials, 
by the method outlined, and he directs attention to the point 
that the extent of the voltage differences between the various 


* R. Thorreus, Phil. Mag. ser. 7, i. p. 312 (1926). 
t E. C. Stoner, Phil. Mag. ser. 7, ii. p. 97 (1996). 
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eritical stages which the authors associated with displace- 
ments of an electron from a particular shell to different final 
positions, is much larger than could be expected for such 
displacements in a neutral atom. It seems to be suggested 
in the paper referred to that if tho principal and azimuthal 
quantum numbers of the deepest level to which an electron 
from an inner shell might be removed, were known, the 
exact extent of the voltage difference between the extreme 
critical potentials for different displacements of an electron 
from a particular shell in the neutral atom, could be calculated 
from the terms of the optical spectrum of that element. 
Though not themselves holding this view, the authors agree 
with Stoner in being of the opinion that the ranges of the 
different points associated in their paper with different 
displacements from particular shells, are too wide to be 
attributable to such displacements in neutral atoms, 2. e. the 
difference between the critical points is too large for them 
to be identified with the “fine structure" of an X-ray 
absorption stage, predicted by Kossel. | 
. The following considerations bear upon the question of 
the actual magnitude of the ** fine structure ” of an absorption 
stage. Ifan electron from the K shell of an atom is removed 
to the periphery o£ the atom, then, neglecting for the moment 
the question of selection principlerules in regard to transitions, 
one might expect that some indication of the new constitution 
of the outer part of the atom might be obtained by reference 
to the atomic structure of the element next higher in the 
order of atomic number. As regards the firmness of binding 
of electrons in the exterior parts of the atom, the effect of 
removing an electron from the K shell is practically the 
same as the effect of increasing the nuclear charge by one 
unit. Hence the electron removed from the K shell will 
occupy the most firmly bound position in the resulting system 
when it and the already existing valence electrons form a 
system similar to the system of outer electrons in the next 
higher element. In such a case the energy required to transfer 
the K electron from this position, and to detach it completely 
from the atom, would be practically the same as the energy 
corresponding to the ionizing potential of the next higher 
element (possibly very slizhtly less). Hence the “fine 
structure " of the K absorption edge attributable to displace- 
ments to virtual orbits in the neutral atom could not 
correspond to a voltage difference exceeding the ionizing 
potential of the next higher element. 

That the screening action of electrons in other shells falls 
more and more short of perfect as we deal with shells 
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successively more distant from the nucleus in any atom is 
well established, and Turner has shown in a recent paper * 
that the non-diagram X-ray lines related to K,, measured 
by Hjalmar f for certain light elements, admit of interpre- 
tation on the basis of Wentzel's theory of multiple ionization 
of the K and L shells in a way which, if the interpretation 
be correct, provides definite evidence that the removal of an 
L electron produces a smaller increase in the amount of 
energy required for the subsequent removal of an M. electron 
than is produced by the removal of a K electron. It 
therefore seems reasonable to assume that the removal of au 
M electron increases the energy required for the subsequent 
removal of an N electron by a still smaller amount. Hence, 
if the M electron were removed merely to the nearest possible 
virtual orbit, the energy required subsequently to remove it 
completely from the atom would be less than would be 
required for the corresponding process in the case of an 
electron from the K shell. Therefore in a neutral atom the 
“ fine structure ” of an M absorption stage must correspond 
to a range of voltage quite definitely less than the ionizing 
potential of the next higher element. 

If we attempt to predict from the selection rule governing 
changes of azimuthal quantum number, to which virtual 
orbits an electron ejected from any particular sub-group of 
electrons may go, we have to bear in mind not enly the 
recent work of Heisenberg Í and of Hund § in regard to 
the term character of incomplete electron configurations, 
but also that the azimuthal quantum numbers ordinarily 
assigned to the various levels characterize the singly ionized 
shells, whereas in the initial stage of the transitions con- 
templated the shell is complete. 

These considerations show the difficulties which would 
have to be overcome in any attempt to estimate from optical 
terms, either of the neutral or the ionized atom, exactly what 
* fine structure? to expect. Nevertheless, as has already 
been shown, we can, in cases where the optical data are 
available, or where the ionization potentials have been 
measured, obtain an upper limit which the extent of the 
* fine structure” cannot exceed in n system of any definite 
degree of ionization. 

Stoner has suggested that some of the manv critical points 
found in experiments of the type under consideration are 


* L. A. Turner, Phys. Rev. xxvi. p. 143 (1925). 

f E. Hjalmar, Zeit. f. Phys. i. p. 439 (1920). 

I W. Heisenberg, Zeits. f. Phys. xxxii. p. 841 (1995). 
$ F. Hund, Zeits. f. Phys. xxxiii. p. 345 (1925). 
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accounted for by.impacts which disturb electrons from the 
inner shells in atoms already singly, doubly, or trebly ionized 
in an optical sense. A difficulty in the way of accepting 
this explanation is that one would expect to be able to 
classify the points corresponding to any particular degree of 
opitical ionization according to the intensities of the effects 
produced at the critical stages, because the proportions of 
atoms in the bombarded surface existing at any instant in 
the various degrees of ionization would be likely to be 
very different. In the experiments of Dr. Andrewesand the 
authors it did not appear that a classification of points on 
such a basis could be made. It seems to the writers more 
probable that the electron impacting on any given atom with 
energy sufficient for the purpose, might itself produce a 
certain degree of optical ionization in addition to disturbing 
an electron from an inner level of the atom. Such occurrences 
would give a wider range of voltages to be associated with 
any given degree of optical ionization than would be given 
by the bombardment of already ionized atoms, and they 
would not necessarily give bends in the curves of verv 
different orders of magnitude according to the degree of 
ionization, because the greater multiplicity of the disturbing 
effects produced on the atom would result in the emission of 
more radiation quanta in the process of reorganization of the 
atom, the higher the degree of optical ionization produced, 
and this would tend to compensate for the possible less 
frequent occurrence of the more complicated disturbances. 

Instances of the detection of critical potentials corresponding 
to the simultaneous removal of more than one electron from 
an atom are well known, e. g., the double ienization potential 
of helium, 78:8 volts. Other instances of the occurrence of 
multiple effects at single impacts are to be found in the 
results of investigations of the poteutials necessary for the 
production of spark lines of the spectra of the rare gases. 

To quote a definite instance for the upper limit of the 
order of magnitude of the difference of the critical potentials 
possiblv associated with the disturbance of any particular 
electron in an atom in a given state of optical ionization :— 
The ionizing potential of Mn (25) is 7:4 volts*. Therefore 
if we disturbed a K electron in Cr (24), taking it first to the 
lowest possible virtual orbit, and then removing it completely, 
the final process would not require more than 7:4 volts. 
Similarly if we disturbed in the same two stages a K electron 
in a chromium atom which had already lost its outermost 
electron, the final process would not require more energy 


* M. A. Catalan, Phil. Trans. Roy. Soc. A, cexxiii. p. 127 (1923). 
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than that corresponding to tlie ionization potential of singly 
ionized manganese, t. e., 14:5: + 0-4 volts *. Since to remove 
the most loosely attached electron from a normal chromium 
atom requires 6:8 volts, the potential difference required to 
give the energy necessury to remove at one electron impact 
the outermost electron and an electron from the K shell 
would differ vary little from (6*8 + V + 14°5+0°4) volts, where 
V denotes the voltage required for the removal of the electron 
from the K shell to the lowest virtual orbit. As Stoner has 
pointed out, the energy necessary for such a transition will 
vary very little with the removal of outer electrons. Hence 
(6°S+14°5+0°4) volts is the maximum difference of the 
critical potentials which might be associated with transitions 
of a K electron in a chromium atom without assuming a higher 
state of optical ionization than the first. The corresponding 
difference for transitions ofan M electron in a chromium atom 
would, of course, be likely to be less than this, but this may 
be taken as an upper limit. If we assume that the upper 
limit for the corresponding differences in the other elements 
is of the same order of magnitude. we see that the d points 
might conceivably be connected with the e points in this 
way, i.e., that the e points correspond to the removal of an 
electron from a group associated with M; to the periphery of 
a neutral atom, while the d points correspond to the complete 
removal of such an electron simultaneously with the removal 
of one of the most loosely bound electrons. 

Whether the f points correspond to the complete removal 
of an electron from the group associated with Mir rrr 
simultaneously with the removal of an optical electron is 
uncertain, since the values for the other elements corre- 
sponding to the g value for iron, were not indicated in the 
curves. In the case of iron the difference between the two 
lowest points is 26 volts, whereas the difference between the 
d and e points is only 16 volts. Such a large discrepancy 
as this makes it doubtful whether we can justitiably assume 
g and f to be related similarly to the points e and d. Possibly 
the f points correspond to the removal of an Mri, im electron 
simultaneously with the removal of more than one optical 
electron, though in this case it is difficult to see why the 
curves do not give indications of the removal of an M, s LI 
electron simultaneously with the removal of one optical 
electron. 

Considering the a, b, and c points, it does not seem that 
they can be explained in any simple way on the basis of higher 
stages of optical ionization. Stoner has suggested that they 
are due to multiple impaets, t. e. an electron hittiug first one 


* D. R. Hartree, ‘ Nature,’ cxvi. p. 356 (1925). 
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atom and disturbing it, and then disturbing another atom 
with the energy retained after the first collision. In regard 
to this suygestion, the objection might again be urged that the 
indications of such occurrences would be expected to be very 
much less inarked than the indications of events involving 
only single impacts. | 

The order of magnitude of the a, b, and c valuesin relation 
to the lower values is such that they might be due to 
multiple disturbance of the M shell by single electron 
impacts, either the disturbance of two electrons from the 
sub-group associated with My, rr; or the disturbance of one 
fram each of the sub-groups associated with Mir, 111 and My, 
or even possibly the disturbance of two electrons from among 
those associated with M,. Evidence of the production ot 
atoms multiply disturbed in their X-ray levels is to be found 
in the non-diagram X-ray lines which Wentzel has shown 
can be satisfactorily explained on the basis of states of 
multiple ionization of the inner region of the atom. Ina 
recent letter to * Nature,’ Robinson * records the production 
of different lines in the magnetic spectrum of the electrons 
emitted from a target exposed to X-rays when internal 
absorption by the atoms of the target, of the K radiations 
excited in them by absorption of the primary radiation, 
takes place. These lines he attributes to the ejection of 
L electrons from atoms in which the L shell is already 
ionized. Robinson states that he has so far obtained no 
evidence of the production of multiple ionization by a single 
X-ray quantum, but it does not follow that the effects 
obtainable by electron bombardment would be limited to 
those correspondng to the effects produced by X-ray ab- 
sorption, so that the lack of evidence of multiple X-ray 
ionization by a single quantum does not invalidate the 
suggestion that such a process may occur as the result of 
electron impactsf. 

If multiple ionization of an atom can take place as the 
result of absorption of a single quantum, then it is possible 
that some of the critical points obtained by various investi- 
gators are due to the occurrence of this effect in the electrode 
exposed to the radiation emitted by the target. As the 
energy of the bombarding electrons increases, the quality 
of the general X-radiation varies, and it is possible that at 


* H. Robinson, ‘ Nature,’ exviii. p. 224 (1926). 

T The experiments of Siegbahn and Larsson on the voltages necessary 
for the excitation of the satellites of the L line for molybdenum seem 
to provide evidence that the simultaneous disturbance of two electrons 


from X.ray levels by a single electron impact does occur (Sci. Abs. 577 
1926). 
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certain values of the accelerating potential the general 
radiation is able to eject two or more electrons from the 
illuminated electrode by the absorption of individual quanta. 
Such occurrences would be expected to cause the appearance 
of discontinuities in the radiation curves. Effects of this 
kind might be described as discontinuities in the photo- 
electric current due to the general radiation, as distinct from 
discontinuities in the general radiation itself, suggested by 
Richardson and Chalklin. It would appear, however, that 
in experiments involving the use of several targets in turn, 
it should be possible to distinguish between discontinuities 
due to this cause and those characteristic of the target 
under test, because those produced by changes in the action 
of the general radiation on the electrode exposed to it should 
appear at the same voltages in the curves for all the targets. 
The absence of discontinuities common to all the targets 
may be taken as evidence of the non-occurrence of effects of 
the type discussed, and also, in conjunction with the many 
critical points which have been obtained, as indicating that 
many more types of atomic disturbance can be produced by 
electron impacts at suitable voltages, than by exposure to 
radiations of corresponding frequencies. 

This raises an interesting point in connexion with the 
interpretation of results obtained in the “magnetic spectrum" 
method of investigation of X-ray levels, and the possibilities 
of the method in regard to the unravelling of the more 
complicated phenomena. In the case of multiple ionization 
by a single X-ray quantum, the determination of the amount 
of energy actually involved in the ejection of each electron 
might be a matter of very considerable difficulty, for the 
manner of distribution of the excess energy of the quantum 
above that required for the actual removal of the two 
electrons would not be known, and it might be very difficult 
to recognize which pairs of lines in the magnetic spectrum 
should be considered together. In the case of internal 
absorption of one of the characteristic wave-lengths hy an 
atom already ionized in one of its inner shells, the deter- 
mination of the energy value of the level in such an atom 
would follow directly from the difference between the energy 
of the characteristic radiation absorbed and that of the 
electrons giving the line in the magnetic spectrum. Hence, 
if we take the view that multiple ionization by absorption 
of single quanta does not occur *, the results of investigations 

* D. Coster and J. H. van der Tuuk in a recent paper in the Zeis. f. 


Phys. (xxxvii. p. 367, 1926) have concluded that transferences of two 


or more electrons simultaneously appear to play no part in X-ray 
absorption spectra. 
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of energy level values by determining, by the method of 
magnetic bending, the energies of the electrons emitted 
from a target of the material irradiated by X-rays of known 
frequency, may be expected to be more easily interpreted, 
and to yield more direct values than the results of investi- 
gations of critical potentials for the production of radiation, 
though up to the present time the former method does not 
appear to have been developed for use in connexion with 
the accurate determination of the levels of relatively low 
energy value. 

The very factor which puts the critical potential method 
at a disadvantage as regards the determination of the normal 
X-ray level values of atoms—namely the greater variety of 
atomic disturbances produced by electron impact—constitutes 
a strong reason for the further development of that method, in 
that it promises a means of obtaining information unobtainable 
by the other method, when once ways of facilitating the 
interpretation of the results are devised. A possible method 
whereby the identification of the nature of the atomic 
disturbances produced at the various critical stages might 
be achieved, would appear to be by combining with the 
location of critical points a determination of the distribution 
of velocities among the photoelectrons emitted by the 
radiation produced just above and just below each one. 


OXX. Dimensional Analysis Again. 
By P. W. Bripeman *. 


Te subject of dimensional analysis has been so much 
discussed in the pages of the Philosophical Magazine 
in the last few years that one would like to see it die 
a natural death, were it not that in the last two communi- 
cations t things have taken such a turn that an unchal- 
lenged acceptance of the views there presented may easily 
affect the use which the physicist makes of this analysis, 

My position on this general subject has already been 
expounded in considerable length and detail in my book 
‘Dimensional Analysis,’ Yale University Press, 1922. 
This book was written primarily because there was nowhere 
any previous attempt to give a systematic examination of 
the arguments on which the dimensional method rests, nor 


* Communicated by the Author. 
+ Mrs. T. Ehrenfest-Afanassjewa, Phil. Mag. [7] i. pp. 257-279 
(1926) ; Norman Campbell, Phil. Mag. (7; i. pp. 1145-1151 (1996). 
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to show how it may be applied in many of the cases of 
practice, although the dimensional method was used to 
a greater or less degree by nearly every physicist, and 
there were incomplete and incidental references to the 
theory in a great many places. Now in these previous 
incomplete references were contained many misconceptions 
and fallacies; it was the first task of the book to show what 
these fallacies were. Among these fallacies was the idea 
that an equation expressing a connexion between physical 
things must be dimensionally homogeneous. I then showed 
that, in spite of the unsatisfactory form in which the 
dimensional argument had been often stated, it was possible 
to put it on a thoroughly sound basis, and apply the method 
with confidence to tlie solution of many important problems. 
I partieularly stressed the point that the method, when 
properly understood, has nothing esoteric about it, that 
it gives no information which we did not have already in a 
less available form, and that therefore an adequate physical 
grasp of each individual problem is necessary. No refine- 
ment of mathematical argument. will give correct results if 
our physical grasp of the broad features of the problem 
isinadequate. Just hereis the featurein which my treatment 
differed most from those preceding ; I emphasized that the 
broad physical grasp necessary to an application of the 
method finds expression in a knowledge of the general 
character of the equations which govern the motion of 
the system. Only in this way could the puzzling matter 
of dimensional constants be satisfactorily treated. Thus if 
the problem is one involving fluid motion, as in discussing 
airplane probleme, the governing equations are those of 
hydrodynamics, into which no dimensional constants enter, 
so that no such constant enters the tinal result; but if the 
problem is one of electrodynamics, the field equations of 
electrodynamics govern, which do contain a dimensional 
constant (velocity of light, or ratio of units), and the 
dimensional eonstant may be expected in the final result. 

For the method, purged from many previous fallacies and 
made (comparatively) rigorous, I used the name “ Dimen- 
sional Analysis." Now it is gratifving that the name has 


apparently been accepted, as shown by the titles of recent 
papers, but, unfortunately, not in the sense in which I used 
it, but with a more or less indefinite blend of many former 
misconceptions. Thus Mrs. Ehrenfest-Afanassjewa in par- 
ticular, although generously attributing the name to me 
ascribes to the “dimensional analvsist?" a miscellaneous 
assortment of errors, which even I, in my enthusiasm in my 
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book for putting the worst light on previous misconceptions, 
would hardly have veutured to attach to any individual. 
Thus she begins by committing the dimensional analysist to 
the thesis that all equations expressing physical relations 
are dimensionally homogeneous, which is supposed to be 
equivalent to the statement that dimensional constants 
cannot occur. She then allows him to talk the most meaning- 
less nonsense about other possible universes in which the 
gravitational constant might be different from ours, and she 
ends by making him so blind in his resolution to use only a 
pure dimensional method that he forgets that he knows that 
the gravitational attraction of the earth varies inversely 
as the square of the distance, and so is unable to find how 
the period of a pendulum varies with the distance from the 
earth’s centre. 

Of course Mrs. Ehrenfest- Afanassjewa has no trouble in 
making merry with her poor analysist. Now comes the 
important point for the physicist. Because of these difh- 
culties, she would have us abandon the dimensional method 
altogether, and substitute for it another, which she calls the 
theory of similitudes, much more mathematical in character, 
and much more difficult for the physicist to apply, as one 
may see on reading her treatment of the simple pendulum 
problem. There are many formal resemblances between the 
methods, as she points out, but that they are not the same 1s 
shown by the fact that they do not always give the same 
solutions. The method of similitudes resembles that of 
dimensional analysis as expounded in my book in that the 
important role of the fundamental equations governing the 
motion of the system is recognized, but there is a vital 
difference in that her method demands a knowledge of 
the equations in detail, whereas the dimensional method 
needs to know only the general character of the equations. 
It is well known that the dimensional method has its most 
important practical application in such complicated problems 
as that of the airplane, where it is hopeless to attempt 
to write the equations in detail. I do not see how 
Mrs. Ehrenfest-Afanassjewa’s method can be applied to this 
prob'em at all. On the other hand, dimensional analysis, 
in the sense expounded in my hook, can certainly solve all 
the problems which she gives to show the limitations of 
dimensional analysis, and she will further find in my book 
an explanation, on purely dimensional grounds, of the 
questions raised in the correspondence between Lord 
Rayleigh and Riabouchinsky which she discusses in her 
paper from the standpoint of her theory. 


Phil. Mag. S. T. Vol. 2. No. 12. Dec. 1926. 4N 
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The main purpose of this note is then to dispute the 
conclusion that might be drawn from an unchallenged 
acceptance of Mrs. Ehrenfest-Afanassjewa’s paper. I believe 
that the dimensional method can be made rigorous, that it is 
not necessary to replace it by the mathematical method of 
similitudes which she offers, that the dimensional method is 
much easier for the physicist to apply, and in many 
important practical cases is more powerful. 

Opposed to Mrs. Ehrentest-Afanassjewa is Norman Camp- 
bell,who will have none of her method of similitude, but 
prefers that of dimensions. However, I cannot agree with 


Campbell, as it seems to me that his argument is put on an 
incorrect basis. 


It is certainly not necessary to assume that 
physically similar systems are possible in order to apply 


the dimensional method. For example, the deduction of 
the relation between the mass of an electron, its charge, 
radius, and velocity of light (dimensional constant of the 
electrodynamic equations) does not involve the assumption 
at all that more than one kind of electron is physically 
possible. Neither is it necessary in deducing the pendulum 
formula to so far analyse the situation as to recognize that 
“the period of the pendulum seems to be the physical sum of 
elementary periods, during each of which it may be suppose 
to move with constant acceleration.” I fear that if as deep 
an analysis as this were necessary, few physicists would 
ever have the courage to attempt a dimensional analysis at ull. 
The Jefferson Physical Laboratory, 
Harvard University, Cambridge, Mass. 


CXXI. The Atomic Structure of AgMq and AuZn. By 
E. A. Owen, .M.A., DSe., and G. D. Presros, BA, 


National Physical Laboratory *. 


N a. previous paper the authors gave an account of the 
determination of the atomic structure of the two inter- 


metallic compounds MgoSi and AlSbt, which were examine 
by the X-ray spectrometer. 


The present paper is a con- 
tinuation ot this work and contains the data obtained and the 


structure deduced therefrom, of the compounds AgMyg and 
AuZu. The former was examined both with the spectro- 
meter and by the photographic method. A full account ef 


the procedure with the spectrometer will be found in previous 
papers i. For the photographic method a Müller camera 
* Communicated by the Authors. 
t Proc. Phys. Soc. xxxvi. Pt, 5, p. 341 (1924), 


t See Proc. Phys. Soc. xxxv. p. 101 (1923) ; xxxvi. p. 1 (1929); 
xxxvi. p. 49 (1923) 
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was employed, the material under examination being reduced 
to a fine powder and rotated in a beam of X-rays from a 
copper target. 

(1) AgMg. 
The curve obtained with the ionization method is shown 


in fig. 1, the radiation employed being the K-series radiation 
of a molybdenum target. The analysis is given in Table I. 


Fig. 1. 
AgMg. Centred cube. Side —3:28 A. Molybdenum Radiation: 


[ HOON 
LIH * 


Zero = 173: 39 Chamber Angie. 
TABLE I.—AgMg plate. Molybdenum K radiation, 
oO 
he = 0108 A., Ag = 0:630 A, 


a. Sin 0. Form. À. a. I obe. I calc. 
5:55 0:0967 100 8 3:26 À 8 8 
6:15 0:1072 100 a 3:30 30 23 
1:90 0:1374 110 B 3:24 20 19 
8-80 0°1530 110 a 3:27 55 56 
9:65 0-1677 111 B 3:26 8 3 

10:95 0:1900 111 P» 3:23 10 9 
11:25 0:1951 200 3 3:23 9 4 
12:30 0-2130 200 a 3:32 40 13 

l " 210 a 3:33 10 13 
13°75 0:2376 l 211 B 3°25 13 11 
15:35 0:2647 211 a 3:28 41 31 
1770 0°3040 200 a 3:29 15 ll 
1875 03214 { a “| 3:30 2 6 

300 a 
19:90 0:3404 310 a 3:29 12 16 
21:00 0:3584 311 a 3-98 18 6 
29-00 0:3746 222 ü 3:27 6 5 
29. EHE j 920 a 3°31 

22-70 0:3859 l 400 8 Mus 5 5 


Mean value of a — 3:28 A 
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The lines ure all accounted for by a simple cubic structure of 
parameter 3:28 A. The density of the material was directly 
determined and yielded the value 6:2 grammes per c.cm. 
The cube root of the molecular volume is 3:275 À, and there 
are therefore one atom of silver and one of magnesium 
associated with the unit. The fifth column in Table I. gives 
the intensities of the lines as observed. In estimating the 
observed intensities a smooth curve (shown dotted in fig. 1) 
is drawn touching the lowest part of the observed curve. 
The heights of the peaks above this smooth curve are taken 
as the intensities of the different lines. The last column of 
Table I. gives the relative intensities of the lines calculated 
on the assumption that the structure is of the cæsium chloride 
type, i. e., that the atoms are assembled on a body-centred 
lattice. In the computation of the intensities the expression 


2: 
Laj) ae 


has been employed, n being the order of the spectrum, 7 the 
number of cooperating planes, dax the spacing of the plane 
whose indices are (Akl), and A = 59 or 35 according as 
n(h-r k--D)is even or odd, 59 being the sum of and 35 the 
difference between the atomic numbers of silver (47) and 
magnesium (12). The agreement between observed and 
calculated intensities is probably as good as can be expected. 


TABLE II. 
Powdered AgMg. Copper K radiation, 
Oo 
A, = 1537 A, Ag = 1:289 A. 


0. Sin 0. Form. Xr. a. I. 
13:80 0:2385 100 " 9:29 A | i 
17°75 0:305 110 B 3:24 i 
19:55 0:335 110 " 3-24 E 
98:00 04695  . 200 a 3:27 ä 
31:50 0*5525 210 à 3-29 A 
35:10 0:575 211 a 9:27 v 
41-45 0662, 220 ü 3:37 m 

092 
44-65 0-703 ae I a 3:28 m 
41:30 0:735 310 ü 3:30 s 
50-20 0768 320 B 3:29 vef 
51:95 0-787 311 A 3:24 se 
53:90 0-808 299 B 3:29 Me 
57-20 0:841 320 a 3:30 LE 
60:45 0870 32) x 3:30 


Mean value of a = 3:27 Á 
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Several photographs of the material were taken by means 
of the Müller camera. The analysis of one photograph is 
given in Table II. and bears out the result obtained by means 
of the spectrometer. 

A fact which emerged during the examination of the 
material by the spectrometer is that when the material is 
examined after being etched, a spectrum is obtained which 
corresponds to a face-centred cubic structure of side 4:076 À, 
This figure is in approximate agreement with that given by 
McKeehan * for the parameter of the silver lattice. The 
etch dissolves out the magnesium from the body-centred 
lattice, and the silver atoms recrystallize at room temperature 
on a face-centred lattice. A curve obtained with the spectro- 
meter using the etched material is shown in fig. 2, and the 
result is analysed in Table III. 


Fig. 2. 


IEFN 


"ET 


609 8 761554 3 609676454 11409 
Zero* 173°3 Chamber Angle. 
TABLE III. 
Etched plate AgMg. , Molybdenum K radiation, 
Aa = 0:708 A, As = 0:630 A. 


Intensity. 


0. Sin 0. Form. À. a. 
19 40' 0:1335 111 B 4'086 A 
7T 40 0:1507 111 a 4'068 
10 0 0:1736 200 a 4:079 
12 35 0:2178 220 B 4:090 
14 14 0:2459 220 a 4:070 
16 47 0:2888 311 a 4:065 


Mean value of a = di 076 2 
* Phys. Rev. xx. p. 424 (1922 
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(2) AuZn.* 


A small block of material of approximately the constitution 
AuZn was examined by the photographic method. The 
surface to be irradiated consisted of fairly lurge crystals, and 
was therefore rubbed on fine emery-cloth to break up the 
surface. The result of this treatment is to make the lines of 
the spectrum rather broad so that their position cannot he 
fixed with precision. The analysis of the photograph is viven 
in Table IV., the observed lines being accounted for by 
a simple cubic structure of side 3:19 A. The cube root of 
the molecular volume is 3°11, the observed density being 
14-4 grammes per c.cm. Asin the case of AgMg, there are 
therefore two atoms in the unit. The relative intensities of 
the lines are in accordance with a cesium chloride structure. 


TABLE IV. 
Powdered AuZn. Copper radiation, 
o 
A, = 1:537 A, Ag = 1:389 A. 


0. Sin 0. Form. A. a. I obs. I calc. 
14-05 0:244 100 á 315 A f 10 
17:8 0:306 110 B 3:23 m 15 
19:9 0:310 110 a 3:29 8 44 
24:9 0:421 111 a 3:16 f 4 
28:5 0:477 200 a 3:22 f 10 
32*0 0:530 210 a 3°24 vf 6 
36:25 0:591 211 a 3:19 8 24 
43:2 0:684 990 a 39:18 Li 9 
61:5 0:879 320 a 3:15 f 2 


Mean value of a = 3:19 A. 


Summary. 


The atomic structure of the two compounds AgMg and 
AuZn has been examined by X-ray methods. In each case 
the structure turns out to be of the cæsium chloride type, the 
parameter AgMg being 3:28 A and that of AuZn, 3°19 A 


* See Westgren and Phragmén, Phil. Mag. 1. p. 311 (1925). 
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CXXII. On the Condenser- Telephone. 


To the Editors of the Philosophical Magazine. 
GENTLEMEN,— 
i the Phil. Mag. ser. 7, vol. 11. No. 9, September 1926 


Dr. G. Green has a paper on Condenser-Telephones in 
which he works out their behaviour over the audio frequency 
band from fundamental data. 

At first sight the results are somewhat perplexing, 
particularly to those who make use of the condenser- 
telephone for electro-acoustic measurement purposes. 

Dr. Green shows that a small capacity condenser-trans- 
mitter such as the well-known Wente type used under the 
conditions he postulates would be inefficient at the lower 
audio frequencies. On the other hand, the Wente transmitter 
and most other types of condenser-transmitters under normal 
conditions of use have trequency-amplitude characteristics 
which invariably indicate a rising efficiency towards the 
lower end of the audio-frequency band. 

The explanation lies in the cireuit used by Dr. Green for 
his calculations. This circuit ineludes a transformer, and a 
value of inductance of the order of 0:8 henry is assumed. 


MiMivolts 
Dynes per cm? 


Cycles per second 
Calibration of electrostatic transmitter. 


Such a transformer is quite unsuitable to use as coupler 
between a condenser-transmitter und the grid of an ampli- 
fying valve, and, in practice, a condenser-transmitter is 
generally coupled to the grid of the first amplifying valve 
by an inductionless circuit. Under this condition the 
frequency-amplitude characteristic will be found to fall 
steadily from a maximum at low audio frequencies, and!in 
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the case of transmitters of the Wente type with stretched 
diaphragms having natural periods towards the upper ends 
of the audio-frequency band, the characteristic will again 
rise towards this higher frequency. As an example, the 
calibration of a Wente electrostatic transmitter is reproduced*. 

It is thought advisable to draw attention to this apparent 
contradiction. Dr. Green's paper really deals with the 
operation of a condenser-telephone with a special and very 
unsuitable form of coupling so far as low capacity types of 
instrument are concerned. 

Yours faithfully, 
September 25, 1926. B. S. Coney, M.I.E.E. 


c^ dune s V t uec nin um mt. ———————————————— o ee ————— 


CX XIII. Luminous Discharge in a Rapidly 
Alternating Field. 


To the Editors of the Philosophical Magazine. 
GENTLEMEN,— 


M^ I be permitted to draw attention to un error which 
Messrs. Gill and Donaldson have made, in their 
criticism of my method of measurement to which I made 
reference in an earlier letter (Phil. Mag. vol. ii. p. 741, 
1926). These authors are of the opinion that the cathode 
stream instrument I have employed “only measures the 
electric force. .... When the discharge is passing the 
electric force is not uniform.” May I in this connexion 
quote 4 sentence from my previous letter: “ My method 
involves the measurement of the deflexion of an independent 
cathode stream in a high vacuum.". That is, the catl:ode 
stream does not pass through the discharge tube at all, but 
through a separate high vacuum, the experimental arrange- 
ment being described in detail in my paper in the Annal. d. 
Physik (vol. lxxvii. p. 287, 1925). It is obvious that in a 
high vacuum, where no discharge exists, the electric force 
between two parallel electrodes cannot be other than uniform, 
and therefore my cathode stream instrument measures not 
only the electric force, but the actual potential. 
Yours faithfully, 


München, Fritz KIRCHNER. 
October 14, 1926. : 


* Physical Review, 1917, vol. x. p. 22, and 1929, vol. xix. p. 498. 
See also paper on Frequencv Characteristics of Telephone Apparatus 
read before [. E. E. April 29th, 1926. 
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CXXIV. On the Existence and Half-Period of Radium C. 
By A. W. Barton, M.A., B.Sc., Trinity College, 
Cambridge *. 

Introductory. 


INCE Radium C emits both a and £ rays it was inferred 
that it consists of two or more radio-active elements, 

and in 1909 Hahn and Meitner f obtained by recoil from it 
minute quantities of a new element Radium C". The 
investigation was continued by Fajansi, who suggested 
the following scheme for the disintegration of radium C :— 


B Radium C’ l 
Radium C= 10-5sec.? ^ Radium D —>- 


Radium C" ——> End-Product ? 
1:4 mins. 


Radium C appears to disintegrate in two different ways, 
99-97 per cent. of the atoms emitting a S-particle to become 
Radium C' and 0:03 per cent. emitting an a-particle to become 
Radium C". Radium C' was not isolated, its existence being 
only inferred ; and furthermore the value of its half-period, 
if it does exist, is very hypothetical as it was calculated 
from the range of the a-particles it emits using the Geiger- 
Nuttall Relation. This relation between the range of the 
a-particles emitted by a radio-active element and its decay 
constant has been shown to be only approximately true by 
the accurate redetermination by Geiger of the ranges of the 
a-particles emitted by various elements $. The consequent 
necessity for direct evidence on the existence and half-period 
of radium C' has been rendered stil] more urgent by the 
discovery || that radium C emits a few a-particles of longer 
range than those already known. ‘This may mean that 
radium C is still more complex than indicated by the above 
scheme of disintegration. 

Any direct method for investigating the existence of 
radium C’ and obtaining a rough value of its half-period 
depends upon obtaining an efficient S-ray recoil to separate 
the radium C’ from radium C. Consequently, an investi- 
gation of the conditions most favourable to this recoil was 


* Communicated by Prof. Sir E. Rutherford, O.M., F.R.S. 
T Phys. Zetts. x. p. 697 (1909). 

t Phys. Zeits. xii. p. 319 (1911) ; xiii. p. 699 (1912). 

§ Zeits, f. Physik, viii. p. 45 (1921). 

| Proc. Roy. Soc. A, cv. p. 97 (1924). 
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undertaken with a view to applying the results to this 
abis *. During these experiments an account of a 
eautiful method of isolating radium C’ and finding its 
half-period was published by Jacobsen f. He found that 
radium C’ exists and has a half-period of 5x 10-5 sec., 
a value which does not agree with that obtainedgfrom the 
Geiger-Nuttall Relation. It would appear, however, that 
Jacobsen's experiments are open to criticism in certain 
respects, which will now be dealt with. 


Fig. 1. 
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Apparatus used by Jacobsen. 

His method of experiment was to project a beam of 
radium C' atoms limited by the screens S from the radium C 
on the plate P by -ray recoil, the whole apparatus being 
exhausted to a pressure of 10-74 mm. of mercury (fig. 1). 


* Phil Mag. i. p. 835 (1926). t Phil. Mag. xlvii. p. 23 (1924). 
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Owing to the very short half-period of radium C', a large 
proportion of the atoms disintegrate in passing down the 
tube, and by counting the number of a-particles per minute 
striking a zinc-blende screen placed opposite the tubes T in 
succession the half-period of radium C" can be determined, 
assuming a value for the velocity of the recoil atoms. In 
: order to be sure that the a-particles so counted are due tq 
the disintegration of radium C' and not to spurious effects 
such as scattering or “contamination,” a count is taken 
with the pressure in the apparatus at about 5 mm. ot 
mercury to stop the radium C' atoms, and the number 
so obtained subtracted from the corresponding value with 
the pressure at 107* mm. There are, it would seem, three 
objections to this method of carrying out the experiment :— 


(1) Some of the a-particles counted in the tube nearest 
to the plate D may be due to scattering. 

(2) The method of testing that the a-particles counted 
are due to the disintegration of radium C’ is 
unsatisfactory, as an increase of pressure would 
effect contamination and possibly other spurious 
effects. 

(3) An efficiency of recoil of 2 per cent. would be 
required to obtain the actual effects quoted in 
Jacobsen's paper. That this has never been 
previously obtained under the conditions he used 
constitutes the chief objection to accepting his 
results as final. 


It seemed advisable to repeat this experiment chiefly 
because of the great importance of the problem itself, 
at the same time endeavouring to eliminate as far as 
possible the features criticised above in Jacobsen's method 
and also increasing the magnitude of the effects observed 
for a given amount of radium C. 


Principle of the Method. 


The principle of the method adopted in the present 
experiments is identical with that due to Jacobsen, but 
the dimensions of the apparatus were fixed so that for a 
given source of radium C four times as many a-particles 
would be obtained in these experiments as in his work. 
Since it is essential to obtain as efficient a recoil as possible, 
the source of radium C must be prepared with great care, 
avoiding all traces of tarnishing and surface contamination. 
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A number of unsuccessful experiments was made with 
Von Lerch's method, using a nickel plate on which to 
deposit the radium C; but it was found that the best 
surface was obtained by depositing the radium C on a 
piece of platinum foil by electrolysis. This method of 
preparing a source of radium C is quite efficient and so 
the details of the method, which was worked out under the 
direction of Dr. R. G. Dickinson, of the Pasadena Institute, 
California, are given below, as it does not appear to have 
been used before. 


Preparation of the Source of Radium C. 


Radium active deposit is obtained on the walls of a thin 
glass tube by exposing it to radium emanation for four 
hours, after which the tube is broken up and the active 
deposit is dissolved in about 5 c.c. of 20 per cent. 
hydrochlorie acid. The platinum foil, 2 mm. x 6 mm,, 
on which the radium C is to be deposited, dips into this 
solution and forms the cathode of a voltameter, the anode 
being in a separate vessel. After allowing 25 minutes for 
most of the radium A to decay away, the solution is heated 
to 80? C. and stirred by rotating the cathode itself, and the 
electrolvsis is then started. The value of the current is 
adjusted so that the P.D. between the cathode and a calomel 
electrode in 20 per cent. hydrochloric acid is not numerically 
greater than —0°4 volt. If this value is exceeded, a sensible 
amount of radium B is deposited on the cathode. The 
electrolysis is allowed to proceed for 10 mins., when the 
cathode is removed from the solution, the current being 
switched off by this removal itself ; otherwise a considerable 
amount of radium C would go into solution again, owing to 
the cathode being left for a short time in the hot hydro- 
chlorie acid with no current flowing. The source is then 
washed in distilled water and dried by a clean filter-paper ; 
the surface of the platinum shows no trace of tarnish what- 
ever and is as clean and bright as at the commencement of 
the electrolysis. Under these conditions a source of radium C 
containing only 3 per cent. o£ radium B can be obtained, as 
much as 60 per cent. of the radium C present in the solution 
being obtained on a piece of platinum foil of the above 
dimensions. It is essential that the volume of the solution 
of the active deposit be not greater than about 5 c.c. and 
that the P.D. between the cathode and the calomel electrode 
should be numerically less than —0:4 volt. 
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The Experiments to Determine the Half-Period of 
Radium C. 


The apparatus finally used in these experiments is shown 
in fig.2. It consists essentially of a brass box about 6°0 cm. 
long with a square cross-section, one side being pierced by 
three tubes T,, T;, T,, each closed by a mica window W,, Wa, 
and W;, respectively. A microscope M carrying a zinc- 
blende screen Z can be brought opposite any one tube 
at will, and is used to count the number of a-particles 
issuing per minute from that tube. 


Fig. 2. 


The source of radium C prepared as above is screwed 
to two brass rods passing through the ground ebonite 
stopper E and inserted in the apparatus, which is then 
exhausted to a pressure of less than 1074 mm. of mercury 
by a two-stage diffusion pump backed by a Fleuss pump. 
At this pressure the mean free path of radium C' atoms is 
much greater than 6 cm., and so they can travel to the end 
of the box without collision. The source is then disconnected 
from the rest of the apparatus by turning the valve D by 
means of the ground metal joint À into the position shown, 
and it is then heated electrically to about 400° C. for some 
30 secs. Previous experiments by the author on -ray recoil 
have shown that this heating in a vacuum produces the con- 
ditions giving maximum efficiency of recoil *. 


* Phil. Mag. i. p. 835 (1926). 
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A simple test experiment showed that the valve D, although 
not absolutely gas-tight, was quite adequate to prevent any 
serious increase in contamination. The communication 
between the source and the apparatus being restored, a beam 
of radium €' atoms with a constant solid angle defined by a 
circular hole in the screen S now passes down the apparatus. 
The average velocity of these atoms is of the order of 10° cm. 
per sec., and assuming that the half-period of radium C' is 
10-5 sec., it is evident that the number of atoms in the beam 
crossing any given plane perpendicular to it in one second is 
just one half that crossing a parallel plane one centimetre 
nearer the source in one second. Thus the number of atoms 
in a given length of the beam decreases rapidly with distance 
from the source, and the relation between these two quantities 
is found by counting the number of «-particles per minute 
impinging on a zinc-blende screen placed in turn opposite 
the tubes T,, T,, and T;, correcting them for the decay of the 
radium C source. For the number of o-particles per minute 
falling on the screen when opposite, say, the tube T; is pro- 
portional to the number of radium C' atoms breaking down 
in the region R5 and so to the number present in that region. 
The number of radium C' atoms in a given region of the 
beam and the distance from the centre of that region to tlie 
source are now known. The latter quantity can be converted 
into time assuming the velocity of the recoil atoms, and so 
the decay of radium C' ean be studied and its half-period 
determined. This method is admittedly not so precise as 
that due to Jacobsen, since the regions R are bigger than 
the corresponding regions in his experiments; but the above 
scheme was adopted in order to increase the effects obtained. 
The inaccuracy introduced in this way, however, is much 
less than that due to the variation of the velocity of the 
recoil atoms, which affects both sets of experiments. 

In the present apparatus no a-particles emitted directly 
from the source K can pass through the tubes T; and T, 
without being scattered at least twice, aud their velocity 
would then be insufficient to enable them to penetrate the 
mica windows W, and W; of 4 cm. air equivalent closing 
these tubes. Again, if an a-particle from the source were 
scattered through a suitable angle, about 90°, at the edge of 
the circular hole in the screen S, it could pass straight through 
the tube T}. But by lining the hole with carbon the velocity 
of the scattered a-particle corresponds to a range of about 
3 cm. of air, and so it cannot penetrate the mica window W 
of 4 em. of air equivalent. Thus none of the a-particles 
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counted in these experiments can be due to scattering ; this 
was confirmed by subsidiary experiments. 


Finally, it is necessary to know the number of a-particles 
at each tube due to contamination aud any other spurious 
effects which may have been overlooked. This was deter- 
mined by rotating a mica screen of 1 cm. air equivalent in 
front of the source by the ground glass joint G,. This screen 
stops the beam of recoil atoms completely, and so any 
a-particles counted now are due to spurious effects. The 
number so obtained when subtracted from the number 
counted with the source uncovered by the screen gives the 
number of a-particles due to the disintegration of radium C’. 


The advantages of these experiments over Jacobsen's 
method are : 


(1) The entire elimination of scattering. 


(2) The way in which the number of a-particles due to 
spurious effects is estimated. 


The number of a-particles per min. per mg. of radium C 
to be expected at T, is 20, assuming an efficiency of recoil 
of 0:5 per cent. As sources up to 5 mgs. were available, it 
should be possible to obtain quite definite evidence us to 
the existence and half-period of radium C’. 


Results. 


The magnitude of the effects obtained in these experiments 
was not nearly so large as was expected ; this was probably 
due to low efficiency of recoil, as it is impossible to prevent 
considerable fluctuations in its value. The experiments 
were still further complicated by contamination, which 
often masked the effect of radium C’ and rendered many 
of the experiments inconclusive. Contamination could not 
be prevented by cutting off the communication between 
the source and the box by a collodion film, say, for any 
such film will stop the stream of radium C’ atoms. But 
a sufficient number of successful experiments was performed 
to show quite definitely that radium C' exists and to enable 
its half-period to be determined. 

The existence of radium C' is proved if the number of 
a-particles per minute at T, is distinctly greater with the 
source uncovered by the mica screen than when covered. 
This was found to be the case in nine experiments, the ratio 
of the number with the source uncovered to that with it 
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covered varying from 2:1 to 5:1. The details of one of 
these experiments are appended :— 


Nuinber of æ particles per min. 
——— 


Soutes uncovered. Source covered. 
36 9 
29 2 
9 3 
5 0 
9 2 


The results of this experiment show quite clearly that 
radium C' exists, and this is confirmed by the other experi- 
ments. The sudden decrease in the numbers at the third 
count is due to the fact that a considerable time (about 
30 mins.) elapsed between it and the second count, during 
which observations were being taken at tubes T, and T,. 

In most of these experiments contamination at the 
tubes T, and T; was relatively so large that no definite 
conclusions could be drawn as to the existence of radium C’ 
opposite them, i. e. in the regions R, and Rs. It must have 
been there, but the amount was so small as to be masked by 
the contamination. In two of the experiments, however, 
the effects were of such a magnitude relative to the in- 
evitable contamination as to enable the half-period of 
radium C' to be determined. The details of these ex- 
periments are now given :— 


Strength of radium C source at beginning of the first 
count =9 mgs. 

Average number of ¢-particles counted per min. due 
to radium C' corrected for the decay of the radium C 
source at tubes T,, T}, and T, =36, 19, and «3 re- 
spectively. (The average of 6 counts at T, and T,, 
and of 2 counts at T;.) 

Number of radium C' atoms present in the regions R,, 
Ra and H;at any instant =36, 19, and <3 respec- 
tively. 

Now the distance from the centre of R, to the centres 
of R; and R; = 1:0 and 2:5 cm. respectively. 

Time taken for radium C’ to move from R, to R; and R, 

—2:5 x 107? sec. and 6:0 x 107* sec. respectively, assuming 
the velocity of the recoil atoms to be 4 x 10* em. per sec. 
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Thus a decay curve may be drawn from the above data:— 


Number of Time 
Atoms of Radium C'. 10-5 sec. 
36 0:0 
19 2:0 
< 3 | 6:0 


The half-period calculated from this curve is 2:7 x 1075 
sec. It is unfortunate that no value could be assigned with 
certainty to the amount of radium ( in the region R4. The 
counts at the tube T, were made after those at T, and T,, 
and the number of a-particles due to radium C' to be expected 
was about 4 per min., which was too small to be detected 
with any certainty. The smallness is due to the decay of 
the radium C source and to the fact that the centre of the 
region R, is 4 cm. from the source K, from which it follows 
that the amount of radium C' leaving the source has decaved 
to 1/16 of its initial value when it reaches the centre of R}. 
This disadvantage of having the region R, so far from the 
source was unavoidable if the size of the regions R,, R;, and 
R, was to be increased so as to make the affects obtained in 
these experiments larger than those in Jacobsen’s work. 

The value of the half-period obtained from the other 
experiment is 3'2 x 1079 sec., so that the mean of the two 
is 30x 1078 sec. This agrees very well with Jacobsen’s 
value, which is 1:5 x 1075 sec., if the velocity of the recoil 
atoms were taken to he 4 x 105 cm. per sec., as in this work, 
instead of his value, 8 x 10* cm. per sec. The value, 4 x 10* 
cm. per sec., was chosen for two reasons. Firstly, Jacobsen's 
value is the maximum theoretical velocity of the recoil atoms 
corresponding to an electron emitted with a velocity of 
0:998 e. It is quite certain that only a small fraction of the 
recoil atoms would have this velocity, and so it was discarded ; 
it may also be mentioned that Jacobsen states in his paper 
that it is a somewhat arbitrary choice. Secondly, the 
velocity of the recoil atoms varies continuously from 
4 x 10 cm. per sec. to 8x 10° cm. per sec., and it seems 
most reasonable, therefore, to use the mean value of their 
velocity in calculating the half-period of radium C'. Now 
the number of recoil atoms with a given velocity will vary 
with that velocity in the same way as the number of electrons 
emitted from radium C varies with their velocity. Using 
the results obtained by Chadwick and Ellis * for this distri- 


* Proc. Camb. Phil. Soc. xxi. p. 274 (1923). 
Phil. Mag. S. 7. Vol. 2. No. 12. Dec. 1926. 40 
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bution, the mean value of the velocity of the recoil atoms 
works out to be 4 x 10* cm. per sec. 

These experiments, then, confirm Jacobsen's work as to 
the existence of radium C'. Although the observations are 
not so accurate as Jacobsen's, nor is the method itself so 
precise, yet the value of the half-period obtained in this 
work is probably as accurate as his value because of the 
great inaccuracy introduced by the uncertainty or the 
velocity of the recoil atoms. 


° Summary. 


The previous work of Fajansand Jacobsen on the existence 
and half-period of radium C' is discussed, and the importance 
of confirming Jacobsen’s results is emphasized. 

A repetition of Jacobsen’s experiments with certain modi- 
fications is described. 

The result of this work confirms Jacobsen's experiments— 
that is. radium C' does exist and its half-period is of the order 
of 10^ sec. 


In conclusion I should like to express my sincere thanks 
to Prof. Sir Ernest Rutherford, O.M., P.R.S., for suggesting 
this problem and for his advice and encouragement while it 
was being carried out. Ihavetothank Mr. R. A. R. Tricker, 
Trinity College, Cambridge, for his assistance in the counting 
of the a-particles. J am indebted to Mr. G. A. R. Crowe 
for preparing the Radium Active Deposit used in these 
experiments. 


CXXV. The Loud-Speaker as a Source of Sound for 


Reverberation Work. 


To the Editors of the Philosophical Magazine. 
GENTLEMEN,— 


HAVE recently read a paper by Dr. A. H. Davis and 
Mr. N. Fleming, entitled * The Loud-Speaker as a 
Source of Sound for Reverberation Work," published in 
your issue for July 1926, and should be glad of the oppor- 
tunity of commenting upon it so far as concerns two re- 
ferences to a work of my own, viz. “On the Degradation of 
Acoustical Energy," Proc. Roy. Soc. A, vol. cv. pp. 80, &c. 
(1924). 
Dr. Davis deduces from his elegant experimental work 
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the conclusion that appreciable degradation does not exist 
within the particular range of frequencies and intensities 
whicu he investigated. The process of reasoning whereby he 
arrives at this conclusion is peculiar and interesting. In 
effect he says, correctly enough (pp. 55-57), * If I employ a 
microphone of constant sensitivity throughout its range of 
response and if there be no degradation, then two particular 
curves, which I shall take, should theoretically be of the same 
form." 

He then continues, ** I tried three microphones: The first 
two yielded curves of different forms, so that I discarded 
them; but the third did give me the two curves alike. 
7 herefore this microphone is of constant sensittvity, and. further, 
as a necessary corollary, there is not any degradation," 

As a matter of fact, there is good reason to suppose that 
the sensitivity of the type (electrostatic) of microphone in 
question decreases with increase of the effect which it 
indicates, and itis easy to see that the sense of this deviation 
is such as would tend to counterbalance degradation effects, 
und thus to render the two curves in question of the same 
shape. Dr. Davis apparently consents to this view so fur 
as the microphone is concerned, as he impliedly acknowledges 
the tendency of the microphone response curve to deviate 
from the linear when he says (p. 53): “The e.m.f. generated 
by the electrostatic microphone is, for small amplitudes, 
directly proportional to the amplitude;...” It is note- 
worthy that a “small” amplitude remains undefined, being 
presumably that for which the response of the microphone is 
linear, although personally I prefer to regard it as one at 
which degradation is negligible. 

I refrain from further comment on the paper as a whole, 
as it does not elsewhere refer explicitly to work of my own, 
but I should like to call attention to the whole of the 
paragraph on page 58, commencing * In the present expe- 
riment...." and ending *. . . . position of the microphone." 
Tn particular, the last two lines of the paragraph—" Thus, 
in all cases the e.m.f. gives a measure of the sound amplitude 
at the position of the microphone "—are, to my mind, merely 
a statement of what one means by a microphone. 

I remain, 


Air Defence Experimental Yours faithfully, 

Establishment, Biggin Hill ; 
Westerham, Kent. ` Morris Harr. 
9rd November, 1926. 
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CXXVI. Notices respecting New Books. 


The Progress of Atomic Theory. By Dr. A. C. CnEBOnE. 
(Taylor & Francis. 12s. 6d. net.) 


pe appearance of this collected account of a certain mode of 
envisaging the problem of atomie structure 1s welcome, as 
is any serious attempt made, even at the present day, to interpret 
the phenomena in a manner more in line with the classical 
electrodynamics. In fact, although the models here discussed 
are, of course, not reconcilable with those postulated in the 
present form of quantum theory, it is nevertheless of interest 
to know the results to which they lead when certain premises 
are applied from the start. The author is a very competent 
mathematician, and can be relied upon at all points to find the 
strict logical consequences of the starting-points of his investi- 
gations. Thus, even to the convinced supporter of the quantum 
foundation, the book will be found to be of value and to suggest 
much for thought, whether viewed as a thesis investigating further 
ways in which the classical theory can suggest possible models 
capable of covering certain restricted domains of experience, or 
looked upon with the intention of comparison with the advancing 
quantum. The printing and general form of the book retlect 
great credit on the publishers, and misprints seem to be 
extremely rare. 


The Thirteen Books of Euclid’s Elements. By T. L. Hrarg. 
(Secoud Edition. Cambridge University Press, 1926. 3 volumes. 
£3 10s. Od. net.) 


THE present volumes constitute a second edition of the thirteen 
books of Euclid's Elements translated from the text of Heiberg, 
with an introduction and commentary by Sir Thomas Heath. The 
first edition appeared in 1908 and was received with great 
enthusiasm by a large bodv of readers. 

It is admitted that Heiberg's text is by far the best. To his 
admirable translation Sir Thomas added elaborate notes, sometimes 
historical, sometimes geometrical. The result of his tremendous 
labours has been the appearance of the present comprehensive 
work. The second edition now under review has been very 
carefully revised, many paragraphs are re-written, and sometimes 
even a sequence of paragraphs. Several additions have been 
made, and perhaps the most interesting is the use of much new 
matter in the two Excursuses at the end of vol. 1, dealing with. 
in the first place, Pythagoras and the Pythagoreans, and secondly, 
popular names for Euclid's individual proportions, founded on 
such things as the shape of the figures drawn by Euclid to 
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illustrate them. An immense amount of research work must have 
been involved in getting such material together even for a few 
pages of text. 

The same remark is true of the rest of the book, which is 
packed even more closely than before with paragraphs in smaller 
print, containing the most interesting historical information 
accessible nowhere else to English readers. In fact, distinguished 
as he is so uniquely as a mathematician aud Greek scholar 
combined, the author is nevertheless a very remarkable historian. 
In the preface he lays stress on the fact that Euclid is the 
greatest mathematical work which has come to us iu the past, 
quite apart from the question as to how it should be taught, or 
how such matters as the Axiom of Parallels should be treated. 
We should like to say that these three volumes will themselves 
long remain classical, for they have given us all that can be 
found from any source on the far history of one branch of 
mathematics, and in a critical manner of the deepest research. 

It is hardly necessary to say that the printer’s share in the 
publication is beyond praise, for the Cambridge University Press 
never deviates from the high standard of all the mathematical 
works it issues. 


Projective Geometry. By C. V. DunELE. (Macmillan & Co., 1926.) 


Tuts volume is a sequel to the author's * Modern Geometry,’ which 
deals with the properties of triangles, pencils, and circles. It is 
an abbreviated form of * A Cours: of Plane Geometry tor Advanced 
Students, Part LI.,’ published in 1910, Certain re-arrangements 
ot the material have been made, and a considerable number of 
riders have been added. The book indeed contains a very ample 
supply of riders which wil] make it especially valuable. 

We shall look forward to welcoming the author's projected 
work, * A Concise Geometrical Conies.’ There is at present great 
need of a well-written book on this subject. 


Solutions of the Examples in a Treatise on Dynamics of a Particle 
«nd of Rigid Bodies. By S. L. Loney, M.A. (Cambridge 
University Press, 1926. 17s. 6d. net.) 


THE present work consists of solutions to the examples in 
Professor Loney's well-known Treatise. No doubt a not in- 
considerable number of those teachers and students who use this 
text-book will be glad to have at hand for reference the solutions 
as given. It should be particularly useful for those students who 
have to work alone, though for this class of reader the solutions 
may sometimes prove rather too sketchy. 


1286 ` Notices respecting New Books. 


Photographic Photometry. By G. M. B. Dosson, I. O. GRIFFITH, 
and D. N. Harrison. (Oxford, Clarendon Press. 7s. 6d. net.) 


THis work is described as a study of methods of measuring 
radiation by photographic means. The old description of books 
as supplying a long-felt want can be applied with complete truth 
to this volume. Much of the work described has been the outcome 
of research investigations in the Clarendon Laboratory, in some 
cases very recent, and on the part of the writers themselves. It has, 
therefore, a strong meteorological bent ; and this fact constitutes 
one of its real values, for it is in this department that most 
striking new photometric work is being mainly done at the 
present time. The list of those who have assisted the three 
authors, mentioned in the Preface, is a final guarantee that the 
work is completely authoritative everywhere. We can recommend 
it with confidence as a work which should rapidly prove essential 
to the library of any experimental physicist, and equally to the 
teacher of Physics whether in a School or University. Its outlook 
is physical, and not mathematical, throughout. 

The form of the volume, as it leaves the Press, is very pleasing, 
and the Oxford University Press is to be congratulated on such 
an addition to its list. 


Early Medicine and Biological Sciences. By R. T. GUNTHER, 
. (Oxford University Press (Mr. Humphrey Milford), 1926. 
Pp. 247. 8vo. 7s. 6d. net.) 


THis volume is part of the author's larger book on * Early 
Science in Oxford,’ an! has been re-issued by request without 
the plates so as to bring its cost within the reach of a larger 
number of students. 

The work deals with early Medicine. Anatomy, Physiology, 
Zoology, Botany, and Geology, and though replete with historical 
data, is well and interestingly written. It is packed full of 
curious and out-of-the-way learning, and contains many striking 
illustrations and a few topical poems. 

The story of Oxford's illustrious geologists introduces us to 
Hooke, Plot and his Theorv of Fossils, Edward Lhwyd, “ Strata 
Smith," Buckland (two poems and a picture describing his 
lectures), Sedgwick, Merchison, the great Lyell, and others—an 
imposing list of great masters of whom Oxford has a right to be 

roud. 
: This is a book which will appeal both to scholars and to 
dilettanti ; it is both learned and amusing. 
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HE following communication was read :— 


‘The Geology of the District around Towyn and Aber- 
gynolwyn (Merioneth). By Ralph Maurice Jehu, M.Sc., F.G.S. 


The area investigated includes about 35 square miles of country, 
lying south-west of the Corris district, which has been recently 
described.! The rocks belong to the Bala and Valentian Series, 
and consist mainly of mudstones and shales with subordinate bands 
of grit. The lithological and faunal characters of the rocks are, 
on the whole, similar to those around Corris, so that the same 
classification and the same nomenclature have been retained so far 
as possible. The rocks of the Bala Series are described in detail. 

The mapping of the various subdivisions has revealed the detailed 
structure of the area. The district is situated on the south-eastern 
flank of the Harlech Dome, so that, in general, the strata strike 
from south-west to north-east, and dip south-eastwards ; but the 
area is crossed transversely by large anticlinal and synclinal folds, 
the axes of which trend north-north-eastwards in the south, and 
become north-and-south farther north. These transverse folds 
cause considerable deviation in the outcrops of the various rock- 
groups, and, within the major folds, there is evidence of minor 
folding. 

The Bala or Tal-y-llvn Fault runs from south-west to north- 
east through the area, and is marked by the straight, steep-sided 
Tal-v-llvn Valley. There can be little doubt that this is a tear- 
fault with comparatively little vertical displacement; but, at 
present. it is impossible to state with any degree of precision the 
actual amount of lateral and vertical displacement. On the north 
side of the fault some seven main fold-axes have been recognized 
by Prof. A. H. Cox,’ while on the south the author describes four 
main fold-axes. Difficulty is experienced when an attempt is made 
to correlate the structures on each side of the fault-line. 

The southern part of the area is much affected bv faulting, and 
three main groups of faults may be recognized: namely, (1) an 
east-and-west group; (2) a north-east and south-west group; and 
(3) a north-west and south-east group. 

The rocks are highly cleaved, and the extraction of fossils is 
thereby rendered ditlicult. The strike of the cleavage-planes is 
approximately from south-west to north-east. 


1 W. J. Pugh, Q. J. G. S. vol. Ixxix (1923) p. 508. 
2 Q. J. G. S. vol. lxxxi (1925) p. 576. 


[The Editors do not hold themselves responsible for the 
views expressed by their correspondents. ] 
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1266. 

Owens (Dr. J. S.) on the making of 
& salt haze, 1165. 

Ower (E.) on the vane anemometer, 
88]. 

Ozonizer, on the current voltage 
characteristic of a Siemens, 
314. 

Palladium, on the thermoelectric 
properties of solid solutions of, 
1185. 

Parabolic paths, on the action in, 
under gravity, 800. 

Particle and of Rigid Bodies, Dy- 
namics ef a, 1285. j 


| Paris (Dr. E. T.) on the * Boys” 


type of double resonator, 751. 

Parkinson (J.) on the zeology of the 
Suk Hills, 744. 

Patterson (W. II.) on a bath for 
observations at low temperatures, 
383. 

Perlitz (Dr. H.) on the electric re- 
sistance at fusion and the crvstal 
lattice of metallic elements. ` 

Permeameter, on a moditied form of 
the IHiovici, 102. 

Phase effect and the localization of 
sound, on the, 402. 
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Phosphor-bronze wires, on the effect 
of tension on the elastic properties 
of, 321. 

Photoelectric action, on the distri- 
bution of energy among the elec- 
trons emitted from a plate by, 680. 

, on the origin of the E.M.F. of 

a, 313. 

—— emission from platinum, on 
the, 463. 

Photophoresis of colloidal particles 
in aqueous solutions, on the, 1019. 

Physics, on the relation to, of the 
notion of convergence of series, 
241. 

Pippard (Prof. A. J. S.) on the 
stresses in a spoked wheel under 
loads applied to the rim, 1234. 

Planes, on irrotational flow past two 
intersecting, 900. . 

Platinum, on the photoelectric emis- 
sion from, 463; on the thermo- 
elactric properties of solid solutions 
of, 1188. 

van der Pol (Dr. B., jr.) on re- 
laxation oscillations, 978. 

* Polarizatien, on anodic, 733. 

Positive column in oxygen, on the, 
913. 

rays, on the radiation produced 
by, 678; on the scattering of, by 
gases, 1076. 

Potassium, on the magnetic suscepti- 
bility of, 21; on the flash arc 
spectrum of, 1042; on the radio- 
activity of, 1218. 

— ferricyanide, on the crystal 
structure of, 1156. | 

Potentials, on orthogonal, 247 ; on 
critical, and X-ray term values, 
1253. "M 

Press (Prof. A.) on the elasticity co- 
efficients and the thermodynamic 

integration factor for the solid 
state, 431. M" , 

Pressure, on the variation of, with 
temperature in evacuated vessels, 
369. l 

Preston (G. D.) on the atomic struc- 
ture of AgMg and AuZn, 1266. 

Quantum, on Sir J. J. Thomson 8 
model of a light-, 1203. 

Radiation, on the Compton scatter- 
ing and the structhre of, 267 ; on 
the, produced by the passage of 
electricity through gases, 674. 
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Radioactivity of potassium and ru- 
bidium, on the, 1218. 

n C, on the half-period of, 

273. 

Rai (J.) on the Joule-Thomson 
effect for air, 961. 

Ramsey (Prot. R. R.) on the resis- 
tance of high-frequency circuits, 
1213. 

Rankin (J. S.) on the elastic rauge 
of friction, 806. 

Reaction, on the velocity constant 
of a unimolecular, 538. 

constant equation, on the, 4428. 

Rebound, on the oblique, of a ball 
from a plane, 1091. 

Relaxation oscillations, on, 978. 

Resistances, on the calculation and 
application of high, of small self- 
inductance, 65. 

Resonance lines, on the, of cadmium 
and zinc, 611. 

radiation of excited helium, on 
the, 529. 

Resonator, on the Boys type of 
double, 751. 

Reverberation methods, on the basis 
of acoustic measurements bv, 
543. 

work, on the loud-speaker as a 
source of sound for, 5], 1252. 

Reversal in vacuum tube spectra, on, 
975. 

Richards (R. C.) on the high-fre- 
quency oscillatory discharge in 
rarefied gas, 508. 

Richardson (Dr. E. G.) on eddying 
flow from annular nozzles, 436. 
Robb (Dr. A. A.) on a simple inte- 

graph, 778. 

Rubidium, on the magnetic suscept- 
ibility of, 21; on the radioactivity 
of, 1218. 

Salt haze, on the making of a, 
1165. 

Sarkar (Dr. A. N.) on an X-ray 
examination of the crystal struc- 
ture of certain compounds, 1153. 

Scatenard (G.) on the Milner and 
Debye theories of strong electro- 
lytes, 071. 

Searle (V. H. L.) on an oscillo- 
graphic study of anodic polari- 
zation, 788. 

Self-reversal of the red hydrogen 
line, on, 870. 
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Series, on the relation to physics of 
the notion of convergence of, 
241. 

Shand (Prof. J.) on the geology of 
Pilansberg, 747. 

Shaxby (Dr. J. H.) on the density 
of tluids, 1127. 

Sheppard (S. £.) on the reaction 
constant equation, 448. 

Siemens ozonizer, on the current 
voltage characteristic of a, 314. 
Silver, on the arc spectrum of, 207 ; 
on the spectrum of ionized, 770; 
on the thermoelectric properties 

of solid solutions of, 1188. 

Silver, on the atomic strncture of 
compounds of, and magnesium, 
1266. 

Sodium, on the magnetic suscept- 
ibility of, 21. 

chloride, on electric double 
refraction of, 727. 

Solid solutions, on the thermoelectric 
properties of, 1188. 

Sound, on the transmission of, 
through the head, 144; on the 
phase-effect and the localization 
of, 402. 

—— changes analyzed by records, 
955. 

Space charge, on the striated distri- 
bution ot, 948. 

Spectra, on reversal in vacuum tube, 
975; on the X-ray, of the lower 
elements, 1007. 

Spectrographs, on an 
grating for vacuum, 310. 

Spectrum, on the analysis of the 
copper, 194; on iutensity varia- 
tions in the, of neon, 593; on 
the afterglow, of nitrogen, 621; 
on the arc, of lead, 633; on the, 
of ionized silver, 770; on the flash 
arc, of potassium, 1042. 

Stability of a laver of fluid heated 
below, on the, 833. 

Stephenson (W.) on the effect of 
the shape of the cathode on the 
glow discharge, 556. 

Still, on a simple vacuum arc mer- 
cury, 317. 

Stoner (Dr. E. C.) on X-ray term 
values, absorption limits, and 
critical putentials, 97. 

Stresses in a spoked wheel, on the, 
1234. 
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Striated distribution of space charge, 
on the, 948. 

Submicroscopic spheres, on the de- 
termination of the size and weight 
ot, 30. 

Sucksmith (W.) on the magnetic 
susceptibilities of some alkalis, 21. 

Sulphur, on electric double refraction 
in, 722. 

Sur (A. K.) on the water-spark 
absorption spectrum of iron, 742. 
Sur (N. K.) on the arc spectrum of 

lead, 633. 

Surface tension of liquid metals, on 
the, 341. 

Sutton (T. C.) on the shape of waves 
from large explosions, 137. 

Swift (H. W.) on the determination 
of the modulus of elasticity by 
dynamical methods, 351; on ori- 
fice flow as affected by viscosity 
and capillarity, 852. 

Telephone, on the condenser-, 497, 
1271. 

Thallium amalgams, on the con- 
ductivity of, 10. 

Thermodynamic equation of state, 
on the, 431. 

Thermoelectric properties of metallic 
solid solutions, on the, 1188. 

Thomson (Prot. G. P.) on the scat- 
tering of positive rays by gases, 
1070. 

Thomson (Sir J. J.) on the radiation 
produced by the passage of elec- 
tricity through gases, 674. 

Thorzeus (H.) on the X-ray spectra 
of the lower elements, 1007. 

a the surface tension of liquid, 


Townsend (Prof. J. S.) on the trans- 
ference of energy in collisions be- 
tween electrons and molecules, 
474. 

Tungsten single crystals, on the de- 
formation of, 289. 

wires, on the effect of ten- 
sion on the elastic properties of, 
321. 

Tyler (E.) »n eddying flow from 
annular nozzles, 436. 

Ultraviolet light, on the production 
of real images of submicroscopic 
particles by means of, 30. 

Unimolecular reaction, on the velo- 
city constant of a, 538. 
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Vacuum spectrographs, on an im- 
proved grating for, 310. 

tube spectra, on reversal in, 
975. 

Vanadium, on the X-ray spectrum 
of, 1007. 

Vane anemometer, on the, 88]. 

Velocity constant of a unimolecular 
reaction, on the, 538. 

Violin, analysis of the sounds of 
the, 955. 

Viscous fluid, on the growth of 
eddies in a, 844, 

Vision, on the theory of flickers in, 
1170. 

Voice, analysis of the sounds of the, 
955. 

Waran (Prof. H. P.) on a simple 
vacuum are mercury still, 317. 
Wasastjerna (Prof. J. A.) on the 
crystalline structure of anhydrite, 

902. 

Wasser (Dr. E.) on the determina- 
tion of the size and weight of 
submiecroscopic spheres, 30. 

Water, on the aeration of, under 
open-air conditions, 1140. 

Watson (Dr. W. H.) on the control 
of the J phenomenon, 1122. 

Waves, on the shape of, from large 
explosions, 187. 

Welo (Dr. L. A.) on the vhoto- 
electric emission from platinum, 
463. 

Werner's coordination theory, on, 
1026. . 

Wheel, on the stresses in a spoked, 
1234. 

Whittaker (Prof. E. T.) on a simple 
light-quantum, 1137. 
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Wilcken (Dr. J. A.) onthe molecular 
association of benzoic acid in 
benzene, 287. 

Williams (E. J.) on the Compton 
effect and the reflexion of X-rays 
by crystals, 657 ; on the ranges of 
secondary beta rays, 1109. 

Wilmotte ae M.) ou high resist- 
ances of small self-inductance, 
65; on general formule for two 
syntonized coupled circuits, 1098.* 

Wires, on the effect of tension on 
the elastic properties of, 321. 

W ood (Prof. h. W.) on an improved 
grating for vacuum spectrographs, 
310; on the structure of cadmium 
and zinc resonance lines, 611; on 
the selt-reversal of the red hydro- 
gen line, 876. 

X-ray examination of the crystal 
structure of certain compounds, 
on the, 1153. 

spectra of the lower elements, 

on the, 1007. 

term values, on, 97, 1253. 

X-rays, on the theory of the absorp- 
tion of, 512; on scattered, 642, 
1116, 1122; on the reflexion of, * 
bv crystals, 657; on the nature 
of soft, 1050. 

Yates (G. W. C.) on the latent 
heats of vaporization of ethyl aud 
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Yttrium amalgams, on the conduc- 
tivity of, 18. 

Zine, on the atomic structure of 
compounds of gold and, 1266. 

, On tlie X-ray spectrum of, 1011. 

resonance lines, on the struc- 

ture of, 611. 
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